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Introduction 1

Accretion Discs

Accretion of material occurs in different

galactic or extra-galatic environments like

AGNs or YSOs

Which mechanisms to explain:

• the turbulent transport of angular

momentum

• the existence of the well-collimated jets

Magnetic field ≡ link between accretion and ejection

• MRI drives turbulence ⇒ outward angular momentum transport

• Magneto-centrifugal ejection and Bϕ-collimation

Origin of the large scale magnetic field 〈B〉 ?
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Introduction 2

Magnetorotational Instability in Accretion Discs

Velikhov 1959, Chandrasekhar 1960, Balbus & Hawley 1991

Local linear analysis

• Weakly magnetized (β � 1) and differential rotating flows unstable if dΩ/dr < 0

• Free energy ≡ differential rotation ⇒ MRI extremely powerful γ ∼ r|dΩ/dr|

herent well into the nonlinear regime and look nothing
like turbulence. On the other hand, when the average
value of the poloidal field over the computational box is
zero, the flow quickly breaks down into turbulence. The

turbulence does not persist, however; it decays over a
period of many orbits (Fig. 21).

Let us consider the latter result first, as it is more
easily understood. It is in fact a consequence of the
‘‘anti-dynamo theorem’’ (Moffatt, 1978; the theorem is
due to Cowling). Simply stated, any sort of sustained
magnetic-field amplification by axisymmetric turbulence
in an isolated dissipative system is impossible. To see

FIG. 19. Contours of angular momentum perturbations in a
simulation with an initial radial field, viewed in (R ,z) cross
section. The axes are oriented as in Fig. 18. The long radial
wavelength and short vertical wavelength are characteristic of
the most unstable modes of a radial background magnetic
field. From Hawley and Balbus 1992.

FIG. 20. Magnetic-field lines (solid curves) and velocity vec-
tors (arrows) in a simulation of a uniform initial vertical field,
viewed in (R ,z) cross section. The axes are oriented as in Fig.
18. The flow evolves to two rapidly flowing channels. In cross
section, they appear as oppositely moving radial streams. From
Hawley and Balbus, 1992.

FIG. 21. Two dimensional MHD turbulence simulation: (a)
Grey-scale plot of angular momentum perturbations in an axi-
symmetric simulation of an initial vertical field with ^BZ&50,
viewed in (R ,z) cross section. The axes are oriented as in Fig.
18. This field configuration does not lead to streams (cf. Fig.
20); instead, the flow becomes turbulent. (b) The time evolu-
tion of poloidal magnetic-field energy in axisymmetric simula-
tions of an initial vertical field with ^BZ&50. Labels corre-
spond to number of grid zones. After an initial period of
growth, the magnetic field declines with time at a rate deter-
mined by the numerical resolution. This behavior accords with
Cowling’s anti-dynamo theorem.

38 S. A. Balbus and J. F. Hawley: Instability and turbulence in accretion disks

Rev. Mod. Phys., Vol. 70, No. 1, January 1998

Small vertical length-scales & large radial length-scales

2-D studies

• 〈Bz〉 6= 0: channel flow unstable in 3D

• 〈Bz〉 = 0: turbulence which decays over a

resolution dependent time scale

3-D Studies

• 〈Bz〉 or 〈Bϕ〉 6= 0 determine the saturation

level of turbulence

• No dependence on initial Bz if its average value

is 0; 〈B2〉 relies on the level of numerical

dissipation
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Introduction 3

Magnetorotational Instability & Dynamo

Shear flow hydrodynamically nonlinearly unstable but stable to the MRI: 〈U2〉 saturates

but 〈B2〉 decreases.

Hawley et al. 1996
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Brandenburg et al. 1995: 〈B〉 6= 0
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Set-up of the model 4

Global Dissipative Study

Bz

(r)ϕU

rU (r)

NL evolution equations:

(∂t + U·∇) U = −∇Φ−∇Π + B·∇B + ν∆U

(∂t + U·∇) B = B·∇U + η∆B

∇ · B = ∇ ·U = 0

Boundary conditions:

• Two BCs only for ideal discs

• Ten BCs for dissipative discs

Generalized pressure:

P = Φ + Π

(
• Does not evolve explicitly

• Can vanish ⇒ rotation not supported

Differential rotation sustained by the BCs which may

either enforce the rotation or constrain the pressure

variations
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Set-up of the model 5

Basic State & Boundary Conditions

Disc equilibrium: Axisymmetric and Z-invariant, Uz = 0, Br = Bϕ = 0

Uro = −
3 ν

2 r

Uϕo =
ζ

r1/2

Πo = δ −
9

8

ν2

r2
+

GM∗ − ζ2

r

BZo = B0

9>>>>>>>>>>=>>>>>>>>>>;

ζ2 = GM∗ (Keplerian), or

ζ2 = GM∗ − ν2|α| (Sub-Keplerian)

No BCs on Ur or Br

˛̨̨̨
˛̨̨̨
˛̨

∂rUϕ = −Uϕo/2r

∂rUz = 0

∂r(rBϕ) = 0

∂rBz = 0

and

˛̨̨̨
˛̨̨ Uϕ = Uϕo

or

Π = Πo

to drive the shearing flow
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Set-up of the model 6

Linearized Problem

Linear evolution equations:

• Normal modes:

K(r, t) = κ(r) exp(σt + im ϕ + ik z)

• 10th order linear system:

σ I(r) κ(r) = L(r) κ(r)

• Π evolves on much shorter time scales:

∇ ·U = 0 ⇐⇒ Iπ = 0

˛̨̨̨
˛ =⇒

Solved numerically:

• inverse iteration

• shooting (double checking)

Linear boundary conditions:˛̨̨̨
˛̨̨̨ druϕ = 0

druz = 0

dr(rbϕ) = 0

drbz = 0

and

˛̨̨̨
˛̨ uϕ = 0

or

π = 0

but
forcing Uϕ itself seems more reliable

at first to sustain differential rotation
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Cylindrical MRI Modes 7

Ideal MRI Modes

No inflow in the basic state

• m = 0 is the most unstable global mode

• Quenching by the magnetic tension

• Saturation: γmax → r1/2 |dΩ/dr|r1
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