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Abstract

Aniterative algorithmis proposedto recover the 3D deformation of the heart wall from tagged magnetic reso-
nance (MR) images. Tagged MR images provide limited information about the deformation dueto the “through-
plane problem”. The proposed method provides exact estimates of the parameters of the through-plane problem.
The deformation is recovered by minimizing an objective function which penalizes (i) the roughness of the de-
formation, plus (ii) the discrepancy between the observed data and the fitted deformation.

1 TheThrough-Plane Problem

A non-invasive technique for monitoring the deformation of the heart wall is tagged Magnetic Resonance (MR)
imaging [1,2]. Tagged MR images are acquired at an imaging plane fixed in 3D space. However, during data
acquisition the heart moves through the imaging plane and leads to the so called through-plane problem. The
problem is best illustrated by its 2D anal ogue.

The left hand two picturesof Fig. 1 show adeformationin 2D. A set of vertical linesat time0 are deformed to
curves a timet. In aconventiona setting, |abelled points on the lines/curves are observed before and after defor-
mation. However, in the through-plane problem, the observations consist of the intersections of the curves with
the (horizontal) imaging lines before and after deformation. For examplein Fig. 1, we have a horizontal data set,
where one can only observe the displacement of theintersectionsof the*vertical” curves (solid line) with the hori-
zontal imaging lines (dashed line). We termed the pointssuch as:a?p and w’;p the observed inter section landmarks.
We have similar observations for a vertical data set. The aim is to recover the underlying deformation from the
displacements of horizontal and vertical intersection landmarks. For the 3D problem in tagged MR images, data
are acquired at imaging planes instead of imaging lines, and observations can be reduced to the intersections of
curves with the imaging planes. Similar problems have been tackled by [3,4].

A common acquisition of tagged MR images consist of 2-3 sets of parallel imaging planes, at approximately
orthogonal directions, and ~500 intersection landmarks. Each set of parallel imaging planesconsist of 5-10imag-
ing planes.

Notations We shall present our algorithmfor the 3D problem, where column vectors are denoted by bold | ower-
caseitalicletters. Let there be P imaging planeﬁ{wp}le, and L parametric lines{z;(u)}£, . Animaging plane
mp isgivenby nl @ = k,, wheren,, isthe normal vector and k, the offset. A parametric linea;(u) is described
by astarting point 2-; and atangent vector n;, i.e. z;(v) = v; + u n;. A parametric lineistypically normal to an
imaging plane 7, so that n;=n, for somep. Let f* : R* — R denote the deformation between time 0 and time
t. The dataat timet consists of observed intersection landmarks @}, which are the intersections of the curves
£ (z:(-)) withtheimaging planes 7y, i.e. @}, = f*(@i(wp)) Where s, satisfies n f*(zi(up)) = kp. Let T
denotes the set of intersection landmarks indexed by the pair (1, p).

2 Solutions

A deformation f : 23 — 3 ismodelled as a set of three spline functions: f(z) = (fi(x) f2(z) fs(z))” ,
where the superscript 7" denote transposition. Our choice for the space of splinefunctionsis spanned by thetensor
product of cubic B-splines. Let there be K equi-spaced knotswith spacing A in each dimension. The dimension
of this space of splinefunctionsis N = (K + 2)3. The extratwo degrees of freedom for each dimension arises
because our splinesare not constrained by any boundary conditions. For detailssee e.g. [5]. Notethat deformation

*Email: {delman,john,stabkvm} @amsta.leeds.ac.uk Post: Department of Statistics, University of Leeds, Leeds, LS2 9JT, U K.



timeO0 timet timeO timet

irlT‘aging________________ )
f inep Xp Mo
arametric PN i P
iy ot %p= 04p) fp)

Figure 1. Description of the intersection landmarks cc?p and ccfp. f isthe underlying deformation. Dashed lines
are theimaging lines. Solid curves are the parametric curves.

using a set of tensor product of cubic B-splinesisused to construct the“B-solid” of [6]. A deformation f () can
be written in matrix form as:

f(w) =c” b(w) ) 1)

where b(«) isan N-dimensional vector of basis functions, ¢, isan N-dimensional vector of coefficients for the
dth spline function (d=1, 2, 3),and C = (e1 ¢z ¢3) isan N x3 matrix of all coefficients.

The roughness of adeformation f is measured by the sum of the thin-plateroughness penalties >25_, J(fa),
where

5% f,
J(fa) = / Z (6:c 61]) de =clKcy, 2

and 2 istherectangular region of integration, and K isan N x N matrix. For atensor product of cubic B-splines,
the matrix X is sparse. We chose the tensor product of cubic B-splinesfor computationa reasons. The above
framework also applies to other types of splinesand basisfunctions(seee.g. [7]).

For each time ¢, we construct a deformation f* that minimizes the sum of two terms: (i) a roughness penalty
on the deformation, and (ii) a discrepancy term which measures the difference between the observed intersection
landmark w;p and the intersection landmark of the deformation f*. The optimization is done by the conjugate
gradient method which requires the derivatives of the objective function.

2.1 Approximate Solution

Dropping the superscript ¢ on f*, consider the following objective function, which isinvariant to scale changesin
the coordinates:

PR 1
¢o<0>:ﬁd§c§md+m > @ lf(ey) — 2] 11 (3)

(Lp)eT

where M isthenumber of intersectionlandmarksinZ, @, = I —n, ng"/(ng"np) istheorthogonal projection ma-
trix onto the plane going through the origin and parallel to theimaging plane r,,, and A isaweight which controls
therel ativeimportance of thetwo terms. Thefirst termin (3) isthe roughness penalty, whilethe second termisthe
discrepancy between the observed intersection landmark w;p and an approximationto theintersection landmark of
thedeformation f. The approximationis exact for deformationswhich consist of atranslation and a scale change,
but not otherwise. For example, in Fig. 1, the orthogonal projection of f(cc?p) ontotheimaging linep isfar away
from the true intersection landmark @}, of the deformation. Theterm @, [f(x;,) — ®7,] in (3) isthe same asthe
“force” on the deformable model of [8]. The objectivefunctionin (3) isquadraticin C with derivativeslinear in
C given by
A
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for d=1,2, 3. The derivative V., f*, evaluated at cc:cc?p, isan N x3 matrix where the dth column is b(2) and
all other columns are zero. It can be shown that if each image plane is perpendicular to one of the coordinate
axes, then (4) becomes a decoupled system of equations, where the coefficients for each dimension can be solved
separately. However, thisis not typicaly truein practice. e.g. the“fan” of imaging planes of [9].

The minimum of (3) can be regarded as the “zeroth-order” solution, where we approximate an intersection
landmark of the deformation f by orthogonal projection onto to the imaging plane r,. A “first-order” solution
isto use the tangent direction of the deformed curve at cc?p to arrive at a better approximation of the intersection
landmark. The first-order approximation is exact under any affine deformation. However, in the next section, we
shall present the general exact solutionwhichimposesonly aminor extracomputational burden over thefirst-order
solution.

2.2 Exact Solution

Dropping the superscript ¢ on f*, consider the objective function:
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wherew;, satisfiesn f(@;(uip)) = kp. Using theimplicit functiontheorem, it can be verified that the derivative
of (5) isgiven by
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for d=1, 2, 3, where
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Thederivatives V., f¥ and V., f7 are evaluated at #=a;(uz, ). For agiven deformation f, the parameter w;, can
be computed by the Newton-Raphson method on n f (2 (uy,)) = k.

The derivative of the approximate intersection landmark pr(cc?p) in (3) with respect to the coefficient ¢4
is the orthogonal projection of the derivative of the point f(cc?p) onto the imaging plane 7, i.e. the transpose
of (Ve,fT)Q, in(4). Similarly, the derivative of the exact intersection landmark f (a;(us,)) in (5) with respect
to the coefficient ¢4 is given by an oblique projection of the derivative of the point f(;(us,)) onto the imaging
plane 7,, i.e. thetranspose of (V, fT)R?; in (6). Note that (meT)T n; isthe tangent direction of the curve
F(xi()) at u=wy,. Treating x;(uy, ) astheorigin, Ry, isthe oblique projection, parallel to the tangent direction
(Vo fT)T ny, onto theimaging plane .

3 Reaults& Discussion

Resultsfor aclinical dataset will be presented at themeeting. The dataset consistsof images of theleft ventricle of
patients before and after surgery. The aim isto determine the success of the surgery. For illustrative purposes, we
present atwo-passalgorithmon a 2D deformation here. Thefirst and second passes are, respectively, theiterative
optimizationproceduresin § 2.1 and § 2.2. The output of thefirst passistheinput to the second pass. Thea gorithm
is best illustrated here with a 2D deformation. Fig. 2 shows a 2D deformation and the results of the two passes
(with A=0.01) on a data set with L=8 (2 orthogonal sets of 4) parametric lines, P=8 (2 orthogonal sets of 4)
imaging lines and 32 intersection landmarks. Note the substantia difference between the zeroth-order solution
and the exact solution around the point X in Fig. 2. The algorithm have also been tested on asimulated 3D data
set with L=32 (2 orthogonal sets of 16) parametric lines, P=8 (2 orthogona sets of 4) imaging planes and 128
intersection landmarks. Using A=0.01, we achieved an average discrepancy (second termin (5)) of 0.1%. The
computational timefor each frame took approximately 1.5min(1st pass)+2.5min(2nd pass) ona Sun UltraSPARC.

A magjor consideration in solving the through-plane problem in 3D is the computational speed of the method.
Thetensor product of cubic B-splinesischosen dueto the ease of computing theval ue and derivatives of the defor-
mation, both of which require a constant number of operationsirrespective of thetotal number of basisfunctions.



Figure2: Left: Approximatesolution (dashedline). Right: Exact solution (dot-dashed line). Dotted line: Imaging
lines. Solidline: Underlying deformation.

Optimization is done by the conjugate gradient method, whose convergence rate may be improved by an ap-
propriate variabl etransformation, termed preconditioning. The timeto convergence of an iterative procedure also
relies on how close the current iterate is to the answer. This opens up many possibilitiesfor improving the speed
of the method by successive approximationsto the answer. For example, a hierarchical system of incorporating
theintersection landmarks, where only asparse subset of theintersection landmarksisused at theinitial stages of
the algorithm. Another possibility isamulti-resol ution scheme, where one solvesthe problem for asmall number
of basisfunctionsin theinitia stage of the agorithm and gradually builds up to the full set of basis functions.

We have parameterized the 3D deformation in cartesian coordinates. Alternative parameterizations likethose
in[6, 8] can be incorporated into the current method.
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