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All questions carry equal marks.

Throughout this paper it can be assumed that the first oréeryhPA for arithmetic has the
special axioms:

(N1) (931 = T2 — (931 =T3 — T2 = 933))

(N8) (z1 x x, = x1 X xy + 1)
and the axiom scheme
(N9) If ¢(x1) is a wf of Lpa, then

((0) = ((Vas) (o (i) — pla7)) — (Vi) (i)

is an axiom of PA.

1. (a) Showthatift;, t, andts; are any terms oLpa, then
(tl = t2 — (tl = tg — tg = tg))

and
(t;y +0 =t)

are theorems of PA.
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(b) Show that ifm andn are natural numbers and andn are the corresponding numer-
als, then
l_pA (m - m)

and

Fea (M =71 — T =m).

() If M = (M,0/,4, x =) isamodel of PA, and € M, we say that is anon-standard
element of M if and only if ¢ is not the interpretation of any numeral.

Show that if M is a model of PA, and: is a non-standard element ®ff, then¢ (the
successor of in M) is also a non-standard elementldf.

Deduce that any non-standard model of PA has infinitely mamystandard elements.
[You may assume thdtr; # z/) is a theorem of PA.]

(a) Say what is meant by the termepresentable relation, representabl e function.

Show that if P(77) and Q(777) are representable in PA, then saR$m7) A Q(777).

Show that the projection functiorig”, i < n, defined byU;*(my, m,...m,) = m;, are
represented in PA by the respective wfs

90(3707 - 7$n+1> =defn (xn—i-l = xz)
[You may assume any known theorems of PA.]
(b) Show that + is a primitive recursive function.

Show that if f(7°, m) is primitive recursive, then so is th®unded sum h(7’, p) defined
by

(c) Let 7 be afirst order theory, and let, be a Godel numbering df for which
e Forms(m) ©ges, m is the Godel number of a wf of,

o MP(m,n,p) Sdem FOrmg(m), Formg(n), Form(p), andgn=1(n) is (gn=t(m) —
gn~'(p)), and

e Gen(m,n) Sgem Formz(m) and Formy(n), andgn='(n) is derived fromgn =" (m)
by an application of the generalisation rule,

are all computable relations.

Show that if 7 is computably axiomatisable, then

Proofr(n) <gem gn'(n) is a proofinT
is a computable relation.
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(a) Define the terncomputably enumerable (c.e.) set.
Show thatS is c.e. if and only if there is a computable relati@nsuch that
m € S < InR(m,n).

(b) Show that ifS is computable thert' is c.e., and thatt' is computable if and only if
both S and the complement of are c.e.

(c) Show that ifA and B are c.e. thansoigd U B.
(d) Define: A is many-one reducible t& (A <,, B).
Show that if A is many-one reducible to a c.e. S8t then A is c.e.

(e) Let{WW.}.>o be a standard listing of all the c.e. sets. A Se said to beroductive if
there is a computable functigh such that ifiV, C S then f(e) € S — W,.

Show that ifS is productive therS is not c.e., and hence that bathand S are infinite.

Show that ifS = {z|z ¢ W, } thenS is productive.

Let 7 be a computably axiomatisable first order theory.

(a) Using the result of question 2 part (c), or otherwise wshiwat the setl’; of Godel
numbers of theorems d&f is computably enumerable.

(b) Let S = {m|Formy(m)& 7 —gn~t(m)}, wheregn and Form- are as in question
2, part (c).

Show thatS <,,, T+, and hence tha$ is c.e.
(c) If 7 is complete, show that

T7(=N-"T7) = SU{m|-Formy(m)},
and hence thaf is decidable.

(d) If every c.e. sell is semi-representable i (that is, for each suchl” there is a wf
o(zg) forwhichm € W <+ o(m), eachm € N), show thatW <,,, T+, each c.elV.

Using part (e) of question 3, or otherwise, show that thegerisn-c.e. set' <,, T+, and
hence thafl'; is not c.e.

Deduce thatl is not decidable.

[You may assume for question 4 any result whose proof is aiked question 3 above.]
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Write an essay on Godel’'s Incompleteness Theorem, cayeoh more than about three
sides.

In it, you should mention any points of particular interestldficulty in the proof of the

theorem, and any consequences you can think of for mathespatid our understanding
of the world in general.

END



