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Abstract

We consider local smoothing of datasets where the desigredpdahed-dimensionald > 1) torus and the response
variable is real-valued. Our purpose is to extend leastrsguacal polynomial fitting to this situation. We give both
theoretical and empirical results.

Key words: Circular data, circular kernels, von Mises weight functismeighted least squares.
2000 MSC:62G07 - 62G08 - 62G20

1. Introduction

A circular observation can be regarded as a point on the unit circle dineation in the plane. Once an initial
direction and an orientation of the unit circle have beensehg any circular observation may be represented by an
angled € [0, 2r). Typical examples include flight direction of birds from aipt of release, wind and ocean current
direction, energy demand over a period of 24 hours when tlesarements are taken over a time interval much longer
than the day and when the times of the day are recorded. Alairobservation is periodic, i.ef, = 6 + 2mx for
m € Z. This periodicity sets apart circular statistical anadyfsom standard real-line methods. Recent accounts are
given by Jammalamadaka & SenGupta (2001) and Mardia & Jug{1

A much less studied subject is local regression in the cas#raflar predictors and real-valued responses. Its
practical relevance is easily seen when considering thiysiaaf meteorological data, or more generally in earth
and environmental sciences. Silverman (1986, sec. 2.H@)ests fitting data replicated along the intervef, 4r),
with a smoothing degree depending on the original sampée 3ize only alternative approach appears to be periodic
smoothing splines, introduced by Cogburn & Davis (1974)tHiw specific and reasonably simple appears to exist
for the high-dimensional case, although this seems needeel fields of applications such as the study of protein
structure. For example, it could be of interest to predigidity from the sequence of conformational angles in a pes-
ticide. In this example, the number of observations will bew 10, but sample sizes are also large in bioinformatics.

In this paper we extend least squares local polynomial dittRuppert & Wand 1994, for example) to the case
when a design poirt is a vector of angles(, - - - ,6q)" € [0, 27)¢, and the response is real-valued. Geometrically,
identifies a point of @-dimensional torus made of the cartesian product it circles. Our strategy is twofold. We
i) introduce a class of circular weight functions {@rnel3, andii) locally approximate the design density and the
regression function by theth degree polynomial

d p
Bo+ D> Bysit(--6)). (1)
j=1 t=1
Pointii) is motivated by the fact that theftBrence between two angular observations needs to be maati(@ai+ 1),
and minimal at Bw. Also consider that sid] — 6, and consequently the polynomial (1) satisfies a Tayloeseri
interpretation.
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In Section 2 we define the kernels suitable for our polynofiitiithg, and explore theirficiency properties. In
Section 3 we consider the local linegr £ 1) regression estimator, along with conditional mean segiarror and
optimal smoothing. We also extend the analysis, for ur@tarmpredictors, to generpl Finally, Section 4 contains a
small simulation study to illustrate the finite sample bebawrof the results.

2. Circular kernels

2.1. Definitions
We introduce our kernels in the one-dimensional settingh%un approach seems adequate in that we will use as
weight functions products of univariate kernels, as thad@eometry allows for.

Definition 1. (Circular kernels of order r) A circular kernel, of order r and concentration (smoothimggrameter
k > 0, is a function K : [0, 27) — R such that

i) itadmits, até € [0, 2r), a convergent Fourier series representatibff2r){1 + 2 32, y;(k) cos(6)};

ii) denotingn;(K,) := ;" sin(9)K(6)de, then
no(Ke) =1, nj(Ky) =0 for 0< j<r, and n(K,) #0;

i) as« increases;f_f€ K (9)do tends to 1 fok € (O, 7).

Conditioni) specifies that the kernel is symmetric around the null meaattion. The quantity;(K,) in i) plays
a similar rble as thgth moment of a symmetric kernel in the linear theory, being #ej is odd.

Remark 1. Most of the usual circular densities, which are symmetriowttihe null mean direction, are included in
Definition1 as second-order kernels — this includes the kernel unifawjr-a/{x + 1}, 7/{«x + 1}). Dirichlet and Fejér
kernels

DK(G) = e N

sin(k + 1/2}6) F6) = 1 [sin(x+ 16/2)T
2rsin@/2) ST 2n(k + 1) sin@/2) ’
are both circular kernels. In particular, Phas orderx + 1 if « is odd, and + 2 otherwise, while Ehas order2.

Remark 2. Our order definition is consistent with the techniques usedbtaining higher order kernels starting
from second-order ones. As an instance, we apply a techmifjuejeuneé Sarda (1992), to get a result useful in
Theorem 4. Given a second-order circular kerngl ket E, be a matrix of order + 1 with (i, j)-th entry given by
ni+j-2(K,), andU, be the same aBE, with the first column replaced K, sin(), - - - ,sin‘(e)}T. Then

Ul

Ki(0) = @KK(G),

is a circular kernel of orde¢ + 1 when¢ is odd, and of ordef + 2 otherwise.

Remark 3. The univariate setting allows for a comparison with presauork. Our kernels include kernels on the
sphere which are functions efl1 — cos@)} studied by Beran (1979), Hall et al. (1987), Bai et al. (1988Y Klemela
(2000). However, the kernels,PF, and the wrapped Cauchy are not of this latter form, yet futfd tonditions of
Definition 1.

2.2. Kernel giciency
We discuss theficiency of our kernels in the density estimation setting fovaleasy comparisons with the
standard theory.

Definition 2. (Kernel circular density estimator) Let®;, - - - , ®, be a random sample from a bounded, continuous
circular density f. Given a circular kernel Kthe kernel estimator of f @e [0, 2n) is defined as

f(6; 1) = %ZKK(G—&). )
i=1
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The dficiency theory of euclidean kernels (p. 42 Silverman 1986 ,efeample) is based on the fact that the
bandwidth and the kernel have separable contributiongtmtan integrated squared eMtiSE[g] := f E[(§-9)%] =
f(E[g] -0)%+ fVar[g], whered gives the kernel estimate of the cuiyat a point of the domain. Unfortunately, this
is not the case for thelISE of (2). In fact, we have

Theorem 1. Given a random sampl@y, - - - , ®, drawn from a density f, lef(- ; ) be the kernel circular density
estimator equipped with the second-order kerngliK

i) limnoeyj(k) = 1; for each je Z*;
i) liMpoen™ 217 2(k) =
i) @ is continuous and square-integrable,

then atg € [0, 2r)

. 1 2 2 1+237 %)

- (2 i R
MISE [ f(6;1)] = Tel1 = 72(0) fo {1@(0)) do+ o +0(1),
Proof. See Appendix. O

Remark 4. The MISE of Hall et al. (1987) is very similar to that above. For examptonsider the von Mises
kernel, for whichy;(x) := Ij(«)/Zo(x), I j(-) being the modified Bessel function of the first kind and ordewsing
the notation of (3.7) in Hall et al. (1987), we havé(g)ca(k) = Zo(2«)/[27{Zo(k)}] = {1+ 232, ¥2(x)}/(2r) and

1 - co(k)ci(k) = 1 — T1(x)/To(k) = 1 - y1(x), consequently their asymptotitiSE differs from the leading terms in
the aboveMISE of an order of Q™).

In our dficiency analysis we need

Result 1. Let ®4,---,®, be a random sample from a circular density f having Fourierieseexpansion {) =
1/(2m)[1 + 2 X2 {aj cos(i0) + o sin(j6)}] for 6 € [0, 2r). Then

(o) 1 00
MISE [ f(6; )] = Z; ¥il) — D@} + 5D + = IZ;)/JZ(K)(l —a?- 7).

Without loss of generality we can suppose that the meantdireis 0, and we consider only densities and kernels
which are fully specified by their concentration parameterspectively denoted asand«. For the above decom-
position, when considering the (relativejieiency of two circular kernels, the smoothing parametersatdcancel”
and so their equivalence needs first to be established asvilFor fixegp andn, we can obtainr to minimizeMISE
for a given kernel function. Thefigciency of one kernel relative to another may then be measuwyréaking the ratio
of the minimizedVISEs.

As the Dirichlet kernely;j(x) = 1j<q) is of higher order fokx > 1 — and so expected to be asymptotically more
efficient — we have measured thffieiency of other kernels relative to this one. In Figure 1 wevslthe relative
efficiency of the von Miseswrapped normai(x) = sz), and Fejér ¢j(x) = 1jj<q(x + 1 - ])/(x + 1)) kernels for
n = 5,25 125625 for the von Mises and wrapped Cauchy & p';§; = 0) distributions. Not surprisingly, the
wrapped Normal and von Mises kernels are very similar, aritl bee better than the Fejér kernel. For srmalthe
von Mises kernel is moreficient that the Dirichlet kernel; markedly so for the Caucistribution, or for data with
low concentration.

3. Local polynomial regression

3.1. Linear fitting with von Mises based kernels
Consider the datas¢{®;,Y),i = 1,---,n}, where®; := (®j1,---,04)", and¥; € R are both observable, ab-
solutely continuous, random variables taking values retsgy in [0, 27)¢ andR. From now on we will assume
that
Y|=m((")i)+0'(@i)8i, i=1,---,n
3
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Figure 1: Relative #iciency of Fejér (——), wrapped normal (- - - - - ), and von Miges ) kernels to the Dirchlet kernel, for various valuesof
With respect to the underlying true density, the left groopresponds to the von Mises distribution with= 71(v)/Zo(v), while the right group
corresponds to the wrapped Cauchy distribution.

whereo?(-) is the conditional variance &f ands;s are real-valued random variables with zero mean and unginge.
Our objective is to construct an estimatoma) as a function of the dataset when b@}s ande;s arei.i.d..

Let Py(:;B) = Bo + Z]Llﬂ,- sin( — 6;), and suppose tham(y) ~ Py(y; B) for ¢ in a neighborhood of. Here
Po(0: B) = Bo, which motivates estimatingy(é) by Bo. Recalling that for very small values a&fwe have sinf) =~ x,
then a Taylor series expansion justifies bggtand the valueéj, j=1,---,d, as estimates of the partial derivatives
B; = om(6)/06;. Viewed as local least squares estimatgss; - - ., Bq minimize Y (Y — Po(Oi; B)1°W(O;, §) where
w(@;, ) is the weight function, (a symmetric, continuous funciiziegrating to 1) which, if strictly positive, decreases
with some distance betwe® andd. Now we provide an explicit expression 64 together with its, properties.

Lety:= (Y1, --,Yn)" be the response vector,

1 sin(G)ll - 91) oo Sin(®1d - Od)
0= : : : :
1 sin(G)nl - 91) oo Sin(®nd - Od)

the design matrix, and
W := diag {Kc(®1 - 6), - - - , Kc(On, - 6)}

the weight matrix, wher€ := «l, | denoting the identity matrix of ordet, and
d
Kc(Oi - ) :=]_[KK(®”-—9,»), i=1---,n (3)
j=1
The local linear kernel estimator of(#) is given by the first entry of the vector
n
B:=argmin ) (¥ - 570)°Kc (01 - 6),
i=1

where := (Bo, B1, - - ,B4)". Assuming the non-singularity @"W®, standard weighted least squares theory yields
B =(0™W0)1®@"WYy, and
M(6; C) = €] (0'WO) '0"Wy, (4)
4



whereg; is a d + 1) x 1 vector having 1 as thgh entry and 0 elsewhere.
Given its dficiency, as well as its prevalence in kernel smoothing oiud#ncdata, we firstly give results when the
von Mises kerneV/,(-) := explk cos()}/{2r1o(x)} is used to define the-dimensional weight function.

Theorem 2. Given the datase{(®;, Y;),i = 1,---,n}, where®;s are i.i.d. observations from the circular design
density f, and 6 are i.i.d. real-valued random variables , take the locakkr kernel regression estimatéy(- ; C)
equipped with the weight functiors{®; — ) = ?:1 V(®i; — 6;). Assume that

) liMpsek™t =0;

i) limpoen %2 = 0;
iii) the conditional variancer? is continuous, and the density f is continuousffedéntiable;
iv) all second-order derivatives of the regression funttio are continuous.

Then atf < [0, 27)¢ the conditional mean squared error 8{6 ; C) is given by

Z1(x)
kT o(x)

Lo(2) ]d o*(6) + Op(k_z +n kY 2) . (5)

2
} () + [ZJT{-TO(K)}Z nf(0)

E[{M(- ;C) - m(0)}? | O1,--- , 0] = %{

whereH ,(6) denotes the Hessian matrix of méat
Proof. See Appendix. O

Once more, in the proof of the above theorem a major techisigaé is that the concentration parameteannot
be “separated” from the kernel.

Remark 5. Sincex corresponds to the inverse of the squared bandwidth of tieédean smoother, the remainder
term in (5) is consistent with that obtained by Rupgekvand (1994).

Finally, the optimal smoothing degree is given by

Corollary 1. The concentration parameter which minimizes the asyngptogan squared erroi,e. the first two
summands in RHS of formula (5), is

tr4{ Hm(8)}{n f(g)}222dﬂd 1/(4+d)
dc(6)

Proof. See Appendix. O

3.2. Generalizations and extensions
The results of Theorem 2 can be generalized to the class ohdearder circular kernelk,. Given the square-
integrable functiowy, defineR(g) := [ g?, then

Theorem 3. Given the datase(®;, Y;),i = 1,---,n}, where®;s are i.i.d. observations from the circular design
density f, and ) are i.i.d. real-valued random variables, take the locakkr kernel regression estimatgy- ; C)
equipped with the weight function in (3) with, Ibeing a second-order circular kernel. Assume conditionsfi)
Theorem 1, and iii) of Theorem 2, together with

i) limpentR(Kc) = 0.
Then, a® < [0, 27)¢,
R(Kc)o?(6)
nf(6)
Proof. See Appendix. O

1
E[{M(-;C) = m(0)}? | O1,- -, On] = —={1 — y2(k)}*tr’{Hm(0)} +

16 +0p(1).

It would be of interest to determine the optimal smoothingrde in this case, but since the bgentsy;s
depend om in a specific way for each kernel, the result in Corollary lasdto generalize. Concerning the extension
to higher-degree polynomials and whatever second-ordarlar kernel, we have

5



Theorem 4. Given the datase{(®,,Y;),i = 1,---,n}, where®;s are i.i.d. observations from the circular one-
dimensional density f, andare i.i.d. real-valued random variables, take the locdl gegree polynomial regression
estimatom(- ; ) equipped with a second-order circular kernel.KAssume conditions i) of Theorem 1, iii) and iv) of
Theorem 2. Moreover, assume that

i) for the kernelk{p in Remark2, limy_n*R(K(p) = 0
i) m(P+2) js continuous in a neighborhood 6f

Then, for any € [0, 2x),

mP+1(9) . .
. 1p+1(Kp) Toror + 0p(1), if p is odd;
E[M(6; <) —m(0) | O, --- , O] = (o0 e -
77p+2(‘K(p)){ @D T (o) }+ op(1), otherwise;
and
Var[(8 : ) | @1, , On] = R(K(p) fEG; {1+o0p(1)).
Proof. See Appendix. O

4. Simulation results

We briefly explore the asymptotic result given by Theorem Zisimulation study. We first investigate the
dependence of the mean squared errof,orand« whend = 1 and choose a sharp-peaked response

2
m(@) =2+sin@-1.27) + 3 exp{_10(15(92—ﬂ7r)) }

with & ~ N(0, 1),0?(®;) = 1/2, and®;, i = 1, -- , ncoming from a von Mises density with meamnd concentration
parameter 1. We estimata(d) at6 = 0,2,3 and compare the average squared error of (4) with the asyimpt
mean squared error given in Theorem 2 ovdor n = 50 andn = 500. The results are displayed in Figure 2,
and the asymptotic nature of the result is clear. Note thav#iues of the second derivativerafat 6 = 0,2, 3 are
—-0.59,0.98, 14089, respectively, which explains the poorer performanée-a8.

Secondly, we explore the dependencealoim this case we use the model

d
1 . 1
m(6) = d le sing; + m ; COsb; COSY); (d=2)
i= i%]

where@ = (61,---,64)", 0?(®;) = 1/2,i = 1,---,n, andf is a product of (independent) von Mises densities with
mean zero and concentration parameter 1. We estim@eat6 = (0,---,0)" and /2, --- ,n/2)" for a range ok,

for n = 500. Figure 3 shows good agreementdot 2 between the average squared error and the asymptotic mean
squared error. However, we note increasingly poor behawsd increases, indicating that the asymptotic nature of
the result also depends dnand again illustrating the well-known phenomenon ofehese of dimensionality

Appendix

Proof of Theorem 1 ExpressK,() in terms of a Fourier series, and, recalling that gin{¢ u, use the expansion
f(u+6) = £(6) + sinu) f’(6) + 1/2 sirf(u) f”/(6) + Ofsin*(u)}. Then, starting from (2), make a change of variable use
assumption)

R 27
E[1(6; )] = fo Ko — 6)f (0)dy
= fzn K () f(u+ 6)du
0

= () +2 1 {1 —y2(x)} ”(6) + o(2).
6
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Now, recalling assumptioriy andii), we have
- 1= ) 1 .~ 2
Varlf6:0] = 5 [ (K - R f @) - 1 (ELF@: 0]
0 n

2
= %fo {KK(U)}Z{f(G) + 0o(1)}du-— %{f(g) + 0(1)}2

L o
=5 {1+ zéyf(x)} f(6) + o(1).

Proof of Theorem 2 Put
Se,-0 = {sin@®j1 — 61),- - - ,SIN@ig — Hd)}T, i=1---,n

and useDgy(6) to denote the first-order partial derivatives vector offingctiong at6. To derive the conditional bias,
we firstly note that (4) yields
E[(6;C) | O1,--- . On] = e1(0"WO)'@Wm, (6)

wherem := {m(@4), - - - ,M(Oy)}T, andW := diag {Vc(®1 — ), - - - , Vc(On, — 6)}. Using the expansion
L S(Tal_eHm(a)S@r@
m=e| MO |, 1 : +Ru(6) ,
Dm(a) 2 T .
Se,_sHm(6)Se,-0

whereRn(0) denotes the remainder, we have that the first term in thenskpaof (6) ism(6). Thus

L Sgl_HHm(O)S@re
E[M(0; C) — m(6) | O, --- ,0,] = Ee{(@)TW@)—l@TW : + Rm(0)

Sgnngm(O)Sgn,e

Observe that S Ve(®; - 8) V(O - B
T _ i=1 Ve lYi — iz1 VclOi — -
OWe = [ in:1 Ve(0i — 0)Se, -0 in:l Vc(O; - 0)S®i,38$i79 } (7)
and S O
o ©1-0 m 16 ) { L1 Ve(Oi - 0)S, _ Hm(0)Se -0 ] @)
- Zinzl VC(G)i - 0) {Sgi,eHm(a)S@i—e} S®i79

Sgn,e H m(g) %n—é’
then, using the expansion

f(u+6) = £(6) + STD1(6) + O(S]SL) .
a change of variables leads to these approximations

1 n
- ; Ve(®; - 6) = L - Ve(a - 0) f(a)da + 0p(1)

= 1(6) + 0p(1);

£ Ve(® - 0)Sou= [ Vela - 0)S,aT@)da + 0y(D)
i1 [0.27)

_ Il(K)
To(k)
8

C'D¢(h) + 0p(C1);



1 > Ve(® - 0)So-oSh_, = f Vo(a@ - 6)S,-oS!_, f(@)da + 0p(1)
n ) ! [0,27)d

_ I1(x)
To(x)

C11(6) + 0p(CY;

£ Ve~ OS], Hu@So0= [ Vela - OS] oHul0)S,-aT(@)da + 0,(1)
i=1 [0.27)¢

_ I1(x)
 «kIo(x)

tr{Hm(6)} £(6) + 0p (k) ;

LS Ve(®, - 0) (S5, Hr®)So o} Soo= [ Vel 0) (ST Hu(6)S, o) Su-ot(@)der + 0p(1)
n = [0,27)d

= 0p(C™21);

wherel is the unit vector of lengtd. Hence, recalling assumptiénwe have

e (n20TWO) "= [ (F(O)+0x(1) ~Di@T(F(O)2+0y(D) |,

thus

E[6; C) ~m(6) | -+ 0] = 5 10

For the conditional variance, according to multivariatedldinear regression theory

tr {Hm(0)} + 0p(k ™).

Var[i(@; C) | @y, -- ,0,] = e](0'WO)10"WEWO(0'WO) e,
whereX := diag {c%(@1), - - - , ?(0®y)}. Consider that

1 lOTWEWE = [ 3L {(Ve(O; - 6)20?(0) N YL {Ve(Oi - 0)1°S], _,0%(0)
n
and approximate the components of the above matrix usinfplogving relationships

% D AVe(©; - 9)Po?(©) = f (Ve(®; - 6)}*0(a) f (@)da + 0p(1)
-1 [O,Zfr)d

d
- [2:{—3_(02&))}2} o2(0)F(O)L + 0p(L)) ;

n

£ e - OS] 0%0) = [ Vel - 7S] 0@ f(@)da + o)
n 4 ' [0,27)¢

i=1

=0p(1);
& D IVe(®; - 07S0 oS,_02(@) = [ Velar - 0,18 (@) (@)dr + 04(1)
i=1 [0.27)¢

T2 [ To(2x)

d-1
~ 4n{Zo())? zfr{fo(K)}Z] (@) O + (D),

LY AVe(Oi - 0)12Se,_e0 (@) N3N (Ve(O; - 0)}25@795&,90'2(@0

(9)

. (10)



where 7 (2,x2) = {Io(K))? + {T1(K)}? + 235, 1i({T (k) — Tj-2(x)} is the regularized confluent hypergeometric
function of the first kind. Combining the previous resultshwthe approximations in (9), and recalling assumptijgn
we finally obtain

¢ 0%(6)
nf(6)

Zo(2¢)
21(To(k)}?

Var[i(@; C) | Oy, -+, O] = [ +0p(n~1k¥?).

Proof of Corollary 1. Replacel 1(«)/Zo(x) by 1 with an error of magnitud®(x1), and use

To(2«) (K \¥?
K'Lr?o[zfr{fo(@}z] (&)

then minimize the asymptotic MSE. O
Proof of Theorem 3. Follow the proof of Theorem 2, witKc(@®; — 6) asith entry of the weight matrix,= 1,--- ,n.
In particular, to derive the conditional bias firstly notath

f(6) + 0p(1) 1/2{1 - y2(k)} D{(6) + 0p(1) ]
1/2{1 - y2(x)}D1(6) + 0p(1)  1/2{1 - y2(x)}F(O)1 + 0p(1) |’

and, in virtue of assumptioip of Theorem 1,

nO'We — [

el(ne'We) ! « [ {f(@) ™ +0p(1) —-DI(B){f(6))2+ 0p(1) ]
Moreover, observe that

S5, _sHm(6)Se,-0

ne'w N [ 1/2{1 - y2(k)Hr{Hm(6)}£(6) + 0p(1) } ’

: Op(2)
ST, H(6)So, o i
to get
1
E[M(6; C) - () | O1,---, O] = Z{1 = y2()}tr{Hm(6)} + 0p(1).

To derive the conditional variance, observe that the ujgfeentry of the matrix (10) generalizes as
1 n
o K@i - 0)P0%(01) = RKK)o(O) F(B)(1 + 0p(1).
i=1

whereR(Kc) = {R(K)}? = {(2r) (1 + 2 £, ¥%(x))}", the diagonal blocks ar(1), whereas letting

[Y3(K) + ¥2(K) + 2 525 7Ky (K) = ¥i2()HR(K)}
An ’

A(Kc) =

whereyg(k) := fOZ” K. (0) cos(0J6 = 1, the lower-right entry is

% D Kc(® - 6)1So, 4, o0%(01) = A(K)o?(6) F(B)(1 + 0p(1)} .
i=1

Hence, recalling assumptianit finally results

_ R(Kc)o?(6)

Var[in(6; C) | @1, - , 0] = ) {1+ 0p(1)}.
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Proof of Theorem 4. Follow the proof of Theorem.4 of Ruppert & Wand (1994) with these two recommendations:
in the design matrix replac&{(— x)!, with sin'(©; —6), and use the expansidu+6) = f(6)+sin(u) f’(6) + Ofsirf(u)}.

In particular, to derive the conditional bias, B} be the matrix of ordep + 1 having asi( j)-th entryzni,j_1(K,),

and observe that, in virtue of assumptipof Theorem 1n1@™W® = f(A)E, + f'(6)Qp + 0p(1), with E,, being the
matrix defined in Remark 2, to get

rn'e'™wWe) !t = f(0) HriE, - /() f(6) 'r1E; QpELY + 0p(1).

wherery is a (p + 1) x 1 vector having 1 as first entry and O elsewhere. For the donditvariance, denoting a5,
the matrix of orderp + 1 having [ sin*1=2(u){K.(u)}*du as , j)-th entry, and recalling conditioi, it follows that
nlO™W20 = f(6)Tp + op(1). O

References

Bai, Z.D., Rao, R. C. & Zhao, L. C. (1988), ‘Kernel estimatofsiensity function of directional dataJpurnal of Multivariate Analysi&7, 24—39.
Beran, R. (1979), ‘Exponential models for directional ¢afde Annals of Statisticg 1162—-1178.

Cogburn, I. & Davis, H. T. (1974), ‘Periodic splines and gpalcestimation’,The Annals of Statistic®, 1108-1126.

Hall, P., Watson, G. & Cabrera, J. (1987), ‘Kernel densityneation with spherical dataBiometrika74, 751-762.

Jammalamadaka, S. R. & SenGupta, A. (200dpics in Circular StatisticsWorld Scientific, Singapore.

Klemela, J. (2000), ‘Estimation of densities and derxexti of densities with directional datalournal of Multivariate Analysig3, 18—40.
Lejeune, M. & Sarda, P. (1992), ‘Smooth estimators of distibn and density functionsComputational Statisticé Data Analysisl4, 457-471.
Mardia, K. V. & Jupp, P. E. (1999]irectional StatisticsJohn Wiley, New York.

Ruppert, D. & Wand, M. P. (1994), ‘Multivariate locally wéited least squares regressioffie Annals of Statistic32, 1346—1370.

Silverman, B. W. (1986)Density Estimation for Statistics and Data Analysihiapman and Hall, London.

11



