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Abstract

In cardiac magnetic resonance imaging, the heart can be “tagged” at the start of the heart
cycle, partitioning the heart into a set of quadrilaterals (quads). The objective is to track
the heart through time using the tags to measure the deformation of the heart. A Bayesian
method is proposed to carry out the tracking. First, the heart image at each time t is pre-
processed to give a set of “potential quads”. A prior distribution on the quads at time t is
specified to ensure regularity with respect to the structure of the quads and to ensure similar-
ity to their positions at time t�1. A likelihood is specified for the generation of the potential
quads given the true quads. A posterior estimate of the quad structure at time t is obtained
by a Markov Chain Monte Carlo algorithm.

1 Introduction

A non-invasive method for monitoring the deformation of the heart wall is by tagged Magnetic
Resonance (MR) imaging (Axel and Dougherty, 1989). A typical tagged MR image of the left
ventricle (long-axis) is shown on the left of Fig. 1. The dark lines forming the grid are “tagged”
to the material points, and as such follow the material points through time. In subsequent time
frames, the contrast between the tagged and non-tagged materials decreases, and, furthermore,
lines tagged to fluid material (e.g. blood) disappear. Tracking the grid through time provides
deformation information that is useful for diagnosis of certain heart diseases.

Many past tracking techniques for tagged MR images (Guttman et al., 1994; Kumar and
Goldgof, 1994; Kraitchman et al., 1995; Radeva et al., 1996) follow the dark tagged lines through
time with deformable splines. In this paper we investigate the dual problem of tracking the net-
work of (approximate) quadrilaterals formed by the grid lines, rather than the lines themselves.
Quadrilateral will hereafter be shortened to quad.

2 The Bayesian Framework

Tracking of tagged MR image sequences is done frame-by-frame. For each frame, a quad detec-
tor is run over the image to give a set of “potential quads”. Associated with each potential quad



Figure 1: The right picture shows the potential quads generated by the quad detector on the left
image (the third frame of a sequence). The darker the potential quad, the higher the certainty.

is a “certainty” which measures how sure we are of the existence of the quad. Quads are picked
from the set of potential quads to form a “quilt”, denoted by x.

A prior f(x) is specified to govern how the quads should be joined up to form the quilt x.
The prior enforces our belief of what kinds of quilts are plausible (x 2.1). Let y denote the poten-
tial quads and their certainties collectively. A likelihood function f(y; �jx) is specified for the
detection of the potential quads and their certainties (and some unobserved data �) from a quiltx (x 2.2). A Bayesian strategy is used to infer about the quilt x and the unobserved data � from
the observed data y. Information about the model and the unobserved data are contained in the
posterior distribution given by f(x; �jy)/f(y; �jx)f(x). Samples from the posterior density are
simulated by the Markov Chain Monte Carlo (MCMC) method (x 3) (Besag et al., 1995). The
posterior mode is then estimated from the samples.

Notations

Let a quad be represented by qi=(ci; vi), where ci is the centre of the quad, and vi is the set of
the four vertices of the quad. The centre of the quad ci is not strictly necessary, but it is kept in
the representation for convenience. The set of P potential quads and their certainties are denoted
by�q=f�qpgPp=1, �qp=(�cp; �vp) and e=fepgPp=1 (0<ep<1), respectively. Fig. 1 shows a sample output
of the quad detector. The set of potential quads and their certainties y=(�q; e) is our observed data.

Let G be an n-node undirected graph associated with a subset of a 2D square lattice. Nodes in
the graph are indexed by i=(i1; i2)2Z2, and are connected with 8-adjacency. With G specified,
the components of our model quilt x are (i) the maximum number of quads, n, that can make up
a quilt, (ii) the positions and vertices of the quads, q=fqigi2G , and (iii) the statuses, dead (si=0)
or alive (si=1), of the quads, s=fsigi2G . Two quads qi and qj are neighbours if the nodes i andj share an edge in the graph G , and we write i�j in such a case.

The set of live quads in x forms the “fabric” of the quilt, while the set of dead quads corre-
sponds to “holes” in the quilt. The live quads account for visible tagged materials, for example
heart wall, and dead quads account for tagged materials whose structure is no longer apparent,



for example blood.

2.1 Quilt Prior

We model the prior for the quilt x=(q; s) by f(x)=f(q)f(s), where q and s are assumed to be
independent. For the prior on the status s, we assume an Ising model truncated to have support
onS , whereS�f0; 1gn is the set of configurations such that the live quads form one connected
component. The truncated Ising model encourages neighbouring nodes to take similar values,
discouraging a checkerboard pattern for s. We model the prior on the quads byf(q) / exp �12Xi2G �Ti Ri�i! � exp �12Xi�j �Tj Sij �i!�Yi�j;kj 6=k I [cos( jik � �jik) > cos �]� exp � Xi;j2G qi \ qj! (1)

with the following notations.
Based on information from previous frames, we have a set of n predicted quad positions for

the current frame ĉ=fĉigi2G and a set of n 2�2 covariance matrices �i of the prediction error.
Let �i = ci� ĉi be the deviation from the predicted position of the centre of the quad i. The first
factor in (1) enforces our belief that the positions of the quads are not too far away from their
predicted values, while the second factor in (1) encourages departures from predicted positions
to be similar for neighbouring quads. The matricesRi andSij are chosen such that the covariance
matrix of the resultant quadratic form, when the first and second factors are combined, is positive
definite.

Let  jik denote the angle formed by the three points (cj; ci; ck) with ci at the apex, and �jik be
the predicted angle formed by the centres of the three quads (qj; qi; qk) with qi at the apex. Thus,
with I [�] denoting the indicator function, � in the third factor of (1) is the allowed deviation from
the expected angle �jik . For an 8-adjacency graph, we chose �=�=4. The third factor in (1) aims
to preserve the regularity of the quilt, avoiding tears.

Let qi\qj denote the area of intersection of the interior of the two quads qi and qj . With >0,
the fourth factor in (1) penalizes against intersecting quads, and allows quads to be packed more
closely in regions of small quads. This is the only factor in (1) which depends on the vertices of
the quads.

Design Issues

Note that the prior f(q) in (1) has the Markov property with neighbourhoods up to second order,
and thus allowing efficient implementation for the MCMC simulation in x 3. However, there is
a non-local operation for some types of transitions in the MCMC algorithm. This is due to the
restriction of Ising model to the set of configurations where the live quads form a single con-
nected component. For certain types of transitions in the MCMC algorithm, we need to find the
articulation points1 of the graph formed by the live quads. This is found by a depth-first search,

1An articulation point of a singly-connected graph is a node, whose removal results in two separate components.



which is a non-local operation of O(N;E), where N and E are the number of nodes and edges
in the graph.

The motivation for requiring the live quads in the quilt to remain a single connected piece
is to avoid many disconnected pieces of quilt, each misaligned with respect to one another. We
have considered the notion of local connectivity to solve this problem. Consider the graph asso-
ciated with a local l-neighbourhood of a node (all nodes reachable by l steps or less). A node is
a local articulation point if its removal disconnects the l-neighbourhood graph into two separate
connected components. The local connectivity idea works well when there are no large holes in
the quilt. For our tagged MR images of the left ventricle, where there is a large region of without
tags, the local connectivity approach is impractical.

Note also that the sums and products in (1) are over both live and dead quads. A more suit-
able prior f(qjs) might be one where the sums and products are only over the live quads (the
prior becomes conditional on s). However, the normalizationZ(s) for such a prior f(qjs) comes
into play in the MCMC algorithm. To be precise, one needs the ratio of the normalizationsZ(s)=Z(s0) in the acceptance probability, where s and s0 are respectively the current and pro-
posed statuses. This ratio is intractable and one may have to resort to approximations like the
pseudo-likelihood to make progress.

2.2 Incomplete Data and Likelihood

We will only provide an outline of the likelihood terms here, see (Lee et al., 1997b) for details.
Consider a hypothetical quad detector which takes a quilt x as input and generates a list of P
potential quads �q, their certainties e, and a mapping �(�). The function �(�), which maps G tof0; 1; � � � ; Pg, describes which potential quad in �q corresponds to which model quad in x. Fur-
ther �(i)=0 means that quad i does not correspond to any potential quads in �q.

We assume that all live quads in x are detected exactly once, i.e. the mapping from the setfi : �(i) > 0g to f1; � � � ; Pg is injective. The actual quad detector takes an image as input
and generates the potential quads �q and their certainties e. The mapping � is unobserved and
represents missing data, while y=(�q; e) are the observed, incomplete data.

To specify the likelihood for (y; �) given x, we need to answer the question: given a quiltx, what is the probability of the hypothetical quad detector generating potential quads �q, cer-
tainties e, and mapping �(�)? We model our likelihood function f(y; �jx) as a product of three
factors: f(y; �jx) = f(�q; e; �jx) = f(�qj�; x)f(ej�; x)f(�jx), where �q and e are assumed to be
independent given � and x. The three factors are modelled respectively by:

1. Given the quiltx and the mapping �, the quad detector is assumed to detect all live quads inx precisely, and gives out P�nalive artefactual potential quads, where nalive is the number
of live quads. The artefactual potential quads are assumed to be uniformly distributed on
the space of possible outputs of the quad detector.

2. Given the quilt x and the mapping �, the potential quad that corresponds to a live quad
should have a certainty close to unity, and one that does not correspond to any live quads
should have a certainty close to zero. We model these two cases with beta densities. As-



suming independence between the certainties of different potential quads, f(ej�; x) is thus
a product of P independent beta densities.

3. Given the quilt x, we place a uniform weight on all permissible mappings �.

3 Posterior Sampling

In order to gain information about the posterior, we used the MCMC method with a Metropolis-
Hastings type algorithm that allows jumps between different dimensional spaces (Geyer and
Møller, 1994; Green, 1995). The dimension changing aspect of our model comes from sites
being alive or dead. An outline of the algorithm is provided below.

At each MCMC iteration, the algorithm proposes one of four types of transitions: birth,
death, live-displacement and dead-displacement. The live- and dead-displacement transitions
displace the positions of a live and dead quad, respectively. The birth and death transitions tog-
gle the statuses of a dead and live quad, and propose a new position for them. The birth and death
transitions are constrained so that the live quads in the quilt remain a single connected compo-
nent. The four types of transitions are proposed with equal probabilities. For each type of transi-
tion, a node i is chosen randomly, and new values for (qi; si) and �(i) are proposed with a certain
probability. The proposed values are then accepted with a certain acceptance probability. The
proposal distributions and acceptance probabilities for the four types of transitions are chosen to
satisfy detailed balance so that the Markov chain has the desired stationary distribution.

A greedy version of the Markov chain (similar to the Iterative Conditional Mode (ICM) of
(Besag, 1986)) is run where only births with potential quads nearest to the predicted position
of the nodes are proposed, and the proposed birth is accepted only if the posterior density is
increased. The quilt from such a greedy Markov chain is the initial state of the full MCMC al-
gorithm. Samples from the Markov chain are collected after a burn-in period.

The posterior is summarized by its “restricted” marginal modes, arrived at by the following
procedure. During sampling, for each live quad in the quilt, a histogram of which potential quad
it has picked is maintained. At the end of the sampling, we look at quads that have been alive for
over a certain percentage of the time; we call these quads the “resilient quads”. We scan through
the resilient quads in an order based on the entropies of their histograms. Resilient quads with
lowest entropies are scanned first. For each resilient quad, the potential quad that MCMC has
picked most often is assigned to it, provided that this modal potential quad has not been assigned
to another resilient quad. After the assignment process, the set of quads which forms the largest
single connected component is our estimate of the posterior mode.

Averages of the followingquantities are inappropriate summary statistics. For example, since
the indexing of our potential quads is arbitrary, the average of the histogram is meaningless. For
each node, one can find the average position of all the potential quads it has picked during sam-
pling. However, such an average is not a useful quantity in our case where the distribution is
multi-modal and an average position may not correspond to any real quads in the image. The
question of how best to summarize the sampled quilts remains open.



Figure 2: The graph structure of the network of quads for four selected frames of a nine-frames
long-axis sequence of the left ventricle. For clarity, only the 4-adjacent edges of the graph are
drawn.

4 Results & Discussion

The successful tracking in a region of interest of two image sequences are shown in Figs. 2 &
3, where the nodes of the graph correspond to the centres of the quads. Four selected frames
of a long-axis sequence are shown. The results are for a MCMC simulation with 300 sweeps,
of which 100 are for burn-in. The tracking for the nine frames took 5mins on an UltraSPARC-
167MHz. Note the successful tracking in Fig. 2 where a noticeable proportion of the live quads
dies through time.

The number of burn-in sweeps of the MCMC is arrived at by inspection. Many convergence
diagnostics have been proposed recently (see e.g. (Cowles and Carlin, 1996)) and will be in-
corporated into the algorithm. Related to the rate of convergence is the mixing property of the
Markov chain. Our current algorithm proposes single-node transitions. Transition that updates
a block of nodes at a time should improve the mixing property of the chain.

Since there is no substantial inter-frame motion, the following approximations work satisfac-
torily: (i) the estimated positions of quads from the previous frame is used as the initial estimate



Figure 3: The graph structure of the network of quads for four selected frames of a nine-frames
short-axis sequence of the left ventricle. For clarity, only the 4-adjacent edges of the graph are
drawn.

in the current frame, and (ii) a quad detector that handles only mild deformation from a square.
If the inter-frame motion becomes severe, more sophisticated motion prediction and quad de-
tection will be necessary. The paper has focussed on the problem of tracking the tagged grid.
The next step is to deduce the full 3D motion of the left ventricle, see e.g. (Park et al., 1996).
With current MR tagging techniques, motion perpendicular to the acquisition plane (off-plane
motion) are not accounted for. Image sequences acquired at orthogonal planes are required to
resolve the 3D motion. We have tackled the through-plane problem in (Lee et al., 1997a).
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