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Lecture 4: 4 October 2011

1.4 Options

What is an option? Options are a derivative contract, like forwards. As discussed in
the previous lecture, a forward contract gives you the obligation to buy or sell a specific
asset for a specific price. An option gives you the right to buy or sell a specific asset for
a specific price. A call option gives you a right to purchase and a put option gives you
a right to sell. Some options only give the right to buy or sell at a specific time (these
are called European options), others allow you to buy or sell at any time until the option
expires (American options). For instance, a European call option may give you the right
to buy one share of Shell stock for £22 (the strike price) on 4 April 2013 (the expiration
date). It costs money to buy an option, whereas forward contracts are free to enter.

The buyer of the option only needs to decide whether he will exercise his right at expiration.
In the example of the call option, this is a simple decision: if Shell shares cost more than
£22 on the market on 4 April 2013, then it is advantageous to exercise the right, because
you can make a profit by buying shares for £22 and then selling them on the market. On
the other hand, if the shares are worth less than £22 when the option expires, then you
would not exercise the option, because you can buy the shares cheaper on the market.

Valuing an option using a binomial model Suppose we want to value a call option
to buy Shell for £22 on 4 April 2013 (half a year from now). We will make a number of
assumptions. We assume that there are no arbitrage opportunities. Zero-coupon bonds
(ZCBs) are available, with a continuously compounded yield of 1%. The price of a share
now (4 October 2012) is £21. The final assumption is a bit arbitrary: on 4 April 2013, the
share costs either £20 or £23. The name binomial model indicates that we consider two
possible outcomes.

We can model this as a market of three securities. The first one corresponds to the unit
zero-coupon bond (ZCB): if you pay e−0.01·0.5 = e−0.005 pounds now, you receive £1 in half
a year. The second security is the Shell share. It costs £21 now and can be sold for either
£20 or £23 in half a year. The third security is the call option. If the price of a share
drops to £20 then the option-holder will not exercise the option, so the value of the option
is zero. If the share price climbs to £23 then the holder will exercise option and buy a
share for £22 which can then be sold on the market for £23, making a profit of £1.
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The situation can be summarized in the following table:

Price on Pay-out on 04-04-2013
Security 04-10-2012 Case 1 Case 2

ZCB e−0.005 1 1
Share 21 20 23

Option P 0 1

Here, P stands for the price of the option, which we want to determine.

Replicating portfolios Once the prices and pay-outs are listed in a table, it is easy
to construct two replicating portfolios. The first portfolio simply consists of one share.
The second portfolio consist of three options and 20 ZCBs. Both portfolios have the same
pay-outs (£20 in Case 1 and £23 in Case 2), so by the no-arbitrage assumption, they must
have the same price. Thus, 3P + 20e−0.005 = 21, which we can solve for P . We find that
the price of an option is P = 1

3
(21 − 20e−0.005) = 0.36658 pounds.

The risk-neutral world If you compute the price of an option this way, you do not need
to know the probability that the share price goes up (or down). This is rather surprising:
one would assume the option to be worth more if there is a greater probability of the share
price going up. One way to think of this apparent issue is to say that the current price of
the share already takes into account the probability of it going up or down in the future.

Let us denote by q the probability that the future share price is £23; this implies that the
probability of the future price being £20 is 1 − q. Thus, the expected value of the future
price is 23q + 20(1 − q) = 20 + 3q.

Now, suppose that investors only care about the expected value of the return and not
about the risks. This is not true, but such an imaginary construction is called a risk-neutral
world. In this world, the price of any security (risk-free, like a bond, or not) has to equal
the expected future pay-out, discounted under the ZCB rate. Applying this to the shares
yields the equation 21 = e−0.005(20+3q), which implies that q = 1

3
(21e0.005−20) = 0.36842.

The future pay-out of the option is £1 with probability q and zero with probability 1−q, so
the expected pay-out is q. The current value is then the discounted value of the expected
pay-out, which is e−0.005 · q = 1

3
(21 − 20e−0.005).

This is the same value as we found before. So, notwithstanding the unrealistic assumption
of a risk-neutral world, we arrive at the correct answer. This is not a coincidence, but
true in many models in financial mathematics. The reason for this will be explored in
MATH2525 (Financial Mathematics 3) and MATH3733 (Stochastic Financial Modelling).

Further reading: Hull Sections 9.1, 12.1 and 12.2.


