Example of Taylor series: Polynomial

Consider the function f(z) = z* and its Taylor series about xg = 2. We can calculate
the derivatives:

fle) =2 f(z) =8
fl@) =32 f'(zo) =12
fi(x) =6z f"(z0) =12

@) =6 f"(x0) =6
fO)=0  fO(xg) =0

and all higher derivatives are also zero so the Taylor series terminates:

flz) = 8+12(x—2)+ %12(3; —2)* + %6(:1: —2)3

= 8+ 12(z —2) +6(z —2)* + (z —2)*
and these terms give successively better approximations to f(z) near z = 2:
y=8+12(x -2)+6(x-2)’60
50 -
40 -
30 ~1
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3.2.3 Maclaurin Series

If zp = 0 then the Taylor series is called a Maclaurin series. We will illustrate the
Maclaurin series for sine, and then give some standard results (derivations in Appendix
The sine function

We look at the derivatives of sinz at z = 0:

fO)=0  f(0)=

"0)=0  f"(0)=-1
fA0)y=0  fO0)=1
fO) =0 fO(0)=-1
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and this pattern continues. Thus we can approximate sinz by a series of polynomials:

filz) = =z
3
f3(z) = m—%
3 5
3 5 7

flw) = -t

ble) = a=g gty

fi(x)

J5(x) o
1 Jolx)

J3(x)
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The full Maclaurin series for sin z is given by the infinite sum

i k p2kt1
ST =
L2k + 1

and it converges for all z (the radius of convergence is infinite).
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