
CONCLUDING ADDRESSCurrent Issues for Statistical Inference in Shape AnalysisJohn T. KentDepartment of StatisticsUniversity of LeedsLeeds, LS2 9JT, UK.This paper has appeared in:Proceedings in Current Issues in Statistical Shape Analysis (1995) edited by Mardia, K V andGill, C A. Leeds University Press, 167{175.AbstractThis paper gives a review of current statistical approaches to shape analysis together withsome thoughts about their future development. Key points include the statistical objectivesfrom the analysis of the data, the modelling assumptions behind the analysis, the statisticalproperties of the methods used and the type of numerical data extracted from geometricobjects.1 IntroductionShape is typically de�ned as those aspects of a geometric object which remain invariant underchanges in location, scale and rotation. In practice shape analysis is most often carried out forobjects in 2 and 3 dimensions. In many examples objects contain identi�able landmarks, andit is these landmarks which form the basis of further statistical analysis. When the landmarkslie along the outline of an object there is sometimes extra information available in the formof tangent directions and curvatures. The use of this extra information will be considered inSection 5, but most of the paper is focussed on landmark-based methods.There are several aspects of shape analysis which merit the attention of statisticians. Theseinclude estimation, testing, summarization and visualization. An overview of these aspects isgiven in Section 2.A related statistical issue concerns modelling assumptions (Section 3). For example statisticalmodels for shapes may be based on underlying models for the landmarks themselves, or they1



may be constructed directly within shape space. In some special cases specialized models maybe constructed.To illustrate some of the statistical issues described above, we consider in Section 4 the problemof estimating an \average shape" (and the related problem of estimating an \average form").Estimation may be based on speci�c statistical models, or may be motivated by algorithmicprocedures such as Procrustes analysis or multidimensional scaling. Statistical questions includeconsistency, e�ciency and robustness of the methods used.The last topic in the paper concerns the way in which geometric information about objects can beturned into numerical information for statistical analysis. As mentioned above, landmarks willusually form the basic information about objects on which the study of shape is based. However,there is sometimes further information to be considered such as tangents and curvatures of curvesthrough landmarks. Some preliminary attempts to model this type of information are given inSection 5.2 Statistical Aspects of Shape AnalysisThe statistical aspects of shape analysis include estimation, testing, summarization and visu-alization. These aspects play a role in the study of problems such as average shape, shapevariability and shape change.The simplest problem to describe is that of estimating average shape. Using some of the modelsdescribed in Section 3, several methods of constructing an average shape are compared in Section4.Another statistical objective is to describe and summarize variability in a set of data. This taskis greatly facilitated when the data are highly concentrated so that the analysis can be carriedout in a tangent space to shape space. Of special interest here is the construction of principalcomponents to summarize and visualize the main aspects of shape variability (e.g. Kent, 1994,in dimension p = 2). In particular there is the question of an appropriate metric in which toconstruct these principal components. Kent (1994) suggested calculating principal componentswith respect to the Euclidean metric in tangent space. However, in some recent work, Bookstein(1994) has suggested taking account of the geometry of the landmarks in Rp by taking principalcomponents with respect to the bending energy metric (or its generalized inverse, respectively)from thin plate spline analysis. By this means the dominant principal components will focus onsmall-scale (or large-scale, respectively) features in the data.The last statistical objective is to describe changes in shape. For example, there may be twodistinct groups in the data, and the objective might be to describe the di�erences between thetwo groups. Alternatively, there may be explanatory variables and the objective might be todescribe how shape changes as these explanatory variables change, that is, a regression analysis.These problems were originally addressed in the seminal paper of Bookstein (1986) and includeall four aspects listed above.



Visualization of shape change is often tackled by constructing a deformation of the plane. Thee�ect of the deformation can then be visualized by plotting an object or an orthogonal grid beforeand after the deformation. Bookstein has played a key role in the development of deformation-based analysis, including the use of thin-plate splines and their decompositions in terms ofprincipal warps (Bookstein, 1989,1991), and the incorporation of �rst order derivative informa-tion (Bookstein and Green, 1993a,b). A more general framework in which to include derivativeconstraints in deformations was given by Mardia et al (1993).3 Modelling StrategiesBefore discussing speci�c models for landmark-based shapes, it is useful to set up some notationto describe con�gurations of landmarks and their associated shapes. Thus, letX = 264 xT1...xTk+1375be a (k+1)�pmatrix of k+1 landmarks in Rp. One simple way to eliminate location e�ects is tolook atHX whereH is a k�(k+1) matrix with orthonormal rows, satisfying H1k+1 = 0k , where1k+1 and 0k are vectors of ones and zeros, respectively. Similarly, a simple way to eliminate scalee�ects is by restricting attention to the \pre-shape" HX=kHXk = Y , say, where k � k denotesthe Euclidean norm. Finally, to eliminate rotation e�ects, treat Y and Y R as equivalent, for allp� p rotation matrices R 2 SO(p).In p = 2 dimensions, this representation can be simpli�ed by using complex coordinates. Thus,let u = (u1; :::; uk+1)T 2 C k+1 be a vector of landmarks. Size and location e�ects can beeliminated by looking at the pre-shape Hu=kHuk = z, say, where z lies on the unit sphere inC k . Rotation e�ects can be eliminated by treating z and ei�z as equivalent for all � 2 [0; 2�).Kendall (1984) and Le and Kendall (1993) give a detailed investigation into the geometry ofshape space both in p = 2 and higher dimensions.In many practical applications the shape of a set of data con�gurations will be concentratedabout a �xed shape. Denote a representative pre-shape of this �xed shape by M(k�p) for p > 2and � 2 C k ; p = 2. Thus, it is useful to consider tangent approximations of shape space at Mor �, respectively.Goodall (1991) describes the tangent space to shape space atM . In particular a matrix T (k�p)can be regarded as lying in the tangent space iftr MTT = 0 (3.1)tr MTTS = 0 (3.2)for all skew symmetric p� p matrices S.



Given a pre-shape Y , let Ŷ denote the \full" Procrustes �t to M (i.e. Ŷ = 
̂Y R̂ where 
̂ > 0and R̂ 2 SO(p) are chosen to minimize the sum of squares k 
Y R�M k2). Note that Ŷ alreadysatis�es (3.2) since k 
̂Ŷ R�M k2 is minimized over R 2 SO(p) at R = I , and since any rotationmatrix R can be written in the form R = exp(iS) where S is skew symmetric. Then a \fullProcrustes projection" onto the tangent space atM can be de�ned by orthogonally projecting Ŷonto the tangent space at M , treating Ŷ as a vector in Rpk and the tangent space as a subspaceof Rpk. A variation of this procedure is a \partial" Procrustes �t and projection, which canbe de�ned by �xing 
 = 1 above. Dryden and Mardia (1993) describe the use of the partialProcrustes projection.In p = 2 dimensions this calculation can be simpli�ed by using complex coordinates. In partic-ular, the partial Procrustes projection of z takes the forme�i�(I � ���)z = v; say, where � = arg��z (3.3)(Kent, 1994). In practice the di�erence between the full and partial projections will be minimalfor concentrated data.Another way to represent shape data is given by Bookstein coordinates. In p = 2 dimensions,they are obtained by translating, scaling and rotating the con�guration so that landmark 1, say,lies at the origin and landmark 2, say, lies at (1; 0). In complex coordinates they are given bywj = (uj � u1)=(u2 � u1); j = 3; :::; k+ 1; (3.4)where (w3; :::wk+1) is unrestricted in C k�1 . An extension of these coordinates to p > 2 dimen-sions was given by Goodall and Mardia (1993). Note that the speci�c coordinates constructeddepend nonlinearly on the pair of landmarks chosen as the \baseline".Thus there are at least 4 general modelling strategies which can be used for shape analysis: (1)models on landmarks themselves giving rise to derived distributions on shapes, (2) models inshape space, (3) models in tangent space to shape space, or (4) models in Bookstein coordinates.We shall discuss each strategy in turn. In this paper we shall limit attention to models forindependent identically distributed shapes.The simplest model for landmarks is to assume that the landmarks follow a multivariate normaldistribution about a mean con�guration. Various levels of generality can be assumed for thecovariance matrix, including (a) � = �2Ik 
 Ip (isotropy, i.e. the coordinates of all the land-marks are independent with the same variance), (b) � = �k 
 Ip, allowing correlations betweenlandmarks, (c) � = �k 
 �p, allowing structured correlations between and within landmarks,and (d) � unrestricted. Mardia and Dryden (1989) and Dryden and Mardia (1991) worked outthe derived distributions in shape space under this model in p = 2 dimensions. Goodall andMardia (1993) give some expansions for the shape density in higher dimensions p � 3 when themean con�guration matrix is singular under assumptions (a) and (b) on �.A tractable direct model on shape space in p = 2 dimensions is given by the complex Binghamdistribution with density proportional to expfz�Azg where A is k � k Hermitian (Kent, 1994).A limitation of this model is that the deviations from the modal shape have complex symmetry



in distribution, a feature which limits the usefulness of the distribution for describing patternsof variability. Therefore, for concentrated data it is also useful to consider alternative modelssuch as an unrestricted multivariate normal distribution in the tangent space to shape space(Kent, 1994). Of course, before using a tangent space model it is �rst necessary to estimate amean shape at which to take the projection.Another approach, pioneered by Bookstein (1986), is to use an unrestricted multivariate nor-mal distribution in Bookstein coordinates. This approach has the advantage of simplicity, butdepends on the baseline chosen.It is of interest to compare these approaches for concentrated data. Approach (1) involvesan approximate linear projection from the (k + 1)p-dimensional space of landmarks onto thekp�p(p�1)=2�1-dimensional shape space. Thus p+p(p�1)=2+1 variables will be approximatelyunidenti�able (the parameters for location, rotation and scale). For estimation it is importantto assume that any parameters of � present in the model remain well-de�ned when projectingcon�gurations onto shape space. All the approaches give rise to an approximate multivariatenormal model in any suitable coordinates, such as tangent coordinates or Bookstein coordinates.The mapping between these two coordinate systems is approximately linear, but not orthogonal.For example the complex Bingham distribution is approximately isotropic multivariate normalin tangent space coordinates, but there are correlations between the landmarks in Booksteincoordinates. In consequence, Kent (1994) argued that principal component analysis was bettercarried out in tangent space coordinates. See also the discussion at the end of Section 2.Special models may be constructed in certain cases where there is additional symmetry. Forexample, Grenander and Miller (1994) propose a model in which the landmarks are normallydistributed with a block circulant covariance matrix. This model is motivated by the situationwhere the underlying object has no natural landmarks on it, but instead n equally spaced pointsaround the outline are chosen as landmarks. This model is invariant under cyclic relabelling ofthe landmarks. Further analysis of the symmetries in this model can be found in Kent et al,(1995a).4 Estimation of Average ShapeIn this section we focus on the question of consistency for a speci�c estimation problem. Givendata which arise as the shapes of multivariate normally distributed con�gurations Xj(k�p); j =1; :::; n; the objective is to estimate the shape or form of the mean con�guration. Recall thatthe \form" or \size-and-shape" of an object consists of those aspects of an object which remaininvariant under changes in location and rotation (but not scale).Several methods of estimation will be considered.(i) Procrustes analysis (Goodall, 1991). \Full" or \partial" Procrustes analysis can be used toestimate shapes; \partial" Procrustes analysis can be used to estimate forms. In p = 2dimensions Kent (1994) showed that the full Procrustes estimate of average shape coincides



with the maximum likelihood estimate for the complex Bingham distribution.(ii) Maximum likelihood estimation using the marginal distribution in shape or form spacefor normally distributed con�gurations of landmarks. See Mardia and Dryden (1989)and Dryden and Mardia (1991) for the shape density in p = 2 dimensions under variousassumptions on �; see Dryden and Mardia (1992) for the form density in p = 2 dimensions;and see Goodall and Mardia (1993) for some expansions for shape and form for p � 3.(iii) Naive multidimensional scaling (MDS). This method is outlined in Kent (1994) and pro-vides an estimate of mean form or shape (up to re
ection) based on the sample squaredinter-landmark distances of Xj((k + 1) � p) or Xj= k HTHXj k, respectively, in the no-tation of Section 3. Note that the denominator k HTHXj k=k HXj k scales the centredcon�guration to have sum of squares equal to 1.(iv) Re�ned MDS (Lele, 1993). This re�ned method, available for forms only, involves adjust-ments to the above method based on moments to correct for biases in the sample squaredinter-landmark distances as estimates of the squared inter-landmark distances of the meancon�guration.(v) Sample mean in Bookstein coordinates (given by (3.4) in p = 2 dimensions) to estimateaverage shape. Similar edge superimposition coordinates (given by wj =(uj = u1)ju2� u1j=(u2� u1); j = 3; :::; k+1 in p = 2 dimensions) can be used to estimateaverage form.We shall now discuss the consistency properties of the above methods. However, it should beemphasized that for concentrated data any possible inconsistencies will usually be swampedby the variability in the data. Thus possible inconsistency of these methods is not usually animportant statistical problem.Kent and Mardia (1995) show that full Procrustes estimation in p = 2 dimensions is consistent forshape under an isotropic distribution for the landmarks (not necessarily a normal distribution).However, if the errors are not isotropically distributed, then inconsistencies can arise. Goodall(1991) suggests some modi�cations to Procrustes analysis to deal with non-isotropic errors butit is not clear that these modi�cations will be e�ective.In general, the maximum likelihood estimates of mean shape or form will always be consistent,provided the parameters of � are mathematically identi�able. However, as noted in the lastsection, it is important for practical estimation that � should not contain too many parameters.Next consider estimating mean shape using the sample mean in Bookstein coordinates. It iswell-known that the sample mean will not be exactly consistent (Bookstein, 1988). Further, asnoted by Mardia and Dryden (1994), if the raw landmarks are normally distributed, then thetransformed landmarks in Bookstein coordinates have �nite moments of �rst order but not ofhigher order. They also work out the bias of the sample mean in Bookstein coordinates for theisotropic case. Note that the lack of �nite moments of order � 2 re
ects more the limitation ofa multivariate normal distribution as a sensible model for landmarks rather than a limitation



of Bookstein coordinates. A similar lack of consistency for estimating mean form was noted byLele (1993).Overall, for concentrated data, the consistency question for shape can be viewed as follows.The multivariate normal distribution for landmarks asymptotically projects onto a multivariatenormal distribution in the tangent space to shape space, centred at the shape of the populationmean con�guration. Further, the above methods (i) (full and partial), (ii), (iii) and (v) forcalculating an average shape are asymptotically equivalent to calculating a sample mean vectorin the tangent space. Since the sample mean vector is consistent for the population mean vectorof a multivariate normal distribution, it follows that all the above methods will be asymptoticallyconsistent under high concentration for the population mean shape.Finally, consider estimating a mean form. Kent and Mardia (1995) show that partial Procrustesanalysis in p = 2 dimensions for estimating form is consistent up to a size factor under isotropicnormal errors. Lele's (1993) re�ned method of multidimensional scaling is consistent, not onlyunder isotropic normal errors, but also under certain sorts of anisotropic normal errors. However,his methodology is very sensitive to the assumption of normality. In particular, his estimatorsdepend on the fourth order moments from the normal distribition. Thus, his method will bevery sensitive to departures from normality, for example, if the errors are distributed accordingto a t-distribution. Also his methodology will not be resistant to outliers.5 Incorporating Derivative InformationAs noted in the introduction, the use of landmarks forms the basis for much of statisticalshape analysis. However, when landmarks lie along the outline of an object there is additionalinformation which can be incorporated, namely the tangent and curvature of the outline atthat landmark. In this section we discuss some possible statistical models to incorporate thisadditional information.To simplify the modelling we work in the case of high concentration in p = 2 dimensions. Thus,we consider a �xed tangent space to shape space, where the tangent space is taken at an averageshape for the data.The data consist of the projected landmark vectors v 2 C k from (3.3), and tangent anglescurvatures at some or all the k+1 landmarks (a vector  of angles, and a vector k of real-valuedcurvatures). By construction v will typically have mean 0; however,  and k will have generalmeans  0 and k0, say. A possible model is assume the Re(v); Im(v); and k follow a jointmultivariate normal model, treating the elements of  � 0 as lying in (��; �). If the elementsof  are not su�ciently concentrated to support a normal approximation, the exponential familymodels of Jupp and Mardia (1980) can be tried. In this model fRe(v); Im(v);kg given  isnormally distributed and each element of  given the remaining variables follows a von Misesdistribution. In practice it may be necessary to simplify the parameterization in order to producetractable models. It remains to be seen how much useful insight such models can give in theanalysis of shape data.



One of the problems with landmark-based methods is �nding the landmarks in the �rst place.Landmarks are most easily identi�ed where there is a sharp kink in the data, e.g. at a point ofhigh curvature. Landmarks are more di�cult to locate precisely along a stretch of the outlinewhich has roughly constant curvature. One possible use of the tangent information here is tohighlight the property that landmarks are likely to be less accurately determined along thetangent direction than in the perpendicular direction.6 Future DirectionsLandmarks are summary statistics about objects and it is understanding the behaviour of theobjects which is of prime interest. Thus turning information about landmark behaviour intoa description of an object's behaviour is important. Bookstein's (1994) use of the thin-platespline bending energy metric in the construction of principal components is an important stepin moving from landmarks to objects, but this is an area in which more work is needed.Statistical analysis is more straightforward with fewer landmarks, but outlines can be morefaithfully reproduced with larger numbers of landmarks. As the number of landmarks increases,a functional version of shape analysis appears in the limit. For example, Kent et al. (1995b)describe the limiting behaviour of a conditional autoregressive model for outlines due to Grenan-der et al. (1991). In general, principal component analysis extends quite easily to the functionalform of shape analysis; see e.g. Cootes et al. (1992) for an application in machine vision. How-ever, in other contexts, regularization will be needed. For example, Leurgans et al. (1993) givean application of canonical correlation analysis to functional data.AcknowledgementsI am grateful to Kanti Mardia and Ian Dryden for helpful discussions during the writing of thispaper.References[1] Bookstein, F.L. (1986) Size and shape spaces for landmark data in two dimensions (withdiscussion). Statist. Sci., 1, 181-242.[2] Bookstein, F.L. (1989) Principal warps: thin plate splines and the decomposition of defor-mations. IEEE. Trans. PAMI 11, 567-585.[3] Bookstein, F.L. (1991) Morphometric Tools for Landmark Data: Geometry and Biology.Cambridge: Cambridge University Press.[4] Bookstein, F.L. and Green, W.D.K. (1993) A feature space for edgels in images with land-marks. J. Math. Imaging and Vision 3, 231-261.
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