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Abstract This paper investigates wet chemical etching of lead crystal glass, where
it is necessary to use both hydrofluoric and sulphuric acid todissolve all of the
components of the glass. We consider a simple model of multi-component etching,
consisting of a set of coupled linear ordinary differentialequations. The long time
behaviour is analysed using the method of steepest descentsand the limiting etch
rate is determined.

1 Introduction and model set-up

Wet chemical etching is used in a wide variety of industrial applications, from
the manufacture of Integrated Circuits to the fabrication of glass micro-fluidic de-
vices [3, 4, 8, 9]. This paper is motivated bymulti-component etching used in the
production of lead crystal glassware. In this case, decorative features cut into the
glass leave it optically opaque and consequently polishingis required to restore its
transparency [8]. This process consists of three steps: first the glass is immersed in
an etching tank, then it is rinsed in water and finally the reaction products are col-
lected in a settlement tank. The focus of this paper is on the initial wet chemical
etching step, where it is necessary to use both HF and H2SO4 in order to dissolve all
of the components of the glass, namely SiO2, PbO and K2O. Such multi-component
systems pose a non-trivial problem in determining the consequent etching rate.

A number of experimental studies of wet chemical etching of glass have been
conducted, see [8] for a review. In short, these studies present measurements of
etching rates [4] and their dependence on etchant and glass composition [7, 9, 11].
To our knowledge, there has not been an experimental study ofmulti-component
glasses where different types of etchant are required. An observation related to the
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work in this paper is that etching a smooth surface (e.g. mechanically polished)
causes it to develop cusp like features [8,9], thus roughening it slightly. Furthermore,
the height of such features is found to be normally distributed [10].

In the mathematics literature, the simplest models of macroscopic surface evolu-
tion have been well studied [1]. For a single component system, asymptotic results
have been obtained for the diffusion limited case around a resist edge, where the nor-
mal velocity is taken to be proportional to the concentration gradient [6]. In general,
the normal velocity will depend on various energy and curvature considerations;
such effects have been considered in stressed media [5]. Formulti-component sys-
tems, it is not obvious how the macroscopic normal velocity of the etched surface
depends on the composition of the glass and the acids present. Thus our approach
in this paper is to consider amicroscopic model that captures the salient features
of multi-component etching in a simple way. This model was proposed at the 62nd
European Study Group with Industry organised by the Mathematics Applications
Consortium for Science and Industry at the University of Limerick in Ireland.

As a simple model, we imagine that the glass consists of equally spaced layers
n = 0, . . . ,N each composed of a fractionf j of speciesj, where∑J

j=1 f j = 1. We
suppose that each layer is of the order of a few nanometers thick, much smaller than
the height of macroscopic features to be etched (which are typically of the order
of micrometres). Thus for multi-component systems, our goal is to determine the
resulting etching rate. We model the evolution of thefraction of exposed surface at
layern of speciesj, denoted byψ j

n (where∑ j,n ψ j
n = 1), by the reaction equations

ψ̇ j
0 = −A jψ j

0, (1)

ψ̇ j
n = −A jψ j

n + f j ∑
k

Akψk
n−1, n ≥ 1. (2)

The negative terms account for the removal of atoms from the exposed surface and
the positive terms model the creation of exposed surface. Weconsider an initially
flat surface, given by

ψ j
0(0) = f j, ψ j

n(0) = 0. (3)

A typical numerical solution of (1–3) for a simple case with just two species
is illustrated in Fig. 1. The surface (whereψn is positive) is diffuse and propagates
downwards with an almost constant velocity. Thus the flat glass is etched and rough-
ened as time progresses.

2 Microscopic model analysis

In this section, we apply an inductive Laplace transform technique to the discrete
rate equations, (1) and (2), which yields an integral equation that can be analysed
with standard asymptotic methods. Defining the Laplace transform ofψ j

n asΨ j
n , (1)

and (2) become
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Fig. 1 Simulation results of (1–3) for two species at timest1–t4. The solid black curve is the total
fraction of exposed surfaceψn, the light grey dashed line and the dark grey solid line are the
fraction of exposed surface of species 1 and 2 respectively.The fractions of each species in the
glass aref1 = 0.3 and f2 = 0.7, and the reaction rates areA1 = 1 andA2 = 2.

Ψ j
0 =

f j

λ + A j
and

Ψ j
n =

f j

λ + A j
∑
k

AkΨ k
n−1, n ≥ 1, (4)

respectively, whereλ is the transform variable. Solving the recursion relation pre-
scribed by (4), we find

Ψ j
n =

f j

λ + A j
g(λ )n, where g(λ ) := ∑

k

Ak fk

λ + Ak
.

Solutionsψ j
n are found by taking the inverse Laplace transform,

ψ j
n =

1
2π i

∫

C

f j

λ + A j
g(λ )netλ dλ , (5)

where the contourC = [γ − i∞,γ + i∞] is chosen to the right of theJ poles of the in-
tegrand, located atλ = −A j. The integral (5) can be solved explicitly by calculating
the residue at the poles. This approach can be followed through, although it yields
little insight into the nature of the solution.

Instead we look to use asymptotic methods to determine the large time behaviour
of ψ j

n whenn ∼ t. Solutions presented in Fig. 1 show that the surface propagates
with near constant velocity whilst diffusing. This suggests the transformationn =
vt + ξ

√
t, wherev > 0. We then define

ρ(λ ) := λ + v lng(λ ), (6)

such that (5) takes the form

ψ j
n =

1
2π i

∫

C

f j

λ + A j
exp
[

tρ +
√

tξ lng
]

dλ . (7)



4 Jonathan Ward

−2.5 −2 −1.5 −1 −0.5 0 0.5
−1

−0.5

0

0.5

1

1.5

2

0 50 100 150

10
−4

10
−3

10
−2

10
−1

λi

λr
−A1−A2

λ1

λ∗

σ(t)

t

(a) (b)

Fig. 2 Panel (a): Contour plot of Imρ , see (6), in the complexλ plane for the two species example
illustrated in Fig. 1 withv = v∗, given by (9). Poles and saddle points are indicated by grey and
white markers respectively; branch cuts are labelled with thick grey lines. Arrows indicate the
direction of increasing Reρ . Panel (b): Root mean square errorσ (t) between numerical solutions
presented in Fig. 1 and asymptotic theory (10).

Our next step is to determine the travelling wave velocityv = v∗ at whichψ j
n

is stationary. To achieve this we consider the case whereξ = 0, i.e. we solve for
ψ j

n along a ray with velocityv = n/t. We can then analyse (7) using the method of
steepest descents (see [2] for details). In short, we look todeform the contour of
integrationC in such a way that the imaginary part ofρ(λ ) remains constant along
the new contourC ′. We must not cross any poles of the integrand when deforming
the contour. Then in the limitt → ∞, the contribution to the integral is dominated
by the global maximum of Reρ(λ ) onC ′. Such points are saddle points ofρ(λ ) in
the complexλ plane and hence satisfyρ ′(λ ) = 0. In this case the saddles points are
solutions to

ρ ′(λ ) = 1+ v
g′(λ )

g(λ )
= 0, (8)

corresponding to the 2J−1 roots of the polynomial

J

∑
j=1

A j f j (λ + A j − v)∏
k 6= j

(λ + Ak)
2 = 0.

Thus the saddle points must typically be calculated numerically. In Fig. 2(a) we
plot contours in the complexλ -plane along which Imρ is constant, where arrows
are used to indicate increasing Reρ and the saddle points are labelled with white
markers.

It is possible to prove that there is only ever one admissiblesaddle point, however
we will omit this complex argument from this paper and refer the reader to [12]
where it is discussed in detail. The correct choice of saddlecan however be easily
identified. Suppose that the speciesj are ordered such thatA1 < A2 < · · · < AJ.
For realλ > −A1, g is monotonically decreasing, thus it follows that Reρ has a
minimum atλ = λ∗ say, which is shown in [12] to be the only admissible saddle.
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The asymptotic solution along a ray with velocityv is then

ψ j
n ∼

(
√

2π
tρ ′′(λ∗)

)

f j

λ∗ + A j
exp(tρ(λ∗)) .

Since solutions cannot grow, we look for cases whereρ(λ∗) = 0. We find that this
occurs whenλ∗ = 0 and hence from (8) the critical velocity is given by

v∗ =

(

∑
k

fk

Ak

)−1

. (9)

We now return to the integral equation (7) given the velocityv∗. We know that
the dominant contribution to the integral will come from thesaddle point atλ∗ = 0,
so we Taylor expand the integrand about this point for small values ofε = λ −λ∗
and ξ . The exponent then becomes,

ρ∗(λ )t + g(λ )ξ
√

t ≈ ρ ′′
∗ (λ∗)

2
ε2t − 1

v∗
ξ ε

√
t.

We then complete the square using the substitution

z := i

√

ρ ′′
∗ (λ∗)

2

(√
tε − ξ

v∗ρ ′′
∗ (λ∗)

)

.

This results in a Gaussian integral with solution

ψ j
n ∼ f j

A j
√

2πρ ′′
∗ (λ∗)t

exp

(

− ξ 2

2ρ ′′
∗ (λ∗)v2

∗

)

. (10)

Thus the long time behaviour of our microscopic model (1–3) are Gaussian profiles
moving at a constant velocityv∗, given by (9), which diffuse like

√
t. To quantify the

performance of our asymptotic solution, we calculate the root mean squared differ-
enceσ(t) between the numerical solutions presented in Fig. 1 and the asymptotic
prediction (10). These results are presented in Fig. 2(b); clearly the agreement is
extremely good.

3 Conclusion

In summary, we have presented a simple microscopic model of multi-component
etching that can be analysed using asymptotic methods. Fromthis we can connect
the microscopic dynamics, based on atomic length scales, tothe macroscopic etch-
ing process that takes place at length scales of the order of micrometres. Our mi-
croscopic analysis indicates that the (macroscopic) normal velocity of the surface
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is related to the reaction rates and glass composition according to (9). Moreover,
the spread of the fraction of exposed surface relates to the microscopic roughness
of the surface. Since this increases with time like

√
t, we can be sure that macro-

scopic features will be smoothed long before the microscopic roughness grows to
a macroscopic level. It would be interesting to combine our work with a macro-
scopic etching model since we could potentially predict optimal etching times that
minimise both macroscopic and microscopic roughness.
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