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Throughout this paper it can be assumed that the first order theory PA for arithmetic has the
special axioms:

(N1) (x1 = x2 → (x1 = x3 → x2 = x3))

(N2) (x1 = x2 → (x′
1 = x′

2))

(N3) (0 6= x′
1)

(N4) (x′
1 = x′

2 → x1 = x2)

(N5) (x1 + 0 = x1)

(N6) (x1 + x′
2 = (x1 + x2)

′)

(N7) (x1 × 0 = 0)

(N8) (x1 × x′
2 = x1 × x2 + x1)

and the axiom scheme

(N9) If ϕ(x1) is a wf of LPA , then

(ϕ(0) → ((∀xi)(ϕ(xi) → ϕ(x′
i)) → (∀xi)ϕ(xi)))

is an axiom of PA.

1. (a) Show that ift1 , t2 and t3 are any terms ofLPA , then

(t1 = t2 → (t1 = t3 → t2 = t3))

and
(t1 + 0 = t1)

are theorems of PA.
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(b) Show that ifm andn are natural numbers andm andn are the corresponding numer-
als, then

⊢PA (m = m)

and
⊢PA (m = n → n = m).

(c) If M = 〈M, 0,′ , +,× =〉 is a model of PA, andc ∈ M , we say thatc is anon-standard
element of M if and only if c is not the interpretation of any numeralm.

Show that ifM is a model of PA, andc is a non-standard element ofM, then c′ (the
successor ofc in M) is also a non-standard element ofM.

Deduce that any non-standard model of PA has infinitely many non-standard elements.
[You may assume that(x1 6= x′

1) is a theorem of PA.]

2. (a) Say what is meant by the termsrepresentable relation, representable function.

Show that ifP (−→m ) andQ(−→m ) are representable in PA, then so isP (−→m ) ∧ Q(−→m ).

Show that the projection functionsUn
i , i ≤ n, defined byUn

i (m0, m1, . . .mn) = mi , are
represented in PA by the respective wfs

ϕ(x0, . . . , xn+1) =defn (xn+1 = xi).

[You may assume any known theorems of PA.]

(b) Show that + is a primitive recursive function.

Show that iff(−→n , m) is primitive recursive, then so is thebounded sum h(−→n , p) defined
by

h(−→n , p) =
∑

m≤p

f(−→n , m).

(c) Let T be a first order theory, and letgn be a Gödel numbering ofT for which

• FormT (m) ⇔defn m is the Gödel number of a wf ofT ,

• MP (m, n, p) ⇔defn FormT (m), FormT (n), FormT (p), andgn−1(n) is (gn−1(m) →
gn−1(p)), and

• Gen(m, n) ⇔defn FormT (m) and FormT (n), andgn−1(n) is derived fromgn−1(m)
by an application of the generalisation rule,

are all computable relations.

Show that ifT is computably axiomatisable, then

ProofT (n) ⇔defn gn−1(n) is a proof inT

is a computable relation.
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3. (a) Define the termcomputably enumerable (c.e.) set.

Show thatS is c.e. if and only if there is a computable relationR such that

m ∈ S ⇔ ∃nR(m, n).

(b) Show that ifS is computable thenS is c.e., and thatS is computable if and only if
both S and the complement ofS are c.e.

(c) Show that ifA andB are c.e. than so isA ∪ B .

(d) Define:A is many-one reducible toB (A ≤m B ).

Show that ifA is many-one reducible to a c.e. setB , thenA is c.e.

(e) Let {We}e≥0 be a standard listing of all the c.e. sets. A setS is said to beproductive if
there is a computable functionf such that ifWe ⊆ S thenf(e) ∈ S − We .

Show that ifS is productive thenS is not c.e., and hence that bothS andS are infinite.

Show that ifS = {x|x 6∈ Wx} thenS is productive.

4. Let T be a computably axiomatisable first order theory.

(a) Using the result of question 2 part (c), or otherwise, show that the setTT of Gödel
numbers of theorems ofT is computably enumerable.

(b) Let S = {m |FormT (m)& ⊢T ¬gn−1(m)}, wheregn and FormT are as in question
2, part (c).

Show thatS ≤m TT , and hence thatS is c.e.

(c) If T is complete, show that

T T (= N − TT ) = S ∪ {m | ¬FormT (m)},

and hence thatT is decidable.

(d) If every c.e. setW is semi-representable inT (that is, for each suchW there is a wf
ϕ(x0) for which m ∈ W ⇔⊢T ϕ(m), eachm ∈ N), show thatW ≤m TT , each c.e.W .

Using part (e) of question 3, or otherwise, show that there isa non-c.e. setS ≤m T T , and
hence thatT T is not c.e.

Deduce thatT is not decidable.

[You may assume for question 4 any result whose proof is askedfor in question 3 above.]
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5. Write an essay on Gödel’s Incompleteness Theorem, covering not more than about three
sides.

In it, you should mention any points of particular interest or difficulty in the proof of the
theorem, and any consequences you can think of for mathematics, and our understanding
of the world in general.
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