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1 Abstract

The immune system uses self peptides (i) to select a
T cell receptor repertoire in the thymus by means of
positive and negative selection and (ii) to keep the
naive T cells alive and “ready for action” in the pe-
riphery. The mature T cell repertoire consists of a
constant number of cells distributed over a large num-
ber of T cell clones [1]. This is referred to as home-
ostatic regulation (or control) of näıve T cells in the
periphery. T cells compete for survival signals pro-
vided by self APPs. The immune system guarantees
coexistence and persistence of different T cell clono-
types. Centenarians have an extremely low number
of naive T cells. We study T cell repertoire diversity
maintenance by a mathematical model that incorpo-
rates the concept of survival stimuli emanating from
self APPs. In the mean field approximation we show
that clonotype extinction is guaranteed and compute
residence and extinction times of T cell clonotypes
with and without thymic input. We introduce the
concept of mean niche overlap and mean extinction
time of a given clonotype.

2 Immunological background

2.1 Cellular immune system

In a nutshell there are two types of cells that mediate
cellular immune responses: antigen presenting cells
(APCs) and T cells (see Fig. 1). The first kind are
professional cells (APCs) that pick peptides up and
display them on their surface. In the case of infection,
APCs pick self and foreign peptides (short fragment
of a protein) up in the infected area and move to
the nearest lymph node. The second kind are T cells
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Figure 1: Basic infection scenario: APCs and T cells.
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Figure 2: Basic picture of our immune system (left)
and history of a T cell (right).

that display on their surface peptide receptors, also
called T cell receptors (TCRs). T cells continuously
recirculate peripheral lymph nodes and tissues. The
encounter between APCs (presenting peptides) and
T cells (carrying peptide receptors) takes place in a
lymph node [2] (see Fig. 2, left panel).

2.2 T cell development

Precursor T cells are born in the bone marrow (see
Fig. 2, right panel). These cells (known as thy-
mocytes) move to the thymus, where they will ma-
ture. In the thymus they are subjected to a tol-
erance test: they encounter APCs presenting only
self peptides. Non-functional and potentially self-
reactive thymocytes are forced to die. Those thy-
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Figure 3: Surface of APC in the thymus (left panel)
and in the periphery (right panel).

mocytes that survive this selection process move to
the blood stream and are referred to as näıve T cells
(or mature T cells). Mature T cells recirculate pe-
ripheral lymph tissues, where they encounter APCs
displaying foreign and/or self peptides. In the case of
an infection, the set of T cells that recognise the given
foreign (pathogenic) peptide will mount an immune
response. These cells will divide a large number of
times (clonal expansion), they will differentiate (to
become effector cells) and they will be able to clear
out the pathogenic infection. Once the infection is
over, most of the effector cells will die and those that
survive become memory T cells (basis behind the idea
of vaccines).

2.3 APC and T cell encounter
APCs pick up peptides in the infected 
area and transport them to the
                      lymph nodes lymph node

T cells

Mature T cells and APCs meet in the lymph nodes.
In such an encounter the T cell and APC get close to
each other so that the T cell receptors can read the
peptides displayed on the surface of the APC.

2.3.1 Surface of antigen presenting cells

APCs present peptides (or antigens) on their surface
by means of an MHC molecule. In the thymus APCs
only present self peptides (derived from our own pro-
teins), (see Fig. 3, left panel). In the periphery APCs
mostly present self peptides. In the case of infection
they also display foreign peptides (see Fig. 3, right
panel). We denote by pMHC the complex formed by
a peptide-MHC molecule. We denote by APP the
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Figure 4: Surface of a T cell. The TCR of a given
T cell uniquely specifies its clonotype.

antigen presentation profile of an APC.

2.3.2 Surface of T cells: TCRs

T cells have on their surface pMHC receptors
(TCRs). Each T cell expresses only one type of TCR
≡ clonotype (see Fig. 4). TCR diversity ≈ 106−107 is
generated by genetic recombination. Inevitably some
clonotypes (all T cells with identical TCR molecules),
recognise one or more self peptides and can generate
autoimmune responses.

2.3.3 T cell and APC interaction

Upon conjugation with an APC, a T cell registers
a signal through its TCRs due to the peptides pre-
sented on the MHC molecules on the APC surface.
The T cell responds when the TCR signal exceeds
a cellular threshold. Threshold hypothesis: a T cell
becomes activated when the TCR signal is greater
than some threshold value. Thresholds: positive and
negative selection in the thymus and activation in the
periphery.

3 Mathematical model

3.1 Immunological evidence

Peripheral näıve T cells are maintained by (i) out-
put of mature thymocytes from the thymus and (ii)
cell division due to survival signals received by APCs
presenting self pMHC complexes.

The mature T cell repertoire consists of a constant
number of cells distributed over a large number of
different T cell clonotypes (homeostatic regulation of
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näıve T cells in the periphery). T cells compete for
survival signals provided by self APPs. The immune
system guarantees coexistence and persistence of dif-
ferent T cell clonotypes. Centenarians have an ex-
tremely low number of naive T cells, which implies
that the T cell repertoire diversity is lost with age
and that there is T cell clonotype extinction.

We model T cell repertoire diversity maintenance
in the periphery due to self APCs’ survival stim-
uli. We assume that the environment is such that
the T cells are continually receiving stimuli from the
APCs. We treat the number of T cells belonging to
a given clonotype at a given time, n(t), as a contin-
uous time Markov chain (Previous models of T cell
competition made use of deterministic equations [3]).
The key idea is that individual clones are evanescent,
but with the lifetime of a given clone dependent on
the degree to which the epitope space, that this clone
survives on, is already “covered” by other clones. We
show that this drives the system to uniform cover-
age of epitope space with the least possible overlap,
which is tantamount to maximum diversity of the
TCR repertoire. Once a given thymocyte (of a given
clonotype) has survived positive and negative selec-
tion, it is released into the periphery and becomes
part of the peripheral repertoire of näıve T cells. This
constitutes the thymic input of our model. The con-
tinuous time Markov chain includes T cell death and
T cell proliferation (one round of cell division), af-
ter receiving the apropriate stimulus from the APC
environment.

3.2 Definitions

T cells require survival signals from self APCs in or-
der to go through one round of cell division. T cells
are defined by their clonotype i. APCs are defined
by their APP q.

3.3 Constant death rate

Assumption Every T cell has a constant probability
per unit time µ of dying, independent of all others.
Consequence If, at time t, there are n T cells of
clonotype i then the probability that, at time t + δt,
there are n−1 T cells of clonotype i is nµδt, as δt → 0.

3.4 Survival stimuli and birth rate

APP profiles T cell clonotypes

q
i

Cq

Qi

|Cq| = ni + niq

Stimulus rate received by a T cell of type i

Λi = γ
∑
q∈Qi

1
|Cq|

= γ
∑
q∈Qi

1
ni + niq

= γ

∞∑
r=0

∑
q∈Qir

1
ni + niq

.

Competition

Qi = Qi0 + Qi1 + Qi2 + Qi3 + · · ·

where Qir is the set of APPs that stimulate T cells
of clonotype i and r other clonotypes.
Approximate∑

q∈Qir

1
ni + niq

' |Qir|
ni + r〈n〉

,

where 〈n〉 is the mean number of T cells per clone.
Mean niche overlap Let pi = probability that an
APP chosen at random from Qi belongs to Qi′ for a
randomly-chosen i′, NC = number of clonotypes in
the repertoire, and νi = pi(NC − 1).

If being able to receive a stimuli from different APP
profiles are independent events, then the probability
that a T cell of clonotype i is able to receive stimulus
from q and from r other APP profiles is the prob-
ability of r successes from NC − 1 trials, each with
probability pi of success:

|Qir| = |Qi|
(

NC − 1
r

)
pr

i (1−pi)NC−1−r ' |Qi|
νie

−νi

r!
.

Stimulus rate (We now drop the subscript i to sim-
plify notation.)

Λ = γ
∑
q∈Qi

1
|Cq|

= γ|Q|e−ν
∞∑

r=0

νr

r!
1

n + r〈n〉
.
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3.5 Markov chain model

Number of T cells of clonotype i
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.

3.5.1 Birth-death process with absorption

The particular continuous time Markov chain con-
sidered here is a birth and death process, with an
absorbing state n = 0. Biologically, the absorbing
state corresponds to extinction of the corresponding
T cell clonotype [4].

We have been able to show that extinction is cer-
tain (with probability one) and that the time to ex-
tinction is finite. We have shown that absorption
is certain for our model, that is, with probability one
extinction of the given clonotype will be the final out-
come of the Markov chain. This is true for any value
of the parameters considered.

3.5.2 Quasi-stationary distribution

It turns out that before extinction takes place, the
system (our birth and death process) exhibits a sta-
tionary behaviour that is, on its own, worth studying
and of relevance to peripheral T cell repertoire main-
tenance, as it might correspond to the homeostatic
distribution of T cell clonotypes.

The key is that TCRs recognize multiple self pep-
tides (at relatively low functional specificity) and that
a minimum number of these must be present in the
APC’s autoantigen presentation profile (APP). By
means of Combinatorics, we we find an enormous
richness of distinct clonotypes, as well as a very di-
lute mode of competition. A T cell will compete for
access to survival stimuli with almost all other clones,
but for any particular APP it will be competing with
a very small subset of competitors. It is competing

with a different group of clones for each of the APPs
which can potentially furnish a survival stimulus. As
a result, the impact of any one clone on the others
is negligible, warding off the spectre of competitive
exclusion. We introduce the new concept of average
niche overlap which is a quantity that is specific for a
given clonotype and expresses the expected number
of competing clones for any given APP. Thus, while a
clone typically competes with millions of other clones,
for any given APP is only competes, on average, with
a number of clones equal to the average niche overlap
for the clone at hand. Our calculations show that a
clone with an expected niche overlap greater than 1
has a dramatically shortened life time in the reper-
toire. This selection for low average niche overlap
favours TCR’s with different recognition signatures.
At the same time, the sharp cut-off near unity overlap
promotes a high Simpson’s diversity index.

Further mathematical modelling of immunological
processes can be found in Reference [5].
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