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Why is immunology like astronomy?
How many TCR clonotypes does a body maintain? Estimates are
1011 = 100 × 109 = 100, 000 × 106 , similar to the number of stars in
our galaxy.

Each dot represents attributes measured in one star/cell, at one
instant. What we know about typical stars and cells depends on
extrapolation from small samples.
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Why is immunology like astronomy?
How many TCR clonotypes does a body maintain? Estimates are
1011 = 100 × 109 = 100, 000 × 106 , similar to the number of stars in
our galaxy.

Individual stars live for billions of years and individual T cells live for
years. What is deduced about life histories, fates and interiors of stars
and cells depends on computational modelling informed by physics
and chemistry.
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How many TCR clonotypes do we have?
In the thymus, infant T cells acquire a T-cell receptor (TCR) which is
a characteristic signature of the cell and any of its offspring.
• Each T cell is descended from a T cell that left the thymus, or left

the thymus itself.
• The ∼30000 TCRs on the surface of one T cell are identical.

The set of cells with the same TCR defines a T-cell clonotype in the
T-cell repertoire, one species in an ecological system. The number of
different possible TCRs is “astronomical”, even compared to 1011 .
How many TCR clonotypes does a body maintain?
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Mathematics in modern immunology
Mario Castro, GL, Carmen Molina-Parı́s, Ruy M. Ribeiro. Royal Society Interface focus (2016)
Some deterministic and stochastic mathematical models of naı̈ve T-cell homeostasis
Lythe and Molina-Parı́s. Immunlogical reviews (2018)

3 of 33

How many TCR clonotypes do we have?
In the thymus, infant T cells acquire a T-cell receptor (TCR) which is
a characteristic signature of the cell and any of its offspring.
• Each T cell is descended from a T cell that left the thymus, or left
the thymus itself.
• The ∼30000 TCRs on the surface of one T cell are identical.
The set of cells with the same TCR defines a T-cell clonotype in the
T-cell repertoire, one species in an ecological system.
The number of clonotypes, N , is equal to the total number of T cells
divided by the mean number of cells per clonotype.
Equivalently, N is equal to the product of the rate of release of new
clonotypes from the thymus to the periphery, and the mean lifetime
of a clonotype in the periphery.
How many TCR clonotypes does a body maintain?
Lythe, Callard, Hoare, Molina-Parı́s, Journal of Theoretical Biology (2016)
Mathematics in modern immunology
Mario Castro, GL, Carmen Molina-Parı́s, Ruy M. Ribeiro. Royal Society Interface focus (2016)
Some deterministic and stochastic mathematical models of naı̈ve T-cell homeostasis
Lythe
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The whole T-cell repertoire: deterministic model
X(t) = number of naı̈ve CD4+ T cells at age t.
d
X = thymic export − cell death + cell division .
dt
The simplest model, obtained by assuming that cells circulate
independently throughout the body and are equally likely to undergo
one round of division, or suffer death, is
d
X = Θ − βX,
dt
where
Θ = rate of export of cells from the thymus
β = death rate per cell minus division rate per cell.
Lythe and Molina-Parı́s, Immunological Reviews (2018)
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d
X = thymic export − ( cell death − cell division ) .
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The simplest model, obtained by assuming that cells circulate
independently throughout the body and are equally likely to undergo
one round of division, or suffer death, is
d
X = Θ − βX,
dt
where
Θ = rate of export of cells from the thymus
β = death rate per cell minus division rate per cell.
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The T-cell repertoire: waning thymus
d
X = thymic export − ( cell death − cell division ) .
dt
For mice older than six weeks, we may use the function
Θ(t) = Ae−νt

cells per day,

where ν = 0.005 day−1 and the value of A varies from mouse to
mouse. If, at six weeks old, a mouse has 30 million naı̈ve CD4+
T cells and its thymus is producing one million cells per day, then
X(t) =

Θ(t)
− 107 e−β(t−42) .
β−ν

If one peripheral naı̈ve cell in 30 dies per day and one in 300 divides
per day, then β = 0.03 day−1 .
Temporal fate mapping reveals age-linked heterogeneity in naive T lymphocytes in mice
Hogan, Gossel, Yates and Seddon, PNAS (2015)
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Stochastic model I: competition for a global resource

What if the rare cell division events in homeostasis are dependent on
resources (IL-7, TCR-self pMHC)?
In the simplest case, there is one resource that is equally likely to be
accessed by any cell. The total number of cell divisions per unit time
is γ. The probability that any one cell divides in a time interval of
duration ∆t is γ∆t/X(t).
Suppose that the thymus produces new clonotypes at rate θ, as
families of nθ cells each. What is the life history of a clonotype?
The number of T cells of type i at time t is ni (t) ≥ 0. What does
ni (t) look like as a function of time?
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The fate of a clonotype (one resource)
The probability that one cell of clonotype i dies between t and t + ∆t
is µni (t)∆t. The probability that one cell of type i divides between t
and t + ∆t is λi (t)∆t where
λi (t) = γ

ni (t)
.
X(t)

(1)

The total number of cells, X(t), is large and fluctuates about the
mean value
γ + θnθ
Xss =
.
µ
Thus ni (t) approximately follows a birth-and-death process with
death rate µni and birth rate
λi (t) ' γ

ni (t)
µ
=
ni (t),
Xss
1+α

where α =

θnθ
γ

is the non-dimensional parameter that measures the ratio of thymic
production to peripheral division.
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Clonal survival
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Figure: Probability that a clone exists in
the periphery as a function of time since
release from the thymus.
Death rate per cell µ = 1 year−1
Initial number of cells nθ = 8.
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The probability that the clonal
lifetime is greater than t:
!nθ
0
1 − e−α t
S(t) = 1 −
.
−α0 t
1 − e1+α
α0 =

α
1+α

Stochastic model II: competition for multiple resources)
with Robin Callard and Rollo Hoare (UCL), Carmen Molina-Parı́s (Leeds)

thymic production θ
cells per clone nθ

N (t) T cell clonotypes
death rate per cell µ

clonal extinction
M self pMHCs
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Cross-reactivity and clonal identity
self pMHCs

T cell clonotypes

Each clonotype is assigned a pattern of
interaction with the set of M pMHCs. In
the simplest algorithm, each of the pMHC
is recognised with probability p, so that the
mean number of pMHC recognised
(cross-reactivity) is pM . The number of
possible combinations is sufficiently large
that each recognition profile is a unique
signature.
Singh, Bando and Schwartz, Immunity 37 (2012)
Sewell, Nature Reviews Immunology 12 (2012)
Nikolich-Žugich et al Nature Reviews Immunology 4 (2004)
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thymic production θ
cells per clone nθ

M self pMHCs

N (t) T cell clonotypes

stimulus rate γ

death rate per cell µ

recognition probability p

clonal extinction
Singh, Bando and Schwartz, Immunity 37 (2012)
Sewell, Nature Reviews Immunology 12 (2012)
Nikolich-Žugich et al Nature Reviews Immunology 4 (2004)

Stochastic system dynamics
Death
Every T cell has a constant probability per unit time µ of dying,
independent of all others.

Division
Each pMHC set stimulates at rate γ. The stimulus is equally likely to
cause one round of cell division in any of the T cells capable of
recognising it.

Mathematical Models and Immune Cell Biology, Springer (2011)
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Stochastic system dynamics
Death
Every T cell has a constant probability per unit time µ of dying,
independent of all others.

Division
Each pMHC set stimulates at rate γ. The stimulus is equally likely to
cause one round of cell division in any of the T cells capable of
recognising it.
The stimulus is divided into M subsets.
The number of T cells of type i at time t is ni (t) ≥ 0.
A clonotype has survived to time t if ni (t) > 0.
The number of surviving clonotypes at time t is N (t).
Mathematical Models and Immune Cell Biology, Springer (2011)

13 of 33

Stochastic model II, without thymus
• Transient timescale: the

mean total number of T
cells finds its steady-state
level M γ/µ.

Lythe, Callard, Hoare, Molina-Parı́s, Journal of Theoretical Biology (2016)
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Stochastic model II, without thymus
• Transient timescale: the

mean total number of T
cells finds its steady-state
level M γ/µ.
• Extinction timescale: the

probability that a clone,
initially with n0 cells,
survives up to time t is
Pr(survival) =
n0
1 − exp(− )
µt

Lythe, Callard, Hoare, Molina-Parı́s, Journal of Theoretical Biology (2016)

14 of 33

Algorithm: stimuli and cell division
pMHCs

T-cell clonotypes

i
q

Stirk et al, Mathematical Biosciences 224 (2010)
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Algorithm: stimuli and cell division
pMHCs

T-cell clonotypes

Qi
i
q

Birth rate for T cells of type i
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Algorithm: stimuli and cell division
pMHCs

T-cell clonotypes

Qi
i
q

Birth rate for
of type i
XTncells
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q∈Qi
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Algorithm: stimuli and cell division
pMHCs

T-cell clonotypes

Qi
i
q
|cq | = total number of
T cells stimulated by q

Birth rate for
of type i
XTncells
i
Λi = γ

q∈Qi

|cq |

≤ γφi where φi = number of pMHCs in Qi .

Stirk et al, Mathematical Biosciences 224 (2010)
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Thymic production
At rate θ, new clonotypes are created with nθ cells.
The fraction of T cells that are
thymic emigrants is
nθ θ
.
γM + nθ θ
nθ θ
The parameter α = γM
is the
ratio of thymic production to
peripheral division.

Maintenance of Peripheral Naive T Cells Is Sustained by Thymus Output in Mice but Not Humans den Braber,
Mugwagwa, Vrisekoop, Westera, Mögling, de Boer, Willems, Schrijver, Spierenburg, Gaiser, Mul, Otto, Ruiter,
Ackermans, Miedema, Borghans, de Boer, Tesselaar. Immunity (2012)
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One clonotype: mouse and human
Life history of a clonotype in the periphery: starting with exit from
the thymus, ending with extinction.
number of cells ni(t)

20

20
10
10

0

1

2

3

4

5

age / months

6

0

20

40

60

age / years

80

100

The number of cells as a function of age of the host.
The clonotype starts as a family of eight cells.
Left: the simplest assumption in a mouse: no peripheral division.
Right: using a competition model of adult human homeostasis.
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How many TCR clones does the body maintain?
As α → 0, N ∗ →

γM
µ α(1

− 0.577 − log(nθ α)).

Figure: Predicted steady-state number of distinct clonotypes.
We use γM/µ = 1011 cells. Three values of nθ are shown.
The dotted lines are valid in the weak-thymus limit.
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One clonotype: birth and death rates
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ni (t) = number of cells of clonotype i at time t.
θnθ
α=
γ
death rate = µni
µ
birth rate '
ni .
1+α

Lythe and Molina-Parı́s, Immunological Reviews (2018)
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Guesses and deductions: mice and humans
The steady mean total number of cells is µ−1 (γM + nθ θ).

Mice
µ = 1month−1
Total (naive CD4+ ) T cells: 4 × 107
nθ θ = 4 × 107 month−1
p = 10−6 , M = 109
γ = 10−3 month−1
Bains, Antia, Callard and Yates, Blood 113 (2009)
Westera et al Blood (2013)
Vrisekoop et al PNAS (2008)
Murray et al Immunology and Cell Biology (2003)
de Boer and Perelson, J Theoretical Biology (2013)
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Humans
µ = 1year−1 .
Total (naive CD4+ ) T cells: 4 × 1011
nθ θ = 1010 year−1
p = 10−6 , M = 1010
γ = 10year−1

Guesses and deductions: mice and humans
The steady mean total number of cells is µ−1 (γM + nθ θ).
As α → 0, N ∗ → γM
µ α(1 − 0.577 − log(nθ α)).
Mice
µ = 1month−1
Total (naive CD4+ ) T cells: 4 × 107
nθ θ = 4 × 107 month−1
p = 10−6 , M = 109
γ = 10−3 month−1
N ∗ ' 107
Bains, Antia, Callard and Yates, Blood 113 (2009)
Westera et al Blood (2013)
Vrisekoop et al PNAS (2008)
Murray et al Immunology and Cell Biology (2003)
de Boer and Perelson, J Theoretical Biology (2013)
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Humans
µ = 1year−1 .
Total (naive CD4+ ) T cells: 4 × 1011
nθ θ = 1010 year−1
p = 10−6 , M = 1010
γ = 10year−1
N ∗ ' 1010 .

Number of singletons in the repertoire

θ = µF1
• θ is the rate of export of new clonotypes from the thymus
• µ is the death rate per cell (the inverse of the mean lifetime)
• F1 is the number of unicellular clonotypes in the repertoire. That

is, the number of TCRs that are present on only one cell.
The equality F1 = S holds in the extreme scenario that all peripheral
clonotypes consist of one cell only, otherwise F1 < S.
The naive T-cell receptor repertoire has an extremely broad distribution of clone sizes
Peter C. de Greef, Theres Oakes, Bram Gerritsen, Mazlina Ismail, James M. Heather, Rutger Hermsen, Benjamin Chain,
and Rob J. de Boer (2019)
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How many TCRβ chains per (human, mouse) body?

Extracting and reverse transcribing RNA from pools of T cells, and
amplifying, by PCR, the gene sequences that encode the TCR chain,
makes it possible to estimate the TCR diversity in a sample of blood.
Early estimates Casrouge et al (2000), Arstila et al (1999)
106 distinct β chains in human blood
More recent estimates
Single-cell analysis
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How many TCRβ chains per (human, mouse) body?
Extracting and reverse transcribing RNA from pools of T cells, and
amplifying, by PCR, the gene sequences that encode the TCR chain,
makes it possible to estimate the TCR diversity in a sample of blood.
Early estimates Casrouge et al (2000), Arstila et al (1999)
106 distinct β chains in human blood
extract and reverse transcribe mRNA from a pool of 108
cells, amplify VB18 from a sample of cDNA, analyse the
subfraction that has VJ1.4 and 12-aa-long CDR3. 17
different β chains found.
17/(0.093 × 0.03 × 0.008) ' 106 .
More recent estimates
Single-cell analysis
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How many TCRβ chains per (human, mouse) body?

Extracting and reverse transcribing RNA from pools of T cells, and
amplifying, by PCR, the gene sequences that encode the TCR chain,
makes it possible to estimate the TCR diversity in a sample of blood.
Early estimates Casrouge et al (2000), Arstila et al (1999)
106 distinct β chains in human blood
More recent estimates Robins et al (2009), Warren et al (2011)
' 107 − 108 distinct β chains in human blood.
Single-cell analysis
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How many TCRβ chains per (human, mouse) body?

Early estimates Casrouge et al (2000), Arstila et al (1999)
106 distinct β chains in human blood
More recent estimates Robins et al (2009), Warren et al (2011)
' 107 − 108 distinct β chains in human blood.
Using material obtained from T cell pools makes direct
evaluation of clone sizes difficult, because identical Tcrs
may correspond to different cells expressing the same
receptor, or to several amplicons of the same T cell.
Single-cell analysis Gonçalves and Rocha (INSERM and Pasteur):
TCRB expression in individual CD8 naive T cells from
specific-pathogen-free adult mice.
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The observed distribution of clonal sizes

Our goal is to find the probability
distribution of the number of instances of k
copies of a Tcrb in a random sample of m
cells from a repertoire of S cells.

Consider one cell in the repertoire. The probability, q, that this cell is
m
one of the m cells in the sample is equal to .
S
A new mechanism shapes the naı̈ve CD8+ T cell repertoire: The selection for full diversity
Gonçalves et al., Molecular Immunology (2017)
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Simulated sampling: two scenarios
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The number of cells in the repertoire, S = 2900000 is the mean
number of CD8+ CD44− T cells in the spleen of a mouse.
The size of the sample is taken to be m = 10000 cells, somewhat
larger than current capabilities. On the right, the calculated mean
numbers of singletons, doublets, k-lets is shown as a function of k.
Mathematics in modern immunology Mario Castro, GL, Carmen Molina-Parı́s, Ruy M. Ribeiro
Royal Society Interface focus (2016)
26 of 33

Models and computation
Measurements
Sampling
Mathematical Models and Immune Cell Biology
Mathematical immunology is in a period of rapid expansion and excitement. At recent
meetings, a common language and research direction has emerged amongst a worldclass group of scientists and mathematicians. Mathematical Models and Immune Cell
Biology aims to communicate these new ideas to a wider audience. The reader will be
exposed to a variety of tools and methods that go hand-in-hand with the immunological processes being modeled. This volume contains chapters, written by immunologists
and mathematicians, on thymocytes, on T cell interactions, activation, proliferation
and homeostasis, as well as on dendritic cells, B cells and germinal centers. Chapters
are devoted to measurement and imaging methods and to HIV and viral infections.
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Multidimensional Markov dynamics: example
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Multidimensional Markov dynamics: example

Suppose that n(t) = (15, 7, 9, 0, 11, 1). Then
Pr[next event is a death] =

Ω(t)
Ω(t) + Λ(t)

where Ω(t) = µ(15 + 7 + 9 + 0 + 11 + 1),
Λ(t) = Λ1 (t) + Λ2 (t) + Λ3 (t) + · · · + Λ6 (t),
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Ω(t) + Λ(t)

where Ω(t) = µ(15 + 7 + 9 + 0 + 11 + 1),
Λ(t) = Λ1 (t) + Λ2 (t) + Λ3 (t) + · · · + Λ6 (t),
where

Λ1 (t) = γ
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Suppose that n(t) = (15, 7, 9, 0, 11, 1). Then
Pr[next event is a death] =

Ω(t)
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where Ω(t) = µ(15 + 7 + 9 + 0 + 11 + 1),
Λ(t) = Λ1 (t) + Λ2 (t) + Λ3 (t) + · · · + Λ6 (t),
Pr[birth in clone 1] =
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Pr[death in clone 3] =

9µ
Ω(t) + Λ(t)

Multidimensional Markov dynamics: example
Suppose that n(t) = (15, 7, 9, 0, 11, 1). Then
Pr[next event is a death] =

Ω(t)
Ω(t) + Λ(t)

where Ω(t) = µ(15 + 7 + 9 + 0 + 11 + 1),
Λ(t) = Λ1 (t) + Λ2 (t) + Λ3 (t) + · · · + Λ6 (t),
Pr[birth in clone 1] =

Λ1 (t)
Ω(t) + Λ(t)

Pr[death in clone 3] =

9µ
Ω(t) + Λ(t)

Gillespie algorithm: Time is incremented by
∆t =
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− log(u)
.
Ω(t) + Λ(t)

Distribution of clonal extinction times: α = 0
Suppose Λi (t) = µni , so that birth rates and death rates are in
balance.
Let us approximate ni (t) by a diffusion process, Xt :
p
dXt = 2µXt dWt .
If F (t, b) is the probability of not hitting 0 before time t, starting with
X0 = b, then
∂
∂2
F (t, b) = µb 2 F (t, b),
∂t
∂b
b
) and
with F (0, b) = 1. Thus F (t, b) = 1 − exp(− µt

Pr[Xt = 0|X0 = b] = exp(−
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b
).
µt

The observed distribution of clonal sizes
Let Y be the number of copies of a randomly-chosen clonotype found
in the sample of m cells, which can take the value 0 or any integer
greater than 0. That is,
X
Pr[Y = k] =
Pr[ni = n]Pr[Yi = k|ni = n].
n

Suppose that the probability generating function of the random
variable ni is φn (z). Then
X
φY (z) =
Pr[ni = n](1 − q + qz)n = φn (1 − q + qz).
n

For example, if ni has a geometric distribution with mean n̄, then
then the observed distribution of clonal sizes is also geometric, with
mean 1 + (n̄ − 1)q.
Gonçalves et al., Molecular Immunology (2017)
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Repertoire subsets: TCRBV and epitope-specific

CD44− T cells expressing
only TRBV13 or only
TRBV19.

CD44- CD8 T cells recognising the GP33 peptide from the
Lymphocytic Choriomeningitis Virus (LCMV) (CD44-GP33+ CD8+
T cells), separated using GP33 dextramers
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Most sequences are unique in the sample (and in a
mouse?)
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Single-cell measurements - Pedro and Benedita
Spleen, femurs and lymph nodes from each SPF B6 CD45.2+ mouse.
• Cells from organs in wells with 0.5 × 106 CD45.1+ P14.
• Direct evaluation of PCR errors, by simultaneously sequencing

monoclonal TCR-Tg single cells expressing known Tcrb chains.
• Single primer pair used for the PCR amplification of the Tcrb.

Gonçalves et al., Molecular Immunology (2017)
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