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PPARC Postdoctoral Research Associate

Dept. of Appl. Maths — University of Leeds

Collaboration:
D. Hughes & S. Tobias (Appl. Maths, Leeds)

N. Weiss & G. Ogilvie (DAMTP, Cambridge)

Cassini Laboratory, OCA, Nice — 28th April 2003



Introduction 1

Accretion Discs

Accretion ≡ accumulation of matter onto a massive central body

Accretion of material is believed to

occur in different galactic or extra-

galactic environments like

• Young Stellar Objects

• Binary Star Systems

• Gamma-Ray Bursts

• Active Galactic Nuclei

• There are observational evidences of accretion process in some environments but it is also

introduced for modeling purpose.

• Energy release: ∆E = GM?m/R? =⇒ the more compact the central object, the more

efficient the accretion mechanism.

• Initial angular momentum implies gravity-centrifugal force balance & disc formation: dissipative

mechanism required to enable accretion
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Introduction 2

Accretion-Ejection Structures

Accretion-ejection structure modeling, like AGNs, raises important questions:

Which mechanisms to explain:

• the existence of the well-collimated jets

• the turbulent transport of angular momentum

(jets carry a fraction of the angular momentum)
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Introduction 3

Magnetized Accretion-Ejection Structures

Magnetic field ≡ link between accretion and ejection

• Magneto-centrifugal ejection

• Bϕ-collimation

• MRI drives turbulence ⇒ outward angular

momentum transport

Origin of the large scale magnetic field 〈B〉 ?

• Advection by the accretion flow

• Dynamo

• How to get rid of the magnetic flux?
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Introduction 4

Instabilities and Turbulent Transport in Discs

• Turbulent transport of angular momentum arises from the statistical correlations in the Reynolds

tensor ∝ 〈ρUrδUϕ〉 and the Maxwell tensor ∝ −〈BrBϕ〉.

• Onset of turbulence and transport enhancement:

◦ Hydrodynamics Shear Instability: Keplerian accretion discs are linearly stable

[d(r2Ω)/dr > 0] & finite amplitude instabilities do not seem to be pertinent in accretion

discs. Still a matter of some controversy

◦ Convective instability drives an inward angular momentum flux

◦ Papaloizou-Pringle: thick discs only & the instability saturates in a strong spiral density wave

(no turbulence)

◦ Accretion-Ejection Instability

◦ Parker

◦ Magnetorotational instability gives rise to anisotropic turbulence, transport and magnetic field

amplification.
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Introduction 5

MagnetoRotational Instability in Accretion Discs

Velikhov 1959, Chandrasekhar 1960, Balbus & Hawley 1991

Local linear analysis:

• Weakly magnetized (β � 1) and differential rotating flows unstable if dΩ/dr < 0

• Free energy ≡ differential rotation⇒ MRI extremely powerful γ ∼ r|dΩ/dr|

herent well into the nonlinear regime and look nothing
like turbulence. On the other hand, when the average
value of the poloidal field over the computational box is
zero, the flow quickly breaks down into turbulence. The

turbulence does not persist, however; it decays over a
period of many orbits (Fig. 21).

Let us consider the latter result first, as it is more
easily understood. It is in fact a consequence of the
‘‘anti-dynamo theorem’’ (Moffatt, 1978; the theorem is
due to Cowling). Simply stated, any sort of sustained
magnetic-field amplification by axisymmetric turbulence
in an isolated dissipative system is impossible. To see

FIG. 19. Contours of angular momentum perturbations in a
simulation with an initial radial field, viewed in (R ,z) cross
section. The axes are oriented as in Fig. 18. The long radial
wavelength and short vertical wavelength are characteristic of
the most unstable modes of a radial background magnetic
field. From Hawley and Balbus 1992.

FIG. 20. Magnetic-field lines (solid curves) and velocity vec-
tors (arrows) in a simulation of a uniform initial vertical field,
viewed in (R ,z) cross section. The axes are oriented as in Fig.
18. The flow evolves to two rapidly flowing channels. In cross
section, they appear as oppositely moving radial streams. From
Hawley and Balbus, 1992.

FIG. 21. Two dimensional MHD turbulence simulation: (a)
Grey-scale plot of angular momentum perturbations in an axi-
symmetric simulation of an initial vertical field with ^BZ&50,
viewed in (R ,z) cross section. The axes are oriented as in Fig.
18. This field configuration does not lead to streams (cf. Fig.
20); instead, the flow becomes turbulent. (b) The time evolu-
tion of poloidal magnetic-field energy in axisymmetric simula-
tions of an initial vertical field with ^BZ&50. Labels corre-
spond to number of grid zones. After an initial period of
growth, the magnetic field declines with time at a rate deter-
mined by the numerical resolution. This behavior accords with
Cowling’s anti-dynamo theorem.

38 S. A. Balbus and J. F. Hawley: Instability and turbulence in accretion disks

Rev. Mod. Phys., Vol. 70, No. 1, January 1998

Small vertical length-scales & large radial length-scales

2D Studies

• 〈Bz〉 6= 0: channel flow unstable in 3D

• 〈Bz〉 = 0: turbulence which decays over a

resolution dependent time scale

3D Studies

• 〈Bz〉 or 〈Bϕ〉 6= 0 determine the saturation level

of turbulence

• No dependence on initial Bz if its average value is

0; 〈B2〉 relies on the level of numerical dissipation
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Introduction 6

MagnetoRotational Instability & Dynamo

Hawley et al. 1996
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Shear flow hydrodynamically nonlinearly unstable but stable to the MRI =⇒ 〈U2〉
saturates but 〈B2〉 decreases.
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Introduction 7

Linear Studies of the Global or Quasi-Global MRI modes

Local↔ Global & Bounded

• MRI is intrinsically local but its properties may be altered by the global properties of the flow

• Knobloch 1992: fixed radial boundaries =⇒ modification of the stability criteria & overstability

• Gammie & Balbus 1994: vertical stratification & local radially

• Curry & Pudritz 1996: free radial boundaries delimiting magnetized disc from current-free

magnetic field in vacuum

• Ogilvie & Pringle 1996: instabilities relying on a dominant azimuthal magnetic field
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Introduction 8

Numerical Investigation of the MRI

Main studies: local 2D & 3D, stratified vertically, full disc

• Global Simulations: problem of resolution

• Shearing-box approximation:

◦ Local & semi-periodic radially

◦ Curvature neglected but coriolis, gravitational & centrifugal forces kept

◦ Angular velocity linearized: vorticity gradient not taken into account

◦ No accretion of material in the basic state

◦ No actual transport because 〈ρUr〉 vanishes on average (transport ≡ stress tensor) =⇒
Importance of the curvature

◦ Vertical periodicity implies strong constrains on the evolution of mean the magnetic field

• Results on turbulence rely mostly on numerical dissipation

• No strong conclusion about 〈B〉
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Set-up of the model 9

Global Dissipative Study

Bz

(r)ϕU

rU (r)

NL evolution equations:

(∂t + U·∇) U = −∇Φ−∇Π + B·∇B + ν∆U

(∂t + U·∇) B = B·∇U + η∆B

∇ · B = ∇ ·U = 0

Boundary conditions:

• Two BCs only for ideal discs

• Ten BCs for dissipative discs

Generalized pressure:

P = Φ + Π

{
• Does not evolve explicitly

• Can vanish⇒ rotation not supported

Differential rotation sustained by the BCs which may either

enforce the rotation or constrain the pressure variations
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Set-up of the model 10

Basic State & Boundary Conditions

Disc equilibrium: Axisymmetric and Z-invariant, Uz = 0, Br = Bϕ = 0

Uro = −
3 ν

2 r

Uϕo =
ζ

r1/2

Πo = δ −
9

8

ν2

r2
+
GM∗ − ζ2

r

BZo = B0



ζ2 = GM∗ (Keplerian), or

ζ2 = GM∗ − ν2|α| (Sub-Keplerian)

No BCs on Ur or Br

∣∣∣∣∣∣∣∣∣∣
∂rUϕ = −Uϕ/2r
∂rUz = 0

∂r(rBϕ) = 0

∂rBz = 0

and

∣∣∣∣∣∣∣
Uϕ = Uϕo

or

Π = Πo

to drive the shearing flow
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Set-up of the model 11

Linearized Problem

Linear evolution equations:

• Normal modes:

K(r, t) = κ(r) exp(σt+ im ϕ+ ik z)

• 10th order linear system:

σ I(r) κ(r) = L(r) κ(r)

• Π evolves on much shorter time scales:

∇ ·U = 0⇐⇒ Iπ = 0

∣∣∣∣∣ =⇒
Solved numerically:

• inverse iteration

• shooting (double checking)

Linear boundary conditions:∣∣∣∣∣∣∣∣
druϕ = 0

druz = 0

dr(rbϕ) = 0

drbz = 0

and

∣∣∣∣∣∣
uϕ = 0

or

π = 0

but
forcing Uϕ itself seems more reliable

at first to sustain differential rotation
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Set-up of the model 12
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Cylindrical MRI Modes 13

Ideal MRI Modes

No inflow in the basic state

• m = 0 is the most unstable global mode

• Quenching by the magnetic tension

• Saturation: γmax → r1/2 |dΩ/dr|r1
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Cylindrical MRI Modes 14

Dissipative MRI Modes

• Modes slightly modified by inflow & dissipation

• Growth rates globally reduced

• Damping of the small-scale modes
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