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Abstract

Density estimation for multivariate, circular data has been formulated only when the sample space is the sphere,
but theory for the torus would also be useful. For data lying on a d-dimensional torus (d > 1), we discuss kernel
estimation of a density, its mixed partial derivatives, and their squared functionals. We introduce a specific class
of product kernels whose order is suitably defined in such a way to obtain L,-risk formulas whose structure can be
compared to their euclidean counterparts. Our kernels are based on circular densities, however we also discuss smaller
bias estimation involving negative kernels which are functions of circular densities. Practical rules for selecting the
smoothing degree, based on cross-validation and plug-in ideas are derived. Moreover, we provide specific results on
the use of kernels based on the von Mises density. Finally, real-data examples and simulation studies illustrate the
findings.
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1. Introduction

A circular observation can be seen as a point on the unit circle, and represented by an angle 6 € [—r, ). Typical
examples include flight direction of birds from a point of release, wind, and ocean current direction. A circular
observation is periodic, i.e. 6 = 6 + 2mn for m € Z, which sets apart circular statistical analysis from standard
real-line methods. Recent accounts are given by Jammalamadaka and SenGupta (2001) and Mardia and Jupp (1999).
Concerning nonparametric density estimation, there exist only a few contributions focused on data lying on the circle
or on the sphere (Bai et al. (1988), Beran (1979), Hall et al. (1987), Klemeld (2000), Taylor (2008)), but nothing
specific for the d-dimensional torus T¢ := [, ). This seems strange if we note that toroidal data occur frequently
and we will naturally want to know the joint distribution of two or more circular random variables. A few examples
follow.

In the study of wind directions over a time period there is often a need to model bivariate circular data. In fact,
temporal variables are converted into circular variables with simple transformations such as taking the day of the
year and multiplying by 27/365.Again in meteorology, parametric families of multivariate circular densities arise in a
more specific and interesting fashion in a paper by Coles (1998). In zoology countless examples arise. Fisher (1986)
considers the orientations (6) of the nests of 50 noisy scrub birds along the bank of a creek bed, together with the
corresponding directions (¢) of creek flow at the nearest point to the nest. Here the joint behaviour of the random
variable (6, ¢) is of interest. In evolutionary biology it is of interest to study paired circular genomes. Each genome
contains a population of orthologs, and a way to characterize a genome consists in observing how they are located
within the genome. Such locations are usually expressed as angles, so in the study of paired genomes it arises the
necessity of modeling bivariate circular populations. This has been recently accomplished in a parametric fashion by
Shieh et al. (2006).
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An interesting discrimination problem for data on T2 is presented by Sengupta and Ugwuowo (2011). They have
measurements on the skull of two groups of people represented by a front angle and a side angle. Surely density
estimation on the torus seems a very simple tool for their discriminant aims, but here also density estimation per se
could be useful.

A bioinformatics example is described briefly here, and it will be taken further in Section 7. Data on the (two-
dimensional) torus are commonly found in descriptions of protein structure. Here, the protein backbone is given by a
set of atom co-ordinates in R? which can then be converted to a sequence of conformation angles. The sequence of
angles can be used to assign (Kabsch and Sander, 1983) the structure of that part of the backbone (for example a-helix,
B-sheet) which can then give insights into the functionality of the protein. A potential higher-dimensional example
is provided by NMR data which will give replicate measurements, revealing a dynamic structure of the protein. For
shorter peptides the modes of variability could be studied by an analysis of the replicates, requiring density estimation
on a high-dimensional torus.

With regard to methodology, orthogonal series (see, for example, Efromovich (1999)) appear to be reasonable
tools for densities estimation based on toroidal data, although they do not generally give densities as the output. On the
other hand, splines are not straightforward to implement in more than one dimension. The kernel density estimator,
which has been widely studied for its intuitive and simple formulation, is not immediately applicable to toroidal data.
This is not simply due to their periodic nature, but also because circular densities are generally not defined as scale
families, thus the usual structure of the kernel estimator as the average of re-scaled densities does not directly hold in
this context.

In this paper we explore the possibility of formulating a toroidal density kernel estimator whose weight functions
are based on some well-known circular densities. Specifically, based on a random sample from a population with
density f — supported on the multidimensional torus, and having an absolutely continuous distribution function —
we address the problem of kernel estimation of any mixed partial derivative of f. We have chosen the partial derivative
framework to be as general as possible, however it has also been of practical interest both in the past and more recently;
see Singh (1976), Prakasa Rao (2000) and the references therein, or Duong et al. (2008). In particular, see the very
detailed discussion on the importance of multivariate kernel density derivative estimation made by Chacén et al.
(2010).

In Section 2, as the starting point, we define a class of suitable kernels whose order is defined in close analogy to the
linear case. In Section 3 we introduce the estimators, and derive their asymptotic properties. Interestingly, even though
our definition of kernel order allows for a description of L, risks which is reminiscent of the linear case, increasing
the order does not necessarily give smaller bias. However, Section 4 illustrates a simple and general strategy to obtain
small bias estimates. In Section 5 cross-validation and plug-in ideas are employed to construct various approaches to
bandwidth (degree of smoothing) selection. The von Mises density could be considered in many respects the circular
counterpart of the normal, therefore it represents a natural choice for the kernel. With this motivation, in Section 6 we
give specific results for optimal smoothing when von Mises kernels are employed. Section 7 uses some real data on
conformation angles in protein backbones to illustrate the potential of kernel density estimation in a bivariate context.
Section 8 contains various simulation studies such as: a comparison on the basis of efficiency of our estimators with
trigonometric series estimators, a study on accuracy of our asymptotic approximations, a comparison among cross
validation bandwidth selection rules, and finally the construction of pointwise confidence intervals.

2. Toroidal kernels

Definition 1. A d-dimensional toroidal kernel with concentration (smoothing) parameters C = (ks € Ry,s =
1,---,d), is the d-fold product K¢ := I—[?:1 K., where K, : T — R is such that

i) it admits an uniformly convergent Fourier series {1 + 2 Z;‘;l vi(K) cos(jO)}/(2m), 6 € T, where y (k) is a strictly
monotonic function of k;
ii) fv K =1, and, if K, takes negative values, there exists 0 < M < oo such that, for all k > 0

f K (6)]d6 < M:
T



iii) forall 0 <6 < 7,
lim |K(6)|do = 0.

k=00 Js<lg|<n
These kernels are continuous and symmetric about the origin, so the d-fold products of von Mises, wrapped normal
and wrapped Cauchy distributions are included. As more general examples, we now list families of circular densities
whose d-fold products are candidates as toroidal kernels.

1. Wrapped symmetric stable family of Mardia (1972, p. 72).

2. The extensions of the von Mises distribution due to Batschelet (1981, p. 288, equation (15.7.3)).
3. The unimodal symmetric distributions in the family of Kato and Jones (2009).

4. The family of unimodal symmetric distributions of Jones and Pewsey (2005).

5. The wrapped ¢ family of Pewsey et al. (2007).

Consider that the cardioid density (27)"'{1 + 2« cos(-)} with || < 1/2,6 € T, is not included in our class since it
does not satisfy condition iii). As another relevant example, observe that orthogonal series density estimates are not
included since they do not satisfy condition i). Additionally, the Dirichlet kernel does not satisfy also ii).

Definition 2. (Sin-order) Given the univariate toroidal kernel K,, let nj(K,) := fv sin/ (0)K,(0)d6. We say that K, has
sin-order q if and only if
ni(K) =0, for 0< j<gq, and nuK,) #0.

The following Lemma will be useful throughout the paper.
Lemma 1. If K, has sin-order q, then n,(K,) = O{(1 - 7q(K))21_‘1}.
Proof. See Appendix. O

By extension, we will say that the multivariate toroidal kernel K¢ := Hi{:l K., has sin-order ¢ if and only if K|,
has sin-order q.

3. The estimators

For a d-variate function g and a multi-index r = (ry,- -+, r4) € Z%, we denote the mixed partial derivative of (total)
order |r| = Zle ryat@ = (0, -+ ,6y) by

Irl

() = ————g(0
§76) 1= or—s®).
and indicate the quadratic functional fw{g(’ )(0)}*d6 as R(g™). Finally, as toroidal density we mean a probability

density function whose support is T
Our aim is to consider the estimation of () and R(f"”). We thus start with the following

Definition 3. (Kernel estimator of toroidal density mixed derivatives) Let {@;,{ = 1,--- ,n} with@p = (O, - ,Opy),
be a random sample from a toroidal density f. The kernel estimator of f at @ is defined as

N 1 n
fR0:0) =~ > KO- 0). (M
=1

To derive asymptotic properties of /", we firstly need to assume a certain smoothness degree of f and K¢. To
this end, we require that f and K¢ are elements of the periodic Sobolev class of order |r| on T¢

SUTy = {g €Ly (T9): | (gPP<L?, for 0<|pl< |r|}

Td
where g is a toroidal density, p = (py, -+, ps) € Z4, |p| = Zf{:l ps and L € (0, c0).
The following result, which follows from Parseval’s identity, is needed to derive the asymptotic distribution of

0.
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Lemma 2. [f K¢ € SILrl(TTd), then R(Kg)) = ?:1 Qv (rs), where, for each non-negative integer u,

e 1+23%, Y20}, ifu=0;
Oc(u) = )

n! P J.ZMY?(K), otherwise.
Now we are able to get

Theorem 1. Let K¢ = f:l K, € S'Z'(Td), with K, being an univariate toroidal kernel of sin-order q, and f €
Slzlll(Td). Assume that lim, . y4(ks) = 1, where vy, (k) is the qth Fourier coefficient of K, ; then

20, oo ol 4 a0 FOT
Vi {f0@:0) - E[/76: 0} 5 N[0. 2= [ ] 0000 |-
s=1

n

Proof. See Appendix. O

Letting § be a nonparametric estimator of a square-integrable curve g, the mean squared error (MSE) for g at
6 € supplg] is defined by MSE[2(8)] := E[{2(6) — g(6)}*] = {E[2(8)] — g(H)}* + Var[£(h)], whereas the mean integrated
squared error (MISE) is MISE[Z] := f MSE[2(6)]d6. Now we get

Corollary 1. Under the assumptions of Theorem 1, we have

1 d7 £ 0 12
MISE [ 0)] ~ s [ {Qq%}da *al]oue. 3)

where ~ indicates that the ratio is bounded as k — oo, &, := diag{n,(Ky,), - ,n4(Ky,)}, and d? f(0)/d@7 indicates
the matrix derivative of order q of f at 6.

It is not straightforward to obtain the asymptotic mean integrated squared error (AMISE) of f®)(-;C) using the
RHS in (3) since the ratio of the two sides will not, in general tend to unity. This is because the rate at which 7;(K,)
decreases may not depend on j. However, if the kernel is such that O(n;(K,)) is a strictly decreasing function of j
then, together with Lemma 1, we can further establish

Theorem 2. If the Fourier coefficients of a second sin-order kernel satisfy

L=y
lim ————— = =— 4)
k—oo | — ')/2(/() 4
then the terms on the RHS of equation (3) (with q = 2, |r| = 0, and k; = k) will define AMISE, which has a minimization
given by

2@\ |
Ya(k) = 1 —2°341q(253%4d - 1) + 9n2n? f tr? /) de| .
Td de?
As expected, the optimal coefficient approaches 1 as n increases, but slower for larger d. The above condition can
be extended to higher sin-order kernels, by noting that y;(x) = 1 for 1 < j < g and recursively solving equation (13)
to ensure that 77;(K,), j > g has the appropriate order.

Remark 1. Condition (4) is satisfied by many symmetric, unimodal densities, though not by the wrapped Cauchy.
Important cases are given by the wrapped normal and von Mises. Also the class introduced by Batschelet (1981)
matches the condition, along with the unimodal symmetric densities in the family introduced by Kato and Jones
(2009).

Since functionals of the form R(f?), p = (p1,--- , p4), occur in many bandwidth selection strategies, we need to
define an estimator also for them. However, as in the linear setting, an easy application of integration by parts shows
that it will be sufficient to focus on the functionals i, := f f(' )(0)f(0)de, where |r| is even. In particular, we have
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Definition 4. (Kernel estimator of multivariate toroidal density functionals) Given a random sample {@;,{ =

1,---,n} from a toroidal density f, the kernel estimator of the functional . is defined as
br(©) =17 )" f7(@;0). )
=1

Concerning the squared risk and the asymptotic distribution of the estimator (5), we define

Theorem 3. Consider the estimator ,(C) equipped with the kernel K¢ := Hle K., € S'Z'(TT‘I), with K, being a
univariate toroidal kernel of sin-order q, and recall conditions i) and ii) of Theorem 1. Then, if f* € S‘le(Td),

X 1 1 4’1 (8 g
MSE [d,(C)| ~ [;K(C’)(O) to ﬁ o {sg%} f<'>(0)d0]
2 ‘ 4 (r) 2 2
+ S| ] Q)+ - f OO ©0)d0 - g7 |. (©)
n =1 n Td

Moreover, letting E,(0)) := E[K(Cr)(Hl - 0,)] and &, = Var[E,(O,)], where 0, € T4 and @, and ©, are independent
random variables both distributed according to the population density f, if E [K(Cr)(G)l - @2)] < oo, we have

Vi (i5,(C) - E[§(0)]} 5 N0, 460).

Proof. See Appendix. O

4. Small bias estimates

The bias of an euclidean kernel estimator is said to have order ¢ if the infimum of AMISE has magnitude
0 (n’z"/ (2’?*2"”")) and so, in this case ¢ is also the kernel order. Now, it is interesting to note that higher sin-order
kernels are not necessarily associated with smaller bias, as indeed we would expect by analogy with the linear setting.

Conversely, a simple and general bias reduction technique which does not affect the sin-order follows. If the
toroidal kernel [] K gives bias with magnitude O (K_h), then

KL =2K, — Ky-1ny 7

produces bias of order O (K_h_l). Observe that [] 2K, — Ké,l i, yields bias order O (K_h_z), so, iteratively, any bias
order is obtainable, provided that the population density is sufficiently smooth. Notice that above kernel amounts to
twicing of Stuetzle and Mittal (1979) if the kernel belongs to a family closed under the convolution operation, which
is true for the wrapped stable family, for example. However, the von Mises density does not have this closure property,

which makes successive iterations of standard twicing difficult to implement.

5. Selection of the smoothing degree

To select the optimal values of the smoothing parameters «,, s = 1,- -, d, different strategies are available. Here
we consider the case of density estimation (|r| = 0), and adapt some selectors which have been widely investigated in
the euclidean setting.

An intuitive selection strategy, proposed in the euclidean setting by Habbema et al. (1974) and Duin (1976),
consists in choosing the values of x;, s = 1,2, -+ ,d, which maximize the likelihood cross-validation (LCV) function

IR
LOVIC] = ~ > log f-4(01:C),
t=1

5



where f_[(ag; C) denotes the leave-one-out estimate of f . Concerning the efficiency of such a selector, we have the
remarkable fact that, differently from the euclidean setting, in our setting both the population density and the kernel
are always bounded and compactly supported for being toroidal densities, and consequently, in our scenario, the
conditions for the L; consistency of the density estimator, as stated in Theorem 2 of Chow et al. (1983), always hold.

A different criterion for choosing the smoothing parameter is the unbiased cross-validation (UCV) introduced by
Rudemo (1982) and Bowman (1984). This selector, which targets the integrated squared error (ISE) of the estimator
in (1) with [r| = 0 (given by ISE[f(C)] := [,{f(6:C) — f(6)}*d6), leads to the minimization of the unbiased
cross-validation objective function

ucvIC] = R(f) - % D Fel6r:0).
t=1

Further selection strategies are those based on the minimization of an estimate of the AMISE. Here we adapt both
the biased cross-validation (BCV) (Scott and Terrell (1987)) and a direct plug-in selector. However, to enable the use
of AMISE estimates, we have to assume that the condition of Theorem 2 (or equivalent conditions for g > 2) hold.
Moreover, to make our notation easier, we suppose that k; = x foreach s = 1, - - - , d, and consequently

: nqm)}z f 2 {de(a)} 1
AMISE | f(O)| = t dé + - (0
/0] { Bl LR +n1;[Q()

where tr{d? f(0)/d@?} = ‘;:1 £19¢)(@), whit e being a d-dimensional vector having 1 as s-th entry and 0 elsewhere.
Now, for s = 1,--- ,d and # > s, the s-th squared summand and the product between the s-th and #-th summands of
o tr{d? £(8)/d69)2d, are respectively

f (£(6))" d = e, and f FO) F90(0)d0 = e, ®)
T T

whose leave-one-out estimates, defined by &j(x) =n! 2o fA_(?(Og; ), lead to the biased cross-validation objective

function J
BCVIx] = {’7“( K)} {Z e, () + 2 Z D Ve, ,(x)} - [«
s=1

s=1 t>s

Finally, by considering the estimators in Definition 4 for the quantities in (8) lead to the direct plug-in objective

function ,
DPILK] = {”"( “)} {Z Do 1052 S e 5 )} [ ]eo.
s=1

s=1 t>s

where both the As and the ;s are pilot bandwidths.

A further selector of smoothing degree is provided in the next section for the case when the von Mises kernel is
employed. In particular, we discuss the reference of a von Mises distribution, which could be considered the rule of
thumb in our circular setting.

6. Von Mises kernel theory

Now we derive the AMISE-optimal smoothing parameter for the estimator in (1) when the kernel is V¢(0) :=
Hle V.(0,) € SILr‘(TTd), where V,(-) := exp{kcos(-)}/{2nLo(x)} is the von Mises kernel with 7 ;(x) being the modified
Bessel function of the first kind and order j. Here, we have assumed that k; = x, s = 1,--- ,d, to simplify notation,
and we have chosen a specific kernel because, in general, the smoothing parameter is not separable from the toroidal
kernel function, and, therefore, rules which hold for the whole class of toroidal kernels are very hard to obtain.

Theorem 4. Assume that f© € S;'(T%), and

i) im0 K = 00;
ii) Timy, e n™'R(VY) = 0;



then, the AMISE optimal smoothing parameter for f(-; C) equipped with the kernel V¢, is

2/{4+2rl+d)
ddf2 CRAC)
l+dpdizy [ tr2 { e }d0 o
K b
MIET T @i+ ) TTL, OF 2r)
where, for integer u, OF (u) is the product of all odd integers less or equal to u.
Proof. See Appendix. O

It is possible to determine the optimal smoothing degree for the small bias estimator of Section 4 building through
the von Mises kernel, as in

Theorem 5. Let V. := []V}. Suppose that conditions i) and ii) of Theorem 4 hold, and f € SHMU(T9). Then for the
estimator f(-; C) equipped with the kernel Ve

2/(8+d)

ot [, i {240) 2 {40
d

(10)

KAMISE =

Proof. See Appendix. O

Observe that, by (10), the second sin-order toroidal kernel Vé gives min,.o AMISE[«] = O (n‘S/ (8+d)). Clearly, this
rate can be improved by iterating the bias reduction procedure in (7) starting from V..

Now letting AMSE[,(C)] denote the leading terms of RHS of (6), for the estimator (5) equipped with the kernel
V¢, we obtain

Theorem 6. Suppose that the estimator J,(C) is equipped with the kernel V¢ € S‘Z'(Td). Assume that conditions i)
and ii) of Theorem 4 hold, and f € SE”(T“’ ). Then the AMSE-optimal smoothing parameter for ,(C) is

[ rlnd/2-1_d/2 d 2/2+Irl+d)
2421 pd nZszl Urize, .
- , ifall rg are even;

[1¢-, OF(ry)
KAMSE = ) 2/(4+2|r|+d) an
Dlrl+d gd/2,2 (Zle wrms)z
i , otherwise.
2o 2lrl + d) [15-, OF(2ry)
Proof. See Appendix. O

Concerning the smoothing degree selection, assuming that f is a d-fold product of von Mises densities having
concentration parameters vy > 0, s = 1,--- ,d, we can get a von Mises reference rule to select k. In particular, for
the case |r| = 0, formula (9) becomes a smoothing degree selector when the integrated squared trace of the Hessian
matrix d” f(#)/d#? is replaced by an estimate of it such as

[TZ02I)B X5 + X Vs V5741 29)A129) = T A, (2vv)
22 [1139)
where A;(+) := I;(-)/Io(-) for each j € N, and ¥, denotes an estimate of v,. Clearly, this selection strategy applies
also for the case |r| # 0. In particular, for the case r = 1, with 1 denoting the d-dimensional unit vector, the above
argument can be adapted by using, as an estimate of [, tr? {d2 @)/ d02} de,

19212915 3 93 B3(295) + 9 3 N V59 Ba(295)B2(291) + 6(2d + 3) 3 95 B2(29;) + 4d°)
22d+2 I I(z)(f’s)

; 12)

where B;(-) := I ,(:)/1:("), j € Z.



7. A real data case study

The backbone of a protein comprises a sequence of atoms, N;—C{-C; --- -N,,—C —C,,, in which each group
N;—C{—C; is associated with a pair of dihedral angles and a type of amino acid. The way in which the distribution
of the angles depends on the amino acid is of interest, and the kernel density estimate is both an exploratory tool to
indicate differences as well as a means to identify the nature of differences found from a formal test. To illustrate
this, we use a database of proteins which have small (amino-acid) sequence similarity and collect together all the
dihedral angles associated with each of the twenty types of amino acid. Previous attempts to model such data using a
mixture of bivariate von Mises-type distributions (Mardia et al. (2007)) have resulted in some success in identifying
clusters which are associated with secondary structure. However, the number of components in the mixture model is
problematic, and correct convergence of the EM algorithm is not assured. We have computed a kernel density estimate
of these data using a von Mises kernel with the smoothing (concentration) parameter chosen by cross-validation. To
illustrate some of the results, we have chosen 4 of the amino acid datasets (Alanine, Glutemate, Glycine, and Lysine).
In Figure 1 we have plotted the contours defined so that, at level p, (p = 0.1,0.3,0.5,0.7) a total fraction 1 — p of the
density is inside the contour. It can be seen that three of these distributions appear quite similar and one (Glycine) very
different: that Glycine is different is well-known and well understood in terms of its chemical properties. A formal
test to compare angular distributions can be obtained by using bootstrap resamples, for example using the energy test
(Rizzo, 2002) or a similar procedure based on the difference in kernel density estimates. Such tests confirm that all
four densities are indeed different.
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Figure 1: Contour plots showing the tail probabilities of kernel density estimates for four sets of dihedral angles, each corresponding to an amino
acid. The sample sizes are: 8979 (A), 6183 (E), 8334 (G); 5984 (K), and corresponding smoothing parameters, chosen by cross-validation, are:
k = 132,114,142, 121 respectively.

8. Simulations

8.1. A comparison with trigonometric series estimators
Trigonometric series estimators are natural competitors because we are working in periodic spaces. Since trigono-
metric series can be expressed as kernels, a comparison in terms of kernel efficiency comes straightforwardly. We
8



discuss this topic in one dimension because our kernels are products of univariate functions, and therefore not much
should change in higher dimensions. The efficiency theory of euclidean kernels (p. 42 Silverman, 1986, for example)
is based on the fact that the bandwidth and the kernel have separable contributions to the mean integrated squared
error. Unfortunately, this is not the case for the MISE of estimator (1). In our efficiency analysis we use the exact
MISE and consider estimating the von Mises and the wrapped Cauchy densities with (no loss of generality) mean
direction 0, specified by their concentration parameter p. In this context, when considering the (relative) efficiency of
two circular kernels, the smoothing parameters do not “cancel” and so their equivalence needs first to be established as
follows. For fixed p and n, we can select the bandwidth to minimize MISE for a given kernel function. The efficiency
of one kernel relative to another may then be measured by taking the ratio of the minimized MISEs.

Coming to the specific summation method involved, Fejér’s kernel (F,) — determined by y;(k) = (k + 1 — j)/(x +
1)1j<q — which is non-negative, is the obvious competitor and so the efficiency of other methods are compared
to this benchmark. We also consider the Dirichlet method (D,) — despite some theoretical drawbacks — which is
determined by y;(k) = 1y;<q. Amongst the many other summation methods available, we consider the de la Vallée
Poussin’s sum (DV,) — for which y;(x) = 1 for j < k, yj(k) = 2 - j/kfork +1 < j < 2« -1 and y;(k) = 0
otherwise — because it has the best theoretical properties (see Efromovich (1999), p. 43). On the other side, among
our proposals, we have chosen von Mises kernel (V,), for which y;(k) = 7 ;(x)/Zo(k), and twiced von Mises (V),
for which y;(k) = 21 (k)/To(k) — T j(k/2)/To(x/2), for competition. Note that D,, DV, and V. are not bona fide
estimates. Concerning the usual issue whether to prefer bona fide estimators, our position is that negative estimators
are of interest only if they guarantee faster convergence rates of their asymptotic risks, even though their effectiveness
is doubtful with small sample sizes.

In Figure 2 we show the relative efficiency of the above kernels and trigonometric series for sample sizes n =
5,25, 125,625 for the von Mises and wrapped Cauchy distributions. The von Mises kernel is clearly superior to the
Fejér kernel. However, the dominance of V, over D, is less than expected and we note that D, behaves reasonably for
bigger samples, until nearly dominating F, for n = 625. Surprisingly, twicing improves on all the methods for small
to medium sample sizes, and still does well for larger n. Overall, it could be the best, though DV, behaves better for
n = 625 when the population is highly concentrated. Unfortunately DV, behaves always very poorly for data with
low concentration.

8.2. Bandwidth selection

In a comparative simulation study we explore the performance of the cross-validation selectors discussed in Sec-
tion 5. We have focused on them, other than for their computational simplicity — in fact they do not require any
specification of pilot bandwidths — also because they could be considered reasonable for a number of theoretical
respects, as convincingly argued by Loader (1999).

In particular, our target is the estimation of d-fold products of von Mises densities with null mean direction and
unitary concentration parameter. Our kernel is V¢, with C being a multiset of element « and multiplicity d. In a first
simulation study we have drawn 2000 samples with n = 300, and then calculated the corresponding bandwidths.

The output is represented in Figure 3 where to each histogram a couple (dimension, selector) corresponds. A
main message is that in one dimension the region where the real minimum lies could well be completely missed,
and, indeed, all the selectors behave similarly. But, as dimensions increase, the estimate of the optimal bandwidth
becomes more stable, markedly for LCV algorithm. In Table 1 we consider two more sample sizes, n = 100 and
n = 1000, within the same experiment. Also, the MISE-optimal smoothing degrees are reported, not also the AMISE
ones, which have quite similar results. On the other hand we recall that LCV does not optimize L, discrepancies at all.
We see that for d = 1 the euclidean theory is confirmed, whereas BCV has the tendency to oversmooth with respect to
UCY, having also the smallest variability. Surely the average values of both of them undersmooth with respect to the
MISE-optimal degree, due to the well known attitude of cross-validation algorithms to produce outliers. On the other
hand, in higher dimensions UCV is seen nearly unbiased, whilst BCV slightly alleviates oversmoothing as the sample
size increases. Finally, concerning LCV, we see that it appears asymptotically the most stable, producing the biggest
smoothing degree for large n.

8.3. Twicing
A small simulation to consider the impact of twicing on MISE was considered. As before we used 2000 samples

for sample sizes of n = 100,300, 1000 in each of d = 1,2,3 dimensions. For each dataset we compute the ISE of
9
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of histograms is based over a dataset of 2000 samples with n = 300 drawn from a d-fold product of von Mises densities with null mean direction
and and concentration parameter 1.



n =100 n =300 n = 1000
UCV | 5.750 (5.106)  8.899 (7.606) 13.396 (9.253)
J_1 BCV | 4614(2981) 7.369 (3.804) 12.256 (5.622)
LCV | 5.095 (4.066) 7.609 (5.132)  12.211 (7.121)
MISE 4.455 6.896 11.112
UCV | 3.711 (1.558) 5.084 (1.535) 7.535 (1.582)
J_o BCV | 2770 (1.376) 4.554(1.775)  7.095 (1.886)
LCV | 2.990 (0.653) 4.136 (0.691)  6.066 (0.827)
MISE 3.387 4.904 7.409
UCV | 2.829 (0.658) 3.844 (0.570) 5.447 (1.101)
J_3 BCV | 1912(0:920) 3.109(1.001) 4814 (0.953)
LCV | 2.390(0.325) 3.078 (0.271)  4.160 (0.281)
MISE 2.759 3.814 5.270

Table 1: Performance of various smoothing selectors in toroidal density estimation. The means (standard deviations) are taken over 2000 samples
of size n from d-fold products of von Mises density with mean direction 0 and concentration parameter 1.

the estimator (1) with kernel V¢ (KDE), and its twicing version (TWKDE) using formula (7), assuming that C is a
multiset of element x and multiplicity d. This is done for a suitable range of smoothing parameters, and then we
compute the average ISE over the 2000 simulations. The results are shown in Table 2, and we observe that twicing
can reduce the average integrated squared error by more than 20% in higher dimensions, with correspondingly more
smoothing (smaller ) being optimal. This is comparable to the case of data in R?.

n =100 n =300 n = 1000
optimalx  ISE  optimalx  ISE optimalx  ISE
d=1 KDE 4421 0.0050 7.053  0.0023 11.105 0.0010
TWKDE 2.053 0.0043 2.842 0.0019 4.474  0.0008
d=2 KDE 3.368 0.0034 4947 0.0017 7.421 0.0008
TWKDE 2.053 0.0028 2316 0.0013 3.316 0.0006
d=3 KDE 2.737 0.0015 3.895 0.0009 5.474 0.0005
TWKDE 1.789  0.0012 2316 0.0006 2.868 0.0003

Table 2: Average integrated squared error (ISE) and corresponding optimal smoothing parameter (k) for the standard kernel estimator and its
twicing version, for various sample sizes and dimensions d, taken over 2000 simulated datasets.

8.4. Confidence intervals

As an application of our results we can construct the following approximate, normal based, pointwise confidence
interval for £0(6) at level 1 — a: f©(8; C) % z,»{Var[/"(8; C)1}'/2,

where z,/, indicates the (1 — @/2)-quantile of the standard normal distribution.

To investigate practical performance we use the same samples generated for Table 1. In particular we have con-
sidered confidence intervals for the case |[r| = 0 and r = 1, and tested, for both cases, two choices of estimators:
the estimator (1) with kernel V¢ (KDE), and its twicing version (TWKDE) using formula (7), assuming that C is a
multiset of element « and multiplicity d. For these estimators we have considered an estimate of the first term in the
Taylor expansion of the variance, obtaining, for KDE

>

1028 | 70:%)
2nT (2)(/?) n

Var[f(6;C)] = {
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whereas for TWKDE

T3(R) = 4To(R/2)To(R)Lo(3R/2) + AT 5(R/2)To(24) }d JiICH)
-

Var(f(6; C)] = { 2L 5(R/2)I5®)

For the derivative case we have, respectively,

>

RT1(28) }d 70:%)

Varl /(6.1 = {471] &) n
0

and

A \d A X Y4 A
T A . _[ Kk 371(k) B 167,(3k/2) 247,(28) | f(B;k)
Va7 PO '(24n) {fg(km LGDL®  DE |

Remark 2. The use of above variance estimators makes confidence intervals very easy to implement, but notice that if
the estimator f is significantly biased at 0, the bias will affect not only the location, but also the width of the interval,
yielding very poor coverage rates. In addition, when a higher order kernel is employed, we could occasionally have
negative variance estimates, especially with small samples. For our twicing this has happened very seldom because
our smallest sample size is n = 100.

Concerning the selection of the smoothing parameter «, we have applied the LCV criterion for the case |r| = 0,
and, for the case r = 1, the von Mises reference rule using (12) with the ¥;s being maximum likelihood estimates of
the v,s. Our performance indicators are the average coverage ¢ and the average width w, constructed as follows. Let
0; = 2n(i — 1)1/350,i = 1,...,350 be a set of equispaced points in T¢. From our 2000 samples we obtain confidence
intervals, with ¢; and w; indicating the observed coverage and the median width at 6; respectively. Now consider the
weights P; = £(6,)/ X320 £(8,),i = 1,...,350, then

J=1

350 350

E=Zc,-><Pi and W=ZwixPi.
i i=1

The results of the simulation study are reported in Tables 3 and 4. For d = 1 both of the estimators give reasonable
results when estimating the density — see Table 3 — but when coming at derivatives, the larger bias heavily affects the
performance of KDE even in one dimension. However, in both cases, for higher dimensions, when the bias problem
becomes more severe due to curse of dimensionality, the standard estimator gives very poor performance, whereas
twicing still assures reasonable coverages provided that a big enough sample size is employed.

The good performance of twicing combined with the LCV criterion is due to the fact that twicing eliminates the
bias due to the oversmoothing involved by LCV, whilst this latter reduces the variance inflation coming from the
twicing procedure.

Concerning the use of different selection criteria, we have noted that UCV and BCV algorithms give similar
coverages for TWKDE, while for KDE the coverages are a little improved especially for d = 3. Unfortunately, these
algorithms undersmooth very often, usually leading to intervals that are much wider than those of LCV.

8.5. Software

For the real data example we used the optimize function in R (R Development Core Team, 2010) to locate the
minimum of the leave-one-out cross-validation function in the range « € (1, 180). Our CV function made use of code
from the library CircStats (CircStats, 2007).

For simulations we have used the MarLaB R2010a language. In particular, the random samples have been drawn
by using the command circ_vmrnd, while the maximum likelihood estimates of v, in the von Mises reference rules
for derivatives estimation have been carried out by the command circ_kappa. These commands are available in
the freeware toolbox CircstaT written by Berens (2009). The optimizations were carried out by using the function
fmincon in the OpTiMizaTION toolbox with 0.1 as the starting value, and with the non-negativity constraint inserted.
Notice that commands fminunc and fminsearch have given the same answers as fmincon, but have revealed, as
expected, significantly slower.
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n =100 n =300 n = 1000

KDE TWKDE | KDE TWKDE | KDE TWKDE

d=1 ¢ | 0925 0.952 0.926 0.961 0.927 0.961
w | 0.109 0.132 0.708 0.855 0.441 0.531

d=2 ¢ | 0.621 0.943 0.636 0.957 0.637 0.957
w | 0.027 0.042 0.019 0.029 0.013 0.019

d=3 ¢ | 0.304 0.867 0.291 0.939 0.285 0.951
w | 0.006 0.013 0.005 0.010 0.003 0.007

Table 3: Confidence intervals at level 1 — @ = 0.95 for various sample sizes, dimensions and methods. ¢= average coverage; w= average width;
KDE=standard kernel method; TWKDE=twicing kernel method; d=data dimension.

n =100 n =300 n = 1000
KDE TWKDE | KDE TWKDE | KDE TWKDE
d=1 ¢ | 0.843 0.936 0.856 0.948 0.869 0.950
w | 0.164 0.252 0.123 0.187 0.0890 0.133
d=2 ¢ | 0.721 0.935 0.731 0.941 0.723 0.950
w | 0.040 0.100 0.035 0.085 0.029 0.069
d=3 ¢ | 0.403 0.882 0.393 0.942 0.387 0.949
w | 0.011 0.025 0.008 0.019 0.006 0.014

Table 4: Confidence intervals for the first derivative along each dimension at level 1 — & = 0.95 for various sample sizes, dimensions and methods.
¢= average coverage; w= average width; KDE=standard kernel method; TWKDE=twicing kernel method; d=data dimension.

Appendix

Proof of Lemma 1 If jis odd, then sin/(6) is orthogonal in L'(T) to each function in {1/2, cos(6), cos(26), - - - }, which
implies that 17;(K,) = 0. If j > O is even, sin’(6) is not orthogonal in L'(T) to 1/2 and to the set {cos(2s), 0 < s < j/2},
and in particular one has

sin/(6) j-1\ @ f . j j D
= — 2 = —_—
fv 5 do ( in )2]_1 and i sin’/(6) cos(2s0)d6 iaes) 2

which gives

. /2 .
1 j—1 & ; j
(Ke) = —— + ) (=D : 13
(KD = 575 {( i ) Zl< ) (j/z L @ (13)
Now observe that if K, has sin-order ¢, then y;(x) = 1 for each j < g. Finally, recall that lim,_,o, y4(k) = 1. O

Proof of Theorem 1 Put S, := {sin(a;),--- ,sin(ay))T, Q, = diag{n,(k1), - ,np(ky)} and X, = K(Cr)(ﬂ - 0)),
¢=1,---,n Now, X1,---,X, are i.i.d., and recalling assumptions i) and Lemma 1, a change of variables leads to

ElXi1= K * f = K¢ = f©

gy D SO [0 ((Sh
Nﬁ[]KC(u){f( )(0)4-; p' VGC[ a0 }-FO(W) du

d'f ()
deq

r 1 1-
= ") + atr{ﬂq }+0(2 a1 —7q(/<s)).
We have used the expansion in squared brackets because, due to points i) and iii) of Definition 1, the integrand is
non-zero over [—A, 1]¢ where lim,_,. A = 0, and therefore, for each s = 1,--- ,d, u, can be considered an element of
a sequence approaching zero as k increases.
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For the variance, recalling Lemma 2, we obtain
varixi = [ (k-0 fprap - E L
. fT (& @) 1)+ 0(SE)] du — {17 + 0 (2741 —y, )
= /() ]ﬁ 0. (r) = {£7©O) + 02711 - 7, (x)) -

Now note that, under conditions ) and ii), for any € > 0

. 2 _
Jm E [Xl e e Vi QK.\.m)}} =0
and by applying Lindeberg’s central limit theorem the result directly follows. O

Proof of Theorem 3 Firstly observe that

Jr(C) = KQO) + 172 S KD (00 - 0,),

t#u

and hence
E[4.(0)] =n”'kP©0) + (1 - n"HE KL (0, - ©)].

Then, using the expansion in the proof of Theorem 1 with £ replaced by f, a change of variable leads to

. 1 dif@))\ .,
E[K(c)((% —@2)] ~Yr+ Efw tr{Q,, dj;( )}f( )(0)d0 + o(1),

and hence . -
. _ ( r
E[dr(O)] -y ~ n7'KP(0) + p ﬁd tr {Qq f }f< (0)df + o(1).
To derive the variance, we firstly observe that

-

Var [d/,(C)] = =——Var[K(©, - 0y)] +

4n—-1)(n-2
%Cov [Kg)(Ql -9,), Kg)(gz _ @3)] ' (14)

By considering each component of (14) in turn, by a change of variable and recalling Lemma 2, we first obtain

[{ E[{k2@, - @2) fv d f (k2B - 9)} FB)f(O)dBdb = iy ]_[ O, (),
while
E[K2(©, - 0,)K2(©, - 03)] = fT d fT d fv KB - OK O - DFBfO)f(dpddA
_ fv d fT d fv K@K ) +u)[6)f "8 - v)dudvdf
N ﬁ d { f<’>(49)}2 £(0)d0 + o(1).

Hence, using E[K(C')(G)l - 0,)] =¥, + o(1), we finally get

. 2~ 4
Varlin (O] ~ —un [ [ Quro) + +o(1).
s=1

14

[ (@) reao-u:




Concerning the asymptotic distribution, first observe that the estimator in (5) is a V-statistic of order 2, then note that
E1(0) :=E K (#) - 0y)| = f K61~ 6:)[(02)d6; = K+ .
'|]'t

and hence that &;(0) is not degenerate, then apply the result in Section 5.7.3 of Serfling (1980). 0

Proof of Theorem 4 Observe that the von Mises kernel is a second sin-order toroidal kernel with i5(V,,) = 71 (k)/{kZo(x)},
and use Corollary 1 to get

T d2 (g 1
AMISE [ /(:.€)| = {Ilo(::)} ftrz{%}d0+;R(Vg)). (15)

Now, replace J(x)/Zo(k) by 1 with an error of magnitude O (K"), and notice that for a big enough «

d

OF (2r K@+

)\ s

R(VC )“‘ l_[ 2rtigl)2 (16)
s=1

and minimize the RHS of (15). O
Proof of Theorem 5 First of all notice that, since O (72(V%)) = O (n4(V%)) > O (172542(V%)), s = 2, the bias term in the

AMISE formula can be derived by considering the expansion of f in the proof of Theorem 3 with matrix derivatives
up to order 4, to get

3 nz(V’ d’f(0)) . m(Vp), [d*f(6) ,
EL/(6;0)] - £(0) ~ r{ 7 }+ T tr{ 7 }+0(n§(vk)).

Finally observe that for a big enough «
m (Vi) ~ k2 na (Vi) ~ -6k and R(Ve)~2/°R(V),
then reason as in the proof of Theorem 4. O

Proof of Theorem 6 Recall that for the von Mises kernel 77,(V,) = 71(k)/{kZo(x)}, and observe that

ARG A
| d”{ i }f“(O)dO Zm&

then follow the proof of Theorem 3 to get

AMSE [§,(C)] =

d
v(”(O) 2100 Zmej} wR(V(”)
s=1

4 (r)
N f (r™®) r©)do - wr}

Now, to derive the AMSE-optimal smoothing parameter, first replace 7(x)/Zo(x) by 1 with an error of magnitude
0] (K’l) then, if all r; are even, use

d
V) ~ MmO [ OF(ry)
s=1

which holds for a big enough «. Finally, note that V(C’ )(0) and Yr+2e, are of opposite sign, and take as optimal the value
of k which eliminates the first two summands in squared brackets in the AMSE equation.
If at least one r, is odd, observe that V(C’ )(0) = 0, use the result in (16), then minimize the components of AMSE
depending on «. g
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