MATH 3375 (5376) Hydrodynamic Stability Examples 2

I will discuss this problem sheet in the Examples Class to be held on Thursday
3 November 2011. Please have a go at the questions before then. Could you
please hand in your solutions to question 4 in the lecture on Thursday 10
November 20117

1. The following set of two ordinary differential equations can be thought of
as a ‘toy’ model for the instability of Rayleigh-Bénard convection:

dw v do K
E——ﬁijagH, a——EQ—i—ﬁw.
Show that the trivial solution w = 6 = 0 is unstable if Ra > 1, where

Ra = afigd*/kv.

2. In lectures we obtained the following equations governing the perturbations
(not necessarily small) in Rayleigh-Bénard convection (labelled (3.3) - (3.6)
in lectures):
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By eliminating the density, and rescaling as outlined in lectures, obtain the
following set of non-dimensional governing equations:
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where the Rayleigh number Ra and the Prandtl number Pr are defined by
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3. Verify that
f(x,y) = cos [; (\/gx + y)} + cos B (\/gx — y)} + cos ay

is a solution of the equation
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Verify that f is invariant under rotations of 60° about the z-axis. [This
is probably done most easily by transforming from (x,y) to (r,6).] What
pattern would you see in an experiment if the vertical velocity took the form

w(z)f(z,y)?

4. In a porous medium the frictional term takes a different form to the New-
tonian viscous term. It can be modelled as being proportional to the velocity
itself — known as Darcy’s law. Using this law it is possible to study convec-
tion in a porous medium — so-called Rayleigh-Darcy convection.

Consider the simplified case of two dimensional motions u = (u(z, z,t), 0, w(z, 2, t)).
Then since, as in Rayleigh-Bénard convection, V -u = 0, we can introduce a
stream function 1 such that
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The nonlinear equations describing Rayleigh-Darcy convection take the form
00
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where R is a modified Rayleigh number.
Show that there is a static basic state with ¢» =0 and § = —z.

Suppose the boundaries at z = 0 and z = 1 are impermeable and perfectly
thermally conducting. Write down the conditions satisfied by ¢) and 8 on the
boundary.

Now consider linear perturbations to the static basic state, § = —z + 6, etc.
Seek normal mode solutions of the form

0(x,z,t) = 0(z) exp(ikz + st), etc.
Find s and hence show that there is instability if R > 472,



