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ABSTRACT
The Earth’s liquid outer core is stirred by thermal and compositional convection. In thermal
convection the buoyancy is produced by temperature fluctuations, while in compositional convection
it is produced by light material released at the inner core boundary. Convection in the core is
strongly supercritical, and is greatly affected by rotation and magnetic field. In this review, we
focus on the issues of how fast the convective motions are, what is their morphology, and how
this relates to the heat transport. Core convection is believed to be a primary source of dynamo
action, and so it is responsible for the Earth’s magnetic field. We therefore also consider how the
morphology of core convection affects the magnetic field generated.
In the introduction, the basic physical principles of core convection are discussed, and how
core flow relates to the secular variation of the magnetic field. In chapter 2 the basic equations
governing core convection are discussed. The relationship between compressible and Boussinesq
convection is a key issue here. In chapter 3, high Rayleigh number, non-magnetic and non-rotating
thermal and compositional convection are considered. Chapter 4 describes the effect of rotation
on convection. The now well understood problem of the onset of rapidly rotating convection
is reviewed, and techniques and results for strongly nonlinear rotating convection are described.
Section 5 reviews the dynamical effects of a magnetic field on the onset and pattern of convection.
It also describes current progress on convection driven dynamo models. In Section 6 the interesting
effects of heterogeneous boundary conditions on core convection are considered. This problem is
connected with the issue of whether core convection is affected by mantle convection. The final
section summarises the current position, and considers the future prospects for expanding our
knowledge of core convection.
Keywords: Earth’s core; core convection; rotating convection; magnetoconvection; core dynamics;
geodynamo
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1. INTRODUCTION TO CORE CONVECTION
1.1 The need for a dynamo
The basic structure of the Earth’s interior has been deduced from seismic observations. It is known
from this data that there is a high density core surrounded by a lower density mantle, with the
transition occurring at the core-mantle boundary (CMB), which is located 3,480 km from the centre
of the Earth. The high density core, which is believed to be composed mainly of iron, is divided
into a fluid outer core and a solid inner core, with the inner core boundary (ICB) having a radius
of 1,220 km. There is a density jump across the ICB of roughly 500 kg m −3 , the density of the
inner core itself being around 12000 kg m −3 . The fluid nature of the outer core is deduced from its
inability to support transverse seismic waves (S-waves), which can only propagate in a solid.
The basic structure of the Earth’s interior was mainly worked out in the first half of the twentieth
century. It had been known much earlier that the Earth’s magnetic field varies slowly with time,
indeed this secular variation was known to Henry Gellibrand in 1635, and Edmond Halley noticed
that the field appeared to drift westwards. He suggested that the Earth might have a layered
concentric shell structure, with the magnetic field being carried along with one of the interior
shells. Joseph Larmor (1920) proposed that the magnetic fields of the Earth and the Sun might be
generated by a dynamo, driven by motion in an electrically conducting fluid in the core, which is
the basis of the modern geodynamo theory of the Earth’s magnetic field. The physical principles
behind the dynamo theory are the laws of electromagnetism (Maxwell’s equations) and the laws
of fluid motion (the Navier-Stokes equations). These equations were well-known in Larmor’s time,
but finding useful solutions of them has proved difficult, though it is now possible to find numerical
solutions using powerful computers.
The iron in the outer core has an electrical conductivity of around 4 × 10 5 S m−1 , though there
is some uncertainty because the exact composition of the outer core is not known, and the very
high pressure adds a further difficulty to estimating this (and other physical properties of the core)
accurately. It is not difficult to show that with this conductivity, the geomagnetic field would decay
on a 20,000 year timescale (see e.g. Moffatt, 1978) if the fluid in the core is not actively driven.
Core material has electrical resistance which leads to Ohmic dissipation, giving rise to heating.
Unless fluid motion is continuously driven, the current systems that maintain the field in the core
decay away. The amount of Ohmic heating is a measure of the power input required to maintain the
dynamo. Since the geomagnetic field induced magnetism in rocks laid down 3.5 Gyr ago (see e.g.
Kono & Roberts, 2000), soon after the Earth’s formation, it is clear that a long term energy source
is needed to maintain the Earth’s field. Many alternative theories to the dynamo mechanism have
been proposed for maintaining the geomagnetic field, but none has stood the test of time. Gauss
(1839) showed that the nature of the field is such that the main field must have an internal rather
than an external origin. Chemical inhomogeneity (the battery effect) and thermoelectricity have
been considered as possible sources, but while they can generate very small fields, they cannot
plausibly provide the substantial energy needed to maintain the observed field.
While the dynamo origin of the geomagnetic field has been largely accepted, there is much less
agreement on the nature of the energy source driving it. Thermal and compositional convection have
been explored in considerable detail as a possible energy sources, but precession and tidal forcing
have also been considered seriously (Malkus, 1994). The gravitational torques on the non-spherical
Earth make the polar axis precess around the ecliptic pole approximately once every 26,000 years.
The liquid outer core of the Earth will therefore be forced at its boundary by this motion, and
consequently fluid motion is induced inside the outer core. The rotation axis of the fluid outer
core will lag a little behind the rotation axis of the mantle, and the resulting torque will extract
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Figure 1: Core flows inferred from secular variation observations. (a) Using the geostrophic flow
assumption. (b) Using the toroidal flow assumption. Reproduced from Holme and Olsen, (2006).
energy from the Earth’s rotation, eventually bringing the rotation axis into its minimum energy
configuration parallel to the ecliptic pole. Oceanic and solid Earth tides cause the Earth to gradually
rotate more slowly, and stresses at the CMB transmit this angular momentum loss down to the fluid
outer core by generating fluid motion there. These precessional and tidal energy sources for core
motion ultimately derive from the rotational energy of the Earth. There is somewhat less energy in
the Earth’s rotation than there is in the gravitational and thermal energy that drives convection,
but sufficient rotational energy exists to maintain a dynamo provided that the conversion of kinetic
energy to magnetic energy is reasonably efficient. We do not yet know whether the fluid motions
induced by precession or tides can drive a dynamo, but this is being investigated (Tilgner, 2005).
The difficulty is that the forcing provided by these mechanisms has the diurnal frequency, while
the dynamo operates on a much longer timescale. Here we adopt the hypothesis that the dynamo
is driven by convection, which provides an adequate power source on a suitable timescale.

1.2 Velocities in the core
Direct evidence for core motions comes from the temporal behaviour of the geomagnetic field, the
secular variation. To a first approximation, fluid carries magnetic field with it as it moves. The
change in the field is therefore due partly to the velocity just under the CMB. Magnetic diffusion
allows field to move through the fluid, but even if this is neglected, we cannot specify the velocity
solely from magnetic field observations (Roberts & Scott, 1965). For example, if we monitor the
radial component of the field Br at the CMB, there will be no change in the field if the flow
is parallel to lines of constant Br , so this component of the field is invisible to secular variation
measurements. Additional assumptions have to be made in order to specify the core flow. Two
common assumptions are either that the flow is geostrophic, or that it is toroidal, just below the
CMB (for details, see Holme & Olsen, 2006). When either of these assumptions are made, it is
possible to reconstruct the flow field, (Bloxham & Jackson, 1991). Figure 1, which is based on data
from the Orsted and CHAMP magnetic satellite observations, is reproduced from Holme & Olsen
(2006) .
The figure shows that some features are universal even if different assumptions are made, and the
typical velocity of 15 km yr−1 , which is 5 × 10−4 m s−1 , is a measure of the faster moving flows that
are transporting magnetic field. Of course, this is just the flow beneath the CMB, and the flow at
larger depths may be different. Also, small scale flows are invisible because only large scale field
structures can be seen. Small scale structures are obscured by crustal magnetism. The flow speeds
may be somewhat larger if there is a significant small scale contribution. Nevertheless, flow speeds
of this order are what is predicted from our understanding of core convection, and we will adopt
5

the point of view that convective velocities of the order of 5 × 10 −4 m s−1 are present in the core.

1.3 The heat flux and core cooling
It is likely that a great deal of heat was released when the iron differentiated from the mantle
to the core of the Earth. The Earth has therefore been cooling down ever since its birth. The
current rate of loss of heat from the Earth is around 44 TW. The fraction of this 44 TW that
comes from the core is controversial, with estimates ranging from 3 TW (Sleep, 1990) to 15 TW
(Roberts et al. 2003). Since the temperature increases as we approach the Earth’s centre, heat
can be transmitted outwards by thermal conduction. If all the heat flux coming from the core
can be so transmitted, there will be no thermal convection. Thermal convection occurs when
there is more heat to be transmitted than can be carried by conduction. As we shall see below,
the criterion for the onset of core convection is essentially that the actual temperature gradient
is steeper than the adiabatic temperature gradient. The key question is therefore whether the
required heat flux can be carried down the adiabatic temperature gradient entirely by conduction.
The adiabatic temperature gradient can be estimated reasonably well (see e.g. Anufriev et al. 2005),
but the thermal conductivity k is still rather uncertain with estimates being in the range k ≈ 25 50 W m−1 K−1 . With k = 46 W m−1 K−1 Roberts et al. (2003) estimated the heat flux conducted
down the adiabat at 0.3 TW near the ICB and 6 TW near the CMB. Models suggest that a large
fraction of the core heat flux comes from latent heat released at the ICB as the inner core grows.
If this is the case, even with a low estimate of CMB heat flux there is more than 0.3 TW to be
carried outward near the inner core boundary, and convection must occur there. Near the CMB
the situation is much less clear; high estimates of CMB heat flux give convection throughout the
core, but if the low estimates are correct then there will be convectively stable regions in the core
where the heat is being extracted solely by conduction down the adiabat.
If the core is cooling, the solid inner core must be slowly growing in size as the iron gradually
freezes out. It might seem surprising that the core freezes first near the centre, where it is hottest,
rather than at the CMB where it is coolest. This is due to the rapid increase in pressure as we
move towards the centre of the core, pressure raising the melting point temperature. Because
(dT /dp)liq > (dT /dp)ad , where the subscript liq denotes variation along the melting point curve
and the subscript ad denotes variation along the adiabat, freezing first occurred at the centre of
the Earth as the core gradually cooled. As the inner core grows, light material is released, the iron
content of the inner core being higher than that of the outer core. This light material is buoyant,
and drives compositional convection. The rate of growth of the inner core is therefore directly
related to the buoyancy flux of light material driving compositional convection. The density jump
across the ICB can be measured directly by seismic observations. Recent estimates (Masters &
Gubbins, 2003) give the density of the inner core to be about 5% greater than that of the outer
core at the ICB. Some of this is due to the fact that iron (unlike water) contracts as it freezes, so
there would be a density jump even if there was no light material; after this jump is subtracted
off, the remaining part of the density jump relates the compositional buoyancy flux to the rate
of growth of the inner core. Knowledge of the melting point curve allows us to relate the rate of
growth of the inner core to the rate of cooling of the outer core, which in turn relates to the heat
flux passing through the CMB. The latent heat released at the ICB is also related to the rate of
growth of the inner core.
While the basic physics relating inner core growth, compositional buoyancy flux, latent heat release and the core cooling rate is understood, unfortunately the key physical properties of materials
at very high pressure and temperature are not well known. They are measured by a combination
of experiments and theory, but different authors give estimates which can vary by a factor two or
more, which means that the estimated rate of growth of the inner core can vary considerably. A
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further complication is the uncertainty over whether radioactive elements occur in the core. They
are believed to be responsible for most of the heat coming out of the mantle, but it is uncertain
whether radioactive elements such as potassium ( 40 K) are present in the core material or not (see
the article by Nimmo). 40 K is srongly depleted in the mantle from the value expected from the
primordial composition, but this could be because it evaporated into space when the Earth formed.
Alternatively, it could have alloyed with elements such as nickel, and hence entered the core; our
knowledge of geochemistry is not currently sufficient to be certain which scenario occurred. If
40 K and other radioactive elements are present in significant quantities, the whole heat budget
of the core is changed dramatically. The core might not be cooling at all, with the radioactive
heat released balancing the heat coming out at the core mantle boundary. The inner core would
then not be growing, so there would be no compositional convection and no latent heat released at
the ICB. The dynamo would then have to be driven entirely by thermal convection, or some other
source such as precession. If compositional composition is occurring, with a thermal conductivity of
40 W m−1 K−1 it is likely that the rate of release of buoyant material at the ICB is about 10 5 kg s−1 ,
corresponding to an inner core age of only 1.2 billion years. The rate of release of gravitational
energy is then about 0.5 TW and the latent heat release is between 3 TW and 6 TW. Reducing
the thermal conductivity of the core reduces the amount of heat conducted down the adiabat, and
hence slows down the rate of growth of the inner core. The age estimate also depends on the
amount of latent heat released per unit mass at the ICB.
As mentioned above, there is no agreement about the amount of heat passing through the coremantle boundary. Physically, this is determined by mantle convection. From the point of view of the
mantle, the core provides a uniform temperature bottom boundary. There appears to be a thermal
boundary layer at the base of the mantle, the D 00 layer, through which heat is conducted into the
mantle, but in the absence of reliable information about mantle convection, we have to accept that
there is a wide range of plausible estimates from 3 TW to 10-15 TW for the CMB heat flux, and
we need to consider what happens in both high and low CMB heat flux models. In the case of a
high CMB heat flux, i.e. one greater than the heat flux conducted down the adiabat near the CMB
(about 6 TW on current estimates of the thermal conductivity), the situation is straightforward
because convection can occur throughout the core. If the heat flux passing through the CMB is
less than that conducted down the adiabat the situation is more complicated. If compositional
convection is occurring, and this is sufficiently effective to maintain the temperature gradient close
to adiabatic, then the temperature gradient will actually be slightly subadiabatic and there is a
negative convective heat flux (Loper, 1978), that is the convection pumps heat back into the core,
so that the total convected and conducted flux near the CMB equals the flux passing through the
CMB. Alternatively, compositional convection may lead to an accumulation of light material just
below the CMB. In this case, the temperature gradient would depart very strongly from adiabatic
until the conducted flux fell to the CMB value. Then the very strong stable stratification would
allow only oscillatory radial motion. Braginsky (1993) has termed this the ‘inverted ocean’, since
it would consist of a sea of relatively light material floating up against the CMB. The dynamo
would then have to be driven in the deeper part of the core, below the level where the actual CMB
flux equalled the flux carried by the adiabat. These arguments suppose that the conducted and
convected heat flux is approximately spherically symmetric. This may well not be the case. If the
heat flux passing into the mantle is strongly inhomogeneous, there could be regions of the CMB
where the heat flux is greater than adiabatic, so there would be strong convection beneath these
features, but in other regions the heat flux might be subadiabatic, and consequently relatively little
convection in the core beneath these regions. The total CMB heat flux might then be at the low
end of the estimates, but still allow some strong upwellings in the core just below the CMB, and
hence possible dynamo activity at all depths in the core. In section 6 below we therefore discuss
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convection with a heterogeneous CMB boundary condition to explore this further.

1.4 The dynamics of core convection
It is clear from the above discussion that while we do not know the exact amounts of heat flux
and compositional flux that are being convected in the core, it is very likely these processes are
occurring. Thermal convection is essentially a process by which hot parcels of fluid move outward,
while cold parcels of fluid move inward. Natural questions are what is the temperature difference
between the warm and cool fluid parcels, and how fast are they moving? The heat flux transported
constrains the product of these two quantitities, but does not on its own specify either the velocity
or the temperature fluctuations individually. For example, suppose thermal convection at a radius
r0 = (ricb + rcmb )/2 convects 1 TW of heat. Suppose also that exactly one half of the fluid at r = r 0
is moving radially outward at speed u r , and has temperature T∗0 greater than the remaining fluid,
which moves radially inward at speed u r . If we take the density as the mean density 11340 kg m −3
and the specific heat as 860 J kg−1 K−1 , then to transport one terawatt of heat requires T ∗0 ur =
3.7 × 10−8 m s−1 K. From the arguments in section 1.2, the typical core velocity can be estimated
from the typical speed with which flux patches move, say 5 × 10 −4 m s−1 . Then T∗0 ∼ 7 × 10−5 K, a
surprisingly small value. However, it might be that radial motion is a factor ten less, in which case
we could transport the same amount of heat by increasing T ∗0 by a factor 10. Of course, this example
assumed that the hot fluid was perfectly correlated with rising fluid. This might not be the case,
in which case a slightly higher T∗0 would be required to transport the required heat flux at a given
velocity. Actually, as we shall discuss later, simulations suggest that there does generally seem to be
a fairly high correlation between the rising fluid and the horizontal temperature fluctuations. Now
that very small horizontal temperature fluctuations have been proposed for thermal convection
in the core, one might ask whether such small temperatures can actually drive motions at this
speed. As we shall see below, this is indeed possible, and core speeds of the order of 5 × 10 −4 m s−1
emerge naturally from convection models. This is of course strong evidence for the existence of
core convection. We can repeat these estimates for compositional convection. Again we find that
very small density fluctuations of the order of 10 −9 of the actual density are capable of delivering
the required mass fluxes.
Our very small estimate for T∗0 raises an issue that it is important to understand. The actual
temperature difference between the ICB and the CMB is over 1,000 K. So how can the temperature
differences driving the convection be so much less? The answer is that in a convecting region the
core is almost adiabatically stratified, and it is only the difference between the actual temperature
gradient and the adiabatic gradient which drives the convection. This difference is called the
superadiabatic temperature gradient, and it is more than a million times smaller than the adiabatic
gradient. So in a compressible fluid such as the Earth’s core, we call ∆T s the superadiabatic
temperature difference across the core. T ∗0 is of the same order as ∆Ts , which is much less than
1,000 K. This is illustrated in figure 2.
Convection in the core will be influenced by rotation and magnetic field. Since the velocities are
so slow, the dimensionless Rossby number Ro = U ∗ /dΩ, taking d = rcmb − ricb as a typical length
scale, is very small. It is therefore natural to work in the rotating frame and introduce Coriolis and
centrifugal forces. The centrifugal force is small compared with gravity and it is usually ignored in
core convection. Note that for constant density, the centrifugal force is the gradient of a potential,
∇ρΩ2 s2 /2, so it can be exactly balanced by the pressure. Only when the very small variations
due to density are taken into account does centrifugal force contribute, and then it is dominated
by the corresponding terms involving the gravitational acceleration, g. It is therefore through the
Coriolis force that rotation makes an impact. In crude terms, we might expect this to happen when
the magnitude of the Coriolis force |2ρΩ × u| exceeds the magnitude of the inertial acceleration
8

|ρ(∂u/∂t + u · ∇u)|. If we estimate the gradient as 1/d, we see that Coriolis force dominates
acceleration provided the Rossby number Ro is small, and the velocity changes on time scales
longer than the rotation rate. If we accept the estimate of |u| ∼ 5 × 10 −4 m s−1 suggested above,
then Ro ∼ 3 × 10−6 , so that from this crude estimate Coriolis force completely dominates inertia
in the core, and so we expect rotation to be very influential in the core. On the timescales we are
interested in for core convection, which are much longer than a day, we therefore expect inertia to
be small, so that the core is always in equilibrium, and changes occur in the core by evolving slowly
through a sequence of equilibrium states. We do need to be careful, however, because there are a
number of ways in which this estimate can be radically altered. If the fluid motion is geostrophic,
this means that the Coriolis force is a potential force, and so it can be balanced entirely by pressure.
Flows which are geostrophic are then controlled by the smaller terms in the equation of motion
after the pressure force and the Coriolis force have cancelled each other out. So for geostrophic
flows, inertial terms can be more important than our crude estimate implies. The condition for
geostrophy is that ∇ × (ρΩ × u) = 0. Motions in the Earth’s atmosphere and oceans are mainly
geostrophic, and this is likely to be true in the core too. However, because the Rossby number is
so small in the core, any significant departure from exact geostrophy will lead to a large Coriolis
force that cannot be pressure balanced, which will normally be balanced by buoyancy and magnetic
forces. An example of geostrophic core motion is the torsional oscillation, where the fluid moves
azimuthally only and the velocity is constant on cylinders. For this motion, which has a typical
timescale of 60 years, the balance is between the magnetic Lorentz force and inertia, since the large
Coriolis and pressure forces exactly cancel at all times. There is another way in which inertia can
be important for slow core flows; the length scale for the gradient in u · ∇u may be much less than
the core size, making inertia relatively more important. We shall return to this important issue of
the effect of inertia in rotating convection below.
If variations of density are ignored, the condition for geostrophy reduces to ∂u/∂z = 0. The
requirement that slow steady motions with negligible ageostrophic forces (such as buoyancy and
magnetic field) must be geostrophic, and hence satisfy this equation, is known as the ProudmanTaylor theorem, predicted by Proudman (1916) and verified experimentally by Taylor (1923). Core
motions driven by convection are indeed slow, and are steady on timescales corresponding to the
rotation timescale, so we expect the velocity generally to be independent of z, that is the motion is
columnar, with whole columns of fluid moving together. Within the geometry of the Earth’s core,
there is then going to be an important distinction between the behaviour inside and outside the
tangent cylinder (see figure 2). The tangent cylinder (TC) is the imaginary cylinder whose axis
is parallel to the rotation axis and which touches the inner core. Outside the tangent cylinder,
columns of fluid can extend from one hemisphere right through to the other hemisphere. Inside the
tangent cylinder, fluid columns can only reach from the CMB down to the ICB. Furthermore, a
column of fluid moving outside the tangent cylinder will have to change its length (and hence induce
ageostrophic motion) quite slowly as it changes its distance from the rotation axis. A column of
fluid moving from outside to inside the tangent cylinder is cut in two and undergoes a very rapid
change in length as it crosses the tangent cylinder. Strongly ageostrophic motion is required to do
this, so it is not very likely to happen; although there is no physical barrier at the tangent cylinder,
the dynamics of rapidly rotating fluids makes it unlikely that there is much fluid transport across
the TC.
Convection inside and outside the tangent cylinder is likely to be rather different in character, for
geometrical reasons. Outside the TC, columnar motions can transport heat effectively outward in
the s-direction (using cylindrical polar coordinates s, φ, z with z parallel to the rotation axis). A
relatively small amount of ageostrophic motion in the z-direction is required to transport the heat
parallel to the columns. Inside the TC, convection faces more difficulties, because to get heat from
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Figure 2: Geometry of convection between spherical shells. The dashed lines mark the position of
the tangent cylinder (TC). For a Boussinesq liquid, ∆T is the total temperature difference across
the outer core, but for compressible convection it is the superadiabatic temperature difference ∆T s ,
which is much less.
the ICB to the CMB inside the TC requires mainly motion in the z-direction, which must vary
with z because there can be no penetration through the ICB or CMB. Not surprisingly, convection
inside the TC is harder to get going, and will rely more strongly on ageostrophic forces such as the
Lorentz force to control it.
Magnetic fields influence core flow to some extent everywhere in the core. In a dynamo generated
field this is inevitable, because the induction equation is linear in the magnetic field B. For a
dynamo, there must be growing modes which can potentially increase the field without limit.
Magnetic field saturation occurs by the field altering the dynamo properties of the flow so that
magnetic growth no longer occurs. However, the ability to generate magnetic field from a flow
is a fairly subtle process, and small changes in the flow may be sufficient to prevent further field
growth. We can try estimating the magnitude of the Lorentz force |j × B| and comparing it with
the crude estimate of Coriolis force. From geomagnetic observations, the radial field at the CMB
is typically 0.5 mT, and if we assume the field inside the core is slightly larger at 1mT then the
current density |j| = |∇ × B|/µ ∼ |B|/µd is around 4 × 10 −4 A m−2 giving |j × B| ∼ 4 × 10−7 N m−3 .
The comparable estimate for |2ρΩ × u| is 8 × 10 −4 N m−3 , considerably larger. However, it would
be wrong to conclude that the magnetic field has no dynamical influence in the core. First, the
field in the core may be considerably larger than the observed radial field at the CMB. There may
be ‘invisible’ toroidal components which contribute to the core field but never emerge at the CMB.
Even if 1mT is a fair estimate of the field, we must remember that the field will be important in the
dynamics even if it balances only the ageostrophic part of the Coriolis force (that part not balanced
by pressure) which may be considerably smaller than our 8 × 10 −4 N m−3 estimate. Finally, the
scale of variation of the magnetic field might be considerably smaller than d. Indeed, the same
crude balance between the generation term and the diffusion term in the induction term suggests
−1/2
that the length scale for evaluating the current should be dR m , roughly a factor 20 less than
d. Nevertheless, as we shall see below, although the magnetic field is important in the dynamics
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of core convection, it is mainly effective only over length-scales significantly less than that of the
whole core. Since convection can be controlled by what happens in thin boundary layers, this can
be sufficient to strongly influence the nature of convection. In particular, it is believed that the
small scale dissipation which balances the convective energy input comes primarily from magnetic
(ohmic) dissipation.

2. EQUATIONS GOVERNING CONVECTION
2.1 Compressible and anelastic equations
Much of our information about core convection has come from numerical simulations based on the
governing equations. The full equations are quite complicated, and a wide range of simplifications
have been used to study particular aspects of convection. In this section we consider some of the
most commonly used approximations, and the assumptions on which they are based. Since magnetic
fields can influence convection, we include this in our discussion. In consequence, these equations
can be used for dynamo simulations as well as for convection calculations. We shall assume that
we are dealing with a two component fluid with a light component, sometimes called a binary
fluid. The mass fraction of a small volume of fluid that is light is denoted by ξ. This is already a
simplification of the situation in the core, as the material properties of the core are better described
by a ternary mixture (Alfè et al. 2003). The heavy component is usually identified with iron (mass
fraction 1 − ξ) and the light component with sulphur, though we are really lumping together all the
different light elements in the core into one component. The density of the inner core near the ICB
is greater than that of the outer core near the ICB, and this difference is greater than that due to the
density change on solidification. So the value of ξ is lower in the inner core, and excess ξ is released
at the ICB during the freezing process. This gives rise to buoyant compositional convection. The
variable ξ is usually called the composition. We also allow for variations of temperature to drive
thermal convection.
The momentum conservation equation can be written
ρ

Du
+ 2ρΩ×u = −∇p + ρg + j×B + ρFv ,
Dt

D
∂
=
+ u · ∇.
Dt
∂t

(2.1.1)

Here the density ρ is the averaged density of both fluid components, u is the fluid velocity and
t the time. Ω is the Earth’s rotation vector, so the second term on the left is the Coriolis force.
Strictly speaking it is an accelation times a density, but it is convenient to consider it as a force in
the rotating frame. A list of numerical values for the parameters used in core convection is given
in table 1.
Some quantities such as the rotation rate are known to very high accuracy, but others are little more
than informed guesses. The centrifugal force has not been included explicitly as it is added into the
gravitational acceleration term. In core convection it is usually omitted altogether, so gravity is
radial. Note that in some experiments, centrifugal force dominates over gravity, so in these cases g
is directed towards the rotation axis. The oblateness of the core due to rotation may be important
in studies of precession and tidal forcing, but is usually omitted for simplicity in convection studies.
The pressure is enoted by p, and the magnetic term j × B is usually called the Lorentz force,
sometimes the Laplace force. j is the current density (units A m −2 ), and B the magnetic field,
measured in Tesla (T). Older papers often used Gauss as the unit of magnetic field, 1 Gauss =
10−4 Tesla. Most estimates of the core field strength lie in the range 1mT to 10mT. We include in
(2.1.1) the viscous force ρFν . All estimates of the viscosity in the core suggest that viscous forces
are very weak when acting over length scales the size of the core, so it is strange that we include
them in our discussion. The reason is that it has not yet proved possible to devise stable numerical
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rcmb
ricb
d
ρ0
g
Ω
α
cp
LH
∆ξ
γ
η
κ
κT
ν
νT
U∗
T∗0
Ro
Rm
E

Outer core radius
Inner core radius
Gap width rcmb − ricb
Mean core density
Gravitational acceleration
Earth rotation rate
Thermal expansion coefficient
Specific heat at constant pressure
Latent heat energy per unit mass
Jump in ξ across the ICB
Grüneisen parameter
Magnetic diffusivity
Thermal diffusivity
Turbulent thermal diffusivity
Kinematic viscosity
Turbulent kinematic viscosity
Typical core velocity
Typical superadiabatic temperature fluctuation
Rossby number U∗ /Ωd
Magnetic Reynolds number U∗ d/η
Ekman number ν/Ωd2

3.48×106 m
1.22×106 m
2.26×106 m
11340 kg m−3
7.8 m s −2
7.29×10−5 s−1
1.5×10 −5 K−1
860 J kg −1 K−1
∼ 10 6 J kg−1
∼ 0.05
1.5
∼ 2 m2 s−1
∼ 5×10−6 m2 s−1
∼ η = 2 m 2 s−1
∼ 5×10−7 m2 s−1
∼ η = 2 m 2 s−1
∼ 5 × 10−4 m s−1
∼ 10 −4 K
∼ 3 × 10−6
∼ 500
∼ 10−15 (laminar)
∼ 5 × 10−9 (turbulent)

Table 1: Definitions and numerical values of core quantities. Where the quantity varies over the
core, a typical value is given.
schemes with no viscosity. Schemes which do not include viscosity explicitly invariably contain
numerical diffusion which provides an effective viscosity. Viscous forces act to smooth out very
sharp variations in the flow, particularly in boundary layers. There have been attempts to solve
the equations with no viscosity (e.g. Walker et al. 1998), but none as yet has been particularly
successful. The most fruitful approach has been to include viscosity, but to reduce its magnitude
as much as possible using high resolution numerical schemes. In a compressible flow, the viscosity
is often written as
2
Fiv = ∂j [ρνT (∂j ui + ∂i uj − δij ∇ ·u)],
(2.1.2)
3
where νT is the turbulent kinematic viscosity (see the article by Loper).
The mass conservation equation is
∂ρ
= −∇ ·(ρu).
(2.1.3)
∂t
The time-dependent fluctuations in density are small, and the scale of time variations in the core is
long. In consequence, the term ∂ρ/∂t in this equation is extremely small compared with the other
terms. It is helpful to introduce the convective turn-over time, t conv = d/U∗ , where d = rcmb − ricb
and U∗ is a typical speed of convection. The turn-over time is then the time an element of convecting
fluid takes to travel a distance d. Following the arguments given in the introduction, the typical
density fluctuation driving core convection is only 10 −9 ρ, so the magnitude of the term ∂ρ/∂t is
10−9 ρ/tconv , whereas the magnitude of the other terms is ρ/t conv , estimating the divergence as
1/d. The term ∂ρ/∂t is therefore a factor 10 −9 smaller than the other terms in (2.1.3). This
argument is of course very crude, but the factor 10 9 is so huge that the errors incurred by our
rough approximations are negligible in comparison. It can also be shown that neglecting ∂ρ/∂t is
12

equivalent to assuming the sound travel time is small compared to the convective turn-over time.
We therefore immediately replace (2.1.3) by

∇ ·(ρu) = 0.

(2.1.4)

The approximation of neglecting ∂ρ/∂t in the continuity equation is known as the anelastic approximation.
The density across the core varies by about 20% only, and many authors ignore this variation.
This is part of the Boussinesq approximation, which will be systematically derived from the full
equations below. Crudely speaking, the Boussinesq approximation neglects variations of density
everywhere except in the buoyancy term. Density fluctuations are retained in the buoyancy term
because although they are a very small fraction of the total density, they are multiplied by g, which
is a very large acceleration compared to U ∗ /tconv .
The electromagnetic equations governing j and B are (e.g. Moffatt, 1978; Davidson, 2001)
∂B
= ∇ ×(u×B) + ∇ × (η ∇ ×B),
∂t
µj = ∇ ×B,

∇ · B = 0.

(2.1.5)
(2.1.6a, b)

Here µ is the magnetic permeability. Because the core is hot, well above the Curie point, the
magnetic permeability is essentially that of free space, µ = 4π × 10 −7 H m−1 . The magnetic
diffusivity η is defined by η = 1/(µσ), where σ is the electrical conductivity measured in Siemens
per metre, or equivalently in some papers Ohms −1 m−1 , (Ω−1 m−1 ). The units of η are m2 s−1 .
Equation (2.1.5) is known as the induction equation. It is derived from Maxwell’s equations,
together with Ohm’s law in a moving medium
j/σ = E + u×B.

(2.1.7)

The composition equation, or mass transport equation, is
ρ

Dξ
= ∇ ·(k ξ ∇ξ).
Dt

(2.1.8)

The coefficient k ξ is the mass diffusion coefficient. It is very small in the core, and mass diffusion
will be negligible in the core unless it is strongly enhanced by turbulence (see the article by Loper).
In simulations, a much larger eddy diffusion value of k ξ is usually assumed. The heat transport
equation is
DS
= ∇ ·(k ∇T ) + Hρ,
(2.1.9)
ρT
Dt
Here T is the temperature and S is the entropy. k is the thermal conductivity, which again in
simulations is often enhanced to crudely model turbulent diffusion. H is the rate of release of heat
per unit mass. One source for this could be radioactivity in the core. As we see below, this term
must also include the heating from viscous and ohmic dissipation.
To complete the equations, we need an equation of state giving the density in terms of pressure, temperature and composition, and an equation for the entropy, also in terms of pressure,
temperature and composition,
ρ = ρ(p, T, ξ),

S = S(p, T, ξ).

(2.1.10a, b)

Equations (2.1.1)-(2.1.10) could be used in principle to solve numerically for convection inside the
core. In practice they are almost always simplified much further before numerical solution is attempted. The fluctuations of density that drive the convection are a tiny fraction of the full density,
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so errors of even one part in a million for the density would overwhelm the true density fluctuations.
Any practical scheme must separate out the fluctuations in the thermodynamic variables from the
reference state variables, a procedure sometimes called thermodynamic linearisation.

2.2 Adiabatic reference state
We must first specify the reference state about which we linearise the thermodynamic quantities.
We write
p = p a + pc ,

ρ = ρ a + ρc ,

T = T a + Tc ,

ξ = ξ a + ξc ,

S = S a + Sc ,

(2.2.1a − e)

where the subscript a refers to the reference state values and c to the small fluctuations associated
with the convection. A number of different choices of reference state are possible. When Boussinesq
convection experiments are performed, the natural reference state is the conduction state. Thus
for convection in a horizontal layer of liquid, where the only source of heat is from the boundary
planes, the reference state has Ta = T0 −cz which is a solution of ∇2 Ta = 0. The equation of state is
taken as ρa = ρ0 (1 − αT ), α being the expansion coefficient, and the reference state pressure is the
solution of the hydrostatic equation dp a /dz = −gρa , which is pa = p0 − ρ0 g(1 − αT0 )z + 0.5ρ0 αcz 2 .
In a spherical Boussinesq system with no heat sources, the equivalent reference state temperature
is a solution of ∇2 Ta = 0 in spherical polar coordinates, T a = T0 − c/r, which corresponds to a
uniform heat flux of −4πkc passing from the ICB to the CMB.
The core is believed to be in a well-mixed state and close to adiabatic stratification. In consequence, a reference state in which the composition is uniform, ξ a independent of position, and
uniform entropy, Sa independent of position, is adopted (e.g. Braginsky & Roberts, 1995). The
argument in favour of the well-mixed, near adiabatic state, is that if it were violated, the very large
forces would lead to a rapid adjustment back to such a state. Also, these large forces would lead
to rapid changes in the secular variation which are not seen [geomagnetic jerks (see the article by
Holme) are sudden changes in the rate of change of secular variation, not sudden jumps in the field
itself]. We note that constant entropy in the core does not imply constant temperature, and indeed
defines the reference state temperature gradient. This will therefore not in general satisfy Fourier’s
heat conduction law. This leads to effective additional heat sources in the core as detailed below.
We now need some thermodynamic relations, to express the change in entropy in terms of other
variables,






cp
∂S
∂S
α
hξ
∂S
dT +
dp +
dξ = dT − dp + dξ,
(2.2.2)
dS =
∂T p,ξ
∂p T,ξ
∂ξ p,T
T
ρ
T
see e.g. Braginsky & Roberts, (1995), Eq. (D6). The first of these relations expresses the chain
rule, using the fact that the entropy is a function of the three variables p, T and ξ. c p is the
specific heat at constant pressure c p = T (∂S/∂T )p,ξ . The relation (∂S/∂p)T,ξ = (1/ρ2 )(∂ρ/∂T )p,ξ
is one of Maxwell’s thermodynamic relations, and α = −ρ −1 (∂ρ/∂T )p,ξ is the coefficient of thermal
expansion. hξ is known as the heat of reaction, the heat released (or absorbed) when the composition
changes.
Since the entropy and composition are assumed constant in the reference state, it follows that
dpa
= −gρa ,
dr

d dTa
= −D,
Ta dr

d dρa
D
=− ,
ρa dr
γ

D=

gαd
.
cp

(2.2.3a − d)

where the dimensionless parameter D ≈ 0.3 in the core is called the dissipation parameter (see e.g.
Schubert et al. 2001), and γ is a dimensionless parameter called the Grüneisen parameter. As we
see below, D also measures the importance of ohmic and viscous dissipation in a planetary core.
The equation for dpa /dr is simply the hydrostatic equation, and since dS and dξ are zero for the
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chosen reference state, the equation for dT a /dr follows from equation (2.2.2). The equation for
dρa /dr then follows from the definition of the Grüneisen parameter, γ = (ρ/T )(∂T /∂ρ) S,ξ . The
numerical value of γ is discussed in Alfè et al. (2002).
The reference state equations can be solved either using the values from a reference Earth model
such as PREM (Dziewonski & Anderson, 1981) constructed from seismic data, or using a simple
model such as that of Nimmo, described in this volume. The temperature has to be specified at
either the ICB or CMB. In principle the melting point of iron determines the ICB temperature,
but in practice there is uncertainty about how much the melting point is depressed by the chemical
impurity; Nimmo takes Ticb = 5520 K. The models suggest a temperature drop across the outer
core of approximately 1300 K.

2.3 Equations for the convective fluctuations
We can now formulate the anelastic equations for convection in the Earth’s core. The treatment
here follows that of Anufriev et al. (2005), though here we ignore any fluctuations in gravity induced
by the fluctuations ρc , though these are formally the same order as the other terms. The convective
density fluctuation ρc can be written in three parts in terms of the entropy, pressure and composition
fluctuations:
ρc = S c

 ∂ρ 

∂S

p,ξ

+ pc

 ∂ρ 

∂p

S,ξ

+ ξc

 ∂ρ 

∂ξ

p,S

=−

pc dρa
ρa αTa
Sc −
− ρ a αξ ξc .
cp
gρa dr

(2.3.1)

Here αξ = −ρ−1 (∂ρ/∂ξ)p,S is the adiabatic compositional expansion coefficient; because the light
element has very low density compared to iron, it is nearly unity. We can now write the momentum
equation in a form close to that of Braginsky & Roberts (1995):
pc
Du
+ 2Ω×u = −∇
Dt
ρa




+ 1r g

 αT

a

cp



Sc + α ξ ξc +

j×B
+ Fv .
ρa

(2.3.2)

This form of the equation of motion makes it convenient to eliminate the pressure perturbation
by taking the curl. We then need the equations for the composition and entropy fluctuation. The
composition equation is
∂ξc
1
(2.3.3)
+ u · ∇ξc = ∇ ·ρa κξ ∇ξc − ξ˙a .
∂t
ρa
where κξ = k ξ /ρa is mass diffusivity. The term ξ˙a arises because light material is continually being
introduced at the ICB, and there is no way of getting rid of it. We assume that in time the material
becomes well-mixed, so that from the point of view of the convective composition component, the
effect is equivalent to having a uniform sink of composition which averaged over the core exactly
balances the input of ξ from the ICB.
The entropy equation is
ρa Ta

DSc
= Ta ∇ ·ρa κT ∇Sc + ∇ ·k ∇Ta − ρa Ta S˙a + ρa H.
Dt

(2.3.4)

Here κT is the turbulent diffusivity of entropy. The reasoning behind this expression is that the
turbulence makes elements of fluid move isotropically carrying their entropy, which then dissolve
into the ambient fluid releasing that entropy. Braginsky & Meytlis (1990) pointed out that such
elements will probably not move isotropically, so this form of diffusion might only be a crude model
of the actual turbulent diffusion process. The term ∇·k ∇T a is the heat flux deficit (Anufriev et al.
2005) which comes from the heat being conducted along the adiabat. This is a large term, and since
this conducted heat flux increases rapidly from the ICB to the CMB, the heat flux transported by
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the convection has to fall rapidly, possibly even going negative as the CMB is approached. This
term is therefore a strong heat sink. The core is likely to be cooling (unless radioactivity is very
significant), and so ρa Ta S˙a is negative, so core cooling is equivalent to a uniform heat source. The
final term
ρa H = Q v + Q j + ρ a H R .
(2.3.5)
gives the heat sources, Qv being the viscous dissipation, Qj being the ohmic dissipation and H R
the heat released by radioactivity.
Anufriev et al. (2005) point out that for a liquid, where αT << 1, the entropy is dominated
by the temperature term, that is if in (2.2.2) we replace dS by S c , dT by Tc etc, then the terms
involving pc and ξc are small compared to the term involving T c . So we have the anelastic liquid
approximation (ALA):
cp
Sc =
Tc .
(2.3.6)
Ta
In the core, αT ∼ 6 × 10−2 , so the errors arising from the ALA will be small. The advantage of the
ALA is that the boundary conditions are more naturally formulated in terms of the temperature,
not the entropy. Note that for a perfect gas, αT = 1, and the ALA is not appropriate.

2.4 Boundary conditions
The mechanical boundary conditions in the core are that there is no flow through the ICB and
CMB, and there is no slip at these boundaries. The growth rate of the inner core is so slow it
can be ignored on the convective time scale. If the inner core is rotating relative to the mantle
(whose rotation defines Ω), then separating the core flow into radial and tangential components,
u = u r 1r + u t ,
ur = 0,

ut (r) = ΩIC ×r,

at

r = ricb ,

and u = 0,

at

r = rcmb ,

(2.4.1)

where ΩIC is the rotation vector of the inner core relative to the mantle. Kuang & Bloxham,
(1997) suggested that since the Ekman layer is so thin (see section 4.4) it should be ignored, and
a stress-free condition applied instead (see also section 5.6).
The electromagnetic boundary conditions at the ICB are that B is continuous across the ICB and
the continuity of tangential E implies that ηj t is also continuous. Denoting the jump in a quantity
across the boundary by square brackets [ ],
[B] = 0,

[jr ] = 0,

[ηjt ] = 0,

at

r = ricb

(2.4.2a)

where r denotes the radial component and t the tangential component. Note that if the electrical
conductivity of the inner and outer cores are different, tangential current is not continuous. Assuming the electrical conductivity of the mantle is much less than that of the core, there is negligible
current in the mantle, and the core field has to match to a potential field at the CMB. This implies
[B] = 0,

jr = 0.

(2.4.2b)

This assumption does, of course, rule out any electromagnetic coupling between core and mantle,
which might be important for length of day models.
We also need a condition on the temperature and the composition at both the ICB and CMB. At
the ICB, there are two contributions to the input heat flux per unit area into the outer core, the
heat conducted out of the inner core, and the latent heat, released as a consequence of inner core
freezing. If ricb (θ, φ, t) is the location of the inner core boundary, the rate of release of latent heat
energy there is LH ρṙicb per unit area (see the article by Nimmo), and the rate of release of light
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material is ρ∆ξ ṙicb also per unit area. Here LH is the latent heat energy per unit mass and ∆ξ is
the jump in ξ across the ICB; numerical values are given in table 1.
The location of the ICB, r = ricb , is determined by the melting point of iron which is a function
of p and ξ. Braginsky & Roberts (1995) and Roberts et al. (2003) show that its rate of change at
the ICB is governed by
Ṡa = −cp ∆2 ṙicb /ricb
(2.4.3)
∆2 ∼ 0.04 being a parameter dependent on the variation of the melting point with pressure (see
Roberts et al. (2003) equation (3.16) and the article by Nimmo). Assuming that the heat conducted
out of the inner core balances the heat conducted along the adiabat near the base of the outer core,
and using the ALA (2.3.6), the rate of release of latent heat at the ICB balances the heat flux
conducted in the thermal boundary layer,
∂Tc
∂Tc
LH ρa ricb
(Ta Ṡa + cp
) = ρ a cp κT
∆2 cp Ta
∂t
∂r

on

r = ricb ,

(2.4.4)

which is the thermal boundary condition on the ICB at r = r icb . In general, there will be a jump in
the temperature gradient at the ICB, and the thermal conductivity may be different across the ICB
also. Nevertheless, Buffett et al. (1992) and Labrosse et al. (2001) point out that only small errors
arise in assuming the inner core is adiabatically stratified, so the assumption that the conducted
heat flux is the same on both sides of the ICB is reasonable. Note that Ṡ = Ṡa + cp Ṫc /Ta , and
both terms are of comparable magnitude, as the very large S a changes only very slowly on the
core evolution timescale, while the much smaller c p Tc /Ta changes more rapidly on the convective
turnover timescale. Similarly, the rate of release of light material at the ICB gives
∂Tc
∂ξ
∆ξρa ricb
(Ta Ṡa + cp
) = ρ a κT c
∆2 cp Ta
∂t
∂r

on

r = ricb

(2.4.5)

which is the boundary condition on ξ at the ICB. Although both (2.4.4) and (2.4.5) contain timederivatives of ϑ, Glatzmaier & Roberts (1996) found them to be numerically stable, though most
work on core convection uses simplified boundary conditions, such as T c = 0 or ∂Tc /∂r constant at
the ICB.
On the CMB, the heat flux is determined by mantle convection. It may be possible to get information about the distribution of the heat flux through the CMB, I cmb , from seismic measurements
see section 6 and e.g. Olson (2003), but in principle it should be determined by mantle convection calculations. Assuming that this total heat flux is greater than the heat conducted down the
adiabat at the CMB, if we adopt as a simple model a uniform distribution of CMB heat flux
ρa cp κT

∂Tc
= −Icmb + Iad (rcmb ),
∂r

on

r = rcmb ,

(2.4.6)

where Icmb is the heat flux per unit area passing through the CMB, and I ad (cmb) is the heat flux
conducted along the adiabat near the CMB. There has been a substantial amount of work on models
with a non-uniform heat flux across the core, recently reviewed by Olson (2003). Since there can
be no flux of light material across the CMB,
∂ξ c
=0
∂r

on

r = rcmb .

(2.4.7)

This completes the anelastic boundary conditions. Possible choices for the magnetic boundary
conditions are either to assume an insulating inner core and mantle, or to give a more accurate
representation of the field inside the core by solving the magnetic diffusion problem in the solid
inner core.
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2.5 The Boussinesq limit
The Boussinesq limit is found by letting the dissipation number D = gαd/c p go to zero. It can
therefore be thought of as a ‘thin layer’ approximation, since it is equivalent to d << c p /gα. As
noted, it is only marginally satisfied in the core, but nevertheless most studies of core convection are
based on the Boussinesq equations. The are several reasons for this. First, Boussinesq convection
is a well-studied problem, and so a wealth of intuition about it has built up, so that Boussinesq
studies are built on a firm foundation. Second, the Boussinesq equations are significantly simpler
to solve numerically, and have fewer free parameters than the full anelastic equations. Since the
convection equations are numerically demanding, particularly in three dimensional calculations,
this simplicity is a major advantage. A third reason is that much of our understanding has come
from the study of laboratory experiments, which are all in the Boussinesq regime. So simulations
designed to make contact with this work are naturally Boussinesq.
We start with the anelastic mass conservation equation (2.1.4). Combining with (2.2.3c) we get

∇ · (ρa u) = ρa ∇ · u −
so in the limit D → 0.

ur Dρa
= 0,
γd

∇ · u = 0.

(2.5.1)

(2.5.2)

The entropy equation can be reduced to a temperature equation by substituting in the anelastic
liquid approximation (2.3.6). A large number of terms arise that involve ∇T a and ∇cp , but in the
limit D → 0 they all vanish because of (2.2.3b) and (2.2.3c). Then (2.3.4) becomes
ρa cp

DTc
= ρa cp κT ∇2 Tc + ∇ ·k ∇Ta − ρa Ta S˙a + ρa H.
Dt

(2.5.3)

In the Boussinesq limit, the expression for H, (2.3.5), simplifies because the viscous and ohmic
dissipation are proportional to D, and so drop out; see Anufriev et al. (2005) for details. The basic
reason for this is that in the Boussinesq limit the thermal energy is much larger than the kinetic
energy or the magnetic energy. The heat transport equation then becomes a temperature equation,
because the dominant form of energy is the temperature dependent internal heat energy. This is
rather a drawback for the Boussinesq approximation, because the ohmic dissipation might be a
significant player in the overall heat budget. In consequence, the last three three terms on the right
hand side of (2.5.3) can be bundled into a single space-dependent heat source term,
Ĥ =

∇ ·k ∇Ta
ρa cp

to get

−

Ta S˙a H
+
cp
cp

(2.5.4)

DTc
= κT ∇2 Tc + Ĥ,
(2.5.5)
Dt
which is the Boussinesq form of the heat transport equation. Equation (2.5.4) shows that the
effective heat source for Boussinesq models is considerably more complicated than is sometimes
appreciated. The first term on the right is the heat flux deficit term arising from the fact that more
and more heat is conducted down the adiabat as we move outwards from the ICB to the CMB.
From the point of view of the convection this is a large, almost uniform, heat sink. The second
term on the right is the core cooling term, which is a source term, but probably not as large as
the sink term. The third term is radioactive heating, and is a source that is currently completely
unknown. It could be zero or it could dominate the other two sources. Note that if it is small, Ĥ
will be a net heat sink, and convection is then driven by the heat input at the ICB.
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The composition equation (2.3.3) becomes
∂ξc
+ u · ∇ξc = κξ ∇2 ξc − ξ˙a .
∂t

(2.5.6)

The Boussinesq momentum equation is not very different from (2.3.2), the entropy being replaced
by the temperature according to (2.3.6), and the viscous term simplifies to give
pc
Du
+ 2Ω×u = −∇
Dt
ρa








+ 1r g αTc + αξ ξc +

j×B
+ νT ∇2 u.
ρa

(2.5.7)

Of course, ρa is now a constant.
Equations (2.5.2), (2.5.5-2.5.7) constitute the Boussinesq equations for convection in the core.
The boundary conditions are not affected by taking the Boussinesq limit, so the thermal and
compositional equations (2.4.4-2.4.7) can be applied, though in practice much simpler conditions
are usually adopted. Another frequent simplification is to bundle together the composition and
temperature variables by multiplying (2.5.5) by α, (2.5.6) by α ξ and adding, defining the codensity C = αTc + αξ ξc . This device only works if both compostion and temperature have the same
diffusion coefficient and the same boundary conditions, see section 3.2 below.
Both the equations and the boundary conditions contain inhomogeneous forcing terms. In some
codes, these equations are handled directly, but sometimes the inhomogeneous terms are eliminated.
This procedure is detailed in Anufriev et al. (2005); here we illustrate with the composition equation.
We define ξc = ξ0 + ξ 0 , and choose the basic distribution ξ 0 to be a function of r only and to satisfy
κξ ∇2 ξ0 − ξ˙a = 0,

(2.5.8)

with boundary conditions
∆ξricb
dξ 0
=
Ta Ṡa
dr
∆2 cp Ta κT

on

r = ricb

and

∂ξ0
=0
∂r

on

r = rcmb .

(2.5.9)

Now ξ 0 satisfies the homogeneous problem
∂ξ 0
+ u · ∇ξ 0 = −ξ00 ur + κξ ∇2 ξ 0 ,
∂t

(2.5.10)

where ξ00 = ∂ξ0 /∂r is the composition gradient of the basic state defined by (2.5.8-2.5.9). Similarly
we define Tc = T0 + T 0 and T00 = ∂T0 /∂r. Because they are spherically symmetric and constant in
time, these basic state contributions do not affect the momentum equation significantly, because
the extra terms can be balanced by a pressure gradient. The homogeneous Boussinesq equations
are then (2.5.2) with
Du
p0
+ 2Ω×u = −∇
Dt
ρa








+ 1r g αT 0 + αξ ξ 0 +

j×B
+ νT ∇2 u.
ρa

DT 0
= −T00 ur + κT ∇2 T 0 ,
Dt

(2.5.11)
(2.5.12)

∂ξ 0
+ u · ∇ξ 0 = −ξ00 ur + κξ ∇2 ξ 0 ,
(2.5.13)
∂t
with the same mechanical and electromagnetic boundary conditions as in the inhomogeneous
Boussinesq equations, but with thermal and compositional boundary conditions
∂T 0
LH ricb ∂T 0
=
,
∂r
∆2 cp κT Ta ∂t

∂ξ 0
∆ξricb ∂T 0
=
∂r
∆2 κT Ta ∂t
19

on

r = ricb ,

(2.5.14)

∂T 0
∂ξ 0
= 0,
= 0, on r = rcmb .
(2.5.15)
∂r
∂r
Since only derivatives of T 0 and ξ 0 are specified, they are arbitrary up to a constant. This degeneracy
can be removed by specifying that the average of T 0 and ξ 0 are zero over the ICB. This completes
the specification of the homogeneous Boussinesq equations, but it should not be forgotten that T 0
and ξ0 must be added on to reconstruct the actual temperature and composition fluctuations.

2.6 Formulation of the equations for numerical solution
It is useful to see how the full anelastic equations could be approached. One method (many others
are possible) would be to take u, B, ξ c and Sc as the primary variables which are advanced at every
timestep using (2.3.2), (2.1.5), (2.3.3) and (2.3.4). Because of equations (2.1.4) and (2.1.6b) there
are only two independent scalar fields in u and B, but this can be taken into account by writing B
in terms of toroidal and poloidal scalar fields B = ∇ ×Ur + ∇ × ∇ ×Vr, with a similar expansion
for ρu. This expansion means that (2.1.4) and (2.1.6b) are automatically exactly satisfied. Two
equations for U and V can be conveniently obtained by taking the radial component and the radial
component of the curl of (2.1.5), and similarly for ρ times (2.3.2). It is then the toroidal and
poloidal scalar fields for the magnetic field and momentum density that are time-stepped forward,
along with Sc and ξc . At each timestep, the pressure pc can be found by taking the divergence of
ρ times (2.3.2) and solving the resulting time-independent Poisson equation for p c . The equation
(2.3.1) and the equation of state then give the temperature and density fluctuations. At this stage
every term on the right hand sides of (2.3.2), (2.1.5), (2.3.3) and (2.3.4) is known at the current
timestep, so we can advance to the next timestep. An appropriate set of boundary conditions would
of course be needed to complete the numerical solution.

3. CONVECTION IN THE ABSENCE OF ROTATION AND MAGNETIC
FIELD
3.1 Thermal convection
The thermal diffusivity in the core is estimated at κ ∼ 5 × 10 −6 , with the kinematic viscosity a
factor 10 smaller at ν ∼ 5 × 10−7 and the compositional diffusion coefficient another factor of 10 3
smaller. In consequence, the dimensionless Rayleigh number gα∆T d 3 /κν is very large in the core,
much greater than the critical value for the onset of convection in the absence of rotation, which
is typically Ra ∼ 103 . The onset of convection is discussed in considerable detail both for the case
of a plane layer and a spherical shell, in chapters 2 and 6 of Chandrasekhar (1961). As we shall
see, convection in the core is strongly influenced by rotation and magnetic field, and much useful
information about the onset of convection in the presence of these constraints is given in the same
book. It is nevertheless of interest to examine what form convection in the core might take if these
constraints are ignored. One advantage of this approach is that unconstrained Boussinesq plane
layer convection has been extensively studied both theoretically and experimentally up to quite
high Rayleigh numbers, so that far more is known about the strongly nonlinear behaviour in this
case. Much less is known about the corresponding problems when rotation and magnetic field are
important.
Experiments typically measure the heat flux in terms of the Nusselt number,
Nu =

Fd
,
ρcp κ∆T

(3.1.1)

which is the ratio of the total convective plus conductive heat flux per unit area, F , to the heat flux
that would occur in the absence of convection, ρc p κ∆T /d. When comparing with the Earth’s core,
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there is a potential for confusion here, because there are two possible definitions for the conducted
heat flux. If this is taken as the heat conducted down the adiabat, then the Nusselt number in
the Earth’s core turns out to be of order unity. We denote the Nusselt number defined in this
way, with ∆T = ∆Ta the adiabatic temperature drop across the core (approximately 1300 K) as
N = F d/ρcp κ∆Ta . However, for comparison with Boussinesq convection models, ∆T = ∆T s , the
superadiabatic temperature drop across the core. This is much smaller, probably less than 10 −3
K. We denote the Nusselt number defined in this way as N u = F d/ρc p κ∆Ts , and its typical value
in the core is about 106 . Note that no direct numerical simulation of rotating spherical convection
has ever achieved N u values this large, and there is no prospect of ever doing so.
At Rayleigh numbers just above critical, weakly nonlinear theory (described in more detail in
section 4) can be used to predict the Nusselt number in terms of the Rayleigh number. Weakly
nonlinear theory is valid when the pattern of nonlinear convection is still close to that given by
the linear theory of the onset of convection. It is no longer valid when convection is turbulent.
It predicts that N u − 1 ∝ Ra − Rac , Rac being the critical Rayleigh number for the onset of
convection. Initially as Ra is increased above critical this is what is found experimentally, but if
the Rayleigh number is further increased it is found that the Nusselt number starts to grow more
slowly with Ra than this. Experiments at very large Ra usually find N u ∼ Ra n , and in the range
of Ra up to 1012 , which is about the largest value that can be tested experimentally, n is typically
about 0.3. As we see below, theories exist for both n = 1/3 and n = 2/7, but it is conjectured
that at Ra  1012 , n may rise to 0.5. Note that this expermental value of Ra ∼ 10 12 is much
larger than can be obtained with 3D numerical experiments, Ra ∼ 10 7 , though 2D simulations can
reach significantly larger Ra, up to 10 12 (Rogers et al. 2003). The Rayleigh number in the Earth
is probably around 1023 .
Since we cannot measure the temperature difference ∆T s directly, it is more appropriate to work
in terms of the convective heat flux per unit area, F conv . Even this is not well known, but a total
of 2 TW near the CMB (giving 0.013 W m−2 for the flux per unit area) for the convective heat
flux (ignoring that carried by conduction down the adiabat) is a reasonable order of magnitude
estimate. Note that the actual convective heat flux varies considerably across the core (see section
2 above) and may even be negative on average at the CMB, but nevertheless we adopt 0.013 W m −2
for the purpose of estimation here. Since
Ra =

gα∆Ts d3
,
κν

Fconv = (N u − 1)

eliminating ∆Ts gives
Ra(N u − 1) =

gαFconv d4
.
ρcp κ2 ν

ρcp κ∆Ts
,
d

(3.1.2)

(3.1.3)

A simple early estimate for plane layer Boussinesq convection at large Ra was given by Priestley
(1959) and Kraichnan (1962), see Siggia (1994) for a more complete discussion than that given here.
They suppose thermal boundary layers of thickness δ occur at the top and bottom boundaries, across
which most of the temperature drop takes place. Since the temperature drop across each boundary
is approximately ∆Ts /2, and all the heat is transported by conduction in the boundary layer,
Nu ≈

0.5d
.
δ

(3.1.4)

They further assume that the Rayleigh number for the boundary layer is close to critical. This
gives
gα∆Ts δ 3
≈ 1000,
(3.1.5)
2κν
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assuming that the critical Rayleigh number is around 10 3 , which linear theory calculations suggest
is reasonable. Eliminating δ between (3.1.4) and (3.1.5) gives N u ∝ Ra 1/3 . Goldstein et al. (1990)
found
N u ≈ 0.066Ra1/3 ,
(3.1.6)
from experimental data, where the coefficient 0.066 is not far from the 16, 000 −1/3 ≈ 0.04 expected
from (3.1.4) and (3.1.5).
The interior velocity and temperature fluctuations are obtained by balancing inertia and buoyancy,
the mixing-length balance, together with a simple estimate of the convective heat flux. The mixing
length balance can be thought of as an element of fluid being accelerated by buoyancy for a turnover
time d/U∗ , where U∗ is a typical velocity. The acceleration is therefore
U∗2 /d ≈ gαT∗0 ,

(3.1.7)

where T∗0 is the typical temperature fluctuation in the fluid interior. The convective heat flux is
carried by blobs of hot fluid moving upwards, with cold fluid descending, so
Fconv ≈ ρcp U∗ T∗0 .

(3.1.8)

This gives the Deardorff velocity and temperature scale (Deardorff 1970),
U∗ =

gαdFconv
ρcp

!1/3

,

T∗0

=

Fconv
ρcp

!2/3 

1
gαd

1/3

.

(3.1.9a, b)

Note that the Deardorff velocity and temperature are independent of the diffusion coefficients.
Experiments indicate that U∗ is close to the r.m.s. velocity in the interior of the fluid; we therefore
don’t need a numerical scaling factor in (3.1.9a).
Putting in the standard values for the core for g, α, d and c p from table 1, together with our
estimate of Fconv = 0.013 W m−2 gives the Deardorff velocity U∗ = 7 × 10−3 m s−1 . The faster
moving magnetic features at the CMB move with a speed of about 5 × 10 −4 m s−1 , about ten times
slower than this, so our velocity estimate has turned out ten times too big. The overestimate is due
to neglecting the inhibiting forces of rotation and magnetic field. While our estimate is clearly too
large, it is nevertheless of interest to pursue this non-rotating non-magnetic plane layer model a
little further. Using (3.1.3) and (3.1.6) with the table 1 standard values and our estimate for F conv ,
Ra ∼ 1023 and N u ∼ 3 × 106 . ∆Ts ∼ 2 × 10−4 which is substantially larger than the Deardorff
temperature, as it must be for model consistency as the Deardorff temperature is the internal
temperature fluctuation, but the main temperature drop is across the boundary layer. Note that
N u∆Ts ∼ 600 K, the same order of magnitude as ∆T a ∼ 1300 K, consistent with N being of order
unity. The thermal boundary layer thickness δ = 0.4 m only. We have, of course, no way of telling
whether the core boundaries are sufficiently smooth for such a thin boundary layer to be physically
plausible.
For completeness, we should note that in a number of experiments, N u ∼ Ra 2/7 gives a better
fit than the Ra1/3 law (Castaing et al. 1989; Siggia 1994). Rather than assuming a boundary layer
marginally unstable to convection, they observe thin sheet like plumes of typical temperature ∆T s
and of similar width δ as the boundary layer thickness. These plumes form an intermediate layer
which carries the heat into the interior. These plumes have the Deardorff velocity, and viscosity
balances buoyancy in them so
νU∗
(3.1.10)
gα∆Ts ∼ 2 .
δ
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This equation defines the boundary layer thickness in the Castaing et al. picture, rather than
(3.1.5), and together with (3.1.9a) and (3.1.4) leads to
N u ∼ Ra2/7 P r −1/7 .

(3.1.11)

While this theory is reasonable up to experimental values of Ra ∼ 10 12 it is unlikely to hold for
larger Ra as the viscous control of the plumes will then break down.
Kraichnan (1962) pointed out that at very large Ra, even a thin boundary layer like this might be
shear unstable, and hence turbulent. If so, this undermines the assumption of a quiescent boundary
layer in which heat transfer is by conduction. Indeed, the arguments leading to (3.1.10) require
a laminar mixing layer, while the basis of (3.1.5) is that it is a laminar layer which thickens due
to thermal diffusion until it becomes unstable due to local convection. With our estimates, the
local Reynolds number of the boundary layer is U ∗ δ/ν ∼ 5000, probably large enough to expect a
turbulent boundary layer. The boundary layer then starts to change its character, becoming passive
rather than active. This means that the temperature drop across the boundary layer becomes the
same as the Deardorff temperature, so that it is the interior that controls the heat flux, not the
boundary layer. Fconv then becomes independent of the diffusivities, since the Deardorff velocity
and temperature are independent of diffusivities. We get
∆Ts ∼ T∗0 ,

(3.1.12)

U∗ d
∼ (RaP r)1/2 .
κ

(3.1.13)

and using (3.1.7) and (3.1.8) gives
Nu ≈

A more precise treatment of the boundary layer (e.g. Siggia, 1994) suggests
Nu ≈

U∗ d
∼ (RaP r)1/2 /(ln Ra)3/2 .
κ

(3.1.14)

As we expect that rotation and magnetic field will inhibit heat transport, and for non-magnetic
non-rotating convection the interior is already beginning to take over control of the heat transport
at Earth core Rayleigh numbers, it is likely that the interior will be in control in the rotating
magnetic Earth’s core.

3.2 Compositional convection
It was suggested by Braginsky (1963) that the gravitational energy released by the growth of the
inner core might help to power the geodynamo. The density jump at the ICB suggests that the
outer core must contain less dense elements than iron, so that the freezing process allows buoyant
material to float upwards, supplementing the buoyancy from thermally driven convection (Fearn,
1998). Most analyses of the energy balance in the core suggest that compositional convection does
a similar amount of work as thermal convection, though the exact ratio is model dependent (see
the article by Nimmo). Unlike heat, the light material cannot escape from the outer core. There
are two possibilities; the usual assumption is that the light material mixes in the outer core, so that
the density of the inner core is a slowly decreasing function of time, the term ξ̇a in (2.3.3). Because
this rate of change of density is very slow compared to the flow turnover time, this is equivalent
to having a uniform sink of buoyancy distributed throughout the core. A second possibility is that
the light material forms a sediment at the top of the core (Buffett et al. 2000), near the CMB. If
this is the case, there is a release of heavy material (compositionally closer to pure iron) near the
CMB, which would give an additional convective driving, increasing the amount of gravitational
power to drive the geodynamo.
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Compositional convection can be seen in the laboratory using a saturated solution of ammonium
chloride (e.g. Chen et al. 1994). If the container is strongly cooled from below (placing it on dry
ice, for example), ammonium chloride comes out of solution releasing relatively fresh water which is
less dense than its surroundings, and so rises. When the experiment is performed, the ammonium
chloride does not crystallise as a solid block on the bottom of the container, but instead forms a
dendritic structure with a ‘mushy zone’ consisting partly of crystallised ammonium chloride and
partly of liquid. The lower density solution released in the neighbourhood of the crystallization
process rise rapidly in thin ‘chimneys’ formed inside the mushy zone. Typically, the chimneys are
narrow and spaced quite far apart, so there is a strong asymmetry between the narrow upwelling
plumes coming out of the chimneys, and the slowly sinking fluid being sucked back into the mushy
zone (Aussillous et al. 2006). There is also evidence that mushy zones form when liquid iron freezes
in metallurgical processes.
These observations have led to the suggestion that there may be a mushy zone at the ICB,
(Fearn et al 1981) though this is controversial (Morse, 2002). There may even be chimneys of light
material emerging from the mushy zone. Loper et al. (2003) have explored the dynamics of such
plumes, though it is uncertain whether such plumes can remain stable and maintain their identity,
or whether the action of rotation and magnetic field might make the plumes mix into the core fluid.
While the physical origins of thermal and compositional convection are different, it is not so
clear that the dynamics of the two phenomena are very different, and indeed modellers often
lump compositional and thermal convection together, the co-density C as mentioned in section 2.5.
Admittedly, the composition and temperature have different diffusion coefficients, but both are so
low that small-scale turbulence is probably responsible for mixing both heat and composition. The
main difference is in the boundary conditions at the CMB; the light material cannot escape the
core, equation (2.4.7), but heat can, (2.4.6). If fluid cannot easily pass across the tangent cylinder
(see also sections 5.6.1 and 5.6.2), light material released at the ICB might have difficulty escaping
outside the TC, and hence give rise to a higher concentration inside the TC. This has been proposed
as a possible explanation for the anticyclonic polar vortices (Olson & Aurnou, 2001; see also section
5.6.2).
Anufriev et al. (2005) argued that the natural model of compositional convection consisting of
a source at the ICB and a uniformly distributed sink of equal strength distributed throughout he
core may be a reasonable model for the thermal convection too, because the heat flux deficit term
arising from conduction down the adiabat is so large, equation (2.3.4).

4 EFFECT OF ROTATION ON CONVECTION
In this section we consider how rotation affects convection in the absence of magnetic field. As we
shall see later, magnetic fields do affect rotating convection very significantly, but it is necessary
first to consider how rotation alone can affect convection before the additional complications of the
magnetic field are considered. We will use two coordinate systems, cylindrical polars (s, φ, z), z
being parallel to the rotation axis, and spherical polar coordinates (r, θ, φ), θ being the co-latitude.
Cylindrical coordinates turn out to be more natural for understanding the dynamics of rotating
fluids, but spherical polar coordinates are preferred for numerical simulations in spherical shells.

4.1 The Proudman-Taylor theorem
Slow steady flows in homogeneous rotating fluids have the remarkable property that the velocity
is independent of the rotation axis. This result, known as the Proudman-Taylor theorem, can be
demonstrated in the laboratory by towing a small obstacle along the bottom of a rotating tank;
the whole column of fluid above the obstacle moves along with it as though the fluid column was
a rigid body. This surprising result can best be understood in terms of the vorticity equation.
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Taking coordinates with Ω = Ω1z , the curl of the Boussinesq momentum equation (2.5.11) with
the magnetic field and composition set to zero gives
∂ζ
+ u · ∇ζ − (2Ω + ζ) · ∇u = ∇×gαT 0 1r + ν ∇2 ζ,
∂t

(4.1.1)

ζ being the vorticity. For simplicity we drop the subscript on ν T ; in this section the viscosity can
be thought of either as the molecular value when discussing low Ra convection, or as a turbulent
value for very high Ra convection. Taking U ∗ as the typical magnitude of the velocity, slow flows
are those for which the Rossby number
Ro =

U∗
<< 1.
Ωd

(4.1.2)

The Rossby number in the Earth’s core is about 3 × 10 −6 .
To understand the Proudman-Taylor theorem it is helpful to first consider flows for which the
length scale of variation in all directions (including the z-direction) are order d. Then the vorticity
has magnitude U∗ /d, and small Rossby number implies that |u · ∇ζ − ζ · ∇u| << |2Ω∂u/∂z|.
Since Ω is constant, equation (4.1.1) can be thought of as an equation for 2Ω + ζ. In oceanography
and atmospheric sciences, the part 2Ω is called the planetary vorticity, because it is due to the
rotation of the Earth rather than the behaviour of the fluid. We are therefore assuming that the
planetary vorticity is much greater than the fluid vorticity when we make this small Rossby number
approximation. Given the slow flows, this will only break down for vortices with radii less than a
few tens of metres in the core. The steady flow approximation requires that |∂ ζ/∂t| << |2Ω∂u/∂z|,
which will generally be the case provided that the time-scale over which the velocity varies is much
longer than a day. Since the convective turnover time d/U ∗ is several hundred years, such short
timescales are unlikely to be of much significance in the dynamics of convection. The dominant
term on the left-hand-side of (4.1.1) is therefore the term 2Ω∂u/∂z. Of the terms on the right-handside, viscosity is small except on very short length scales. The dimensionless ratio of viscous to
Coriolis force is measured by the Ekman number E = ν/Ωd 2 ∼ 10−15 in the core. Buoyancy forces
(and Lorentz forces) are significant in the core, but do not occur in homogeneous non-magnetic
fluids. The Proudman-Taylor theorem then arises because there is no term on the right-hand-side
to balance 2Ω∂u/∂z. In consequence, the z-derivative of u must be zero, and fluid has to move in
columns. If the time-dependent vorticity term is restored, but the forces on the right-hand-side are
ignored, we obtain
∂ζ
− 2Ω · ∇u = 0.
(4.1.3)
∂t
Taking the curl of this and eliminating ζ using (4.1.3), we derive the inertial wave equation
2
∂2 2
2 ∂
∇
u
=
−4Ω
u.
∂t2
∂z 2

(4.1.4)

This shows that if a z-dependent flow is set up initiallly, the fluid responds by oscillating on a time
scale of days. In the absence of any dissipation mechanism, these oscillations would go on ringing
forever. In the core, however, these fast oscillations would excite rapid changes in the magnetic field,
which would lead to a rapid damping though ohmic dissipation. Inertial waves may well exist in
the core, but they are likely to have a small amplitude only and we will ignore any such oscillations.
There are, however, a class of inertial waves which have much smaller frequencies, namely those
with a short wavelength ` in the plane perpendicular to z. These waves have frequency 2Ω`/d, and
are considered in more detail below.
Another way of thinking of the Proudman-Taylor theorem is that in z-independent motion the
pressure force is in balance with the Coriolis acceleration. This is geostrophic motion. While the
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buoyancy force and the magnetic field can induce some z-dependence, many numerical models and
laboratory experiments indicate that the motion is mostly in the form of almost two-dimensional
columnar rolls. This is not to say, however, that the ageostrophic parts of the motion are unimportant.
The spherical geometry means that convection inevitably involves some z-dependent motion.
The only purely geostrophic in a sphere is azimuthal flow u = u φ (s)1φ which cannot transport
any heat radially. If the CMB is bumpy, the geostrophic contours are those on which the length
of fluid columns are preserved. In general, therefore, flow along geostrophic contours might have
a weak radial dependence and hence permit convective heat transport (Bell & Soward, 1996). In
a perfect sphere, any column moving in the s direction changes its length. To avoid excessive
changes of length of fluid columns, which inevitably involve z-dependent motion, tall thin columns
are preferred. These can transport heat while minimizing the departure from geostrophy. If there
is no magnetic field, and the velocity is small enough for the nonlinear terms to be negligible, no
balance between pressure, Coriolis force and buoyancy is possible. Viscosity must be included for
convection to occur at all. Viscous forces are very small in the core, so columns that are viscously
controlled are very thin indeed. In the presence of magnetic field this problem is alleviated, because
an inviscid balance is possible by replacing the viscous force with Lorentz force.
There is one further consequence of the difficulty fluid columns have changing their length in
rapidly rotating fluid, which is that there is unlikely to be much fluid motion across the tangent
cylinder. Inside the tangent cylinder the inner core cuts the fluid columns in half. Any motion
in the s direction across the tangent cylinder will therefore involve strong z-dependence, and so
will need correspondingly strong thermal or magnetic forcing to occur. Another factor tending to
divide the regions inside and outside the tangent cylinder into two distinct parts is that columns
inside the tangent cylinder increase their length as they move outward in s, but columns outside the
tangent cylinder decrease in length as they move outward in s. As we see below, this means that the
Rossby waves propagate eastward (that is prograde, in the same direction as the rotation) outside
the tangent cylinder but westward (retrograde) inside the tangent cylinder. This discontinuity
in the phase speed of the waves is another reason why convection in the two regions has to be
considered separately.

4.2 The onset of instability
We are therefore led to study two types of linear problem for the onset of convection in a rotating
sphere or spherical shell. The first is the non-magnetic viscous problem, and the second is the
equivalent magnetic problem in which a simple imposed magnetic field is specified. The nonmagnetic problem can be solved either numerically at finite (possibly small) E or asymptotically in the
limit E → 0. The magnetic problem can be solved numerically, or asymptotically in the weak field
limit (see section 5). We start by describing the nonmagnetic problem.
Numerical solutions were obtained by Zhang (1992), Jones et al. (2000) and Dormy et al. (2004),
with later workers generally reaching lower E, due to the increase in computer speeds. An accurate
method for obtaining solutions is to expand the velocity in toroidal and poloidal scalars
u = ∇×T r + ∇×∇×Sr.

(4.2.1)

which automatically satisfies the continuity equation, and reduces the velocity field to two indepen2 /ν, the viscous
dent scalars. The equations are non-dimensionalised taking the unit of time as r cmb
time, the unit of length as the sphere radius r cmb and the unit of temperature as −P r rcmb dT0 /dr
where T0 is the basic state temperature. The discussion below is in terms of temperature, but this
could be replaced by composition. In this case, the boundary conditions adopted should be those
appropriate for compositional convection (see 2.5.14, 2.5.15) but otherwise nothing is significantly
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changed. Note that the length-scale used for non-dimensionalisation in this problem is r cmb rather
than the gap-width d. This affects the definition of Ekman number and Rayleigh number, so care
must be exercised when comparing results from these stability problems with numerical dynamo
simulations, which often use d as the length scale.
Two cases are commonly studied, a uniformly heated sphere where dT 0 /dr is proportional to
r, appropriate for a strongly radioactive heat source, and differential heating where dT 0 /dr is
proportional to 1/r 2 , suitable for a model where all the heat (or composition flux) is input at the
ICB. In the differential heating model the total input heat flux at the ICB equals the heat flux
coming out of the CMB, so no account is taken of the variable amount of heat conducted down the
adiabat. The gravity field is −gr.
The linearised vorticity equation (4.1.1), which omits the advection of vorticity and the stretching
of fluid vorticity (but not the much larger stretching of planetary vorticity) can be written
∂ζ
− 2Ω · ∇u = ∇×gαT 0 1r + ν ∇2 ζ,
∂t

(4.2.2)

and the scalar equations used are the radial components of (4.2.2) and its curl,
∂T
∂
− ∇ 2 L2 T −
+ CS = 0,
∂t
∂φ

(4.2.3)

∂
∂ 2
− ∇ 2 L2 ∇2 S −
∇ S − CT + ERa L2 T 0 = 0,
∂t
∂φ

(4.2.4)

E
E









where (r, θ, φ) are spherical polar coordinates, the temperature perturbation is T 0 , and
L2 = −

∂
1 ∂2
1 ∂
sin θ
− 2
sin θ ∂θ
∂θ
sin θ ∂φ2




C = 1z · ∇ −

and


1 2
L 1z · ∇ + 1z · ∇L2 . (4.2.5)
2

The temperature equation (2.5.12) becomes
Pr

∂T 0
= QL2 S + ∇2 T 0 ,
∂t

(4.2.6)

where Q = 1 for internal heating and Q = 1/r 3 for differential heating. The dimensionless parameters are the Ekman number, the Rayleigh number and the Prandtl number
E=

ν
,
2
2Ωrcmb

Ra = −

5
gαT00 rcmb
,
κν

Pr =

ν
.
κ

(4.2.7)

Note that many nonlinear convection and dynamo codes use the same basic formulation of the
equations as this, with a further toroidal and poloidal expansion of the magnetic field, and the
radial components of induction equation and its curl giving the two scalar equations for the field.
Note also the factor 2 in this definition of the Ekman number. Unfortunately, there is no consistency
in the literature over the definition of the Ekman number. In dynamo simulations, E = ν/Ωd 2 is
often used. This gives E = E(1 − ricb /rcmb )2 /2 so at radius ratio 0.35, E = 0.21E. Similarly, care is
needed with Ra; although the same symbol is used in many papers, the definitions are frequently
different, so suitable conversion factors must be worked out if numerical results from one paper are
used in another.
The quantities S, T and T 0 are then expanded in spherical harmonics, taking account of the
symmetry about the equator. Busse (1970) showed that solutions with u r , uφ and ωz symmetric
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Figure 3: Contours of axial vorticity, coloured according to the temperature perturbation, at the
onset of convection in a spherical shell, radius ratio 0.35. (a) E = 3 × 10 −5 , (b) E = 10−5 , (c)
E = 3 × 10−6 , (d) E = 10−6 . This figure appeared in Dr E. Dormy’s PhD. thesis.
about the equator, and uθ and uz antisymmetric about the equator are preferred, in that they have
the lowest critical Rayleigh number. The expansion for S is then
S=

L
X
l=0

m
Sl (r)P2l+m
(cos θ) exp i(mφ − ωt),

(4.2.8)

the other expansions being found in Jones et al. (2000). The radial dependence can be dealt with
for example either by expanding Sl (r) in Chebyshev polynomials and using collocation to derive
the equations for the coefficients, or by finite difference methods. In either case, a key point is that
there is no coupling between modes with different azimuthal wavenumber m. The operators L 2 and
m
m
∇2 are particularly convenient in this representation, as L 2 P2l+m
= −(2l + m + 1)(2l + m)P2l+m
so they do not couple spherical harmonics, and the operator C only couples adjacent spherical
m
m
m
harmonics, that is CP2l+m
can be written as a simple linear combination of P 2l+m+1
and P2l+m−1
.
In consequence the matrix equations arising from the expansion or discretization of the radial
structure can be written in banded form, with each m value treated separately and only the blocks
corresponding to l − 1, l and l + 1 having non-zero elements. The eigenvalue ω is the frequency and
the value of the Rayleigh number Rac which makes ω real, the neutral mode condition, can then
be found simply using a variety of different methods, for example inverse iteration.
The Rayleigh number Rac is then minimised over m, to determine m c , ωc and Rac as a function
of E, P r and the radius ratio ricb /rcmb . Calculations using a variety of boundary conditions, either
stress-free or rigid, and with fixed temperature and fixed heat flux, have been performed. Values
of E down to 10−7 can be reached without excessive computational resources, which is sufficiently
small to get excellent agreement with the asymptotic methods described below.
The results show that as E is reduced the azimuthal wavenumber increases with m c ∼ E −1/3 , the
Rayleigh number increases as Rac ∼ E −4/3 and frequency increases as ωc ∼ E −2/3 .
This means that at small E the horizontal wavelength gets small, and in the limit of zero viscosity the
critical Rayleigh number goes to infinity, showing that no convection can happen without viscosity
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in this problem. Numerical simulations at four different Ekman numbers are shown in figure 3,
which is for the case of no internal heating, so convection onsets first close to the tangent cylinder.
The roll structures seen in these numerical calculations are also found in laboratory experiments
(Busse & Carrigan, 1976) where the gravity is replaced by centrifugal acceleration arising from the
very rapid rotation. In these experiments, the sphere has to be cooled from within. With E ∼ 10 −15
in the core, these results suggest m ∼ 3 × 10 4 , giving a typical roll diameter of about 300 m only
(there is a cyclonic and an anticyclonic roll in each wavelength). Tall thin columns stretching all
the way to the boundaries are seen in experiments, but it seems unlikely structures with such a
large aspect ratio exist in the core. As we see in sections 4.8.1 and 5.3 below, magnetic fields
and nonlinear inertial effects can thicken the columns, and time-dependent motions may break the
columns up. Having said that, it is possible that tall thin columns with a large (but less than 10 4 )
aspect ratio are present in the core. Dynamo simulations, especially those in the most Earth-like
regimes, often show columnar convection. Interestingly, convection columns are particularly good
at generating dipolar magnetic fields.

4.3 The onset of instability in the rapidly rotating limit
The asymptotic E → 0 theory of convection was developed by Roberts (1968) and Busse (1970),
but the distinction between the local theory and the global theory of the onset of convection was
elucidated more recently (Jones et al. 2000, Dormy et al. 2004). We use cylindrical polar coordinates
(s, φ, z) and use an axial poloidal and toroidal decomposition,
u = ∇×ψ1z + ∇×∇×Φ1z .

(4.3.1)

Since all the components of velocity are of similar order of magnitude (the boundary conditions
ensure ur and uz are the same order), Φ is O(E 1/3 ) smaller than ψ and so to leading order
u = ∇×ψ1z + uz 1z .

(4.3.2)

Inserting this equation into the z-components of the linearised (4.2.2) and its curl, the temperature
equation (2.5.12) we obtain
E
E
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(4.3.4)

1 ∂ ∂
1 ∂2
s + 2 2.
s ∂s ∂s s ∂θ
(4.3.5)
The local theory starts by seeking solutions with dependence exp i( k̃s + m̃φ − ω̃t), and assuming
that the wavelengths perpendicular to the z-direction are O(E 1/3 ), and the Rayleigh number and
frequency follow the scalings mentioned above. We write


∂
P r − ∇2 T 0 = Q
∂t


Ra = E −4/3 R,

∂2Φ
∂ψ
+ zuz + s
∂φ
∂s∂z



ω̃ = E −2/3 ω,

2
∇H
Φ = −uz ,

,

m̃ = E −1/3 m,

k̃ = E −1/3 k,

2
∇H
=

a2 =

m2
+ k2.
s2

(4.3.6)

Some terms drop out, and the leading order equation for u z then becomes a second order equation
for z, known as the Roberts-Busse equation,
d 1 duz
im
d
F
+ (a2 − iω)G − 2
F
dz F dz
a − iP rω dz


29



RQz
F



uz = 0,

(4.3.7)

following the notation of Dormy et al. (2004), where
F=

m2 RQ
− a2 (a2 − iω),
a2 − iP rω

G=

The stress-free boundary conditions are

(m2 + a2 z 2 )RQ
− a2 (a2 − iω).
a2 − iP rω

ia2 2
duz
−
(a − iω)zuz = 0
dz
m

(4.3.8)

z = ±(1 − s2 )1/2

at

(4.3.9)

and for no-slip conditions
duz
ia2 2
−
(a − iω)zuz = E 1/6
dz
m

r

r m2 + a 2 z 2
Fuz
2z
m2

at

z = ±(1 − s2 )1/2 ,

(4.3.10)

from which it is clear that in the low E limit the distinction between stress-free and no-slip boundary
conditions is not crucial. Physically, this is because the rolls are so thin that most of the dissipation
is occurring in the bulk of the fluid and not in the boundary layer. Note that if these thin rolls
excite a large scale zonal flow, the bulk dissipation for that zonal flow will be very small, so then
the dissipation in the boundary layer is crucial in determining the strength of the zonal flow.
Just because the boundary conditions don’t affect the linear rolls very much does not imply that
boundary conditions are unimportant in nonlinear rotating convection.
The Roberts-Busse equation (4.3.7) can be solved numerically subject to the boundary conditions
(4.3.9) or (4.3.10) as an eigenvalue problem, using any standard ODE eigenvalue numerical method.
The real and imaginary parts determine the complex frequency ω for any given Rayleigh number
R. The imaginary part of the frequency is the exponential growth rate of the linear mode. The
output of the eigenvalue solver is then the dispersion relation
ω = ω(s, k, m, R).

(4.3.11)

The difference between the original local theory of Roberts and Busse and the newer global theory
lies entirely in how this dispersion relation is treated. The same equation (and hence the same
dispersion relation) is used in both approaches. The local theory derives the equations for the five
unknowns ωL , sL , kL , ml and RL from the five imaginary part conditions
={ω} = 0, =
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∂ω
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= 0, =



∂ω
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L

= 0, =



∂ω
∂s

 

= 0,

(4.3.12)

L

which are that the scaled growth rate (the imaginary part of ω) should be zero and that the growth
rate should be a local maximum of R, m, k and s. s L is then the location of the local convective
instability, i.e. where the rolls first become unstable. For internal heating the critical s L is typically
about 0.5rcmb . The differential heating case does not have an internal local maximum for the growth
rate (equivalently a minimum critical Rayleigh number) but is maximised on the ICB.
In the differentially heated case, the local theory prediction for the critical Rayleigh number agrees
with the fully two-dimensional spherical coordinate results, in the sense that as E is reduced the
results steadily approach the asymptotic results. However, in the internally heated case, where s L
is in the interior rather than at a boundary, there is no such agreement. In either case, the local
solution must be part of a WKBJ expansion
 Z



(4.3.13)

x = (s−sicb )/E 2/9

for differential heating. (4.3.14a, b)

uz (s, φ, z) ∼ W(x)uz (z) exp i

k̃ ds exp i(m̃φ − ω̃t),

where the variable x is given by
x = (s−sc )/E 1/6

for internal heating,
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In the internally heated case, sc is determined by a procedure described
below. The rapid variation
R
on the O(E 1/3 ) length scale is taken care of by the factor exp(i k̃ ds), and the z-dependence comes
from the Roberts-Busse equation. The equation for the amplitude of the envelope, W(x), is derived
by inserting (4.3.13) into the governing equations, and with the differential heating case scaling for
x we obtain
1
−
2

∂2ω
∂k 2
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m1 W = 0.

(4.3.15)

ω = ωL + E 1/3 ω1 .

(4.3.16)

L

where
R = RL + E 1/3 R1 ,

m = mL + E 1/3 m1 ,

The Airy equation (4.3.15) can be solved subject to the boundary conditions
W =0

at

x = 0 (s = sicb )

and W → 0

as

x → ∞.

(4.3.17)

The Airy function solution therefore gives the leading order asymptotic behaviour in the radial
direction, together with the z-dependence from the local Roberts-Busse equation. The leading order
critical Rayleigh number and frequency are therefore R L and ωL , and the first order corrections
come from the solution of (4.3.15) which which is an eigenvalue problem for R 1 and ω1 −m1 ∂ω/∂m.
How ω1 and m1 are found individually is described in Dormy et al. (2004). In the asymptotic limit
of small E, the s-structure of the solution takes the form of a succession of convective rolls, each
with a radial and azimuthal length scale O(E 1/3 ), beginning close to the tangent cylinder and of
gradually diminishing amplitude, on a longer length scale O(E 2/9 ), as we move into the interior.
However, because the difference between O(E 1/3 ) and O(E 2/9 ) is so small, extremely small E is
required before more than one roll is seen in the radial direction. In figure 4, reproduced from
Dormy et al. 2004, we see the planform of the rolls at onset for E = 10 −7 , P r = 1.
The natural way to deal with the internally heated case would be to solve (4.3.15) subject to the
boundary conditions
W → 0 as x → ±∞.
(4.3.18)
Unfortunately, no solution of (4.3.15) satisfying (4.3.18) exists, because of the term proportional
to (∂ω/∂s)L . This means that when the onset of convection occurs away from the boundary, the
local solution cannot be embedded in a consistent WKBJ solution. The solution to this difficulty
is quite radical (Jones et al. 2000) and consists of abandoning the s L found by local theory, and
instead seeking a point in the complex s-plane, s c , at which the real part
<{∂ω/∂s} = 0,

(4.3.19)

as well as the imaginary part. We therefore solve (4.3.12) together with (4.3.19), so with s complex
we now have six equations for six unknowns. The coefficient of the term proportional to x, which is
the term which makes it impossible to satisfy the boundary conditions (4.3.18), is now zero. This
is why the scaling for x changes to (4.3.14a), and then the amplitude equation becomes
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−
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m1 W = 0,

(4.3.20)

which now has a satisfactory solution in parabolic cylinder functions satisfying (4.3.18).
Since the equations used to find the critical Rayleigh number and frequency are different from
the local theory (six equations, not five), the results are different. The critical Rayleigh number is
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Figure 4: Comparison between equatorial cross-sections of the axial vorticity in the full numerics
for E = 10−7 (top row) and the asymptotic eigenfunction ψ for the same Ekman number (bottom
row). Internal heating with large aspect ratio r icb /rcmb on the left, differential heating with aspect
ratio 0.35 on the right. Reproduced from Dormy et al. 2004.
significantly higher (typical 25% higher at P r ∼ 1 or greater, but with a much larger difference at
low Prandtl number) for this global theory than for local theory. The way in which the solutions for
complex s = sc are converted into real eigenfunctions is detailed in Jones et al. (2000). In physical
terms this surprising result can be understood in terms of phase-mixing. Disturbances that try to
grow at the local critical Rayleigh number are sheared apart by the variation of ω with s. Because
of the increasing slope of the boundaries with s in spherical geometry, waves at larger s travel
with faster phase-speed. It is therefore more difficult to get a disturbance inside an envelope where
each part has to travel at the same speed, when each part wants to travel at a different speed.
At low Prandtl number, the disturbance occupies a much greater range of s, and the problem of
“orchestration” is more difficult, which is why the global critical Rayleigh number has to be much
greater than the local critical Rayleigh number.

4.4 The Ekman boundary Layers
In equations (4.3.9, 4.3.10) above, we noted that the boundary condition in the Roberts-Busse
equation was affected by whether the boundary was no-slip or stress-free. This difference comes
about because of the presence of Ekman layers near the boundary. Ekman layers are the thin
boundary layers of thickness O((Ω/ν) 1/2 ) over which the velocity changes from its interior value to
the value at the rigid boundary, usually taken to be zero. In this respect, the boundary layer is
similar to the thin layers in non-rotating flow, e.g. over aircraft wings. There are, however, some
important differences. Ekman layers have an unusual suction property. At the boundary itself,
the velocity is zero, while at the ‘edge’ of the boundary layer the velocity parallel to the wall merges
into its interior value. Somewhat surprisingly, at the edge of the boundary layer there is a non-zero
component of velocity perpendicular to the wall, called the Ekman suction. This velocity can be
either outward or inward, depending on the sign of the interior fluid vorticity. If the horizontal
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length scale of this external vorticity is d, we can define an Ekman number E = ν/Ωd 2 , and then
this suction velocity is O(E 1/2 ) times the parallel velocity components. This might seem negligibly
small, but in fact it can have quite a significant effect on the dynamics.
The Ekman suction affects the spin-up (or spin-down) time of rotating fluid, that is the time taken
for rotating fluid initially at rest to achieve rigid body rotation, subsequent to a sudden change in
the container rotation speed. Naively, one might expect the spin-up time to be O(d 2 /ν) ∼ 1011
yrs for the core, this being the typical time for momentum to diffuse through the fluid by internal
friction. Actually, the time is O(E 1/2 ) times this value, or about 5,000 yrs, because all the fluid in
the sphere is pumped into the boundary layer, where it acquires the boundary velocity much more
rapidly. Recent experiments (Brito et al. 2004) have measured the spin-up time and find good
agreement with the times predicted by Ekman layer theory. They also find that if low Prandtl
number fluid is convecting, the spin-up time is significantly changed, suggesting that the convective
turbulence is affecting the Ekman layer. The usual theory assumes a laminar Ekman layer.
The Ekman layer is studied by assuming E is small, and considering the thin layer in which
viscous forces, pressure forces and Coriolis forces are in balance,
2Ω×u =

1
∇p + ν ∇2 u.
ρ

(4.4.1)

Because the layer is thin, the gradient of u in the direction perpendicular to the boundary is
much larger than gradients in other directions, and these can therefore be ignored by comparison.
Greenspan (1968) shows that the Ekman suction is
u · 1n |z=±H

1
=∓
2



ν
Ω

1/2

1
(1n × u + u)
1n · ∇ ×
(1n · 1z )1/2




(4.4.2)

where 1n is the unit vector normal to the wall pointing out of the fluid. Here u · 1 n |z=H denotes the
asymptotic value of the normal velocity at the northern hemisphere boundary (−H for southern
hemisphere boundary) as we move out of the boundary layer into the interior.
The simplest case is when the boundary is normal to the rotation axis, as near the poles. For the
south pole, 1n = −1z , when (4.4.2) reduces to uz = (ν/Ω)1/2 ζz /2, so that the suction is proportional
to the z-component of the interior vorticity just above the boundary layer. Anticyclonic vorticity
gives suction into the boundary at either pole, cyclonic (in the same sense as the rotation) vorticity
to motion away from the boundary. We take the z-component of the curl and double curl of (4.4.1)
to get
∂ζz
∂ 2 ζz
∂ 4 uz
∂uz
,
(4.4.3a, b)
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−2Ω
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∂z
∂z
∂z 4
which can be combined to give
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.
(4.4.4)
= −4E 2 d4
∂z
∂z 5
We can add on H to z without changing these formulae, thus bringing the wall to the level z = 0.
The solution then consists of a constant plus four exponential terms corresponding to the four
complex fourth roots of -4, (±1 ± i). The two with positive real part correspond to solutions which
grow as we move out of the boundary layer, and are therefore unacceptable. We are left with
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(4.4.5a, b)
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Figure 5: Geometry of the Busse annulus. The angle χ is assumed small, as is the gap-width to
depth ratio, D/L. The x direction corresponds to the φ direction, and the y direction to the −s
direction in spherical geometry.
and the boundary conditions are that u z = 0, ∂uz /∂z = 0 and ζ = 0 at the wall, z = 0. The
last two follow from the fact that ux = uy = 0 at the wall, so horizontal derivatives are zero, and
∇ · u = 0. Inserting these into (4.4.5) gives A = B = −u iz , ζzi = 2E −1/2 uiz /d, consistent with
(4.4.2). Since the A and B terms in (4.4.5) vanish as we move up into the interior, the constants
of integration ζzi and uiz have a natural interpretation as the interior vorticity just after leaving the
boundary layer and the Ekman suction respectively. The Ekman layer in the core is less than 1
metre thick, and so any roughness at the CMB or ICB may lead to a thickening of the layer.
The effect of Ekman suction on the onset of convection was investigated by Zhang & Jones (1993).
They found that at high Prandtl numbers it is stabilising, but at low Prandtl numbers it can be
destabilising. At low E the effect of Ekman suction on the tall thin columns is small, and then the
most important effect of the Ekman suction is on the zonal flow.

4.5 The Busse annulus
The discussion in sections 4.1 - 4.3 showed that the sloping boundaries are crucial when considering
the onset of rotation in convecting spherical geometry. Busse (1970) pointed out that a simplified
model for the convection in a sphere is to consider a cylindrical annulus with sloping top and bottom
boundaries, see figure 5. The gravity is assumed to act in the −i s direction.
If we now take the limit in which the angle of slope of the annulus, χ << 1, then the motion
is almost geostrophic. The z-component of the velocity is now small compared to the other two
components, and so we can write
u = ∇×ψ(s, φ)1z + uz 1z ,

(4.5.1)

because the horizontal part of the flow is much larger and two-dimensional flow with zero divergence
must be the curl of a scalar. There is a distinction between (4.3.2) and (4.5.1) because in (4.3.2)
we retained the z-dependence of ψ, whereas in the annulus model this disappears because of the
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small slope assumption. The annulus is also assumed to be thin, so that the curvature terms
can be neglected, which means that the φ coordinate is replaced by a Cartesian x-coordinate, i.e.
(1/s)∂/∂φ becomes ∂/∂x, and s is replaced by −y.
Our fundamental equation is (4.1.1), the vorticity equation. We assume small Rossby number so
the planetary vorticity dominates the fluid vorticity, so the term ζ·∇u is omitted. The z-component
of the vorticity equation (4.1.1) is then
∂uz
∂T 0
∂ζ
+ u · ∇ζ − 2Ω
= −gα
+ ν∇2 ζ.
∂t
∂z
∂x

(4.5.2)

Although the z-component of velocity u z is small, O(χ), compared to the other components in
(4.5.1), the rotation is large, so that the stretching of the planetary vorticity is important. Integrating over z and applying the boundary conditions u z = ±χuy on z = ±L/2 gives
∂ζ
∂(ψ, ω) 4χΩ ∂ψ
∂θ
+
−
= −gα
+ ν∇2 ζ.
∂t
∂(x, y)
L ∂x
∂x

(4.5.3)

Note that in assuming this boundary condition we have discarded any Ekman layer contribution from the endwalls. We are therefore assuming implicitly that they are stress-free. Nondimensionalising on the gap between the cylinders D, time-scale D 2 /ν and temperature ν∆T /κ,
∆T being the temperature drop between the cylindrical boundaries, we get
∂(ψ, ζ)
∂ψ
∂T 0
∂ζ
+
−β
= −Ra
+ ∇2 ζ,
∂t
∂(x, y)
∂x
∂x

ζ = ∇2 ψ.

(4.5.4a, b)

The z-vorticity can be written in terms of the streamfunction ψ from (4.5.1). The temperature
equation (2.5.12) becomes
∂ψ
∂T 0 ∂(ψ, T 0 )
=−
+
+ ∇2 T 0 ,
Pr
∂t
∂(x, y)
∂x




(4.5.5)

where

4χΩD 3
gα∆T D 3
, β=
.
(4.5.6)
κν
Lν
The rotation enters these equations explicitly only through the β parameter; apart from this term
the equations are identical to those of two-dimensional Rayleigh-Bénard convection. Rotation has
been invoked implicitly, though to justify the two-dimensionality of the flow. Equation (4.5.4a)
is commonly used in the atmospheric sciences community where it is known as the beta-plane
equation.
Ra =

4.5.1 Linear properties of the annulus model
If we linearise these equations, by dropping the Jacobian terms in (4.5.4) and (4.5.5), and adopt the
convenient no penetration, stress-free, constant temperature boundary conditions at the sidewalls
ψ=

∂2ψ
= 0,
∂y 2

T 0 = 0,

1
on y = ± ,
2

(4.5.7)

then there is a simple solution
ψ = exp i(kx − ωt) cos πy,
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T0 =

k2

−ik
ψ,
+ π 2 − iωP r

(4.5.8)

provided
ω=

βk
,
(1 + P r)(π 2 + k 2 )

Ra =

(π 2 + k 2 )3
P r2β 2
+
.
k2
(π 2 + k 2 )(1 + P r)2

(4.5.8a, b)

The equation for ω is the dispersion for thermal Rossby waves, and the expression for Ra is the
critical Rayleigh number for the onset of convection. If β = 0 the onset of convection is steady,
but the presence of the rotation means that convection onsets in the form of travelling waves. The
critical wavenumber k for the onset of instability is found by setting
dRa
=0
dk

(4.5.9)

4
Note also that
√ if β = 0 we recover Rayleigh’s famous result for the onset of convection Ra c = 27π /4
with k = π/ 2.
The thermal Rossby waves travel with phase speed c s and group velocity cg

cs =

β
ω
=
,
k
(1 + P r)(π 2 + k 2 )

cg =

dω
β(π 2 − k 2 )
=
.
dk
(1 + P r)(π 2 + k 2 )2

(4.5.10a, b)

If β is positive, the phase speed is positive, so the waves propagate eastward. This will be the case
outside the tangent cylinder. Inside the TC, the integration over z leads to a negative β, so waves
travel westward there. From (4.5.8b) we see that rotation delays the onset of convection, as we
expect. The rapid rotation limit β → ∞ is the most instructive; we find
k=

β 1/3 P r 1/3
,
21/6 (1 + P r)1/3

ω=

β 2/3 21/6
,
P r 1/3 (1 + P r)2/3

Ra =

3β 4/3 P r 4/3
.
22/3 (1 + P r)4/3

(4.5.11a, b, c)

Since β is essentially 1/E multiplied by factors to account for the particular geometry of the annulus,
it is comforting to note that these are the same scalings found for Ra, ω and k in sections (4.2)
and (4.3) in the rapid rotation limit. It is also interesting to note that although the phase speed is
always eastward, the group velocity is westward for rapid rotation. Note also that it follows from
the dispersion relation that the larger wavelengths have a higher phase speed than the smaller ‘tall
thin column’ modes.
4.5.2 Weakly nonlinear theory and the annulus model
Equations (4.5.4) and (4.5.5) can also be solved in the nonlinear regime to investigate rapidly rotating convection at large Ra. One method is to solve these two-dimensional equations numerically
using the pseudo-spectral method , and this is described in section (4.5.3) below. It is also possible to use weakly nonlinear theory to investigate nonlinear behaviour in rotating (and magnetic)
systems at Rayleigh numbers just above critical.
The fundamental idea of weakly nonlinear theory is that just above critical the spatial form of
the convection is still approximately that given by linear theory. It can be shown that for Rayleigh
numbers sufficiently close to critical this will always be true, but in some situations weakly nonlinear
theory still gives a reasonable picture of behaviour well above critical while in other situations it
breaks down quite quickly. The great advantage of weakly nonlinear theory is that it avoids the
solution of multidimensional partial differential equations. This means that although the theory
may be quite hard to formulate, once that task is done the parameter space can be covered much
more thoroughly than is possible for direct numerical simulations (DNS). Weakly nonlinear theory
is theory most useful for suggesting possible behaviour and developing understanding of rotating
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convection. Because its domain of validity cannot be determined a priori, results using it do need
to be checked against DNS simulations.
Weakly nonlinear theory for fluids problems was developed in the late 1950’s, but the theory for
the annulus model was given by Busse & Or (1986). The velocity is expanded in a power series
ψ = ψ1 + 2 ψ2 + 3 ψ3 + · · · ,

(4.5.12)

with a similar expansion for the temperature perturbation,
T 0 = T10 + 2 T20 + 3 T30 + · · · .

(4.5.13)

Here  is small parameter, and the Rayleigh number and the frequency must also be expanded in ,
Ra = Rac + R1 + 2 R2 + · · · ,

ω = ωc + ω1 + 2 ω2 + · · · ,

(4.5.14)

We insert these expansions into equations (4.5.4) and (4.5.5) and equate like powers of . At first
order in  there are no contributions from the nonlinear terms, and we just recover the linear
theory. The solution then determines Ra c and ωc just as above, and ψ1 , T10 are the standard
linear eigenfunctions. The nonlinear terms start to appear at O( 2 ). In the annulus problem these
nonlinear terms can be balanced by second order terms in ψ and T 0 , e.g. the nonlinear terms in the
temperature equation give rise to a term proportional to  2 sin πy cos πy, which leads to a T20 term
also proportional to sin 2πy. However, at the next order, O( 3 ), some nonlinear terms have the
same x and y dependence as the linear solution, exp ikx cos πy. These are called resonant terms,
and they cannot be allowed, because no finite terms in ψ and T 0 can balance them. We must
arrange that these resonant terms have a zero coefficient, and this gives equations which determine
R2 and ω2 . The absence of resonant terms at O( 2 ) in this problem, which is symmetric about
y = 0, means that R1 = ω1 = 0. This procedure can extended to higher orders, and at third order
a mean flow appears, that is a flow ux which does not average to zero in the x-direction. These
flows are called zonal flows and have been much studied recently because large zonal flows are seen
in the atmospheres of giant planets.
The idea of weakly nonlinear theory can be extended to the case of the rapidly rotating annulus
(Abdulrahman et al. 2000). Now we have two small parameters, the amplitude  and the small
horizontal wavelength O(β −1/3 ). The behaviour depends on the the relative size of these small
quantities, but the most interesting case is when  ∼ β −1/3 . It is then possible to derive nonlinear
partial differential equations in y and t only. In this system, the x-dependence is given by a wavy
mode with the linear critical wavenumber, but the y-dependence can vary from its onset form.
This makes it possible to analyse the bifurcations that occur as the Rayleigh number is increased.
Interestingly, all these bifurcations occur in a range of Rayleigh number for which Ra/Ra c is only
O(β −2/3 ) above critical, so that the transition from steady rolls to chaotic convection takes place
when the Rayleigh number is only slightly supercritical. Because the curvature is neglected in the
annulus model, the system is symmetric about the midplane in y, that is if the sidewalls are at
y = ±d/2, there is a symmetry about y = 0. The zonal flow driven by the convection initially
has this symmetry, and has an approximately parabolic form. However, as the Rayleigh number is
increased, a symmetry-breaking bifurcation occurs, and the zonal flow becomes asymmetric about
y = 0 (Or & Busse, 1987, Abdulrahman et al. 2000). With no curvature, there is nothing to
distinguish the two asymmetric zonal flow patterns corresponding to eastward or westward flow at
the outer boundary, but if small curvature is introduced, then the zonal flow which is eastward on
the outer boundary is preferred, corresponding to a prograde equatorial zonal flow in spherical shell
geometry.
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4.5.3 Zonal flows and multiple jets
The two-dimensional nonlinear equations (4.5.4) and (4.5.5) can be integrated forward in time very
efficiently, using fast Fourier transforms in Cartesian geometry with a pseudo-spectral method in
which ψ and T 0 have expansions of the form
ψ=

NX
x −1

Ny
X

ψlm eilx(2π/Lx ) sin mπy.

(4.5.15)

l=−(Nx −1) m=1

This means that values of β ∼ 106 (low E) can be achieved (see Brummell & Hart, 1993; Jones et
al. 2003). This makes the annulus model a powerful tool for the study of zonal flows. Zonal flow
strength can be significantly affected by Ekman suction, which we omitted when we set u z = ±χuy
on z = ±L/2. If we now include the Ekman suction term (4.4.2), remembering that χ is small,
there is now a boundary term when we integrate (4.5.2) over z, and (4.5.4) becomes
∂ζ
∂(ψ, ζ)
∂ψ
∂T 0
+
−β
= −Ra
− C|β|1/2 ζ + ∇2 ζ,
∂t
∂(x, y)
∂x
∂x

(4.5.16)

details being given in Jones et al. (2003). The extra term proportional to the geometrical constant
of order unity, C, represents a damping due to the Ekman boundary layer. In experiments, this
term can often be larger than the internal friction ∇ 2 ζ, for the zonal flow.
In the Earth’s core, zonal flows can be strongly affected by magnetic fields (Aubert, 2005), but the
formation of zonal flow patterns is an important feature of rotating convecting flows. Simulations
show that these east-west flows can build up to a very large amplitude, so that the kinetic energy
in the jets can be much larger that the kinetic energy of the nonaxisymmetric rolls which are
transporting the heat. An issue which has attracted much attention recently is the formation of
multiple jets. The giant planets, particularly Jupiter, have a zonal flow pattern which has an
alternating pattern of eastward and westward jets as the latitude varies. Numerical simulations of
spherical convection at moderate Rayleigh and Ekman number show a much simpler pattern, with
a prograde (eastward) flow near the equator and a retrograde flow near the poles. The Sun has
a differential rotation pattern of this form. In terms of the annulus model, the zonal flow comes
from the l = 0 mode in (4.5.15), and a multiple jet solution is one on which this l = 0 mode is
dominated not by m = 1 but by a higher m value. The boundary conditions have some effect on
the appearance of multiple jets. If there is a no-slip boundary on the sloping boundaries, an Ekman
layer is created which leads to Ekman suction and hence damping in the interior. This reduces
the magnitude of the zonal flows, which makes multiple jets more common. Increasing β to very
high values also favours the formation of multiple jets. However, in the core, the pattern of the
zonal flow is determined by the magnetic field, so we will not pursue these interesting nonmagnetic
problems further here.

4.6 The quasi-geostrophic approximation
The Busse annulus model is a two-dimensional model which captures many of the essential features
of rapidly rotating convection in spherical geometry found in experiments (see the article by Cardin):
convection occurs in the form of tall thin columns, it onsets as thermal Rossby waves propagating
prograde, and large zonal flows develop which may have a multiple jet structure. The annulus
model can only be rigorously derived when the slope of the boundaries is small, and it is limited
because it does not take into account the strong variation of the boundary slope η that occurs in
spherical geometry (see figure 5). The key property of the annulus model is that the axial vorticity
is z-independent, thus reducing the problem from three to two dimensions. Both the linear theory
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of convection and experiments suggest that the axial vorticity does not vary strongly with z even
in spherical geometry (Gillet & Jones, 2006). There is some variation with z but it is numerically
small, suggesting that assuming axial vorticity is z-independent may be a good approximation,
even though it cannot be rigorously derived in any limit. If this is done, it follows that u s and
uφ are also z-independent, and that uz is only linearly dependent on z. This is the essence of the
quasi-geostrophic approximation (QGA) for rapidly rotating fluids. Detailed discussions of this
approximation are given in Aubert et al. (2003), and numerical results using it in Morin & Dormy
(2004) and Gillet & Jones (2006). Another way of viewing the QGA is that the terms omitted by
assuming χ is small are not very important even when χ is O(1), so that the QGA behaviour is
qualitatively similar to that of full spherical convection provided the rotation is very large. Note
that one of these omitted terms is the z component of gravity. In the experiments, where gravity is
replaced by centrifugal acceleration (see the article by Cardin), there is no z component of gravity,
so the QGA may be particularly appropriate. The QGA will certainly break down if the Rossby
number becomes O(1) or larger, because then the convection will no longer be columnar. The
QGA gives useful results which can be compared with experiments (Gillet & Jones 2006) and has
the great advantage that because it is relatively easier to solve two-dimensional problems, the heat
transport and the zonal flow can be explored over a wide range of parameter space. The zonal flow
equation is found by taking the φ average of the φ component of (2.5.11), remembering that the z
average has already been taken, so we are effectively averaging over cylinders of radius s,
1/2

"

E −1/2 rcmb
1
∂
− ν ∇2H − 2 −
∂t
s
dH 3/2

#!

ūφ = −u · ∇uφ ,

(4.6.1)

2
where H is the height of the CMB above the equatorial plane, H = (r cmb
− s2 )1/2 . On the left
hand side, the viscous force splits into two parts, the bulk friction and the Ekman suction, and in
a steady state, these must balance the driving by the Reynolds stresses. Frequently, the driving
is quite strong and the viscosity is small, so a large zonal flow is needed to bring this equation
into balance. However, even quite weak Lorentz forces will upset this balance, so we can expect
zonal flows to be radically different in the magnetic case. The QGA cannot be used (at least in
its present form) for convection inside the tangent cylinder because the axial vorticity there does
depend quite strongly on z, indeed it can change sign as z varies.

4.7 Thermal wind
Perhaps the least satisfactory feature of the QGA is that it is necessary to assume the temperature
has no variation perpendicular to gravity. This may not be true in the core; it certainly is not true
in the Earth’s atmosphere where the poles are much colder than the equator. The φ component of
(4.1.1), omitting viscosity, time-dependence and small Rossby number, gives
2Ω

gα ∂T 0
∂uφ
=
.
∂z
r ∂θ

(4.7.1)

This is the thermal wind equation. Note that now we have omitted the Reynolds stress term on
the right hand side of (4.6.1) as well as internal friction and Ekman suction, so this is a very
different balance from that envisaged in (4.5.16) and (4.6.1), but it may be more realistic in the
core. In the northern hemisphere of the Earth’s atmosphere, where cold arctic air comes close to
warm equatorial air there is a strong positive ∂T 0 /∂θ and hence the zonal east-west flow increases
rapidly upwards from (4.7.1). At ground level, the atmosphere is constrained to rotate at the same
speed as the Earth, but at great heights the resulting jetstream significantly shortens aeroplane
travel times going from west to east. In the core, there is evidence from the secular variation that
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there are anticyclonic vortices near the poles in the Earth’s core (Olson & Aurnou, 1999). If the
origin of these vortices is a thermal wind (Aurnou et al. 2003; Sreenivasan & Jones, 2005), then
the polar regions inside the core must be warmer (less dense) than the equatorial regions. Order of
magnitude estimates show that even very small latitudinal temperature variations, of the order of
10−3 K, can give rise to the observed anticyclonic vortices. As mentioned in section 4.1, the motion
across the tangent cylinder is likely to be small in the core, so a build-up of light material and hot
material released from the inner core may accumulate inside the tangent cylinder.
Since the thermal wind produces a variation of zonal flow with z, not only may the flow be
anticyclonic near the CMB, it may be cyclonic (eastward) near the ICB. This could lead to a superrotation of the inner core, that is an inner core rotating faster than the mantle. There is some
seismological evidence that the inner core is rotating faster than the mantle, by about 0.3 degree
per year (Song, 1996; Collier & Hellfrich, 2001; Zhang et al. 2005), but it is controversial (Souriau
et al. 2003). If the inner core and the mantle are both slightly nonaxisymmetric, gravitational
coupling (Buffett & Glatzmaier, 2000) may lock the inner core to the mantle, allowing only an
oscillation between the two rather than a continuous relative rotation.

4.8 Scaling laws and heat transport in nonlinear rapidly rotating convection
The weakly nonlinear theory of section 4.5.2 can be used to predict behaviour just above critical,
but when the flow becomes turbulent we would not expect a theory based on convection having the
same pattern as it has near onset to be appropriate. In particular, at low Prandtl number the flow
speed and the heat transport grow only slowly with Ra/Ra c − 1 when Ra is very close to Rac , but
simulations indicate that much more rapid growth of heat transport and flow speed occurs when
Ra/Rac − 1 is O(1) (Plaut & Busse, 2002; Gillet & Jones, 2006). A turbulent two-dimensional
flow is one where columnar eddies grow and decay continually throughout the fluid. They typically
last a turn-over time, which means their lifetime is about `/U ∗ , where ` is the typical length
scale transverse to the rolls (` << d, where d is the integral length scale, either the radius of the
sphere or the gap-width as appropriate) and U ∗ is the typical fluid velocity. Near onset, we expect
` ∼ dE 1/3 , but in a strongly nonlinear regime we might expect that ` becomes independent of ν as
a turbulent cascade develops. The usual situation in turbulence is that the very small value of ν
only affects the very small length scale at which the viscous dissipation occurs, and the only effect
of reducing ν further is to extend the cascade so that the dissipation length becomes even smaller,
without significantly affecting the behaviour at the larger length scales. Note that here we are only
discussing rapidly rotating convection, by which we mean that the velocity is small enough so the
Rossby number is small, and so the convection remains columnar. As we increase the Rayleigh
number, the typical velocity will increase, so we must also increase the rotation rate in order to
remain in the rapidly rotating regime. If the Rayleigh number is increased at fixed rotation rate,
eventually the Rossby number will become order unity and a different regime is entered. Because
the Earth’s core has low Rossby number, we focus here only on the rapidly rotating regime, and
do not discuss what happens at intermediate Rossby number.
4.8.1 The inertial theory of rapidly rotating convection
A scaling independent of viscosity was proposed by Ingersoll & Pollard (1982) and developed by
Aubert et al. (2001). The key idea is that there is a three term balance in the axial vorticity equation
(4.1.1) between vorticity advection, vortex stretching and vorticity generation by buoyancy. We
cannot give exact results without detailed numerical simulation, but here we simply try to identify
the dominant terms in the equations and hence to see how quantities such as the typical velocity
scale. In this spirit, we denote the typical vorticity by ζ ∗ and the typical temperature fluctuation
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by T∗0 to get
U∗
,
U∗ ζ∗ /` ∼ ΩU∗ /d ∼ gαT∗0 /`.
(4.8.1)
`
We have omitted the factor 2 in the vortex stretching term, because it can be absorbed in the
definition of the typical length scales, and we are only interested in the scalings. Note however
that it is d not ` that appears in the vortex stretching term, because the axial velocity only varies
on the long length integral scale in columnar convection. The balance of inertial advection against
buoyancy in non-rotating convection, (3.1.7), would be the same as in (4.8.1) if ` is taken as the
mixing length. In rapidly rotating convection the vorticity constraint impedes movement in the sdirection (the Proudman-Taylor constraint) because of the sloping endwalls, so we can view (4.8.1)
as a mixing length balance but with the mixing length much reduced from d to `. Another way of
viewing this is that as a hot fluid column attempts to move outward in the s-direction, the Coriolis
force turns it sideways in a distance `.
The temperature fluctuation is determined by the convective heat flux per unit area as in (3.1.8)
ζ∗ ∼

Fconv ∼ ρcp U∗ T∗0 ,

(4.8.2)

ρ being the fluid density and cp the specific heat at constant pressure and F conv being a typical
value of the convective heat flux per unit area. To complete the theory we need a relation giving
the convective heat flux in terms of the superadiabatic temperature difference between the ICB
and the CMB. We discuss this below, but for geophysical (and astrophysical) applications, usually
more is known about the heat flux than about temperature differences, so (4.8.1) and (4.8.2) are
often all that is needed. Eliminating T ∗0 and U∗ between them gives
`∼

gαFconv d3
Ω3 ρcp

!1/5

,

(4.8.3)

and then we get
U∗ ∼



d
Ω

1/5

gαFconv
ρcp

!2/5

,

gαT∗0

∼



Ω
d

1/5

gαFconv
ρcp

!3/5

.

(4.8.4a, b)

It is interesting to compare these with the Deardorff velocity and temperature scalings (3.1.9). The
exponents in the scalings with Fconv are different, but not that different! In the inertial theory
0.4 whereas for the Deardorff scaling U ∼ F 0.5 . The small difference arises
we have U∗ ∼ Fconv
∗
conv
because of the weak power of 1/5 in (4.8.3). This length scale ` is sometimes called the Rhines
scale (Rhines, 1975) and it arises from the balance of vorticity advection and vortex stretching. For
the inertial theory to be valid, this length scale must be larger than the thickness of the rolls at
onset `c ∼ d1/3 (ν/Ω)1/3 . Of course, at sufficiently small ν the Rhines length will be larger than the
onset length, but E has to be very small before this is achieved. In the core, if we take the usual
estimate of E ≈ 10−15 and d = 2.26 × 106 m, then `c is only 20 metres (but numerical factors from
simulations can increase this to 300 metres) , but the Rhines scale (U ∗ d/Ω)1/2 ≈ 4 km, assuming a
typical velocity of 5 × 10−4 m s−1 .
In simulations and experiments it is quite hard to achieve such a low viscosity, and then an
alternative viscous scaling
ΩU∗ /d ∼ gαT∗0 /`c ,

`c ∼ d



E(1 + P )
P

1/3

together with (4.8.2) may give better results (Gillet & Jones, 2006).
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,

(4.8.5)

The convective heat flux may be estimated in terms of the Nusselt number
Fconv ∼ (N u − 1)ρcp κ∆Ts /d,

(4.8.6)

exact in plane layer geometry but only an estimate in spherical geometry. Here ∆T s is the superadiabatic temperature gradient across the layer. If we define the Rayleigh number as Ra =
gα∆Ts d3 /κν, the Ekman number as E = ν/Ωd2 and define the convective flux Rayleigh number
as RaQ = Ra(N u − 1), then (4.8.3) and (4.8.4) can be expressed in dimensionless form as
`
1/5
∼ E 3/5 P r −2/5 RaQ ,
d

(4.8.7)

U∗ d
2/5
∼ (EP r)1/5 RaQ ,
κ
T0
3/5
Ra ∗ ∼ (EP r)−1/5 RaQ ,
∆Ts

(4.8.8)
(4.8.9)

4.8.2 Heat transport in rapidly rotating convection
We noted above that both the inertial scaling and the viscous scaling are incomplete, because
the Nusselt number-Rayleigh number relation is undetermined. In non-rotating convection, this
relationship is determined by the formation of boundary layers, the interior outside these boundary
layers being almost isothermal, because convection is very efficient there. In rapidly rotating
convection the formation of boundary layers is delayed, because the vorticity constraint makes
convection less efficient. As the Rayleigh number is raised, eventually boundary layers form and
we expect that the N u − Ra relationship will become like that in non-rotating convection. The
experiments of Sumita & Olson (2003), where very high Rayleigh numbers were achieved, showed
this behaviour. For moderate Ra, N u − 1 is almost proportional to Ra/Ra c − 1 but d log(N u −
1)/d log(Ra/Rac − 1) dropped down to 0.41 at the highest Rayleigh numbers they could achieve.
A natural extension to the scaling laws in the absence of boundary layers is to balance nonliner
advection of heat with transport down the mean gradient,
(u · ∇)T 0 ∼ us

dT̄
,
ds

or

T∗0 ∼

`
∆Ts .
d

(4.8.10)

Fluid elements carry their temperature until they break after a distance ` and merge into their
surroundings, which have temperature differing by `∆T s /d.
With the inertial scaling formulae (4.8.3), (4.8.4b) and (4.8.6), this gives
Nu − 1 ∼

(gα∆Ts )3/2 d1/2
,
Ω2 κ

or N u − 1 ∼ E 2 Ra3/2 P r −1/2

or

3/5

N u − 1 ∼ E 4/5 P r −1/5 RaQ .

(4.8.11)

The viscous scaling (4.8.5) gives
gα∆Ts d1/3 (ν + κ)1/3
1 + Pr
Nu − 1 ∼
∼ Ra
4/3
κ
Pr
Ω


1/3

E

4/3

∼



1 + Pr
Pr

1/6

1/2

E 2/3 RaQ .

(4.8.12)

Both these formulae, which apply only when thermal boundary layers are negligible, show that
the heat transport is strongly reduced at low E, the effect of the vorticity constraint blocking the
convection, but N u − 1 increases much more rapidly with Ra than in non-rotating convection.
Eventually boundary layers develop and (4.8.10) is replaced by a formula in which ∆T s is not
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the total superadiabatic temperature drop across the layer but the drop across the interior region
outside the boundary layers, see Gillet & Jones (2006) for details.
The inertial scaling suggests that viscosity is unimportant in determing the velocity and heat
transport. Christensen (2002) made a numerical study of convection in a rotating spherical shell
and concluded that the results could be better represented in terms of a modified Rayleigh number
and Nusselt number
Ra∗ =

gα∆Ts
,
Ω2 d

N u∗ =

Fconv
ρcp ∆Ts Ωd

and

Ra∗Q = N u∗ Ra∗ .

(4.8.13a, b)

This has the advantage that it is independent of all diffusivities. Note that Ra ∗ is very small in
the core, unlike the usual definition which is very large in the core. Now assuming that N u >> 1,
(4.8.8) and (4.8.11) can be written
U∗
= Ro ∼ (Ra∗Q )2/5 ,
Ωd

N u∗ ∼ (Ra∗Q )3/5 ,

(4.8.14)

showing explicitly that the velocities and the convective heat transport are completely independent
of diffusion. Christensen (2002) has compared these formulae with the output from numerical
simulations. He finds that that fit fairly well to the data. When there is no internal heating, the
total convective flux across any spherical surface of radius r is constant, so F conv ∼ 1/r 2 . At large
Ra the distinction between N u and N u − 1 is unimportant, and he defines
Ra∗Q =

ricb gαF
,
rcmb ρcp Ω3 d2

(4.8.15)

where F is the heat flux per unit area on the outer boundary. The Rossby number is measured by
taking the typical velocity as the root mean square poloidal velocity averaged over the outer core.
The poloidal velocity is a measure of the convective velocity, as it excludes the zonal flow, which
can be much larger. He then finds a good fit for the relations
Ro = 0.54(Ra∗Q )2/5 ,

N u∗ = 0.077(Ra∗Q )5/9 .

(4.8.16a, b)

The typical velocity therefore agrees well with the inertial scaling, and the power of 5/9 is between
the 1/2 of (4.8.12) and the 3/5 of (4.8.11). These results are encouraging, though some caution is
needed in applying them. Gillet & Jones (2006) find that the viscous scaling gives rather similar
power laws to the inertial scaling, and at moderate Ra these may give a better fit to simulation
data. Also, at fixed E and large Ra thermal boundary layers become important and (4.8.16b)
will break down. However, the core may well be in a regime where E is so small that diffusion is
unimportant, and Ra is large but not so large that thermal boundary layers determine the heat
transport.

5 CONVECTION WITH AND WITHOUT ROTATION IN THE PRESENCE
OF MAGNETIC FIELD
The Earth’s core is made up of electrically conducting fluid permeated by magnetic field. These
magnetic fields affect convection in many different ways. To simplify the different effects, theoreticians have studied simplified models which highlight the behaviour in various circumstances. From
the intuition developed by these studies, we hope to be able to understand the interplay of the
many different forces at work in core convection. We first distinguish between the dynamo process,
which addresses the question of how the field is generated, described in Roberts’ chapter, and the
back-reaction that the created field has on the convection. In this section, we do not attempt to
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describe the dynamo process, but instead assume that a field has been generated by a dynamo,
and we study the interaction of this given field with the convection. The study of convection in
the presence of an imposed field is usually known as magnetoconvection, whereas the full problem, including generation of field from only a small seed field, is called the hydromagnetic dynamo
problem. Magnetoconvection studies therefore have an imposed field. This is usually done by
specifying that there is a non-zero magnetic field at the boundaries. Sometimes this field is fixed at
the boundaries, sometimes there is a specified amount of flux passing through the boundary which
can be moved around but not destroyed. While it is convenient to split the problem into magnetoconvection and dynamo action, there are of course connections between these two problems.
The dynamo generated field saturates when the back-reaction of the created field alters the flow
pattern into something that no longer generates large quatities of field, so that the field strength is
determined by magnetoconvection processes.
The issues we concentrate on here are (i) if we start with a uniform field, how is the field altered
by the flow? (ii) If we impose a uniform magnetic field, how is the pattern of convection at onset
changed? (iii) what magnetic field structures emerge in a fully convecting conducting fluid? The
first two questions are essentially linear problems, and so analytic progress is possible. The third
question is nonlinear, and so much harder; we have to rely on a relatively small number of computer
simulations.
While much of our understanding is based on the effect of a simple large scale field on convection,
it should be remembered that the field inside the core is not necessarily like this. Indeed, dynamo
simulations usually show a rather complex field pattern inside the core, not just the simple dipolar
type field at seen at the Earth’s surface. Indeed, a much more complex pattern emerges even
when the external potential field is extrapolated down to the CMB. In consequence, although our
intuition is based on the effect of uniform fields, this may not always give us a reliable picture,
so we should not be too surprised if dynamo simulations give a rather different picture from that
predicted by magnetoconvection.

5.1 Flux expulsion and flux rope formation
We start by assuming that an initially uniform magnetic field permeates a fluid layer. At time t = 0
a specified velocity field is switched on, and the magnetic field is moved around. What happens to
the field? This is called the kinematic flux expulsion problem (Weiss, 1966). It is kinematic because
the flow is assumed inexorable, unaffected by the field itself. It is flux expulsion because that is
what happens; the flux is expelled from regions where the flow is vigorous into regions where very
little shear occurs. The simplest case is that of two-dimensional roll flow, in a square box of height
and width d,
πy
πx
πy
πx
cos
, U cos
sin
, 0)
u = ∇ × ψ1z = (−U sin
d
d
d
d
with a magnetic field
B = ∇ × A1z =



∂A ∂A
,−
,0 ,
∂y
∂x


with

A = 0 on x = 0, A = B0 d on x = d.

The initial field is a uniform vertical field, A = B 0 x. Note that the boundary conditions on A ensure
that the total amount of vertical flux is conserved, so there is no possibility of the field disappearing.
The equation for A is the induction equation, which can be written in two dimensions as
∂A ∂(ψ, A)
−1 2
+
= Rm
∇ A.
∂t
∂(x, y)
Here the magnetic Reynolds number R m = U d/η, where η is the magnetic diffusivity. If R m is
small, the magnetic field is not disturbed much from its initial state, as the diffusion term dominates
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Figure 6: Flux expulsion. The field is initially vertical, and the turnover time is d/U . Four plots
shown are at times 0, 0.5, 2.0 and 20.0 turnover times from left to right. The flux is expelled into
ropes near the sides of the box.
and the initial field satisfies ∇2 A = 0. If Rm is large, flux expulsion occurs, and a typical solution
is shown in figure (6), based on Galloway and Weiss, 1981, which shows how flux ropes are formed.
The figure shows behaviour in a square box at a sequence of times in units of the turnover time
d/U with Rm = 1000.
The concentrated fields that develop at x = 0 and x = d are called flux sheets. At large R m
−1/2
their thickness scales as dRm
(Galloway et al. 1977) . This represents a balance of advection
and diffusion in the flux sheet, advection into the sheet being at a rate U d and diffusion out being
2, δ
at a rate η/δB
B being the sheet thickness. In three dimensions, an axisymmetric convective
flow produces a rope at the centre of the cell rather than a flux sheet, but the thickness is still
−1/2
approximately dRm , though logarithmic factors can enter (Galloway et al. 1977). The magnetic
Reynolds number in the core is in the range 10 2 − 103 , so we expect flux expulsion to be significant.
There is evidence from geomagnetic field observations that flux patches exist, most notably under
Alaska and Siberia in the present field. Unfortunately, the width of the patches is rather uncertain,
because crustal magnetism prevents us seeing small scale structures, and it may be that the patches
are thinner but more intense than is apparent from the necessarily smoothed out published CMB
fields. This is certainly suggested by geodynamo simulations. On the surface of the Sun, the
intense turbulence just below the photosphere sweeps the flux into sunspots, which are relatively
quiescent regions. Since the convection is reduced in the spots, they appear cooler, and hence dark
by comparison with the rest of the solar surface.

5.2 Linear theory of magnetoconvection in plane geometry
We now consider the classic problem of the onset of magnetoconvection in a plane layer of electrically conducting fluid confined between horizontal boundaries at z = ±d/2. The imposed field
is uniform, but the convection generally produces a small induced field which can significantly affect the convection. Chandrasekhar (1961) describes in great detail the case where the imposed
magnetic field and the rotation axis are parallel to gravity. Many other cases have been studied.
Convection near the equator in the presence of a strong azimuthal field might be best modelled
by having gravity, rotation and the magnetic field mutually perpendicular (Roberts & Jones, 2000;
Jones & Roberts, 2000).
5.2.1 Non-rotating magnetoconvection
We start with the non-rotating case, to isolate the effects of magnetic field alone. If the imposed
magnetic field is horizontal, then the convection onsets in the form of two-dimensional rolls with
their axes aligned with the magnetic field. This resembles the alignment of convection rolls with the
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rotation axis in rotating convection. The magnetic alignment can be simply understood, because
if B0 is the imposed field, and b is the induced field created by the motion, (2.1.5) implies
∂b
= B0 · ∇u + η ∇2 b,
∂t

(5.2.1)

so if the flow does not vary in the field direction (B 0 · ∇)u = 0, and there is no source term and
hence b = 0. There is then no Lorentz force, and so convection proceeds as though there was no
magnetic field, and the critical Rayleigh number at onset is the same as in the absence of magnetic
field.
In contrast, if the field is vertical, then the magnetic field restrains the convection, as indeed
occurs in a sunspot. Because of the horizontal boundaries, rising hot fluid has to turn over and so
cannot be z-independent, so (B0 · ∇)u is non-zero, and there is an induced field. This gives rise
to a perturbed current j = ∇×b/µ and hence a Lorentz force j × B 0 in the linearised equation of
motion
 0
p
∂u
j×B0
= −∇
+ ν ∇2 u.
(5.2.2)
+ 1z gαT 0 +
∂t
ρ
ρ
The linearised temperature equation (we assume compositional convection behaves similarly) is
∂T 0
= −T00 uz + κT ∇2 T 0 .
∂t

(5.2.3)

In addition to the velocity components being zero at the boundaries, we also need additional
boundary conditions for the magnetic field. The simplest case is for a perfect conductor, as then
bz = 0 on the horizontal boundaries, and the horizontal components of the current are zero, which
since the current is divergence-free implies that dj z /dz = 0 on the boundaries (Chandrasekhar,
1961). Together with a condition on the temperature, T 0 = 0 on the boundaries being the usual
choice, this provides a convenient set of conditions. Somewhat more realistic for the core are
insulating boundary conditions, that is the material outside the core is assumed to be an insulator.
This is a sensible condition for the CMB (though some iron could have leaked into cracks in the
mantle, giving a finite conductivity). Then there is no current out of the fluid, so j z = 0, and
the horizontal components of b must match onto an external potential field. In the case where
the field on the boundary is naturally decomposed into Fourier modes ∼ exp(ik x x + iky y), this is
straightforward to apply, because the external potential field has the form exp(−az + ik x x + iky y),
where a = ±(kx2 + ky2 )1/2 , the plus sign for the field above the layer, the minus sign for the field
below. From ∇ ·b = 0 it follows that dbz /dz = ∓abz on the top and bottom boundaries respectively.
A similar trick works for spherical geometry, but the cases of rectangular or cylindrical containers
are much harder, as there is then no simple solution for the external field, which must therefore be
calculated numerically.
The Lorentz force opposes the convection, so that the onset of convection is delayed, that is the
critical Rayleigh number is increased. Details are given in Chandrasekhar (1961). The dimensionless
parameter that measures the importance of magnetic field is now called the Chandrasekhar number
Q=

B02
.
µρνη

(5.2.4)

If this parameter is large, the onset of convection is delayed until Ra ∼ Q 1/2 , and when convection
occurs it takes the form of tall thin cells, which minimises the bending of the field lines. The
Lorentz force for a general non-uniform field is
1
1
1
(∇ × B) × B = (B · ∇)B −
∇B2 ,
µ
µ
2µ
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(5.2.5)

the first term being the curvature and the second the magnetic pressure. The magnetic pressure
is not so important in Boussinesq convection, since it merely adds to the fluid pressure, and has
no curl. It is the curvature force that impedes convection by opposing the convection rolls so that
stronger buoyancy forces are needed to maintain the convection. If the field is oblique to gravity,
the horizontal component lines the convection rolls up with the field, while the vertical component
raises the critical Rayleigh number.
5.2.2 Onset of plane-layer rotating magnetoconvection
Magnetic field on its own either opposes convection, or is neutral to it in the case of horizontal field.
However, in the presence of rotation it is possible for the magnetic field to break the ProudmanTaylor constraint and hence lower the critical Rayleigh number. The linearised equation of motion
is now
 0
p
j×B0
∂u
+ 2Ω×u = −∇
+ ν ∇2 u,
(5.2.6)
+ 1z gαT 0 +
∂t
ρ
ρ
where again B0 is a uniform magnetic field and j is the small current induced by the small velocity.
The case where the gravity, rotation and applied field are all vertical (appropriate for the polar
regions in the core) was studied by Chandrasekhar (1961). The rapid rotation limit was examined by
Eltayeb (1972). The case where the rotation, applied field and gravity are mutually perpendicular
was studied by Roberts & Jones (2000) and Jones & Roberts (2000). When the field and rotation are
in the same direction, not surprisingly the convection rolls have their axes parallel to this direction.
In the case where there is an angle between the rotation and magnetic field vectors, it is possible
for the rolls to line up with either the rotation or the magnetic field, or in some circumstances to
be oblique to both, see Roberts & Jones (2000) for details.
It is most useful to consider the case of rapid rotation, that is small E, with the field gradually
increasing in strength. A key parameter is the Elsasser number
Λ=

B02
.
µρηΩ

(5.2.7)

At the onset of convection, the induction equation gives a relation between the typical perturbed
field b∗ and the velocity U∗
B0 U∗
ηb∗
∼ 2
(5.2.8)
d
d
which means that the typical value of the Coriolis force and the Lorentz force balance when Λ ∼ 1.
Note that this is not necessarily the case far from onset.
In the polar regions, where gravity, rotation and applied field are all approximately parallel, a
nonmagnetic mode onsets first until the Elsasser number reaches Λ c = 21/3 π 2/3 E 1/3 in the case
of stress-free, thermally conducting and electrically imsulating boundaries. Note that at small E
this is a very weak field, because E 1/3 is small. For Λ < Λc these nonmagnetic modes have the
form of tall thin columns with wavelength O(E 1/3 ) perpendicular to the rotation axis. However, as
Λ is increased past Λc , there is a sudden transition to a magnetic mode of convection, which has
horizontal wavelength the size of the layer depth. If Λ is increased further, the horizontal wavelength
starts to decrease again, as in the non-rotating case, and the critical Rayleigh number starts to
rise. There is therefore an optimum field strength which minimises the Rayleigh number and has
critical wavelengths of order d. The case of a vertical field is slightly exceptional, because with
more general field orientations the optimum Rayleigh number occurs when the Elsasser number is
of order unity (Eltayeb, 1972).
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5.2.3 Waves in the core
The equations (5.2.1), (5.2.2) and (5.2.3) can be used to study wave motion in the core as well
as convection. We ignore the boundary conditions, assume a uniform field and look for solutions
of the form exp i(k · x − ωt) which represent travelling waves. Substituting this form into the
equations gives the dispersion relation between k and ω. If the temperature gradient is stabilising
(subadiabatic) then real values of ω are found if diffusion is neglected. If diffusion is retained, ω is
complex with a negative imaginary part corresponding to damped oscillations. If the temperature
gradient is superadiabatic, growing waves (instabilities) are found provided the diffusion is not too
large.
The full dispersion relation is complicated, but it can be simplified when, as in the Earth’s core,
different types of waves have very different frequencies (Fearn et al. 1988). It also helps to ignore
diffusion in the first analysis. The fastest waves are inertial waves which balance the Coriolis and
inertial accelerations as in (4.1.4), and the inertial wave frequency is given by
ωC = 2(Ω · k)/|k|.

(5.2.9)

The typical period is therefore of the order of a day, though for columnar modes with k almost
perpendicular to Ω they are slower. These waves have not yet been observed in the core, but they
are expected to be driven by tidal forcing. Alfvén waves result from a balance of inertia and Lorentz
force in the equation of motion, when combined with the induction equation. It is useful to think
of the magnetic field lines as stretched strings, with magnetic curvature forces, (5.2.5), providing a
restoring force whenever the field lines are bent. These waves have frequency
ωM = (B0 · k)/(µρ)1/2 ,

(5.2.10)

and they travel at the Alfvén speed, B 0 /(µρ)1/2 , which for a moderate 1mT core field is around
10−2 m s−1 , giving around 60 years for the wave to travel round the core. An important class
of Alfvén waves are those corresponding to azimuthal motion constant on cylinders, which are
called torsional oscillations (Braginsky, 1967). These are believed to be important in the core and
are probably responsible for decadal length of day variations (Jault et al. 1988; Jackson, 1997;
Jault, 2003), and possibly shorter period elements of the geomagnetic secular variation, such as the
so-called geomagnetic jerks.
Another timescale comes from the temperature gradient, from the balance of buoyancy and inertia
in the equation of motion, combined with the temperature equation (5.2.3) with κ = 0. The frequency of internal gravity waves is ω A = (gαT00 )1/2 kH /|k|, where T00 is the subadiabatic temperature
gradient, and kH is the component of k perpendicular to gravity. In a convectively unstable region,
T00 < 0, the temperature gradient is superadiabatic. Then ω A is imaginary, which corresponds to an
exponentially growing unstable mode, with |ω A | being the growth-rate. With an estimate of 10 −4 K
for a typical superadiabatic temperature fluctuation, −T 00 ∼ 10−4 /d, giving a typical growth-rate
of about 5 months.
When all the non-diffusive terms in the equations are present, the dispersion relation gives a
fast inertial wave and a slow wave in which only the time-derivative terms in the induction and
temperature equations are important, inertia being negligible. These slow waves are known as
MAC waves and have frequency
2
2 1/2
ωM AC = ωM C (1 + ωA
/ωM
) ,

where ωM C =

2
B02
ωM
∼
.
ωC
µρΩd2

(5.2.11)

In the superadiabatic case, when |ω A | > |ωM |, ωM AC is imaginary, corresponding to a growing
convective mode. The rate of growth is slow, since τ M C = 2π/ωM C is of the order of some thousands
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of years. It is comparable to the magnetic diffusion time, since the ratio τ diff /τM C = B02 /µρΩη = Λ
and the Elsasser number Λ has a value of O(1) in the core. The MAC growth rate will be a little
larger than 1/τM C because |ωA | > ωM , but these slow growth times are consistent with the time
taken for the typical convective velocity to take fluid across the core, 200 years, so the dynamical
picture does seem to be self-consistent.
5.2.4 Small-scale dynamics and the Braginsky-Meytlis theory of plate-like motion
Although for general wave-vectors k the MAC wave time-scale is slow, it is much faster if k and Ω
are perpendicular. This is the case for columnar motion independent of z, the coordinate parallel
to the rotation axis. For these motions, ω M C is singular, and we have to restore inertia, leading to
the much faster torsional wave frequency. It is also possible for k to be perpendicular to both Ω
and B0 . This type of motion does not bend the field lines, and so has no Alfvén wave behaviour.
For these motions with k in the direction Ω × B 0 neither magnetic field nor rotation can impede
the growth of convective instability. In a Boussinesq fluid, waves have k · u = 0, so such waves have
motion only along ‘plates’, planes containing the rotation vector and the magnetic field vector. If
there is an unstable temperature gradient in a direction parallel to these planes, instability will
grow on the much shorter ωA timescale. Large scale motion along plates may be blocked by the
boundary curvature, and therefore ‘feel’ the rotation, but small scale convection in the core will
be preferentially in the form of plate-like motions aligned with the rotation and magnetic field.
Since small scale turbulence in the core is driven primarily by convective instability rather than
turbulent cascade, Braginsky & Meytlis (1990) argued that this would mean that turbulence is
likely to be highly anisotropic. This is a cause for concern, because most dynamo simulations
assume an isotropic eddy diffusion. Introducing an anisotropic diffusion adds considerably to the
computational cost of a dynamo code, though some work has been done (e.g. Matsushima, 2005).
A promising approach to the problem of how to include small-scale behaviour into dynamo models
is sub-grid scale modelling. A number of approaches have been tried (Buffett, 2003), but the
similarity method is perhaps currently the most successful (Chen & Glatzmaier, 2005). The idea is
to filter simulation runs at two different filter scales in order to estimate the effect of the smallest
scales present in the run. Then a similarity assumption is made, which comes down to assuming that
the unresolved scales behave similarly to the smallest resolved scales. This allows an extrapolation
to be made that takes into account the unresolved scales; details are given in Chen & Glatzmaier
(2005). The advantage of this method is that if the smallest resolved scales are anisotropic, then
the correction from the unresolved scales will also be anisotropic, so Braginsky-Meytlis ideas could
be captured by this approach. On the down side, if there are new modes entering the problem at
the subgrid scale level, they will not be detected by the similarity method, and so any effect they
have will be missed in the simulation. The application of sub-grid scale methods to core convection
is very recent, and it will be interesting to see how successful they are.
5.2.5 Boundary layers in rotating, magnetic fluids
The presence of magnetic field affects the Ekman boundary layer structure discussed in section
4.4. The simplest problem is to consider the boundary layer just above a plane wall z = 0 with
rotation and an imposed magnetic field B 0 in the z-direction. The horizontal flow in the boundary
layer then induces horizontal field there. We seek a steady solution, ∂B/∂t = 0, so by Maxwell’s
equations ∇ × E = 0, and we assume no externally imposed electric field, so E = 0. Then from
Ohm’s law,
1
u × B.
(5.2.12)
j=
µη
There is some velocity normal to the wall in an Ekman layer (see section 4.4) but it is small,
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O(E 1/2 ), and so to leading order the horizontal components of j are
j=

uy B0
ux B0
1x −
1y .
µη
µη

(5.2.13)

The curl of the steady momentum equation is
−2Ω

1 ∂j
∂2ζ
∂u
= B0
+ν 2,
∂z
ρ ∂z
∂z

(5.2.14)

since the term involving (j · ∇)B is negligible, because the boundary layer is thin (formally this
−1/2
requires the boundary layer to be thinner than R m where Rm is the magnetic Reynolds number
based on the large horizontal length scale). The x and y components of (5.2.14) give
−2Ω

∂
−iB02 ∂
∂3
(ux + iuy ) =
(ux + iuy ) + iν 3 (ux + iuy ).
∂z
ρµη ∂z
∂z

(5.2.15)

Seeking solutions of the form ux + iuy ∼ exp λz, gives a zero root (allowing matching to the interior
flow) and roots satisfying
2iΩ
B02
+
.
(5.2.16)
λ2 =
ρµην
ν
When B0 = 0 this gives an Ekman layer of thickness (ν/Ω) 1/2 , and when Ω = 0 it gives a Hartmann
layer of thickness (ρµην)1/2 /B0 . These layers are of comparable thickness when the Elsasser number
(see 5.2.7) is order unity. In this case the layer thickness is determined by (5.2.16) and the layer is
called an Ekman-Hartmann layer.
The stability of Ekman-Hartmann layers has been analysed, see e.g. Desjardins et al. (1999). An
analysis of Ekman-Hartmann layers in spherical geometry was given by Loper (1970).

5.3 Onset of rotating magnetoconvection in spherical geometry
The onset of instability in the presence of a magnetic field is studied by techniques similar to those
described in section 4.2. Most work has been done for magnetic fields of the form B = B 0 s1φ , the
so-called Malkus field (Malkus, 1967; Fearn 1979a,b; Jones et al. 2003), and the case of a uniform
field parallel to the spin axis (Sakuraba, 2002). In addition to expanding the velocity in toroidal
and poloidal scalars, (4.2.1), we also expand the magnetic field as
b = ∇×Ur + ∇×∇×Vr.

(5.3.1)

As usual, the dynamical equations are treated by taking the r components of the curl and double
curl of the momentum equation, giving equations for the toroidal and poloidal components of u.
We take the radial components of the induction equation and its curl to get equations for U and V.
The temperature equation completes the set. Details are given in Zhang (1995). Although at first
sight this formulation seems to involve a great many curl operations, the resulting equations are
surprisingly straightforward, particularly if expansion in spherical harmonics P lm is adopted, so that
the horizontal part of the ∇2 operator reduces to multiplication by −l(l + 1). The Malkus form of
the field is particularly attractive because it only couples adjacent spherical harmonics together, as
does the Coriolis term. This means that the equation for P lm only involves the coefficients in front
of Plm , Plm and Pl+1 , m. In consequence, the matrices for the linear eigenproblem have a banded
structure, which makes it much easier to find their eigenvalues. If a more general form of the field
is adopted, all the different l components are coupled, so the eigenvalues of a dense matrix must
be found. Of course, if a nonaxisymmetric field were considered the problem would be even worse,
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because then modes with different m are coupled. Solving such a problem would be as hard as the
full nonlinear dynamo, and so it is not surprising that little is known about magnetoconvection in
fields with complex geometries.
The effect of the magnetic field is measured by the Elsasser number, Λ, see (5.2.7). If Λ is very
small, the magnetic field has little effect, and the convection onsets in the usual manner for rotating
convection, i.e. columnar modes are preferred. The first noticeable effect is when Λ is O(E 1/3 ).
This is a rather small value, and core values of Λ must certainly be greater than this. For values
in the weak field range, O(E 1/3 ) < Λ < O(1), the convection is still columnar, but the critical
value of m is significantly reduced, indeed the preferred value drops from O(E −1/3 ) down to O(1)
in this range. So we still have columnar convection, but the rolls are now much fatter due to the
presence of the magnetic field. In this range the critical Rayleigh number typically first increases
with Λ, then reaches a maximum after which it falls significantly (Fearn, 1979b). This shows that
magnetic field can break the Proudman-Taylor constraint and hence be favourable for convection.
The fattening of the rolls due to magnetic field may be important in core convection. The expected
roll thickness without magnetic field is extremely thin due to the very low value of the Ekman
number. The actual value in the core is hard to estimate; magnetoconvection calculations such as
these suggest that there might be comparatively few (less than a dozen) but this is a linear theory
valid only at onset, and low E nonlinear dynamo simulations suggest considerably more rolls than
this.
Another feature of magnetoconvection is that the frequency at onset drops rapidly as Λ increases
(Fearn, 1979b), that is the phase speed of propagation is much slower in the presence of magnetic
field. It is also possible for the waves to propagate westward, rather than eastward, as generally
seems to be the case in the core. The westward drift is not, though, a universal feature of the
secular variation, as the Pacific hemisphere has no strong westward tendency, whereas the Atlantic
hemisphere has. The phase frequency actually drops to the inverse thermal diffusion time in
magnetoconvection for the main thermal mode of convection (Fearn, 1979b), but there are other
modes where the phase speed is the inverse magnetic diffusion time (Zhang & Jones, 1996). At small
q = κ/η these timescales are very different. Quite surprisingly, the Malkus field can be unstable
for negative Rayleigh number (Roberts & Loper, 1979). The instability is driven by magnetic field
energy being converted into fluid motion, and it is these magnetic modes which have a frequency
corresponding to the inverse magnetic diffusion time.
If magnetic field is increased into the Λ ∼ O(1) regime, the critical Rayleigh number typically
has a minimum, and then starts to increase when Λ becomes large. There are however exceptions
to this behaviour when the applied field is more complicated: thus if the applied toroidal field
is antisymmetric about the equator (as may well be the case in the core), at large Λ the critical
Rayleigh number continues to decrease as Λ increases (Zhang & Jones, 1994), and goes Ra c goes
negative because convection is then driven by magnetic instability (see section 5.4 below) rather
than by thermal or compositional buoyancy, so these unstable modes have the character of the
magnetic modes mentioned above.
In the weak field case, it is possible to use the same asymptotic techniques as discussed in section
4.3 to find solutions at very low E (Jones et al. 2003). This also provides a check on the numerical
codes. As in non-magnetic rotating convection, the corrections to the critical Rayleigh number due
to the formation of boundary layers are small, but they can be calculated.
In the case where the applied magnetic field is axial and uniform, Sakuraba (2002) found broadly
similar behaviour to that found in the Malkus field, though here the broadening of the columns
only occurs at Λ ∼ O(1) rather than at Λ ∼ O(E 1/3 ), probably because in this model magnetic field
and rotation are parallel. In addition to the almost geostrophic columnar modes, another polar
mode of convection was found, which has the oppposite equatorial parity to the geostrophic mode,
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that is the axial vorticity is antisymmetric about the equatorial plane while the axial velocity is
symmetric. This mode tends to be strongest in the polar regions (see also section 5.6.2 below).

5.4 Magnetic instabilities
It is well-known that magnetic instabilities make it very difficult to confine plasma in fusion devices,
and we might also expect that magnetic instabilities are significant in the core. A valuable review
on magnetic instabilities is given in Fearn (1998). Magnetic instabilities require a non-uniform
field, so the simple uniform field models usually employed for convection models are not subject
to them, though as noted above, even the very simple Malkus field can be destabilized by the
addition of a stable thermal gradient. The simplest models with magnetic instability are those
where the basic field is assumed to azimuthal. The two cases which have received most attention
are (i) B = B(s)1φ and (ii) B = B(s, z)1φ . The first of these is often studied in cylindrical
geometry, using various profiles B(s) e.g. Fearn (1988). The advantage of this is that the linearised
stability problem has coefficients which are functions of s only, so that disturbances of the form
exp i(kz z + mφ − ωt) can be assumed, leading to a simple one-dimensional eigenvalue problem in
s for the complex eigenvalue ω. The disadvantage of this simple model is that the toroidal field
of the Earth is most likely to be antisymmetric about the equator, and so must be a function
of z. These models become magnetically unstable at lower values of the Elsasser number than
models in which B is only a function of s, typically Λ ∼ O(10) rather than O(100), see Zhang &
Fearn (1994, 1995). These instabilities can interact with thermal convection, and as noted above
can have a significant effect in magnetoconvection models, Zhang & Jones (1994). Some magnetic
instabilities can function in the absence of diffusion, and these are known as ideal instabilities,
while the so-called resistive instabilities require diffusion and typically have a slower growth rate.
In the core, where the magnetic diffusion time is similar to the inverse ideal MAC wave frequency,
the distinction between these modes is not so clear cut. It is also possible for differential rotation
to provide a source of instability, and as one might expect differential rotation can interact with
magnetic instabilities to affect the critical Elsasser numbers for onset (Fearn, 1998).

5.5 Taylor’s constraint
In section 5.2.3 we noted that torsional waves in the core have a frequency of around 60 years for a
moderate 1mT core poloidal field. This is much faster than the rate of evolution of the large scale
field, so that if we average over this longer timescale we expect the forces that excite geostrophic
torsional oscillations to be in equilibrium. Assuming that the velocities in the core are of order
those given by the secular variation, the Reynolds stresses are comparatively small in the core,
and we ignore them here. Then we integrate the φ-component of (2.5.11) over cylinders of radius
s. The Coriolis term reduces to an integral of 2Ωu s over the cylinder, which is zero because in a
Boussinesq fluid (∇ · u = 0) there can be no net flow through these cylinders. The φ component
of the pressure also integrates to zero, and the buoyancy has no φ-component, so we get
∂
∂t

Z

C(s)

ρuφ dS =

Z

C(s)

j × B · 1φ dS + ν

Z

C(s)

1φ · ∇2 u dS.

(5.5.1)

The viscous term is usually dominated by the contribution from the Ekman boundary layers shown
in (4.6.1), and is small in the core compared to the Lorentz force term. On the dynamo timescale
we expect the time-dependent term to average to zero, so we expect Taylor’s constraint (Taylor,
1963)
Z
C(s)

j × B · 1φ dS = 0

(5.5.2)

to be satisfied. The essential point is that this constraint depends on the form of the magnetic
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field. It is not satisfied by B being small, but rather by positive and negative parts of the integrand
exactly cancelling each other out. The magnetic fields arising from the linear solutions of the
dynamo equations or the induced fields from magnetoconvection problems will not in general satisfy
Taylor’s constraint. A state in which Taylor’s constraint is not satisfied is called an Ekman state
(see e.g. Fearn 1998), and in such a state the magnetic field strength has to be small, controlled
by the Ekman suction. Malkus & Proctor (1974) suggested that a geostrophic flow would develop
which alters the induction process until a field satisfying Taylor’s constraint is generated; this type
of field is called a Taylor state. The Malkus-Proctor scenario was shown to occur in the context
of α-effect dynamos by Soward & Jones (1983), with Taylor states emerging. However, for a plane
layer magnetoconvection problem, Jones & Roberts (1990) were able to show that no Taylor state
emerged as the Rayleigh number was increased so the Malkus-Proctor scenario is not necessarily
universal, while Hollerbach et al. (1992) found some evidence of an approach to an inviscid state,
but no true Taylor state emerged. In numerical dynamo simulations, it is difficult to obtain solutions
at low E, so that the viscous term is often still significant in (5.5.1). The measure of whether a
Taylor state has been achieved is called the Taylorization, Anufriev et al. (1995),
R

C(s) j × B · 1φ dS
.
Tay = R
C(s) |j × B · 1φ | dS

(5.5.3)

In an Ekman state, Tay is of order unity, but when a Taylor state is achieved, Tay is small. Strong
evidence that Taylorization occurs in a convectively driven plane layer dynamo was given by Rotvig
& Jones, (2002) and recent work by Aubert (2005) reports that at E = 10 −4 the cylindrical average
of j×B·1φ was only one seventh of its maximum value suggesting that spherical dynamo simulations
are approaching a Taylor state too.

5.6 Numerical simulations of nonlinear convection-driven dynamos
The next natural step after considering linear magnetoconvection is nonlinear magnetoconvection.
However, the equations that need to be solved for this problem are the same as for numerical
simulations of the convection-driven dynamos, namely (2.1.5), (2.1.6), (2.5.2), (2.5.11) and (2.5.12).
Usually, compositional effects are assumed to give similar results to thermal effects, so ξ 0 is set to
zero in (2.5.11). Most recent work has concentrated on the full dynamo problem rather than
the nonlinear magnetoconvection problem. Indeed, the only essential difference is that in the
magnetoconvection problem an imposed magnetic field is added at the boundaries, so that it is not
necessary to have a configuration which has growing dynamo modes. However, it transpires that in
convecting rotating spherical shells, dynamo action is surprisingly easy to achieve, so the incentive
for doing magnetoconvection calculations is correspondingly reduced. The ease with which rotating
spherical convection models produce dynamo action came as somewhat of a surprise, given that
many simple flows do not give dynamo action even at large R m (see the article by Roberts).
The four basic parameters need to define a convective dynamo are the Rayleigh number, the
Ekman number, the Prandtl number and the magnetic Prandtl number ν/η. The parameter range
in which it is feasible to run convective dynamo simulations is restricted. Currently simulations are
restricted to E > 10−6 , κ/η > 0.05 and R/Rc < 100 (Rc being the critical value in the absence of
magnetic field), though these values are being improved all the time due mainly to faster computers,
but also partly to improved numerical methods. The first successful self-consistent dynamo models
made use of hyperdiffusion (Glatzmaier & Roberts, 1995, 1997) or had very restricted resolution
in φ (Jones et al. 1995), but with increasing computer speed these drawbacks are no longer necessary. Jones (2000) reviewed models up to that date, but many more recent papers have appeared.
The models have been surprisingly successful at reproducing many features of the observed field.
They are frequently dipole dominated, they can give occasional reversals rather reminiscent of the
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Figure 7: Contour plots from a dynamo simulation with R = 750, E = 10 −4 , P r = P m = 1. (a)
Shaded contours of Br at the CMB. (b) Shaded contours of ur at r = 0.8rcmb . Reproduced from
Sreenivasan & Jones, Geophys. J. Int., 164, 467-476.
behaviour of the actual Earth, the field strength produced is the right order of magnitude and
the secular variation is broadly similar to geomagnetic secular variation. Of course, varying the
input parameters gives different results, but it is nevertheless rather encouraging that it is possible
to make contact with geophysical observations from first principle solutions of the fundamental
equations. Although there is much still to discover about the relation between the mathematical
solutions of the equations and the geophysical observations, it does appear that the fundamental
physics behind the models is correct.
A particularly simple convective dynamo, at a rather modest set of parameter values, has been
adopted as a benchmark (Christensen et al. 2001) against which to test dynamo codes. This is
necessary, as the dynamo computer programs are very complex, allowing many possibilities for
coding error. A snapshot of the field and flow produced by a typical dynamo code is shown in
figures 7a and 7b. Details of the boundary conditions and definitions of the parameters are in
Sreenivasan & Jones (2006a). A modified Rayleigh number, often used in dynamo simulations and
defined as R = gα∆Ts d/ηΩ is used. These simulations are for a fairly modest value of R = 750.
The flow pattern is columnar, not very different from that shown in figure 3 which is for the
linear onset of nonmagnetic convection. Figures 7a and 7b are for E = 10 −4 ; reducing E gives
more, thinner columns. The pattern drifts westward. The magnetic field seems to be primarily
generated in the convection columns (Olson et al. 1999), and indeed the strongest field is found
near the tangent cylinder, coming out of the tops of the rolls. Magnetic field near the equator is
concentrated in the anticyclonic rolls (Kageyama & Sato, 1997), which then expands the anticyclonic
rolls leading to westward flow near the CMB and eastward flow near the ICB (Sakuraba & Kono,
1999). Models in which the driving is from the boundaries only (with no internal heat source)
(e.g. Christensen et al. 1999) differ in a systematic way from models with a uniform heat source
(e.g Grote & Busse, 2000; Busse, 2002). Models with no internal heating are typically much more
dipolar, while with internal heating quadrupolar dynamos are almost as common as dipolar ones.
Generally, when the convective columns are concentrated close to the tangent cylinder, dipolar
dynamos are more common, whereas with distributed heating, convective columns can occur well

54

away from the tangent cylinder and the resulting dynamos are much less dipole dominated.
Another interesting issue is the importance of inertia in dynamo models. At the modest values
of E possible, if the Prandtl number is small, inertia plays a significant role in the dynamo process
(Simitev & Busse, 2005; Sreenivasan & Jones, 2006a; Christensen & Aubert, 2006). The dynamo
generated field is then typically weaker, much more complex and no longer dipole dominated.
Velocity estimates from the secular variation suggest inertia is not important at large scales in
the core, and the dynamo simulations also suggest that the dipolar structure of the Earth is more
easily reproduced in the low inertia regime. Having said that, it should be noted that the low
inertia, strongly dipole dominated models show no sign of reversing. To get reversals, it is generally
necessary to increase the Rayleigh number (and not to have E too small) to produce a more strongly
time-dependent and less dipole dominated field. Although dynamo models give rise to reversals
(Glatzmaier & Roberts, 1995; Sarson & Jones 1999; Kutzner & Christensen, 2002) there is no
general agreement about how they are achieved. Sarson & Jones (1999) noted that the reversal
typically takes place first in one hemisphere, suggesting the growth of a time-dependent quadrupolar
mode, cancelling out the dipolar field in one hemisphere, strengthening it in the other. The field
can then reverse in one hemisphere, and this reversed flux can lead to a complete reversal. They
also suggested that meridional circulation might be important in controlling the reversal process.
As we learn more about convective dynamos, models which might be suitable for simulating the
magnetic fields found on other planets are being developed (Jones, 2003; Stevenson, 2003). There
is considerable variety in the types of magnetic fields found on other planets. For example, the
field on Mercury is particularly weak, while the fields on Uranus and Neptune are not dipolar
dominated but appear to be a mixture of dipolar and quadrupolar fields with no strongly preferred
parity (Holme & Bloxham, 1996). Developing planetary dynamo models is an area likely to develop
rapidly over the next few years.
5.6.1 Convection outside the tangent cylinder: picture from numerical simulations
The inner core appears to have an important effect on the dynamics of convection, and the behaviour of convection outside the tangent cylinder (TC) is rather different from that inside the TC.
As mentioned in the introduction, the large amount of vortex stretching required makes it difficult
for fluid to cross the TC, though magnetic field may help to allow some transport. Dynamo simulations suggest that the pattern of convection outside the TC is not strongly influenced by magnetic
field, the columnar pattern found in nonmagnetic simulations persisting, and the rolls have the
same parity, that is axial vorticity symmetric and axial velocity antisymmetric about the equator
(see figure 7b). The magnetic field slows down the drift rate, as expected from magnetoconvection
calculations, but the roll width is not increased as much as would be expected from linear magnetoconvection theory. Indeed, the roll thickness seems to go down with E according to the E 1/3
scaling.
In figures 8a and 8b, which are outputs from a dynamo simulation run by Dr B. Sreenivasan,
the Ekman number E = 3 × 10−6 , and comparing figures 8b and 7b we can see that the columnar
structures are indeed much thinner in the lower E case, despite the fact that both have fields
with Elsasser number of order unity. Possibly this is due to the field being quite non-uniform. It
is known that in nonlinear magnetoconvection without rotation that once convection starts, flux
expulsion occurs from the convecting region and the heat transport is then relatively unimpeded
by the field. Nevertheless, we should remember that in the simulations it is not possible to get to
the very thin roll regime, and that on small scales when the local magnetic Reynolds number gets
small we expect the magnetic field to be smooth, so it may be that magnetic field does thicken the
rolls at very low Ekman number.
As the Rayleigh number is increased, the velocities increase and the flow becomes more chaotic.
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Figure 8: Contour plots from a dynamo simulation with R = 50R c , E = 3×10−6 , P r = 1,P m = 0.1.
(a) Shaded contours of Br at the CMB. (b) Shaded contours of ur at r = 0.8rcmb . These figures
were supplied by Binod Sreenivasan.
The Earth’s core has low q = Pm /Pr , so it is of interest to see what happens to the convection
pattern at low q. This is a hard regime to reach, because the magnetic Reynolds number has to be
greater than about 50 to get dynamo action, but low q then implies very high Péclet number U ∗ d/κ,
which makes it hard to get resolved simulations. Nevertheless at sufficiently low E (typically about
10−6 ) it is possible to get dynamos with q ∼ 0.1 (Christensen & Aubert, 2006) and see also figures
8a and 8b, which are for P r = 1, P m = 0.1. Note that although the Rayleigh number here is fifty
times critical, because of the low E the magnetic Reynolds number R m ≈ 125, low for the core.
This indicates that we need higher Ra, but unfortunately this is very expensive computationally.
Note that these low E dynamos are remarkably dipole dominated (figure 8a), even more so than
the field shown in figure 7a. Possibly higher Ra would introduce a more chaotic flow, which might
help to reduce this strong dipole dominance, which prevents reversals occurring.
Figures 8a and 8b show that at small q the flow structure is finer than the field structure, as we
expect in the core. It is unfortunate, though, that this does not happen until very low E is reached,
because the very long CPU time required to perform the simulations in this regime make it very
hard to explore the parameter space. If the value of P r is reduced, then inertial effects become
important, while if P r is increased, the roll thickness becomes even smaller, as predicted by linear
non-magnetic theory. The actual value of P r is probably not very relevant in the core, because
both thermal and viscous diffusion is so small it can only operate on very short length scales on
dynamo time-scales.
The mechanism by which the convective rolls generate magnetic field by dynamo action in simulations was discussed by Olson et al. (1999). The toroidal field is mostly generated by twisting of
the poloidal field, as in α2 dynamos and unlike α − ω dynamos, where toroidal field is generated
by the stretching out of poloidal field by differential rotation. Low Ekman number dynamo simulations driven by rolls appear not to have very large differential rotation. In the quasi-geostrophic
approximation, it is assumed that u z varies linearly with z, but in the numerical simulations u z
changes more rapidly near the equator than at the boundary. Olson et al. (1999) point out that
this variation is significant for dynamo action, so it is not clear that quasi-geostrophic flows will
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necessarily have the same dynamo properties as fully three-dimensional simulations give.
5.6.2 Convection inside the tangent cylinder: picture from numerical simulations
The linear theory of non-magnetic convection in a sphere (Busse, 1970) suggests that the onset
occurs at substantially high Rayleigh number inside the TC than outside the TC. This result is
verified by numerical simulations (e.g. Dormy et al. 2004). Whereas the s component of gravity
predominates in convection outside the TC, it is the z component that is most significant inside
the TC. Indeed, of the standard idealised geometry convection models, the one most relevant to
convection inside the TC is the plane horizontal parallel layer with vertical rotation and gravity
(Sreenivasan & Jones, 2006b), discussed in section (5.2.2). In this model, the first mode to onset
has vertical velocity symmetric about the midplane and vertical vorticity antisymmetric, so the
axial vorticity will not be even approximately constant for convection inside the TC.
Magnetic field appears to affect the onset of convection much more radically inside the TC than
outside it (Sreenivasan & Jones, 2005, 2006b). In particular, nonmagnetic convection has the
tall thin column configuration both inside and outside the TC, but whereas magnetic field has
only a limited impact outside the TC, inside the TC the convection columns are much thicker
with magnetic field, and magnetic field enhances the vigour of convection inside the TC (Olson
& Glatzmaier, 1996). In the plane horizontal layer geometry, the effect of magnetic field is not
gradual, but onsets at a specific value of the Elsasser number as noted in section (5.2.2). In a
recent study of behaviour inside the TC in dynamo simulations, Sreenivasan & Jones (2005, 2006b)
found anticyclonic vortices just below the CMB when inertial effects are small, and cyclonic vortices
when they are large. These vortices are associated with the large scale magnetic mode of convection,
and their horizontal scale can be predicted surprisingly accurately using the Chandrasekhar linear
theory. Since there is evidence from secular variation that there are anticyclonic polar vortices
(Olson & Aurnou, 1999) this supports the view that the geodynamo is in a low inertia regime.
They also found that the polar vortices are not actually centred on the pole but are in fact typically
10◦ off axis, with the vortex patches drifting slowly westward round the pole.
The magnetic mode of convection in a plane layer has a somewhat different physical character
from conventional nonmagnetic, nonrotating convection. In the simple case, hot fluid rises directly
because of its buoyancy. In rotating magnetic mode convection, hot fluid rotates about the convection column axis, because of the local thermal wind that results from the horizontal temperature
gradient between the hot interior and relatively cool surroundings. This local rotation, or vertical
vorticity, winds up the field lines to produce a current and a corresponding Lorentz force. This
Lorentz force breaks the Proudman-Taylor constraint, and allows a u z that varies with z. It is then
possible for fluid to rise in the interior.
There is still much that is uncertain about convection inside the TC. Simulations up to ten times
critical generally have stronger convection outside the TC, because the delay in onset inside the
TC is still having an effect. At very large Ra, the large scale magnetic mode may eventually give
rise to convection inside the TC more vigorous than outside it. There is also some uncertainty
about how the field inside the TC is created. On the Earth, there is evidence that the poles have
weaker field than the region where the TC intersects the CMB (about latitude 70 ◦ ). This may be
due either to weak convection failing to generate much field or to vigorous convection expelling
flux from the polar regions. The reversed flux patch seen inside the N. pole in field models of the
current geomagnetic field is not often seen in geodynamo simulations. These often produce more
reversed flux patches near the equator, whereas the Earth seems to prefer high latitude reversed
flux patches.
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5.7 Scaling laws and dynamo simulations
In order to overcome the problem of the inaccessibility of the geodynamo parameter regime, there
has been recent work on how the more important outputs from geodynamo simulations scale with
the input parameters. If an asymptotic regime in which the role of the small diffusion coefficients
can be identified, it may be possible to extrapolate to the very small values that occur in the
Earth. Two approaches have been tried; Starchenko & Jones (2002) used results from plane layer
models and the general understanding of rotating magnetoconvection to estimate typical velocities
and magnetic field strengths expected from very low E, low q dynamos. An alternative approach
(Christensen & Aubert, 2006) is to analyse the data from a large number of dynamo simulations
and see whether asymptotic trends are evident in the data. In practice, these two approaches
are not so different, as theoretical ideas inevitably affect the way the dynamo simulation data is
analysed.
Starchenko & Jones started by assuming that at very low E the Coriolis and buoyancy forces would
be in balance, and that the magnetic field would bring the horizontal length scale ` appearing in
(4.8.1) to a fixed ratio with d = rcmb − ricb . The idea here is that as E is reduced, the magnetic
field prevents the roll-width reducing as E 1/3 . Then (4.8.1) is replaced simply by
ΩU∗ /d ∼ gαT∗0 /`.

(5.7.1)

Then eliminating the temperature fluctuation using (4.8.2),
U∗ ∼

gαFconv
ρcp Ω

!1/2  
1/2
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∼Ω

1/2
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1/2

`
d

.

(5.7.2a, b)

If the ratio d/` tends to a fixed limit at small E due to magnetic field, as postulated by Starchenko
1/2
& Jones, U∗ is proportional to Fconv . Interestingly, Christensen & Aubert (2006) find that the
exponent of 2/5 gives a better fit to their data than the exponent of 1/2 in (5.7.2). Of course, the
difference is not that great, but it may be connected with the observation made in section 5.6.1 that
in dynamo simulations there is not much evidence of the magnetic field controlling the roll-width,
as suggested by Starchenko & Jones (2002). It remains possible, though, that this control will start
to occur at E less than 10−6 . Christensen & Aubert (2006) suggest replacing (5.7.2a) by
U∗ ∼ (Ωd)

gαFconv
ρcp Ω3 d2

!2/5

,

(5.7.3)

which is the same formula as in the non-magnetic case, (4.8.4a). They note that the best fit with
their simulation data can be expressed in dimensionless variables
Ro =

U∗
,
Ωd

Ra∗Q =

gαQadv
4πricb rcmb ρcp Ω3 d2

(5.7.4)

by
Ro = 0.83Ra∗Q0.41 ,

(5.7.5)

very close to (5.7.3). Here Qadv is the total convective heat flux over a spherical surface of radius
r, assumed constant with r throughout the core. Note that with this assumption, the convective
heat flux Fconv in (5.7.1)-(5.7.3) is best taken as
Fconv =

Qadv
.
4πricb rcmb
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(5.7.6)

The Rayleigh number Ra∗Q introduced by Christensen & Aubert is the Ra ∗Q defined in (4.8.15).
Equation (5.7.5) therefore expresses the independence of the velocity scaling on any diffusion coefficient. The emergence of (5.7.5), with no dependence on any Prandtl numbers, expresses the fact
that the simulations do appear to be approaching an asymptotic regime which is independent of
diffusion, a very encouraging result.
Christensen & Aubert (2006) also go on to estimate the typical magnetic field strength in dynamo simulations. The rate of working of the buoyancy forces is gαF/c p , and assuming that the
dissipation is primarily ohmic, this must balance the rate of ohmic dissipation, so
gαFconv
.
cp

ηµj2 ∼

(5.7.7)

To convert this into a formula for B2 we need to know the magnetic dissipation time, that is
R

τdiss = VR

B2 /2µ dv
,
2
V ηµj dv

(5.7.8)

or equivalently the magnetic dissipation length scale
δB =



τdiss
η

1/2

.

(5.7.9)

−1/2

Christensen & Tilgner (2004) argue that δ B ∼ dRm , again on the basis of an analysis of numerical
simulations. This is consistent with nonrotating flux expulsion arguments, Galloway et al. (1977).
Then (5.7.7) becomes
ηB2
gαF
(∇ × B)2
∼ 2 ∼
,
(5.7.10)
ηµj2 ∼ η
µ
cp
µδB
giving
B∗ ∼

gαFconv µd
U∗ cp

!1/2

.

(5.7.11)

with the Starchenko & Jones scaling (5.7.2) this gives
B∗ ∼ µ

gαFconv ρΩ`d
cp
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(5.7.12)

and with the Christensen & Aubert scaling (5.7.3) we get
B∗ ∼ µ
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(5.7.13)

Note that the small difference in the velocity scalings has led to a significant difference in the scaling
of B∗ with Ω, because the Christensen & Aubert scaling has a remarkably weak scaling of B ∗ with
Ω. Indeed, their best fit of the simulation data is
1/2

Lo = 0.87fohm Ra∗Q0.33 ,

(5.7.14)

where Lo = B∗ /(µρ)1/2 Ωd and fohm is the fraction of the total dissipation (ohmic + viscous) which
is ohmic. This gives


gαQadv d 1/3
1/2 1/6
,
(5.7.15)
B∗ ≈ 0.9µ ρ
4πricb rcmb
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so that B∗ is completely independent of the rotation.
When compositional convection is present, in the above formulae the thermal buoyancy flux
gαQconv is replaced by the compositional buoyancy flux gQ buoy where Qbuoy is the mass of light
material released per unit time.
The scalings (5.7.5) and (5.7.14) can be used to find the ratio of kinetic to magnetic energy, which
is close to Ra∗Q0.15 . Since Ra∗Q is very small in the core, this implies that magnetic energy is indeed
larger than kinetic energy in the core, but the weak power shows that it is not surprising that in
simulations the two forms of energy have similar magnitudes. Also, although ohmic dissipation
is predicted to dominate over viscous dissipation at very low E, simulations have great difficulty
getting down to this regime (at P r = 1), and generally at P r = 1 they show comparable ohmic
and viscous dissipations.

6 HETEROGENEOUS BOUNDARY CONDITIONS AND STABLE LAYERS
NEAR THE CMB
Because the departure from an adiabatic temperature gradient is so small in the core, the coremantle boundary will be maintained at an almost uniform temperature. However, it is believed
that in the mantle, cold descending slabs may reach close to the CMB, and the locations where this
happens may have an anomalously CMB high heat flux, while in regions where the mantle has been
relatively static the temperature gradients, and hence the heat flux, may be lower. It is therefore
likely that there are substantial lateral variations of heat flux at the CMB (e.g. Schubert et al.
2001). If so, this lateral heterogeneity may well have an impact on core convection; for a recent
review see Olson (2003). It is now possible to measure the velocity of shear waves near the CMB,
using seismic tomography (e.g. Kuo et al. 2000). The simplest interpretation is that high velocity
zones are associated with colder material and hence with higher heat flux. A natural assumption
is then that the heat flux is simply proportional to the seismic velocity variation. If this is correct,
then the lowest heat fluxes are found under the central Pacific and the eastern Atlantic and Africa,
while high heat flux is found under Australia and the gulf of Mexico. This distribution is often
modelled as a spherical harmonic P22 pattern of variation.
As mentioned in the introduction, and discussed in the article by Nimmo, there is no general
agreement about the total heat flux coming out of the core. If it is as large as 12 TW or above,
then the heat flux inhomogeneities are only a small perturbation on the total heat flux, but if it is
at the low end of the estimates, say 3 TW, then the core could be convectively stable below the low
heat flux regions, but unstable under the high heat flux regions. Thus we would expect the effect
of lateral inhomogeneity to be strongest for low overall heat flux models.
One possible effect of laterally inhomogeneous heat flux would be to lock core convection to the
mantle, i.e. prevent any systematic westward or eastward drift. This could in turn lock the dynamo
to the mantle. This could explain the preferred paths for the direction of the dipole field during
reversals. There seems to be a preference for the virtual geomagnetic pole to track through the
Americas or through east Asia (Laj et al, 1991) but the results are controversial (see e.g. the
review of Dormy et al. (2000) for a discussion). Another possible effect is that long-term changes in
mantle convection might affect the reversal rate. It is well-established that during certain eras the
geomagnetic field hasn’t reversed, an extreme example being the Cretaceous superchron, during
which the field maintained the same polarity for about 35 million years. The current reversal rate
is about 4.5 reversals per million years. It is hard to explain why the reversal rate should vary on
such a long timescale, because the magnetic diffusion time and the turn-over time are much shorter.
It is tempting to identify these long timescales with mantle convection timescales.
It has also been noticed that downwelling fluid tends to concentrate radial magnetic flux into
patches (Bloxham & Gubbins, 1987). Downwelling fluid occurs where the CMB temperature is
60

coolest, and the outward temperature gradient is largest there (e.g. see figure 10 of Sarson et al.
1997) so the heat flux is a local maximum. So according to this argument, there should be long
term local maxima in the radial flux where the CMB heat flux is strongest, under Australia and
the gulf of Mexico, while upwelling fluid giving weaker field should be associated with relatively
low, or negative, CMB heat flux. There is some evidence at least for a long term excess field
under Australia, and relatively low field in the central Pacific (see Olson, 2003, for a review of the
paleomagnetic evidence).
A number of authors have studied the effect of lateral inhomogeneous boundary conditions on both
magnetic and non-magnetic fluids. It is helpful to divide the work into those studies where the fluid
is subadiabatically stratified, that is stable to convection, and those where it is superadiabatically
stratified.
Lister (2003) has considered the effect of lateral variations in the thermal boundary conditions at
the horizontal boundary above stably stratified fluid. If the stably stratified layer is unstirred, the
subadiabatic temperature gradient will be of the same order as the adiabatic gradient itself, which
implies a very strong stable stratification. Lister finds that a vertical magnetic field makes a very
substantial difference to the resulting flows. With no magnetic field, even a 5% lateral variation in
heat flux could drive a thermal wind of order gαT ∗0 /2Ω ∼ 1 m s−1 through a layer of depth 200 km,
which is far too big to be consistent with secular variation observations. Note that because of the
strong stable stratification, T∗0 ∼ 1K is much larger than the usual estimate of the temperature
fluctuation in a convecting core. However, with a magnetic field, the estimate is reduced by a
factor which scales with E 1/4 . Even if a turbulent value of E ∼ 10−8 is adopted, this gives a huge
reduction in flow speed, and with a radial field of order 0.5 mT he finds a velocity of 7 mm s −1 in
a layer 35 km deep. With the molecular Ekman layer, the velocity drops to 0.3 mm s −1 which is
compatible with the secular variation observations. Given the uncertainties in the estimates of the
strength of the stable stratification, it seems that stably stratified layers below the CMB cannot be
ruled out on the grounds that they would produce too strong a thermal wind.
Studies of the influence of heterogeous boundaries on rotating convection have been made by
Zhang & Gubbins (1996), and by Gibbons & Gubbins (2000). In the latter paper, the core is
unstably stratified, and a steady state convection pattern is found, locked to the inhomogeneous
boundary condition. The downwelling regions generally coincide with regions of enhanced heat flux,
but at low Ekman number there is a tendency for maximum downwelling to occur to the east of the
peak heat flux. Sarson et al (1997), using a truncated dynamo model, also found locked solutions,
this time with a steady dynamo, and again the downwelling broadly coincides with enhanced heat
flux, this time associated with concentrated field patches, as predicted by Bloxham & Gubbins
(1987). In this case, however, the tendency is for the downwelling to be slightly west of the the
maximum heat flux. Glatzmaier et al. (1999) worked at a higher (and more realistic) value of the
Rayleigh number, and found that the solution was not locked, but time-dependent. A similar result
was found earlier in a magnetoconvection calculation by Olson & Glatzmaier (1996). They found
that though some locking occurs near CMB, at deeper levels the flow and field drifted just as they
do with spherically symmetric CMB conditions. However, even though the Glatzmaier et al. (1999)
solutions were not locked, a heterogeneous heat flux distribution gave enhanced field where the heat
flux is maximal when averaged over time, so there is clearly a tendency for strong magnetic flux
patches to form over regions of strong heat flux even when the solution is not completely locked.
In summary, at the present time it seems that inhomogeneous thermal boundary conditions, with
the heat flux varying by an O(1) amount, can certainly affect the flow near the CMB, and this is of
course where the secular variation field and inferred flow is measured. However, it is less clear that
the whole convection pattern and dynamo are also locked to the boundary inhomogeneities. It is
certainly possible for some parameter regimes, but unfortunately not those that the geodynamo is
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most likely to be in.

7 CONCLUSIONS AND FUTURE DEVELOPMENTS
While uncertainties about the physical properties of material at high pressure mean that we cannot
be absolutely certain that convection occurs in the core, the evidence strongly suggests that both
thermal and compositional convection are present at least in some parts of the core. It is also
likely that convection is driving the geodynamo, though we cannot rule out the possibility that
tides and precession might make a contribution in the Earth and other planets. The form that core
convection takes is more uncertain. The linear theory of rotating, magnetic convection at onset
is now fairly well understood, but core convection is strongly supercritical. Numerical simulations
have carried our understanding into the nonlinear regime, and a picture that is consistent with
our knowledge about the linear problem is beginning to emerge. However, numerical simulations
cannot at present reach the true parameter regime for the core, and there is no prospect of doing so
using our current techniques. Nevertheless, the combination of numerical simulations, asymptotic
analysis and physical intuition is a powerful one, and rapid progress is being made.
The most fruitful approach to date has been through geodynamo simulations, using the constraint
that the pattern of convection must be consistent with the known facts of the secular variation
and the paleomagnetic data. Recent analyses of how the properties of convection scale with the
parameters have been particularly encouraging. This has given strong support to the notion that
at least outside the tangent cylinder columnar convection dominates. This type of motion not only
is expected on theoretical grounds, it also generates fields consistent with those of the Earth in a
robust manner, without the need for any special tuning of the parameters. The size of the rolls is
however still controversial. Some believe that the large scale flux patches seen in geomagnetic data
are directly connected with the convection roll size, others believe that the roll size is much thinner
and that the observed flux patches are the result of organised larger scale flows.
Generally, our lack of understanding of small scale convection is a matter for some concern. The
regime where η >> κ is a difficult one, and simulations always use a hugely enhanced value of κ to
avoid it. This means that the small scale motions which must be present to transport the heat at
very large Péclet number are not present in the simulations, and we do not know what effect they
have. The current assumption, which is made for computational reasons rather than for physical
reasons, is that these small scale motions act to produce an enhanced isotropic eddy diffusion. This
assumption may not be correct.
Even more controversial is whether the whole core is convecting or whether the regions near the
CMB are at least partly stably stratified. This can be condensed down to the question of how much
heat is flowing through the CMB. One view is that the heat flux is relatively low, say of the order
of 3 TW, while the other view is that it is of the order of 7 TW or larger. In favour of the low heat
flux theory are the observations that the thermal core mantle coupling seems to be significant, and
the (tentative) conclusion that there is no difficulty driving a dynamo, giving fields as strong as
the Earth’s, with only 3 TW of heat going through the CMB. Opposing this, the high CMB heat
flux adherents argue that the observational evidence suggests that the dynamo has been working
for 3.5 Gyr, before inner core formation, because current estimates of the age of the inner core are
only of the order of 1 Gyr. They argue that 3 TW is insufficient to drive a dynamo with no inner
core. They also point out that the only way found so far to make a dynamo simulation reverse is to
drive it strongly, so that while a non-reversing dynamo can work with low heat flux (and an inner
core) it may be more difficult to make a low heat flux reversing dynamo.
At present, none of these arguments is entirely compelling, though hopefully more evidence will
accumulate as our understanding of core convection and the dynamo process improves. Possibly the
evidence for the effect of heterogeneous heat flux at the CMB will strengthen, and it will become
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clear that this requires a partially stably stratified upper core. Possibly estimates of the age of the
inner core will change, due to improvements in our knowledge of the thermal conductivity of the
core. The development of ab initio quantum calculations is helping to improve our knowledge of
material properties at very high pressure, and this could provide a key input to our understanding of
core processes. Further developments in dynamo theory may clarify the issue of whether reversing
dynamos with low heat flux can exist.
Another exciting development is the growth of experimental programmes studying the dynamics
of rotating magnetic fluids. Like the simulations, these cannot reach core conditions either, but
they do extend the parameter range in useful directions, particularly low magnetic Prandtl number.
In combination with numerical experiments they provide a very useful weapon in the fight to gain
understanding of the fundamental processes. Crucial understanding of how small scale and large
scale flows interact can be gained from laboratory experiments, while direct numerical simulations
have great difficulty with this issue, because of the very large resolution required to study it.
Finally, the geophysical data available is continually improving. New satellites are providing
more information about the core field and its secular variation, though masking by the crustal
field does limit what is possible. Seismic measurements are giving more information about the
inner core, its structure and rotation, which are directly connected with flow patterns in the core.
Length of day measurements and the torsional oscillations are also a potentially important source
of information about the core. The detection of the short period oscillations of the inner core about
its mean position (the Slichter modes) are currently controversial, but nevertheless could provide
very valuable evidence about the state of the core, as indeed can nutation and precession data. In
the longer term, there is even the possibility of that the detection of Earth’s core neutrinos (Araki
et al. 2005) could give us direct window into the core. In an age when the furthest reaches of the
universe are being explored, it is perhaps surprising that what is going on beneath our feet is still a
mystery. Solving this mystery is an outstanding scientific challenge, and one that is being actively
addressed by scientists from many different fields. We must hope that this simultaneous attack on
the problem from such a large number of fronts will eventually prove decisive.
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APPENDIX A
Papers dealing with the Earth’s core frequently use many different symbols. Here we give a list
of those used, together with their dimensions (blank for dimensionless quantities). Subscripts r,
θ, φ refer to spherical coordinate components, s, φ, z to cylindrical coordinate components. s is
the perpendicular distance to the rotation axis. Subscript a denotes the adiabatic reference state
value, subscript c the much smaller departure from the adiabatic value due to convection.
Dimensionless mathematical expressions, such as F in the Roberts-Busse equation, are not defined
here, as such quantities only have meaning in their immediate context.
Definition of symbols
Symbol
A
α
αξ
B
B∗
β
C
cp
χ
d
D
δ
δB
∆2
E
E, E
η
Fconv
Fv
g
γ
H
hξ
Iad
Icmb
j
k
k
kξ
κ
κξ
`
L
LH
L2
Λ
m

Meaning
Magnetic potential
Coefficient of thermal expansion
Adiabatic compositional expansion coefficient
Magnetic field
Typical core field strength
Rotation parameter in the annulus model 4χΩD 3 /Lν
Coriolis operator in toroidal-poloidal expansion equations
Specific heat at constant pressure
Endwall slope angle in the annulus model
rcmb − ricb
Dissipation number
Thermal boundary layer thickness
Magnetic dissipation length scale
Dimensionless quantity derived from melting point curve
Electric field
Ekman number
Magnetic diffusivity
The convective part of the heat flux
Viscous force density
Acceleration due to gravity
Grüneisen parameter
Internal heat source
Heat of reaction
heat flux per unit area conducted down the adiabat
heat flux per unit area passing through CMB
Current density
Thermal conductivity
Vector wavenumber
Mass diffusion coefficient
Thermal diffusivity
Mass diffusivity
Typical width of convection rolls
Height of Busse annulus
Latent heat per unit mass
r 2 times the angular part of the Laplacian operator
Elsasser number B02 /µρηΩ
Azimuthal wavenumber (exp imφ)
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Units
Tm
K−1
T
T
m −1
J kg −1 K−1
m
m
m
V m−1
m2 s−1
W m −2
N m−3
m s−2
W kg−1
J kg−1
W m −2
W m −2
A m−2
W m−1 K−1
m−1
kg m−1 s−1
m2 s−1
m2 s−1
m
m
J kg−1

Symbol
µ
νT
Nu
N
Ω
ΩIC
ωA
ωC
ωM
p
Pm
Pr
ψ
q
Q
Qj
Qv
r
rcmb
ricb
ρ, ρa
ρc
Ra
Ra∗
RaQ
R
Rm
Ro
S, (Sc )
σ
S
t
T
Ta
Tc
T0
T00
T∗0
∆Ta
∆Ts
τdiss
T
u
U∗
U
V
ξ
∆ξ

ζ

Meaning
Magnetic permeability
Turbulent kinematic viscosity
Nusselt number based on the superadiabatic temperature gradient
Nusselt number based on the adiabatic temperature gradient
Rotation rate of mantle (assumed constant)
Rotation rate of inner core
Buoyancy frequency (internal wave frequency)
Inertial wave frequency
Alfvén frequency (torsional wave frequency)
Pressure (fluctuating pressure)
Magnetic Prandtl number ν/η
Prandtl number ν/κ
Streamfunction
Roberts number κ/η
Chandrasekhar number B02 /µρνη
Ohmic dissipation
Viscous dissipation
Distance from Earth’s centre
Radius of CMB
Radius of ICB
Density of reference state
Density perturbation
Rayleigh number gα∆Ts d3 /κν
Non-diffusive Rayleigh number gα∆T s /Ωd2
Convective flux Rayleigh number Ra(N u − 1)
Scaled Rayleigh number E 4/3 Ra
Magnetic Reynolds number U∗ d/η
Rossby number U∗ /Ωd
Specific entropy (entropy fluctuation)
Electrical conductivity
Poloidal scalar for velocity
Time
Temperature
Temperature of adiabatic state
Temperature fluctuation due to convection
Tc − T0 , T0 being the static temperature distribution
∂T0 /∂r
Typical temperature fluctuation in the core
Adiabatic ICB-CMB temperature difference
Superadiabatic ICB-CMB temperature difference
Magnetic dissipation time (energy / dissipation rate)
Toroidal scalar for velocity
velocity
Typical core velocity
Toroidal scalar for magnetic field
Poloidal scalar for magnetic field
Mass fraction of light element
Jump of ξ across the ICB
Vorticity
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Units
H m−1
m2 s−1

s −1
s−1
s −1
s−1
s −1
Pa

m2 s−1

W
W
m
m
m
kg
kg

m−3
m−3

m−3
m−3

J K −1 kg−1
S m−1
m3 s−1
s
K
K
K
K
K m−1
K
K
K
s
m2 s−1
m s−1
m s−1
Tm
T m2

s−1

