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Throughout this paper it can be assumed that the first oréeryhPA for arithmetic has the
special axioms:

(
(N3) (0 # z7)
(N4) (2} =z, — x1 = x9)
(N5) (z; +0 = 1)
(N6) (1 + 2z = (1 + x2)")
( -

(N8) (1 x xh, = x1 X xy + 1)
and the axiom scheme
(N9) If p(z1) is awf of Lpa, then
(©(0) = (Vo) (p(x:) = @(a7) = (Vai)p(x)))
is an axiom of PA.

(a) Assuming that-pp t = t for each termt of Lpa, Show that

Fpa (71 = T2 — 29 = 11).
(b) Given that the standard structu¥e= (N, 0, ’, +, x, =) is amodel of PA, show that PA
is w-consistent (that is, for each Wf,_p(xl) of Lpa for which Fpa () for everym € N,
we have that{3z;)—¢(x1) is not provable in PA).

(c) Show that there is no consistent first order the@ryin the language of PA whose
theorems are exactly those wfs 6§, which are either logically valid, or whose negations
are provable in PA.

[You may assume that every logically valid wfof Lpa is provable in PA.]

1 CONTINUED...
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(a) Say what is meant by the termepresentable relation, representabl e function.
Show that if P(77) andQ(77) are representable in PA, then saliémi) A Q(77).
Show that the projection functiorig”, i < n, defined byU;"(my, my,...m,) = m;, are
represented in PA by the respective wfs

©(0, -, Tpg1) =defn (Tns1 = 75).
[You may assume any known theorems of PA.]

(b) Show that + is a primitive recursive function.

Show that if f(7°, m) is primitive recursive, then so is th®unded sum h(7’, p) defined
by
Wm,p) =Y f(7,m)

m<p

(c) Let T be afirst order theory, and let» be a Godel numbering df for which
e Forms(m) ©gep, m is the Godel number of a wf of,

o MP(m,n,p) <dem FOrmg(m), Formy(n), Formy(p), andgn='(n) is (gn=*(m) —
gn~'(p)), and

e Genm,n) Sgem Formz(m) and Formy(n), andgn='(n) is derived fromgn =" (m)
by an application of the generalisation rule,

are all computable relations.

Show that if 7 is computably axiomatisable, then

Proofr(n) <gem gn~'(n) is a proofinT

is a computable relation.

(a) Define: A is many-onereducibleto B (A <,, B).

Show that ifS' <,,, S" with S’ computably enumerable, thehis computably enumerable.
[You may assume that a sétis computably enumerable if and onlysif € S is a X-
relation]

(b) Show that if.S is semi-representable in a computably axiomatisable yh&oithen
S <,, Tr (the set of Godel numbers of theorems7j, and hence5 is computably enu-
merable.

[You may assume that for any computably axiomatisableie haveT; computably enu-
merable.]

(c) Show that anw-consistent theory is consistent.

2 QUESTION 3 CONTINUED...
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Show that if7 is anw-consistent theory in the language of PA in which every coiaiple
relation is representable, then every computably enurteessdi is semi-representable in
the theory7 .

Deduce that for any computably axiomatisable thebrwe havelr <,, Tpa.
[You may assume PA to be an-consistent theory in which every computable relation is
representable.]

(a) Let 7’ be a finite extension of a first order thedfy
Show thatl’r <,,, Tr.
(b) We say a first order theory is strongly undecidable if and only if 7 is finitely ax-

iomatisable and every theory’ in the language off that is consistent witly” (that is,
such that7 U 7" is consistent) is undecidable.

Show that if RR is a finitely axiomatisable theory in the language of PA in etlhéevery
computable relation is representable, theR is strongly undecidable.

[You may assuméosser’s Theorem in the form: If 77 is a consistent axiomatisable first
order theory in which every computable function is représigle, then7”’ is incomplete
and undecidable.]

Deduce that there is no algorithm for deciding of any givengwin the language of PA
whether or not it is logically valid.

Write an essay on Godel’'s Incompleteness Theorem, cayewh more than about two
sides.

In it, you should mention any points of particular interestldficulty in the proof of the
theorem, and any consequences you can think of for mathesnatyeneral.
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