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the cycle, as mentioned in the previous section. With too large a time step the
numerical solution ‘jumps’ across this part of the cycle too fast, and fails to compute
the very small velocities sufficiently accurately. Having too large a time step
introduces a numerical imperfection into the system which produces a broadly
similar effect to a physical imperfection.

In figure 3 we compare our numerical results with the narrow-gap theory of Hall
(1975). The dashed curve gives our computed threshold shifts at w, = 3.49 and 5 =
0.999 as a function of ¢,. Hall’s findings are expressed by (1.3), which he presented
in his paper over the range 0 < w, < 6. To obtain r from (1.3) we transform Hall’s
critical Taylor number T, into a Reynolds number at y = 0.999; T, is obtained from
Re,y = 1302.008 found by our linear stability program at the same radius ratio: the
result is curve (@) in figure 3. In his 1975 paper Hall remarked that the next term in
the series (1.3) is — 1300 ¢}. We add this term to (1.3) to recompute » and produce the
solid curve (b) in figure 3. Our results fall in between the two curves predicted by
Hall’s theory.

In the case (4.1) we always found destabilization, in contradiction to the very
severely truncated Kuhlmann (1985) model; no sign of the stabilization at high
frequency found by the (again severely truncated) Bhattarcharjee ef al. (1986) model
emerged from our calculations. We were able to obtain stabilization for some very
severe truncations of our expansion, but this behaviour never persisted when more
modes were added. We note that the more recent Kuhlmann ef al. (1988) model with
more modes added predicts destabilization. Since the destabilization is such a small
effect, it is perhaps not surprising that very severe truncations are not adequate to
investigate it.

We conclude therefore that our findings are in disagreement with those of Carmi
& Tustaniwsky] but they agree with the prediction of weak destabilization of Hall,
which has been recently confirmed also by Kuhlmann et al. (1988) by a finite-
difference approach. The results of our theory are also in agreement with the
experiments of Ahlers performed at finite radius ratio # = 0.75 with d = 0.63 cm.
Figures 4(a), 4(b) and 4(c) show our computed threshold shifts and Ahlers’
experimental data at frequencies w, = 4, 6 and 9 respectively. The agreement is
reasonable, especially when we consider that the small value of » makes its
determination a difficult experiment, and adds to the evidence that the modulation
of the inner cylinder produces an r = O(e?) destabilization.

Having reached this first conclusion we still have to explain why a number of
experimental investigations such as those of Thompson (1969) and Walsh &
Donnelly (1988a) found a larger r = O(e,) destabilization. In §3 we have argued that
it is the imperfections of the system that are responsible for this effect and we have
developed a theory which makes use of the amplitude equation to take the
imperfections into account. To make further quantitative progress we need now to
learn how to connect the amplitude equation to the experimental measurements and
the numerical calculations.

To do this we have to identify the quantities g, €, w, 4 and ¢ which appear in (3.2).
We can set w to be the usual dimensionless frequency o, defined earlier. At small
amplitude in the steady-state case g is simply the growth rate o. By using the linear
stability program we can compute the growth rate at a particular value of  and «,
the axial wavenumber. Since u is proportional to (Re, — Re,.) near the critical, we
need to compute do/d Re at Re, = Re,,. For comparison with experimental data we
take o = 3.13, close to the first mode to become unstable by steadily rotating linear
theory, since there is experimental evidence that the wavenumber does not change
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significantly from this value in the modulated case (Ahlers 1988, private
communication). As an example, at Ahlers’ values n = 0.75 and a = 3.13, do/d Re =
0.31 at Re, = Re,, = 85.7766 was found by our linear stability program, in our
dimensionless units. x# will actually be weakly dependent on w, because the growth
rate will not be exactly the same in the oscillatory case as in the steady case, but we
ignore this small effect and choose u = (Re, — Re,,) do/d Re with do/d Re evaluated
near Re,,. We define € to be consistent with the definition of u, so we set ¢ =
(do/d Re) Re, ¢,, where again the derivative is evaluated for the steady case at Re,,,.
Now we have to connect the amplitude 4 to the value of a velocity component, u, for
example. Let A = ku,. We then use the initial-value code with a steady rotation to
evaluate u, at a desn'ed point for an approprlate value of Re,. Since in the steady case
the amphtude equatlon gives 4 = ,uﬂ we determine k by setting k = put/u,. Since the
numerical code gives u, oc (Re, —Re,)? sufficiently close to critical, the exact value of
Re, at which £ is determined is not especially important.

The appropriate value of ¢ is harder to estimate as we can only speculate on the
most important sources of imperfection. If we assume that lateral variations of
temperature of the order of AT = 1072 K are present on the sidewalls, as estimated
by Heinrichs et al. (1988), we estimate that

32 Qu,

s X gAT, 4.2)

where & is the expansion coefficient and g the acceleration due to gravity; using our
dimensionless units for «, and ¢
dA4 ga AT kd?
e a ~ c
dat - e

Taking a = 0.0002, v = 0.01 cm? 57! for water at 20 °C, and d = 0.63 cm, k % 0.5 (see
below) we obtain

(4.3)

¢~ 8AT ~ 1072 (4.4)

In practice we believe that c is likely to be less than this for the following reason:
in order to be properly represented as a c-term in the amplitude equation the
imperfection has to have the same spatial structure as the Taylor vortices. In
particular it has to have the same spatial periodicity of a = 3.13. In practice it is
likely that the dominant axial wavelength of thermal imperfections will be much
longer than this, of order the total length of the apparatus. The component of
thermal fluctuation with the resonant wavelength is likely to be substantially less,
making ¢ correspondingly smaller.

Another source of imperfection is variation of the radius of the cylinders along
their length. Heinrichs et al. estimate a possible variation Al =~ 107® cm. Since a
variation in radius gives a fluctuation in the centrifugal acceleration along the length
of the cylinders, a pressure gradient along the cylinders is set up:

ldp Q*R Al
pdz ~  d
1\:31)26)_@53 N Q°Rr Al
s ot~ d

(4.5)

80

which leads to 2R b Al g
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Again taking values appropriate to Ahlers’ experiment, 2 ~ 0.5s™, R~ 2.5 cm
gives ¢~ 120A1 ~ 107L, (4.7)

For the same reason as before the effective value of ¢ will be considerably less than
this: there is no reason to suppose that variations in radius will have the same axial
wavelength as the Taylor vortices.

There are, of course, other possible sources of imperfections such as end effects and
the effect of density variations induced by the flow visualization material, often
Kalliroscope flakes. The latter problem has been investigated by Dominguez-Lerma,
Ahlers & Cannell (1985): they discovered that if the Couette apparatus is mounted
vertically, the Taylor-vortex flow has vortex pairs of variable width, due to a non-
uniform distribution of Kalliroscope flakes. This effect disappears if the apparatus is
mounted horizontally, and Ahlers’ (1988, private communication) experiments were
performed on a horizontal apparatus. However, it is also found that there is a
tendency for Kalliroscope flakes to drift towards the cores of the Taylor vortices.
This effect may be particularly important because the density fluctuation has the
same spatial periodicity as the vortices themselves.

We can estimate the effective value of ¢ in the data of Walsh & Donnelly (1988a)
for modulation of the inner cylinder at radius ratio = 0.88 and ¢, = 0.5 provided
certain assumptions are made. Note that Walsh & Donnelly used Kalliroscope flow
visualization and performed their experiments at frequencies as low as @, = 0.48, so
we expect their experiment to be more susceptible to the effects of the imperfections
than Ahlers’ laser-Doppler measurements at w, = 4. In fact Walsh & Donnelly found
a large drop in critical Reynolds number at low frequency which we interpret in the
following way. The flow was actually below the critical Reynolds number, but the
imperfection was amplified in the way described in §3, so the vortices found at low
frequency are transient vortices in the same sense described in §3. We assume that
the threshold amplitude that the experiment could detect was fixed at 4 = 0.2,
which corresponds to the amplitude achieved in a steady-state experiment at a
Reynolds number of about 0.1 above critical for this radius ratio (we assume that the
axial wavenumber is fixed at 3.13). We define Re, to be the critical value at which
the maximum amplitude of the transient vortices is 4 = 0.2. We further assume
that the imperfection ¢ is fixed at a value 0.001, which is reasonable in view of the
previous estimates (4.4) and (4.7). Since the value of 4 = 0.2 is sufficiently small for
us to be in the small-amplitude regime of §3, we can use (3.14) to give an estimate
of the maximum amplitude, so we set

A, =02 =0.001 Ko exp(4/w). (4.8)

In the experiment ¢, = 0.5, Re,, = 120.5 and do/d Re = 0.22 at Re, = Re,, ~ Re,,, so
¢ = 13.3. Then (4.8) becomes a relation between y and w which we can connect to a
relation between Re,; and w using g = 0.22(Re,,.— Re,,). In principle Re,, should be
computed using our Floguet program at different values of w,; however, since the
theoretical threshold shifts are very small on the scale in which we are interested, it
is sufficient to approximate Re,, ~ Re,,. The solid curve of figure 5 gives the Re,—w
relation, and the cireles the data of Walsh & Donnelly (1988a). The horizontal line
is the curve for the onset of instability which we take as Re,, ~ 120. The broken line
is derived by direct numerical integration of the amplitude equation by fitting x so
that A, = 0.2 at a given w,: it overlaps the solid line everywhere but in the region
Rel R Relc, thus showing that the asymptotic solution (represented by the solid line)
is a good approximation. From the fact that the solid (or broken) curve and the
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Ficure 5. Effect of the imperfection in Walsh & Donnelly’s (1988 a) experiment. Plot of the critical
Re,, vs. y, at 4 = 0.88 and ¢, = 0.5: circles, experimental data; solid curve, computation of ¢ =
0.001 imperfection by using equation (4.8). Broken curve, the same as the solid line but the
amplitude equation was integrated numerically.

circles lie fairly close together, we infer that ¢ = 0.001 is a reasonable estimate of the
imperfection level. In view of the estimates (4.4) and (4.7), it is rather remarkable
that the experimentalists have managed to keep the imperfection to so low a level:
however, it is in the nature of the problem that the only effect of reducing the amount
of the imperfection would be to shift the shoulder of the solid curve in figure 5 further
to the left. Also, because of the exponential dependence on w, a very large reduction
in the imperfection ¢ results in only a modest shift of the shoulder to the left.

It is difficult to incorporate imperfections such as thermal gradients into the
initial-value code directly, as the resulting equations are considerably harder to
solve. The main effect of such an imperfection will be to generate a source term of
potential vorticity Z (1/r times the azimuthal vorticity). This will also be the main
effect of an axisymmetric geometrical imperfection of the inner cylinder wall. It is
therefore reasonable to model the imperfection by adding a source of potential
vorticity to the right-hand side of (2.2). Since we do not know the precise form of the
imperfection, we adopt two simple models for the vorticity source.

In the first model we assume that the source of vorticity has the form 0Z/0t =
csinaf, so that only the first Fourier comonent is excited, and the source is uniform
across the gap. In the second model we assume that the vorticity is concentrated near
the inner eylinder (to represent, for example, a geometrical distortion), so that the
no-slip boundary condition is changed to oy /0x = —0.5¢ Aty(1 + %) sin af. This choice
implies that the r-averaged potential vorticity, [g:Zr dr, is the same in both models
if ¢ is the same. Figures 6(a) and 6(b) show that in both cases we can produce a
Taylor-vortex flow steadily oscillating at low frequency at Reynolds number
Re, < Re,,i.e. a ‘transient’ vortex. Without the source of vorticity, on the contrary,
we find the expected result that any initial disturbance decays to zero, since then the
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Fi6URE 6. (a) Steadily oscillating Taylor-vortex flow at 5 = 0.88, & = 3.13, Re, = 100, ¢, = 0.5,
7, =0.79: plot of u (xr=05,§{=0). The source of potential vorticity in equation (2.2) is
—107%sin af. Note that Re,, = 120.5. We used N = 15, M = 4, N, = 800. {(b) As (a), but the vorticity
source is at the inner cylinder wall, so that 0y/0x = 0.5 x 107 At 9(1 +9)sinaf is the boundary
condition.

initial-value code describes a perfect bifurcation scenario. The rather similar
behaviour for the two rather different vorticity distributions supports the view that
the observed behaviour may not be too dependent on the exact nature of the
imperfection. We now used the first of our two models to study the frequency
dependence of oscillations of amplitude ¢; = 0.5, to compare with the amplitude
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equation model. At wavenumber o = 3.13 and radius ratio 5 = 0.88 the critical
steady-state Reynolds number is 120.5. With a source of vorticity of strength 1072
we obtain an oscillating Taylor-vortex flow at Re, = 100, as in figure 6. We found
that u.(x = 0.5, = 0) reached a peak value of 0.414 x 10~% during the cycle with
w, = 2. At higher frequency, w, = 4, we obtained u, = 0.262 x 1073, a much lower
value as expected from the §3 discussion. We introduce again the quantities used in
the analysis of the amplitude equation: at Re, = 100 we have

do do

do
dRe, 0.212, p= dRe

(Re;—Re,)) = —4.346, = ke,

Re,e, = 10.6,

4 = 3.355.

In §3 we concluded that when g < 0 and the imperfections are such that the vortices
do not reach O(1) during the cycle then the peak velocity is proportional to ¢ and has
frequency dependence wj exp (4/w,). For w, = 2 and 4, this formula predicts a ratio
of peak velocity of 14.7, which is in fair agreement with the ratio 15.8 found by the
initial-value code. We also ran the case w, = 4 with a vorticity source ¢ = 1072 and
obtained a velocity amplitude ten times larger than in the ¢ = 1072 case. We conclude
that the vorticity sources in the initial-value code give results very similar to those
of the imperfect amplitude equation.

We can now proceed to study the development of the flow after the onset. All the
following results have been obtained by means of the initial-value code described in
§2, without the source of vorticity mentioned above. We consider a series of
experiments of Ahlers which were performed at » = 0.75 and w, = 4.0; Ahlers defined
the Reynolds numbers as

Re,(t) = Re,o(1+¢,+8sin (v, t)),l

4.9
Re,(t) = 0, J (+9)

so that ¢, is a measure of the distance from the steady onset. The connection to the
previous notation (4.1) is that Re, = Re,,(1+¢,) and ¢, = Re,,6/Re,.

In a first experiment Ahlers chose ¢, = 0.1 and § = 0.4 and measured the axial
component of the velocity «,(t) at some point close to the inner cylinder as a function
of time. Then w«,(f) was analysed in Fourier modes

u, = ulV sin () + 4 sin (2af) + P sin (3af) ...,

where a is the dimensionless axial wavenumber. The results for the first Fourier
component u{"(t) as a function of time are the circles in figure 7. Note that u(? is
normalized by u({/e}, where «Q is the first Fourier component of the velocity w,,
when there is no modulation. We have calculated u,(t) at the point x = 0.1 and § =
0.125A by means of our initial-value program : the result for «{"(), normalized in the
same way as Ahlers, is the solid line of figure 7: the agreement with Ahlers’
experiment is good.

We next want to compare our computation and Ahlers’ data to the result of the
direct numerical integration of the amplitude equation. We have already learned
how to identify g, ¢, w, A and ¢ in (3.2) and we have already seen that in Ahlers’
experiments at ¢, = 0.1 and 7 = 0.75 we have do/d Re = 0.31. At steady Reynolds
number Re, = Re,o(1+¢,) = 94.3539 we find u, = —3.56 at the test point x = 0.1 and
¢ = 0.1252, which we use for comparison to experiment. At this value of Re,;, 4 =
,a% = 0.31(_1—321 ——Elc)% = 1.63, so the value of the constant which connects 4 to u, via
A = ku, is k = —0.46 for comparison to this experiment. Finally we assume ¢ =0
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Ficure 7. Comparison with the experiment of Ahlers (1988, private communication) at 5 = 0.75,
w, =4 with ¢, = 0.1 and § = 0.4. Plot of the first Fourier component uV(t) vs. {/T, normalized as
described in the text: circles, experimental data; solid curve, result of the initial-value code with
a=3.13, N=15, M = 6, and N, = 800.
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Ficure 8. Comparison between the experimental data of Ahlers of figure 7 and the integration of
the amplitude equation (3.2) with u = 2.6463. ¢ = 10.5854, w = 4 and ¢ = 0. The solution of the
amplitude equation has been normalized as described in the text.
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Figure 9. Comparison with the experiment of Ahlers (1988, private communication) at 4 = 0.75
with ¢, = 0.1, & = 0.7 and v, = 4. Plot of the first Fourier component u{"(t) vs. t/T, normalized as
described in the text: circles, experimental data; solid curve, result of the initial-value code with
a=3.13, N=15, M = 6 and N, = 800.
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Fiaure 10. Comparison between the experimental data of Ahlers of figure 9 and the integration
of the amplitude equation (3.2) with u = 2.6464, ¢ = 18.5234, w = 4 and ¢ = 0, 0.001, 0.005 and
0.01; the higher the value of ¢ the earlier the amplitude rises. The solution of the amplitude
equation has been normalized as described in the text.
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Fieure 11. Comparison with the experiment of Ahlers (1988, private communication) at y = 0.75
with ¢ = 0.2, » = 4 and § = 0.7. Plot of the first Fourier component u{"(¢) vs. {/T, normalized as
described in the text: circles, experimental data; solid curve, result of the initial-value code with
a=3.13, N=15, M = 6 and N, = 800.

because we do not expeet that in Ahlers’ experiment at w = 4 the imperfections play
a role as significant as they did in Walsh & Donnelly’s (1988a) experiment where the
frequency went down to @ = 0.48. We have seen at the end of §3 that if 4 > 0 and
¢ < ¢, the effect of the noise is insignificant : in the case of Ahlers’ first experiment we
obtain ¢, = 0.12 which is bigger than the typical value ¢ = 1073. The result of the
numerical integration of the amplitude equation is shown in figure 8 together with
Ahlers’ measurements: it does reproduce the general feature of the experimental data
and it fails only to describe the region close to the peak.

In a second experiment at the same frequency w, =4 and radius ratio » = 0.75
Ahlers chose the parameters ¢, = 0.1 and § = 0.7, i.e. the same relative distance from
the onset of steady vortices but a larger modulation amplitude. The comparison
between the data and our initial-value code is shown in figure 9. Note how the spike
which develops at the maximum of the velocity is well reproduced. However the
measured signal rises earlier than the calculated signal. We again attribute this
discrepancy to the effect of the imperfections in the system. At this larger § = 0.7,
imperfections become more important than in the previous ¢ = 0.4 case: we find that
¢, is reduced and is = 0.003 = ¢ = 1073, We have also computed the solution of the
amplitude equation for increasing values of the imperfection ¢, shown in figure 10.
Although the shape of the curve is not so well reproduced by the amplitude equation
as by the full code, we see that a non-zero but small value of ¢ is enough to make the
solution to rise earlier, as in the experimental data.

In a third experiment, at the same frequency and radius ratio, Ahlers used the
parameters ¢, = 0.2 and § = 0.7 the flow is modulated with the same amplitude but
is further away from the critical Reynolds number. In this case we expect the
modulated vortex to be more distorted, being driven at higher Reynolds number,
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FiourE 12. Plot of the streamlines ¢ and modified azimuthal vorticity Z calculated by our initial-
value code for the case of figure 11; for the streamlines contours are spaced at Ayr = &/, . and for
Z contours are spaced at AZ = §Z, ... (a) at time t/T = 0.20 contours of ¥, ¥, = 0.37. (b) t/T =
0.20 contoursof Z,Z , = 29.6. (¢c) t/T = 0.295 contours of ¢, ... = 5.63. (d) ¢/T = 0.295 contours
of Z,Z,,. =3313.

and that the imperfections play a less important role as ¢, = 0.01 is bigger than c.
Figure 11 shows how the experimental data agree with the initial-value code. As we
expect, the theoretical curve and the data rise at the same point in the cycle,
confirming that imperfections are not significant in this case.

It is interesting to study how the flow varies during a cycle: in figure 12 we show
the streamlines and the lines of equal vorticity at different times during an oscillation
for Ahlers’ experiment at ¢, = 0.2 and & =0.7: figures 12(a) and 12(b) show the
streamlines and vorticity at ¢{/7 = 0.2, when the amplitude is small, and 12(c) and
12(d) give the corresponding pictures at /7 = 0.295, near maximum amplitude. The

6 FLM 208
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Fiaure 13. Plot of |u,(t)] vs. t/T computed for the case of figure 12, 9 = 0.75, v, = 4 and § = 0.7

at the test point « = 0.1 and { = 0.1254, at increasing values of ¢, = 0.01, 0.025, 0.050, 0.075, 0.10,
0.15, 0.20 and 0.30. We used N = 15, M = 6 and N, = 800.

most interesting feature is that the core of the Taylor vortex moves towards the
outflow region of the cell pair when the velocity is at the highest value. It is then not
surprising that the amplitude equation fails to describe the region close to where u,(¢)
is maximum, because its derivation assumes that the spatial dependence is the same
during the cycle. The movement of the vortex core also explains why the shape of the
function w,(t) develops a sharp peak: u,(t) is measured or calculated at a fixed point
near the inner cylinder in the outflow region; when the vortex is at the maximum
strength it becomes distorted in such a way as to increase the value of the velocity
at that fixed point, an effect that is not reproduced by the amplitude equation. In
figure 13 we show a series of plots of u,(f) for various values of ¢, at the same
4 = 0.7 to show how the peak of u,(t) develops and becomes distorted.

If one considers the value of the average of u? one finds that this is proportional
to ¢, at fixed modulation 8, as shown in figure 14: this verifies the Landau amplitude
law for modulated flow. Note that the curve joining the circles (modulated flow) does
not pass through the origin because of the threshold shift. Indeed, the threshold shift
could in principle be measured by finding the intercept at uZ = 0: this was the idea
in Donnelly’s (1964) experiment, but unfortunately the presence of the transient
vortices made it difficult to obtain accurate results by this approach.

Finally we consider the case in which it is the outer cylinder that is modulated, the
subject of an experiment of Walsh & Donnelly (19886). In the experiment at first the
outer cylinder was held fixed and the inner cylinder was rotated at constant
Reynolds number Re, = Re; > Re,, so as to produce a steady Taylor-vortex flow.
Then the experimentalists discovered that if the modulated the outer cylinder at
Reynolds number Re,(t) = €, Re, sin (w,t) the vortices disappeared and the flow
returned into the Couette state. The conclusion is that the modulation of the outer
cylinder strongly stabilizes the flow, contrary to what happens for modulations of the
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Ficure 14. Circles, time average of u2 calculated by our initial-value code for the case of figure 10
at 7 =0.75, o, =4 and § = 0.7 at the test point x = 0.1 and { = 0.125A; crosses, corresponding
steady-state value of u2. We used N = 15, M = 6 and N, = 800.

151

12 <4
9 I

100 (Re,.— Re,,)
€10

6+
3+
0 + -+ + + ! 4

-0.2 0 0.2 04 0.6 0.8 1.0

log,, ¥,

Figure 15. Comparison with Walsh & Donnelly’s experiment (1988b) at 5 = 0.88, ¢, = 0.5. We
plot the threshold shifts 100{Re . — Re ,)/ Re,, vs. log,, Y, bars, experimental points; solid line, our
calculations with @ = 3.13, N = 15, and N, = 1000.

inner cylinder. Figure 15 shows the comparison of our Floquet theory with this
experiment: we plot threshold shifts as a function of frequency (actually r against
log,,v,) at €, = 0.5 and = 0.88. The agreement with the experiments is reasonable.
It is interesting to compare this stabilization with the destabilization shown in the

6-2
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solid curve of figure 2: recall that in figure 2 the data for the solid curve were
multiplied by a factor of 10, so that at low frequency r is about —0.8%, whereas
in figure 17 the change in r at low frequency is about 8 %. Because the shift is much
larger when the outer, rather than the inner, cylinder is modulated, the experiment
is easier and the results in better agreement with the theory. The reason why
modulation stabilizes in this case is straightforward to understand: Taylor (1923)
showed that as Q, is varied at fixed €, in the steady-state problem, the marginal
curve has a U-shape: that is the low becomes more stable whether €, is positive or
negative. We therefore expect this type of modulation to be stabilizing.

5. Conclusions

Both the cxperiments and the theory of the primary bifurcation in modulated
Couette flow have presented a rather confused picture in the past, but a clearer view
is beginning to emerge. For modulation of the inner cylinder about a non-zero mean,
the threshold shift of the critical Reynolds number is quite small, and is close to the
experimentally observable limit with modern apparatus. The early experiments of
Donnelly were not sufficiently accurate to find this small effect, and subsequent
workers have found a negative threshold shift, rather than Donnelly’s positive value.
There was, however, nothing wrong in principle with Donnelly’s method of
determining the critical Reynolds number, but the presence of transient vortices due
to imperfections made it difficult to get accurate results.

Some of the more recent experiments have apparently erred in the opposite
direction: negative threshold shifts have been found (corresponding to modulation
being destabilizing), as predicted by Hall, but their magnitude has been much too
large, particularly at low frequency. We believe, however, that the explanation given
in this paper, namely that small imperfections can give rise to large-amplitude
vortices below the critical Reynolds number, can account for the discrepancies.
Experiments with higher frequencies, such as Ahlers’ laser-Doppler observations, are
in reasonable agreement with the theory, as are the experiments in which the outer
cylinder is modulated, the threshold shift being then much larger.

We also believe that an important source of confusion, both for experimentalists
and theoreticians, has been the nature of the low-frequency limit. The * physically
intuitive’ idea that at low frequencies the system must be unstable if the
instantaneous Reynolds number exceeds the steady critical Reynolds number at any
time during the cycle is only true if there are imperfections in the system. In the
theoretical perfect bifurcation the critical Reynolds number in the low-frequency
limit is completely different from this physically intuitive value. This behaviour is
quite common in systems with two small parameters, here the frequency w and the
degree of imperfection ¢; the physically intuitive critical Reynolds number comes
from first letting @ -0 and then letting ¢—0, whereas in the perfect bifurcation
analysis we first send ¢ >0 and then let @ > 0. The value of Re,, obtained depends on
the order in which the limits are taken. ,

The amplitude equation gives a qualitatively correct description of the behaviour
near transition, although the full time-step integration procedure gives a much more
accurate reproduction of the time-dependence of the amplitude: this is because the
numerical simulation takes into account the changing shape of the vortex pattern
throughout the cycle. It is also possible to make analytical progress with the
imperfect amplitude equation and hence to see directly the effect of imperfection on
the disturbance, and how this depends on the parameters. This makes it possible to
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develop criteria for the importance of imperfections; criteria that seem to be
reasonably successful in interpreting the experiments. We have also been able to
model the imperfections in the initial-value code by including a source of vorticity :
a steadily oscillating ‘transient’ vortex can then be produced at subcritical Reynolds
number.

On the theoretical side, our calculations agree with those of Hall and Kuhlmann
et al. and disagree with those of Carmi & Tustaniwskyj. The most likely source of this
disagreement has been identified.

We gratéfully acknowledge access to unpublished experimental data from
Professor G. Ahlers, Professor R. J. Donnelly, and Mr T. J. Walsh. DrC. F. Barenghi
acknowledges support from SERC grant GR/D/30433.
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