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H I G H L I G H T S
c We introduce a simple phenomenological model based on Poisson cluster processes.
c The shape of the Species-Area Relationship is linked to the RSA and the beta-diversity.
c We derive an analytical expression for the SAR which reproduces tri-phasic behavior.
c We find an expression for the endemic area relationship and for the scaling of the RSA.
c The model allows one to understand the necessary (geometrical or biological) mechanisms at the core of the observed macroecological patterns.
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a b s t r a c t

There has been a considerable effort to understand and quantify the spatial distribution of species across

different ecosystems. Relative species abundance (RSA), beta diversity and species–area relationship (SAR)

are among the most used macroecological measures to characterize plants communities in forests. In this

paper we introduce a simple phenomenological model based on Poisson cluster processes which allows us

to exactly link RSA and beta diversity to SAR. The framework is spatially explicit and accounts for the spatial

aggregation of conspecific individuals. Under the simplifying assumption of neutral theory, we derive an

analytical expression for the SAR which reproduces tri-phasic behavior as sample area increases from local

to continental scales, explaining how the tri-phasic behavior can be understood in terms of simple

geometric arguments. We also find an expression for the endemic area relationship (EAR) and for the

scaling of the RSA.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The relation between the mean number of different species
observed within a given sampled area, i.e. the Species-Area relation-
ship (SAR), is one of the most studied patterns in ecology and
represents one of the simplest ways to characterize the biodiversity
of a region. There is a considerable body of research (Arrhenius, 1921;
Macarthur and Wilson, 1967; May, 1975; Williamson, 1988; He and
Legendre, 1996; Storch et al., 2007) showing that the curve of the SAR
is a non-decreasing function whose slope depends on the sampled
area and has a characteristic shape in a log–log plot (see Fig. 1). This
‘‘tri-phasic’’ curve is relatively steeper at local and continental scales,
but shallower at intermediate scales. This latter regime is typically
described by a power-law S� Az, even though there is no compelling
theoretical reason to choose such a function. A wide range of models
ll rights reserved.
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has been suggested in recent years to account for this shape: some of
them are based on geometrical (Storch et al., 2008) or statistical
considerations (Garcı́a Martı́n and Goldenfeld, 2006; Harte et al.,
2009), while others show that there are biological traits which can
affect the shape of the SAR (Drakare et al., 2006).

Simplified theoretical frameworks of population dynamics, such
as the neutral theory of biodiversity (Hubbell, 2001), have made
considerable progress in predicting several patterns at different
spatial and temporal scales (Chave, 2002, 2004; Volkov et al., 2003;
Zillio et al., 2005; Alonso et al., 2006; Azaele et al., 2006; Volkov et al.,
2007), including the SAR (Rosindell and Cornell, 2007). Despite the
simplicity of its core assumption, i.e. all individuals within a trophic
level have the same probabilities to die or survive irrespective of the
species which they belong to, the framework has provided a baseline
expectation for a variety of patterns akin to those observed in
empirical data. Thus, on the one hand it represents a powerful
tool to investigate a series of underpinning mechanisms at the
core of universal ecological behaviors; on the other, it questions
more complex explanations for empirical patterns. The original
formulation (Hubbell, 2001) and the majority of neutral models
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Fig. 1. Qualitative shape of the species–area relationship (Hubbell, 2001). On local

spatial scales (region A) the trend is steep. On intermediate spatial scales (region B)

the slope decreases and the curve is well approximated by a power law with

exponent z. Finally, on very large spatial scales (region C), the linear size of sampled

areas is much greater than the correlation length of biogeographic processes, so that

the majority of species are completely independent of each other.
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suggested later on have dealt with spatial features only implicitly or
the predictions are obtained via scaling relations (Zillio et al., 2008).
Within such approaches the dispersal abilities of species are captured
only approximately, although in an analytical tractable way. Spatially
explicit models represent a substantial step towards a more realistic
study of ecosystems, but present much greater theoretical challenges
with respect to their implicit counterparts. In fact, spatial ecological
measures such as the species–area relationship crucially depend
on the behavior of multiple points correlation functions, and any
truncation would inevitably impair the predictions. As a consequence,
one needs to solve the model in full generality, a task that is highly
non-trivial because stochastic theories defined on space often have
stationary states for which detailed balance does not hold. This
condition ensures that at stationarity the probability to go from one
configuration to another one is the same as the reversed transition
(Van Kampen, 1981; Zia and Schmittmann, 2007). Recently, O’Dwyer
and Green (2010) have derived the SAR from a fully spatially explicit
model by using field theoretical techniques. However, their findings
were implicitly obtained under the assumption that the detailed
balance is satisfied, a condition that is not correct for their model.

Within a neutral setting, we introduce a simple mechanism
which is able to produce a tri-phasic SAR and can be explained in
simple geometrical terms. The model is based on the Poisson
cluster processes (Cressie, 1993; Illian et al., 2009) and allows us
to derive the SAR, the endemic area relationship and also the
spatial scaling of the RSA.
2. Emergent geometry of Poisson cluster processes

Poisson cluster processes and Neyman–Scott processes (Cressie,
1993; Illian et al., 2009; Thomas, 1949; Neyman and Scott, 1958;
Diggle, 1984) (PCP in the following) are a very general framework
useful to analyze spatial ecological data and characterize population
aggregation (Plotkin et al., 2000; Morlon et al., 2008; Azaele et al.,
2012). These processes are quite simple and based on the assump-
tion that individuals are spatially clumped into clusters. Specifically,
the centers of clusters are distributed in space with a constant
density independent of each other. Each cluster is populated by a
random number of individuals (drawn from a given distribution)
and the distance of each individual from the center of the cluster is
drawn from a given distribution (typically a Gaussian distribution
with a certain variance x2).
We consider a simplified version of the PCP in a homogeneous
landscape of area A0, assuming that:
1.
 Species are independent of each other.

2.
 The individuals of any species are distributed around a single

center whose location is uniformly drawn within the landscape.

3.
 The position of individuals with respect to the center is drawn

from a given distribution fðrÞ, where r is the position with
respect to the center. The distribution has a characteristic scale
x above which it decreases exponentially.
4.
 The number of individuals per species are drawn from a given
relative species abundance (RSA) distribution SkðA0Þ.

The assumption in item 3 takes into account that individuals
belonging to the same species are usually spatially aggregated
(Plotkin, 2000)—we use a single cluster center (item 2) for the sake
of simplicity. Here we do not focus on the biological mechanisms
underlying conspecific spatial aggregation, but we account for it in a
phenomenological fashion. Because we assume that species are
independent (item 1) and every species is characterized by the
same model parameters, the model is non-interacting and neutral
as well.

The model is formulated as neutral, i.e. every species behaves in
the same way. If neutrality holds and under the assumption of
species independence, we can consider simply one species at a time
to calculate every quantity. Within this model we can explicitly
calculate the SAR for a homogeneous and large landscape. Under
these hypotheses we obtain the species–area relationship simply
from the probability of finding at least one individual in a given sub-
region of area A by (O’Dwyer and Green, 2010)

SðA9A0Þ ¼ StotðA0Þ
X1
k ¼ 1

PkðA9A0Þ ¼ StotðA0Þ½1�P0ðA9A0Þ�, ð1Þ

where StotðA0Þ is the total number of available species in the whole
system with area A0 (i.e.

P1
k ¼ 0 SkðA0Þ), while PkðA9A0Þ is the

probability of finding exactly k individuals of a given species in
the sub-region of area A and has the following expression (see
Appendix A)

PkðA9A0Þ ¼

Z 1
0

dlpðlÞ
1

A0

Z
A0

d2r
½l
R

Aðr Þd
2r 0 fðr 0Þ�k

k!
e
�l
R

Aðr Þ
d2r 0 fðr 0 Þ

,

ð2Þ

where AðrÞ is a region of area A centered at the point r . The
distribution pðlÞ is strictly related to the RSA, SkðA0Þ, implicitly
defined by the following equation:

SkðA0Þ ¼ StotðA0Þ

Z 1
0

dl pðlÞ
lke�l

k!
: ð3Þ

Interestingly, the Eq. (2) reduces to the random placement model
(Coleman, 1981) in its mean field version, i.e. by considering fðrÞ to
be constant. On the other hand, it is possible to relate the quantity
fðrÞ to the two point correlation function (see Appendix B). The
correlation function is proportional to the b-diversity (which is a
well known measurable quantity in real systems (Condit et al.,
2002). Specifically, we obtain the following relation:

G2ðrÞ ¼/l2S
Z

A0

d2y fðyÞfðy�rÞ, ð4Þ

where /l2S¼
R1

0 dl l2pðlÞ. Thus we can directly obtain an expres-
sion for fðrÞ when the correlation function. By applying the Fourier
transform, it is possible to invert Eq. (4), obtaining bfðpÞp ffiffiffiffiffiffiffiffiffiffiffiffibG2ðpÞ

q
(where bfðpÞ is the Fourier transform of fðrÞ, see Appendix B). The
formula in Eq. (4), with an appropriate choice of fðrÞ, has the same
structure obtained with different models (Condit et al., 2002; Zillio
et al., 2005).
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3. Results

3.1. Species–area relationship

The final expression of the species–area relationship is obtained
by substituting Eq. (2) into Eq. (1) and taking the limit A0-1 in the
spirit of Rosindell and Cornell (2007). We find (see Appendix C)
that the average number of species found within a sampled area is
equal to

SðAÞ ¼ stot

Z
d2r 1�

Z 1
0

dl pðlÞe
�l
R

Aðr Þ
d2r 0 fðr 0 Þ

� �
: ð5Þ

The quantity stot is obtained from the limit limA0-1StotðA0Þ=A0 and it
has the interpretation of an effective density of species. In Appendix C,
we show that this quantity is well defined, i.e. the limit does exist and
is different from zero. Note that in this way we have obtained an
analytic expression for the SAR if we are given the RSA and the pair
correlation function. The model generates the spatial aggregation of
individuals in a very simple way and without resorting to any explicit
biological mechanism (see Fig. 2), and therefore the emergent spatial
distribution could potentially describe spatial features of species
with very different traits, dispersal abilities or habitat prefer-
ences. Thus, the SAR in Eq. (5) is more the result of basic
geometrical features than the effect of underlying biological
mechanisms. This consideration is important especially when
one tries to infer the effects of fundamental mechanisms simply
by comparing empirical data to analytical curves obtained from
more complex models.

We can extract some general information from Eq. (5) indepen-
dent of the specific form of the RSA and the correlation function.
Because x is a correlation length and characterizes the spatial scale
over which a species is distributed, from dimensional analysis (see
Appendix D) we have that SðAÞ ¼ stotAf ðA=x2

Þ. We can study the SAR
for small and large areas (which can be obtained as an expansion for
Abx2 and A5x2). The small area expansion gives, regardless of
the choice of the RSA or the spatial distribution, the following result
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Fig. 2. This figure shows the mechanism which produces the tri-phasic SAR as explained

sampled areas are larger than the typical one occupied by a given species: this prod

intermediate scales, the distribution of individuals follows a non-trivial spatial organiz

on average every individual belongs to a different species, thus making the scaling with

very general geometric considerations. The figure at large scales is obtained, for graphi

the density of individuals. The density of individuals is constant for reasonable values o

referred to the web version of this article.)
(see Appendix E):

SðAÞ �/rSA¼NðAÞ, ð6Þ

where /rS is the density of individuals and N(A) is the number of
individuals in the area A. This is an expected result: when we sample
small areas, the majority of sampled individuals belong to different
species (and thus the number of species grows linearly with the
number of individuals). This result (S�N) is valid for all areas
when fðrÞ ¼ cost and corresponds to the Random Placement
model (Coleman, 1981) in the limit of large A0. For large areas
(i.e. areas much larger than the one given by the typical correla-
tion scale), we obtain

SðAÞ � stot 1�

Z 1
0

dl pðlÞe�l
� �

¼ sA, ð7Þ

where s is defined as the average density of observable species
(i.e. with at least one individual in the whole landscape). At large
spatial scales the mean number of species grows linearly with the
sampled area and the spatial aggregation of individuals is no
longer important, only the total density of species s matters.

Now we focus on specific forms of the RSA and the correlation
function in one idealized example. We consider the Fisher log-
series for the RSA (Fisher et al., 1943; Hubbell, 2001) (i.e. Sk ¼

yxk=k) and the Bessel function K0 for the correlation function
(Condit et al., 2002). The corresponding choice for pðlÞ is an
appropriate limit of the Gamma distribution (curiously the Fisher
log-series was firstly introduced by Fisher et al. (1943) exactly via
pðlÞ), while for fðrÞ we obtain (see Appendix F)

fðrÞ ¼
expð�JrJ=xÞ

xJrJ
: ð8Þ

By substituting this expression in Eq. (5) we obtain

SðAÞ ¼ y
Z

dr log
1�xð1�IðA,rÞÞ

1�x

� �
, ð9Þ
rea
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Fig. 3. The species–area relationship and the exponent z. The left panel shows the SAR obtained for different values of x (solid lines) where we have set y¼ 1. This choice is

justified because the qualitative behavior of S(A) and the exponent z are independent of y. The area is measured in units of A2, the area at which the linear behavior of the

SAR sets in. The dashed black segments represent the two scales A1 and A2 obtained in Eq. (10) which separate the different regimes. The right panel shows the values of

the exponent z (obtained at the inflection point) for different values of x. It spans the observed values for reasonable values of x.
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where IðA,rÞ ¼
R

Aðr Þdr 0fðr 0Þ. In general, the integral in Eq. (9) does not
have a closed form, however it can be easily evaluated numerically
and the result is shown in Fig. 3 for fðrÞ given in Eq. (8).

The SAR shows a linear growth at small as well as large scales as
predicted by the general consideration above and an approximate
power-law at intermediate regions. The scale between the power-
law trend and the large area linear growth is totally determined by
the shape and characteristic scale of the correlation function (i.e. of
the b-diversity). For example, if we consider fðrÞ equal to zero
outside a circular region with radius x and constant inside, the scale
will be equal to A2 ¼ px2. In our case, where we have used K0 as the
correlation function, we obtain A2 ¼ x216p (see Appendix G). In
Fig. 3 we plot the result in units of this area, showing that the scale
does not depend on x. The scale A1 between the rapid growth at
small scales and the power-law behavior depends on the RSA
through the parameter x. We observe a rapid growth at small areas
because we are sampling individuals of different species, this trend
starts to bend when we collect more individuals of the same species.
This happens at a scale equal to the typical distance between
conspecific individuals, i.e. the scale A1 is the average area occupied
by one individual of a given species. In Appendix G we calculate this
scale to be

A1 ¼ hðxÞA2 � ð1�xÞ
�x�logð1�xÞ

x2
A2: ð10Þ

In Fig. 3 this quantity is plotted for the SAR with different values of x.
We find that the SAR shows a linear trend with a slope equal to
density of individuals /rS for areas AoA1 ¼ hðxÞA2, a power-law
trend S� Az for A1oAoA2 and a linear growth at scales A4A2

where the proportionality constant is equal to the average density of
species s.

At intermediate scales the derivative d log SðAÞ=d log A varies
slowly, so the behavior of the SAR can be well approximated by a
power-law if the exponent z is defined as the slope at the
inflection point, i.e. the minimum of d log SðAÞ=d log A. We show
the result in the right panel of Fig. 3. The exponent z, in this
version of the model, depends only on the parameter x and ranges
between 0.15 and 0.4, which is the range of observed values see
e.g. Hubbell (2001). The parameter x is the parameter of the Fisher
log-series, which is assumed to be the RSA of the entire system.
By using the relations which relate the speciation rate and the
density of individuals (Volkov et al., 2003), we obtain that, for
reasonable values of the speciation rate n, 1�x� sn=/rS. The
model predicts a value of the exponent x between 0.15 and 0.4 for
reasonable values of 1�x between 10�3 and 10�9 (Condit et al.,
2002).

The model allows one to calculate not only the SAR, but also
the probability to find k species within an area A. Under the
hypotheses of neutrality and of the absence of interactions, the
probability 1�P0ðA9A0Þ to find a given species in a certain sub-
region of area A is independent of the other species. Due to the
absence of interactions, the joint probabilities to find a given set
of species factorize and then the probability to find k species in a
sub-region of area A will be a Binomial distribution

PS
kðA9A0Þ ¼

StotðA0Þ

k

� �
ð1�P0ðA9A0ÞÞ

k
ðP0ðA9A0ÞÞ

SðA0Þ�k: ð11Þ

In the limit of A0-1, StotðA0Þ tends to infinite while 1�P0ðA9A0Þ

tends to 1 with a finite product and thus the distribution in the
large A0 limit turns to be a Poisson distribution with average S(A)

PS
kðAÞ ¼

ðSðAÞÞk

k!
expð�SðAÞÞ: ð12Þ

Therefore in the large total area limit the probability to find k species
in a sub-region of area A is a Poisson distribution with average S(A).
This is a prediction that could be simply tested with empirical data.
The result is not specific of our model but is generally valid under the
non-interacting assumption. Thus this represents an interesting and
practical way to measure the macroscopic effect of the interactions
between species at different scales.

3.2. Endemic area relationship

While the SAR is defined as the average number of species in an
area A, the endemic area relationship (EAR) (He and Hubbell, 2011) is
the average number of species whose individuals are completely
contained in an area A. This quantity has a fundamental importance
in ecology, because it gives an estimation of the number of imminent
extinctions due to a loss of space (further extinctions might take
later). Within our framework we can obtain an expression EAR and
its relation with the SAR.

The general formula for the EAR can be obtained by calculating
the number of species with zero abundance outside a sub-region
of area A (see Appendix H)

EðAÞ ¼ stot

Z
d2z

Z 1
0

dl pðlÞe�l½e
l
R

Aðz Þ
d2r fðr Þ

�1�: ð13Þ

This expression depends on the distributions pðlÞ and fðrÞ which
are related to the RSA of the entire system and to the b-diversity.
The EAR corresponding to the case analyzed for the SAR is

EðAÞ ¼ �y
Z

dz logð1�xIðA,zÞÞ: ð14Þ

This expression is compared to the scaling of the SAR (see Eq. (9))
in Fig. 4. Interestingly, the EAR seems to be linear up to the
correlation length. The EAR becomes quite similar to the SAR for



Fig. 4. Endemic-area relationship. In (A) we compare the SAR (green curve) with the EAR (red curve), obtained respectively from Eq. (9) and (14). The curves are plotted for

x¼ 1210�7 and y¼ 1. In (B) we show the probability to find at least one endemic species (see Eq. (16)). The black curve is obtained by integrating Eq. (14), while the

turquoise dotted curve is obtained with the approximation of Eq. (15). The figure inside is a comparison between the EAR and the approximation at small scales of Eq. (15).

The area unit is the same as in Fig. 3. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)
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length scales larger than the correlation length, because we are
considering areas much larger than the typical space occupied by
a species. In Fig. 4 we observe that the EAR shows a linear trend at
small scales, by expanding Eq. (14) we obtain

EðAÞ � yxA, ð15Þ

if A5A2. This approximation is equivalent to the result of the
random placement (Coleman, 1981). Note that the trend of the EAR
depends weakly on the value of x when it assumes the empirical
values which are typically close to 1. On the contrary its depends on
the biodiversity parameter y. This approximation, as shown in Fig. 4,
is valid, for values of x close to 1, also at the scales at which the SAR
shows the power-law trend (which are the most interesting scales
from the theoretical point of view based on the experience gained in
statistical mechanics of continuum transition characterized by
power-law behavior and universality).

We can also calculate, as done for the SAR, the probability dis-
tribution of EAR, defined as the probability that in an area A there
are k endemic species. By using the same arguments used for SAR
we demonstrate in the Appendix H that the EAR follows a Poisson
distribution with average E(A). It is interesting to study the prob-
ability to find at least one endemic species PEAR

e ðAÞ, which is dis-
tributed as

PEAR
e ðAÞ ¼ 1�PEAR

0 ðAÞ ¼ 1�e�EðAÞ, ð16Þ

where PEAR
0 ðAÞ is the probability that any endemic species is found in

an area A. The plot of this quantity is shown in Fig. 4. We observe
that this probability has a non-trivial scaling with a rapid increase at
the scale at which E(A) approaches to one. Therefore it exists a typical
scale over which we observe endemic species. Our framework
allows to determine this scale. As shown in Fig. 4 the scaling of
the probability is well approximated, at the interesting scales, by
substituting the expansion of the EAR at small scales. By using the
expansion of Eq. (15) we can calculate the typical area Ac at which
the probability of Eq. (16) becomes equal to 1/2

Ac ¼
logð2Þ

yx
: ð17Þ

This expression is valid only if Ac 5A2, because it follows from the
expansion of Eq. (15). But this is the interesting case, because, for
the typical ecological application (e.g. to have an estimation of the
extinction debt), it is important to know the EAR behavior at small
scales. Note in Fig. 4 that, due to the shape of the EAR, the linear
approximation for the EAR is a lower bound of its real value (i.e. the
expression of Eq. (15), which is a good approximation at small
scales, is always lower than the real value at bigger scales). This fact
simply implies that the real value of the area Ac (the area at which
the probability to find an endemic species is equal to 1=2) is always
lower than the value of Eq. (17), which is a good approximation at
small scales.

3.3. Relative species abundance

In this section we obtain an expression for the RSA restricted
to a given sub-region. This quantity is defined as the number of
species Sk with a certain individual abundance k. To obtain an
expression for the SAR and the EAR, we have postulated a form of
the RSA in the whole landscape SkðA0Þ. Starting from this input,
within our framework, we can obtain an expression for the RSA
Sk(A) in a sub-region of area A.

The general formula for the RSA restricted to a sub-region is
obtained in Appendix A and, in the limit of large A0, turns to be

SkðAÞ ¼ stot

Z
d2z

Z 1
0

dl pðlÞ
½l
R

AðzÞd
2r fðrÞ�k

k!
exp �l

Z
AðzÞ

d2r fðrÞ

 !
:

ð18Þ

Note that this expression is consistent with our expression for the
SAR: by summing over k we obtain Eq. (5). As done for the SAR
and the EAR, we study the case in which the RSA of the entire
system is a Fisher log series, obtaining

SkðAÞ ¼
y
k

Z
d2z

xIðA,zÞ

1�xð1�IðA,zÞÞ

� �k

: ð19Þ

In order to compare different length scales we do not use directly
the RSA, which depends extensively on the observed area, instead
we study the behavior of the normalized relative species abundance
(NRSA). This quantity is defined as the probability PNRSA

k that an
observed species has a certain number of individuals and it could be
obtained by normalizing the RSA to one (i.e. by dividing it with the
SAR). In our case the NRSA of the entire system is a Fisher log-series,
i.e. PNRSA

k ðA0Þ ¼ xk=ð�k logð1�xÞÞ. In Fig. 5 is shown the behavior of
this probability at different length scale. We observe different
behaviors at different scales. Very interestingly if we measure the
parameter x via the large k behavior of PNRSA

k ðAÞ, we find an effective
parameter xeff(A) which depends on the area observed A and is equal
to x in the limit AbA2. Notably this effective x decreases with the
observed area, as observed in empirical systems.
4. Discussion

In this paper we have introduced a simplified version of the
Poisson cluster processes apt to describe large homogeneous



Fig. 5. Species abundance distribution at different scales. In this figure we plot kPNRSA
k ðAÞ at different scales. The quantity PNRSA

k ðAÞ is defined for k40 and is obtained as the

ratio between the RSA of Eq. (19) and the SAR of Eq. (9). The left figure is for a value of x equal to 1210�3, while the right one is obtained for x¼ 1210�7. The dotted red line

is the NRSA at largest scale (which is in our model a Fisher log-series), while the black continuous lines are the NRSA at different scales. As the area decrease the slope of

the curve (which is directly related to x) decreases. Notably this effective x decreases with the observed area, as observed in empirical systems, since the smaller the

system, the smaller is the average population per species and so a rapid decreases of the RSA at large population, i.e. at smaller value of x. (For interpretation of the

references to color in this figure caption, the reader is referred to the web version of this article.)
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landscapes. This is not a microscopically based process, but describes
the aggregation of individuals starting from simple phenomeno-
logical considerations. Within this framework, we have shown how
one can relate the SAR to the beta-diversity (Condit et al., 2002) and
to the RSA under simple and general assumptions. Secondly, we have
obtained the tri-phasic SAR and identified how the exponent of the
approximated power-law depends on the parameters of the RSA
(e.g. the demographical parameter or the speciation rate). Finally we
have obtained a formula for the EAR and an expression for the RSA at
different scales.

In order to disentangle different sources of information within
species–area patterns, we first need to understand how general
the assumptions are that can generate the observed patterns. If
the qualitative shape of a curve can be captured by simple
mathematical considerations, then it seems likely that ecological
aspects drive finer and more quantitative details of the curve,
although alternative explanations may hold as well. Our work
shows that the tri-phasic shape of the SAR is a very general
pattern that emerges under simple and general geometrical
considerations. Specifically, sampling individuals on local scales
and the spatial aggregation of conspecific individuals on larger yet
finite scales (note that this defines the characteristic length scale
for b-diversity) produce the two bending points in the SAR,
eventually making the curve tri-phasic. Accordingly, the pattern
is rather qualitatively insensitive to the implementation of
specific ecological mechanisms, and thus it is not surprising that
models based on very different hypotheses (Rosindell and Cornell,
2007; de Aguiar et al., 2009) can account for tri-phasic SARs.
Within this context it is possible to relate the prediction of the
SAR with the form of the b-diversity. The effects of inter- and
intra-specific interaction, spatial heterogeneity and species’ traits
are important when dealing with the fine details of the curve and
should be taken into account when a precise prediction is
necessary. These mechanisms could influence, in a non-trivial
way, the final SAR curve and the value of the exponent z.

We have shown that the exponent z (measured as the inflection
point of the SAR curve) depends on the demographic parameter of
the RSA distribution. Although the measured values of z reflect a
more complicated dynamics which produces complex spatial pat-
terns at intermediate scales, we find, that for realistic values of the
demographical parameter x, the exponent z spans the empirically
observed values. We have also obtained a way to infer the typical
scales at which the power-law trend is observable. It is well known
that the measure of the exponent depends on the scale we observe
it (Drakare et al., 2006). However, we have shown that the range of
scales where the measure of the exponent z is relatively more reliable
is directly linked to the correlation length.

In this work our results are expressed in terms of the demo-
graphical parameter x, the parameter characterizing the RSA at
largest scale, i.e. the Fisher log-series. As shown in Section 3.3 x is
not the demographic parameter of the system at every scale. When
we observe the RSA at a smaller spatial scale, we obtain a different
distribution. However an effective demographical parameter can be
defined at each spatial scale in terms of the decay of the RSA tail at
the same spatial scale. We get that this effective demographical
parameter is an increasing function of the area as is also empirically
observed.

The assumption of non-interacting species within the same
trophic level makes it possible to calculate from the SAR the
probability to find a given number of different species in a certain
area. We found that this probability is a Poisson distribution (in the
limit of a large landscape A0, while it turns out to be a Binomial
distribution when a finite A0 is considered). This quantity could be
measured in available datasets and it represents a powerful way to
identify the spatial scales over which neutrality is a good approx-
imation and at which scales the interaction becomes macroscopi-
cally observable.

Within our framework it is also possible to calculate an analytical
expression for the endemic-area relationship (the number of species
which are completely contained in a certain area) and its distribu-
tion. Interestingly, the EAR scales linearly at small scales. We
obtained the linear scaling as expansion for small areas which is
equivalent to the random placement model (Coleman, 1981). In a
recent work (He and Hubbell, 2011) is shown that the random
placement describes with a very good approximation the behavior
of the EAR in different data set. These data sets refer to systems with
a finite total area A0, therefore our model (which is valid for A5A0)
is not a good candidate to describe those systems. On the other
hand, our framework is able to give an explanation of why the
random placement works in a good way to describe the EAR, but is
not able to reproduce the trend of the SAR. In fact we have shown
that the random placement is a good approximation for the EAR at
scales lower than A2 (the typical space occupied by a species),
whereas it describes the trend of SAR only below the scale A1 (the
typical area occupied by a single individual per species). Our model
provides also an expression for the distribution of the EAR, allowing
to calculate the typical area at which there is a non-negligible
probability to find an endemic species.

The model could also be used to test and to compare the
validity of the predictions obtained via scaling relations. For
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instance, it is possible to show that the scaling relations, which
describe the behavior at local scales well (Zillio et al., 2008), are
also valid for our model in the limit of small areas (where the
random placement is recovered). This is not true for larger areas,
where it could be interesting to study the appearance of new
simple relations between the observed quantities.

The model we propose can be extended in several different
ways. Firstly, it would be useful to study how the SAR curve varies
according to different sampling methods. It is known that the
measured SAR depends on the sampling scheme (e.g. nested vs.
independent) (Drakare et al., 2006) and on the geometry of the
sampled area (Kunin, 1997). It is not trivial to understand whether
these differences are, in principle, simply quantified by geometrical
considerations or whether they hide some biologically relevant
aspects. Finally, it would be interesting to introduce non-neutral
characteristics and inter-species interaction.

The model we have introduced does not follow from any intrinsic
dynamics but it captures, in a simplified and meaningful way, many
different processes acting on different spatial and temporal scales.
We have shown that regardless of any specific dynamics, the
patterns observed in empirical studies, especially at large spatial
scales, can be explained on the basis of quite general and simple
processes. It would be interesting to incorporate simple dynamics
into the model to assess how the spatial patterns are affected.

We have proposed an analytically solvable model based on
minimal assumptions. It allows us to calculate explicitly the SAR
on an infinite landscape, and also the EAR and the scaling of the
RSA. Although this approach neglects important characteristics of
ecosystems, it allows us to understand the necessary (geometrical
or biological) mechanisms at the core of the observed macro-
ecological patterns and therefore to quantify the relative impor-
tance of the neglected effects.
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Appendix A. Calculation of PkðA9A0Þ

In this section we want to calculate the probability to find
exactly k individuals of a given species in a sample area A. This
quantity is directly related to the SAR. We sketch this calculation
starting from the hypotheses written in the main text. As
explained before, the model we propose is a simplified version
of the Poisson cluster processes (Cressie, 1993; Illian et al., 2009)
to which we refer for a more extensive and rigorous discussion.

The model is neutral and non-interacting. This assumption
makes possible to obtain an analytical expression for the SAR,
because it implies that we can consider one species at a time.

A simple and intuitive way to perform this calculation is to
consider discrete space, write the probability we are interest for,
and calculate the final result in the continuum limit. In order to
distinguish the quantities defined in the continuum and on a
lattice, we indicate a quantity with a ~� when it is considered in
discrete space.

Consider a homogeneous and isotropic lattice L with periodic
boundary conditions. A site of this lattice is identified by a vector r .
We assume that a single site could be empty or occupied by a single
individual. We know from item 2 of our assumptions that the
individuals of a species are distributed in a single cluster centered in
a point of space x. We define ~p1 ðr9xÞ as the probability that we find
an individual in a point r given x to be the position of the center of
the cluster, whereas the probability that we find the site r empty
will be simply ~p0 ðr9xÞ ¼ 1� ~p1 ðr9xÞ.

Consider a set of sites Az ¼ fr1
, . . . ,r 9Az 9

gwhich has a cardinality
9Az 9. We identify this set by labeling it with a point of the lattice z.
We can calculate, by using the quantities we have just introduced,
the probability to find k sites occupied and the others empty. It
becomes

~PkðAz 9xÞ ¼
9Az 9!

k!ð9Az 9�kÞ!

X
ðr

1
,...,r

k
ÞAAz

Y
r A fr

1
,...,r

k
g

p1ðr9xÞ

24 35 Y
r AAz \fr 1

,...,r
k
g

ð1�p1ðr9xÞÞ

24 35: ðA:1Þ

This expression defines the probability ~PkðAz 9xÞ to find k indivi-
duals when we are observing a set of sites Az , when the cluster of
individuals is centered in a point x. This expression is valid
without imposing any constraint on the set Az , but we want to
interpret it as an area centered in a point of the space z, when the
continuum limit will be performed. Thus we consider Az as a set
of 9Az 9 sites distributed around the point z in such a way that this
set converges in the continuum limit to a region AðzÞ with an area
A centered in z. We are in principle not interested in the
dependence on the location of the sample and on the location
of the cluster center. Thus we have to average ~PkðAz 9xÞ over
possible choices of x and z. We obtain the following expression:

~PkðAÞ ¼
1

9L9

X
z AL

9Az 9!

k!ð9Az 9�kÞ!
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,...,r
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g

p1ðrÞ

24 35 Y
r AAz \fr 1

,...,r
k
g

ð1�p1ðrÞÞ

24 35, ðA:2Þ

where p1ðrÞ ¼ p1ðr90Þ.
Considering the definition of p1ðrÞ, the average number of

individual placed around a cluster center will be l¼
P

r ALp1ðrÞ.
We introduce a new quantity ~fðrÞ defined by the following
relation p1ðrÞ ¼ l ~fðrÞ. Note that ~fðrÞ carries all the spatial
information about p1ðrÞ.

To obtain the expressions in the continuum limit, we have to
introduce a finite site spacing, define the scaling of the quantities
with respect to it and calculate the limit of vanishing site spacing.
By performing this calculation in two dimensions we obtain

Pl
kðA9A0Þ ¼

1

A0

Z
A0

d2z
½l
R

AðzÞd
2r fðrÞ�k

k!
exp �l

Z
AðzÞ

d2r fðrÞ

 !
, ðA:3Þ

where A0 is the area of the whole landscape, AðzÞ is a region (e.g. a
circle) centered in the point z and fðrÞ is the continuum limit of
~fðrÞ.

We would like to introduce in Eq. (A.4) our knowledge of the
RSA SkðA0Þ (see item 4 of our assumptions). The knowledge of the
RSA gives us an information about the probability to find k

individuals in the whole landscape (usually called species abun-
dance distribution, SAD): starting from the RSA we know that

PkðA0Þ ¼
SkðA0Þ

StotðA0Þ
, ðA:4Þ

where StotðA0Þ is the total number of available species, which is
given by

P1
k ¼ 0 SkðA0Þ and PkðA0Þ is the SAD. We want that the

probability calculated with our model match the one obtained
starting from the SAD when the whole landscape is considered.
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The expression calculated with our model in Eq. (A.4) depends on
a parameter l. We assume this parameter to be a random variable
distributed in the interval ð0,1Þ accordingly to a probability
distribution function pðlÞ. This distribution pðlÞ will be auto-
consistently determined by imposing the matching between the
model and the SAD when the whole system is considered. This
procedure does not hide any particular ecological meaning, it is only
a trick to perform the calculation and to impose the condition on
the RSA.

The probability obtained in Eq. (A.4) evaluated in an area
A¼ A0 becomes a Poisson distribution with average l

Pl
kðA0Þ ¼

lk

k!
e�l: ðA:5Þ

By introducing a distribution pðlÞ we obtain in the most general
case

PkðA0Þ ¼

Z 1
0

dlpðlÞ
lk

k!
e�l :¼

SkðA0Þ

StotðA0Þ
: ðA:6Þ

This expression defines pðlÞ in terms of the RSA. This equation is
valid for kZ0, i.e. Stot also takes into account any species with zero
abundance in the whole landscape (it is not a directly measurable
quantity). In other words the probability P0ðA0Þ is generally different
from zero. The total number of observable species (i.e. the species
with at least one individual in the whole landscape) will be given by

SðA0Þ ¼ StotðA0Þ 1�

Z 1
0

dl pðlÞe�l
� �

: ðA:7Þ

By introducing pðlÞ in Eq. (A.4), we finally obtain

SkðA9A0Þ :¼ StotðA0ÞPkðA9A0Þ

¼
StotðA0Þ

A0

Z
A0

d2z

Z 1
0

dl pðlÞ
½l
R

AðzÞd
2r fðrÞ�k

k!

exp �l
Z

AðzÞ
d2r fðrÞ

 !
, ðA:8Þ

and the number of species turns to be

SðA9A0Þ :¼
X1
k ¼ 1

SkðA9A0Þ ¼
StotðA0Þ

A0

Z
A0

d2z

Z 1
0

dl pðlÞ

1�exp �l
Z

AðzÞ
d2r fðrÞ

 !" #
: ðA:9Þ
Appendix B. Dependence on pðlÞ and fðrÞ

Eq. (A.8) depends only on two functions: pðlÞ and fðrÞ. These
two functions are respectively related to the distribution of indivi-
duals in species and to the distribution of individuals in space.

The probability distribution function pðlÞ is directly related to the
relative species abundance. The function fðrÞ was instead introduced
as related to the probability that a site was or not occupied by one
individual. Starting from the definition of the model, we observe that
the two point correlation function is equal to

GðrÞ ¼/l2S
Z

A0

d2y fðyÞfðy�rÞ, ðB:1Þ

where /l2S¼
R1

0 dl l2pðlÞ. By applying the Fourier transform, it is
possible to invert this expression obtaining

brðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffibGðpÞ
/l2S

vuut : ðB:2Þ

This expression gives us a direct way to infer from data a form of the
fðrÞ starting from the correlation function (which has the same
functional dependence of the b-diversity). Note that, due to the
normalization condition of fðrÞ, it is sufficient to know the functional
dependence of the correlation function (or of the b-diversity) to
obtain the exact expression of fðrÞ. An example of this calculation is
shown in Appendix F.
Appendix C. Limit A0-1

We are interested in calculating the following limit:

SðAÞ :¼ lim
A0-1

SðA9A0Þ: ðC:1Þ

In order to perform this limit, we have to know how StotðA0Þ scales
with A0 when we consider the limit of large A0. We affirm that the
total number of species scale as

StotðA0Þ � stotA0 if A0-1: ðC:2Þ

This scaling is not an assumption, instead it is a consequence of
the fact that the total number of individuals scale with the area in
the large area limit whereas the number of individual of a single
species remains constant for sufficient large areas. Note that, due
to Eq. (A.7), even SðA0Þ follows a linear scaling:

SðA0Þ � sA0 if A0-1, ðC:3Þ

where s is related to stot via Eq. (A.7), i.e.

s¼ stot 1�

Z 1
0

dl pðlÞe�l
� �

¼ stotð1�P0ðA0ÞÞ: ðC:4Þ

By substituting the scaling of SðA0Þ and the sum over k in Eq.
(A.9), we obtain the following expression:

SðAÞ ¼ stot

Z
d2z 1�

Z 1
0

dl pðlÞe
�l
R

Aðz Þ
d2r fðr Þ

� �
, ðC:5Þ

which is our central result.
Appendix D. Dimensional analysis

Eq. (C.5) depends at least on three parameters: the density of
species stot, the parameter of the RSA (there is at least a single
parameter which appears in the distribution pðlÞ) and the correla-
tion length x (which appears in fðrÞ). The parameter stot (which is
not directly measurable, because it represents the density of avail-
able species) could be related to the density of observable species s

by Eq. (C.4). It is possible to determine the functional form of the
SAR, by using the dimensional analysis. The SAR is a function of A,
which has the dimension of an area. The parameter s is a density and
thus it has the dimension of an inverse of area, while x is a length.
The parameter s appears as a multiple of the entire expression
leading to the dimensionless result:

SðAÞ ¼ sAf
A

x2

 !
: ðD:1Þ

The function f depends also on the dimensionless parameter
appearing in the RSA.

Note that if we did not consider the limit A0-1 (i.e. we were
interested in finite-size scaling) the SAR would also depend on the
size of the system A0 and thus the functional dependence would
be more complicate.
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Appendix E. Expansion of SAR for small and large areas

The starting point to perform the expansions at small and large
areas is Eq. (5) of the main text:

SðAÞ ¼ stot

Z
d2z 1�

Z 1
0

dl pðlÞe
�l
R

Aðz Þ
dDr fðr Þ

� �
: ðE:1Þ

As written above, this equation depends at least on three para-
meters and has the form written in Eq. (D.1). In order to calculate
the limit of small or large areas we have to evaluate the previous
expression for small or large ratios A=x2.

Small area expansion: When we consider small areas the integralR
AðzÞd

Dr fðrÞ tends to AfðzÞ. Expanding the exponential of Eq. (E.1)

we obtain

SðAÞ � stotA

Z 1
0

dl lpðlÞ ¼ stotA/lS¼/rSA if A5x2: ðE:2Þ

Note that /lS is equal to the average number of individuals per

species /kS (see Eq. (A.6)), and thus stot/lS is equal to the average
density of individuals /rS.

Large area expansion: Consider the integral
R

AðzÞd
Dr fðrÞ for

large areas. We know that fðrÞ is a function which decreases

sufficiently rapidly for large areas, with a typical scale x. Thus for
large areas the integral could be well approximated by the
characteristic function wAð0ÞðzÞ (which is equal to 1 if z belongs

to the region Að0Þ and it is zero otherwise). We obtain

SðAÞ � stot

Z
d2z 1�

Z 1
0

dl pðlÞe�lwAð0 ÞðzÞ
� �

¼ stotð1�P0ðA0ÞÞ ¼ sA if Abx2, ðE:3Þ

where s is the density of the species we observe in the entire
system and is related to stot via Eq. (C.4).
Appendix F. A choice for /ðrÞ and pðlÞ

One of the most known form for the relative species abun-
dance is the Fisher log-series (Fisher et al., 1943), which is defined
as

SkðA0Þ ¼
~y

xk

k
if kZ1, ðF:1Þ

where ~y40 and xAð0,1Þ are the two parameters of the distribu-
tion. The total number of observable species will be

SðA0Þ ¼
X1
k ¼ 1

SkðA0Þ ¼ �
~y logð1�xÞ: ðF:2Þ

We have shown is Appendix C that the number of observable
species in the entire system scales linearly with A0 if A0 in
sufficiently large. We assume that for large A0, y� A0 whereas x

does not depend on it. This assumption respects the requested
scaling properties of SðA0Þ and it is in agreement with the micro-
scopic interpretation of the Fisher log-series (e.g. via birth–death
process). We define

y :¼ lim
A0-1

~y
A0
: ðF:3Þ

The Fisher log-series was obtained, in the original derivation
(Fisher et al., 1943), as an appropriate limit of a convolution
between a Gamma distribution and a Poisson distribution

SkðA0Þ ¼ lim
E-0

SðEÞ
Z 1

0
dl

e�l=dlE�1

GðEÞdE
lke�l

k!
:¼ ~y

xk

k
: ðF:4Þ

The parameter ~y is defined as the limit of SðEÞ=GðEÞ for E-0,
whereas x is defined as d=ð1þdÞ. We can see that Eq. (F.4) gives us
a recipe to choose the function pðlÞ, because the RSA is exactly
written in the same form of Eq. (A.6). Thus in order to impose the
Fisher log-series as the RSA for the entire landscape, we have to
choose pðlÞ as an appropriate limit of the Gamma distribution.

We can obtain an explicit expression for the SAR by substitut-
ing our choice of pðlÞ. For a finite area A we obtain

SkðA9A0Þ ¼
1

A0

Z
A0

d2z lim
E-0

SðEÞ
Z 1

0
dl

e�l=dlE�1

GðEÞdE
ðlIðA,zÞÞk

k!
e�lIðA,zÞ,

ðF:5Þ

where Iðz,AÞ is defined as

IðA,zÞ ¼

Z
AðzÞ

fðrÞd2r : ðF:6Þ

Performing the integral in Eq. (F.5), taking the limit E-0 and
the limit A0-1 and summing over k from 1 to 1 we finally
obtain the following expression for the SAR:

SðAÞ ¼ y
Z

dz log
1�xð1�IðA,zÞÞ

1�x

� �
¼ s

Z
dz

log
1�xð1�IðA,zÞÞ

1�x

� �
�logð1�xÞ

:

ðF:7Þ

Note that this expression when expanded for large and small
areas, follows the scaling obtained in Appendix E as expected.

To obtain a tractable expression we have also to specify a
recipe for the function fðrÞ. As demonstrated above this function
could be related to the two point correlation function (or the
b-diversity) by Eq. (B.1). The two point empirical correlation
function could be for example fitted by a Bessel function K0ðr=xÞ
(Condit et al., 2002). Following the procedure sketched in
Appendix B, we can obtain a functional form for fðrÞ by calculat-
ing the Fourier transform of the two point correlation function,
which for the choice of the Bessel function turns to be

bGðpÞp 1

1þx2p2
, ðF:8Þ

by taking its square root and by applying the Fourier anti-trans-
form, we finally obtain

fðrÞ ¼
e�JrJ=x

xJrJ2p : ðF:9Þ

In this expression the proportionality constant was fixed by impos-
ing the normalization condition

R
fðrÞ dr ¼ 1 (see Appendix B).

Thus with the choice for fðrÞ expressed above, the integral
Iðz,AÞ becomes

IðA,zÞ ¼

Z
YðJr�zJ�RÞ

e�JrJ=x

JrJx
d2r , ðF:10Þ

where we are considering a circular region AðzÞ with an area
A¼ pR2.
Appendix G. Scales

The tri-phasic SAR, as shown in Fig. 1, seems to have two
separate length scales A1 and A2. The first one separates the linear
trend at low scales with the power-law region, the second one is
the boundary between the power-law intermediate region and
the linear trend at large scales. We show in this section that our
model give an expression for both the scales starting from only
one length scale x (the correlation length).

Observing Fig. 2, we can understand the mechanism which
produces the observed pattern. The scale A2 above which we obtain
the linear scaling is the typical area occupied by a species: above it
we have sampled the entire population of a single species. This scale
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depends only on x and on the form of the correlation function (see
Fig. 3).

The first scale A1 is determined by the typical minimum dis-
tance between two conspecific individuals (i.e. the average dis-
tance between one individual and the nearest conspecific): below
this length scale, the sampled individuals belong to different
species and thus the scaling is linear, above it the curve starts to
bend down because we are sampling multiple individuals of the
same species. This quantity could be well estimated from the RSA
as the average of the reciprocal of the density (calculated in the
area where the species live), which gives the typical area occupied
by only one individual of a given species. Note that the distance
between one individual and its nearest conspecific is well defined
only if the species we are considering has at least two individuals.
Let us pick an individual at random (chosen between the individuals
belonging to the species with a population of at least two indivi-
duals). It will belong to a species with k individuals. The portion of
area in which this individual is the only one belonging to its species
will be well approximated by A2=k. Let us pick an individual,
the probability that it belongs to a species with k individuals is
proportional to kPk. We thus have to average this quantity with the
probability to pick an individual of a species with a total number of
individuals equal to k restricted to the condition to have at least two
individuals (i.e. kPk=ð

P
kZ2kPkÞ). We obtain

A1 ¼
X1
k ¼ 2

A2

k

kSkðA0ÞP1
k ¼ 2 kSkðA0Þ

¼

P
kZ2SkðA0ÞP

kZ2kSkðA0Þ
A2: ðG:1Þ

If this expression is evaluated for the choice of the Fisher log-series,
it becomes

A1 ¼ hðxÞA2 ¼ ð1�xÞ
�x�logð1�xÞ

x2
A2: ðG:2Þ

Appendix H. Endemic area relationship

In this section, following the same procedure used to calculate
the SAR, we obtain an expression for the endemic area relation-
ship (EAR) in a large homogeneous system. The EAR is defined as
the average number of species whose population is completely
contained in an area A.

Given a system of area A0, the number of endemic species in an
area A will be equal to the number of species, with at least one
individual in A0, which do not have an individual outside A (i.e. in
the area A0\A). We obtain a relation between the SAR and the
endemic area relationship E(A)

EðA9A0Þ ¼ SðA0Þ�SðA0\A9A0Þ ¼
StotðA0Þ

A0
EðAÞ

¼
StotðA0Þ

A0

Z
A0

d2z

Z 1
0

dl pðlÞe�l½e
l
R

Aðz Þ
d2r fðr Þ

�1�, ðH:1Þ

which, in the continuous limit, becomes Eq. (13) of the main text.
By using the same arguments used for the distribution of the

number of species, it is possible to demonstrate that the probability
to find k endemic species in an area A is a Poisson distribution of
average E(A), i.e.

PE
kðAÞ ¼

ðEðAÞÞk

k!
expð�EðAÞÞ: ðH:2Þ
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