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Abstract

Convection in the Earth’s core is usually studied in the Boussinesq approximation in which the compress-
ibility of the liquid is ignored. The density of the Earth’s core varies from ICB to CMB by approximately 20%.
The question of whether we need to take this variation into account in core convection and dynamo models
is examined. We show that it is in the thermodynamic equations that differences between compressible and
Boussinesq models become most apparent. The heat flux conducted down the adiabat is much smaller near
the inner core boundary than it is near the core-mantle boundary. In consequence, the heat flux carried by
convection is much larger nearer the inner core boundary than it is near the core-mantle boundary. This effect
will have an important influence on dynamo models. Boussinesq models also assume implicitly that the rate
of working of the gravitational and buoyancy forces, as well as the Ohmic and viscous dissipation, are small
compared to the heat flux through the core. These terms are not negligible in the Earth’s core heat budget, and
neglecting them makes it difficult to get a thermodynamically consistent picture of core convection. We show
that the usual anelastic equations simplify considerably if the anelastic liquid approximation, valid if o7 << 1,
where « is the coefficient of expansion and T a typical core temperature, is used. The resulting set of equations
are not significantly more difficult to solve numerically than the usual Boussinesq equations. The relationship
of our anelastic liquid equations to the Boussinesq equations is also examined.
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1. INTRODUCTION

Thermal and compositional convection are important energy sources for the generation of mag-
netic field in planets and stars. Because the dynamo equations are difficult to solve, they are
often studied in the Boussinesq approximation (BA) where compressibility is neglected. Is
the BA adequate for describing the convection in the cores of the planets, particularly for the
Earth’s core? The density of the core varies by only about 20% from the inner core boundary
(ICB) to the core-mantle boundary, so that one might believe that the effect of compressibility
would be fairly small. Any errors from using the BA would be negligible compared to the much
larger uncertainties arising from our lack of precise knowledge of many physical parameters
such as the thermal conductivity and viscosity in the core. We believe that this argument is
not valid, (i) partly because convection in the core differs in important respects from a classical
Rayleigh-Bénard (RB) problem, and (ii) partly because in the Boussinesq limit a number of
issues that are important for the geodynamo are suppressed.

As an example of issue (i) in classical RB convection, the Nusselt number, the ratio of total
convected plus conducted flux to the conducted flux, increases as some positive power of the
Rayleigh number, generally believed to be somewhat greater than one third. Therefore at very
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large Rayleigh number the Nusselt number is also very large. In the Earth’s core the Rayleigh
number is very large because the dimensions of the core are big and the diffusivities small. The
convected flux is however only of the same order as the conducted flux, and the Nusselt number
is only O(1). It is clear from this that if the BA is used to describe convection in the core the
relationship between the quantities calculated in a BA calculation need some interpretation
before they can be related to the actual physical variables in the core. In section 7 below we
derive a set of Boussinesq equations from the full anelastic equations in a consistent way by
letting the dissipation number tend to zero. We can then relate quantities used in the BA
approximation, such as the temperature perturbation, to the actual temperature in the core.
This is less straightforward than might be imagined.

As an example of issue (ii), an important question for the geodynamo is what fraction
of the total heat flux passing through the core is converted into magnetic energy, to then
emerge as ohmic dissipation? It is known from entropy production arguments, Hewitt et al.
(1975), Gubbins, (1977), Braginsky and Roberts, (1995) (subsequently referred to as BR95),
Roberts, Jones and Calderwood (2003) (subsequently referred to as RJC03), that this depends
on the temperature difference between the ICB and the Core-Mantle Boundary, CMB. There
is a “Carnot efficiency” factor, so that this fraction cannot exceed (T} — Tomp)/Toms (Backus,
1975), which is believed to be around 30% for the FEarth’s core. However, when the BA is
used in a compressible fluid, it is justified by making the thin layer approximation (see e.g.
Spiegel, 1971) that the temperature difference between the boundaries is small compared to
the absolute temperature on the boundaries. In this limit, the Carnot efficiency factor goes to
zero, so the ratio of ohmic dissipation to heat flux through the system also goes to zero in the
Boussinesq limit. We need a more sophisticated approach than the simple BA to answer some
key questions for geodynamo models.

The equations we derive below are related to those used in mantle convection studies (see
e.g. Schubert et al. 2001), although conditions in the mantle and the core differ in some
important respects. The equations we derive below are not fundamentally any more demanding
numerically than those of the traditional BA.

Although the general principles governing models of the core are agreed (see e.g. BR95,
RJCO03, Lister and Buffett (1995), Labrosse (2003)), there is still much uncertainty about the
values of many key physical parameters. However, it is generally agreed that most, if not all, of
the outer core is close to adiabatically stratified and the adiabatic temperature gradient at the
CMB is at least double that at the ICB. Since the surface area of the CMB is about eight times
larger than the surface area of the ICB, the heat flux conducted down the adiabat increases by
at least a factor 16 as we pass from the ICB to the CMB. This heat must be supplied by the
convection. A substantial amount of heat is released at the ICB due to the growth of the inner
core, so there needs to be a large convective heat flux in the lower part of the core. However, as
we move towards the CMB, conduction down the adiabat takes up an ever increasing fraction
of the input heating, so the convective part of the heat flux correspondingly falls as we move
outward. It is possible that the convective part becomes zero, or even negative (Loper, 1978), in
which case turbulence being driven by compositional effects might maintain the near adiabatic
stratification by pumping heat flux down from the CMB into the core. Clearly this reduction in
the convective heat flux is an important effect, and it appears as a cooling term in the convective
temperature equation which we call the heat flux deficit. Most of the published BA models
neglect this term altogether, often assuming a constant input heat flux through the ICB which
emerges unscathed to pass through the CMB, which is not a very realistic assumption. As we
shall see below in section 7, it is possible to include an ‘equivalent heat sink’ term into our
Boussinesq limit equations which takes the heat flux deficit into account. The heat flux deficit
is offset somewhat by the slow cooling of the core. From the point of view of the convection,
this can be thought of as equivalent to a heat source in a steady state temperature model, so
this secular cooling provides a heating term in the convective temperature equation.

In the usual BA with uniform heat flux at the ICB and no heat sources within the core,
convection starts when the Rayleigh number, Ra, no matter how it is defined, exceeds its critical
value Ra. which is independent of the parameters governing the adiabatic temperature. Since
the Rayleigh number in the core is certainly much greater than Ra,., convection is bound to
occur throughout the core in such a BA model. On the other hand, convection in the actual



core will exist only if the heat flux through the core exceeds the value of the adiabatic heat
flux on the ICB. This is a more delicate issue, as the heat flux conducted down the adiabat is
of the same order of magnitude as the total heat flux to be carried. The onset of convection in
the core therefore depends crucially on the thermal conductivity of outer core material. If the
conductivity is large enough to carry all the heat flux at the ICB down the adiabat, there will
be no convection however large the Rayleigh number is.

Another difference is connected with the region in which convection occurs. It is possible
that the total heat flux at the ICB is larger than the adiabatic heat flux near the ICB, but
the total heat flux near the CMB is less than the adiabatic heat flux there. In this case, there
will be some point at which the adiabatic heat flux equals the total heat flux, and above this
there will be no convection except for a small amount of penetrative convection. In the absence
of compositional convection, the basic state temperature gradient will no longer be adiabatic,
but will be determined by Fourier’s heat conduction law. This gradient will be less than the
adiabatic temperature gradient, so the total temperature difference between the ICB and CMB

will be reduced. The BA model with a constant heat flux across the core cannot have this
property; convection must occur throughout the core.

RJCO03 state that “... in order to produce a vigorous reversing dynamo resembling the
geodynamo, ohmic dissipation of the order of 2x10'* W is required”. Dissipation of this order
is comparable with the whole heat flux, ~ 7x10'* W, from the Earth’s core on CMB and so it
should be taken into account in the heat transport equation. However the BA heat transport
equation does not include this dissipation. Unlike the heat flux deficit problem, which can
be taken into account using a modified Boussinesq formulation, this dissipation cannot be
incorporated into the BA heat equation in a consistent way. Its possible effect on geodynamo
simulations is hard to predict, though the ohmic dissipation will locally have its strongest
influence on the heat balance where the magnetic field is largest, which may well be key regions
for dynamo action.

Some care is needed in formulating the compressible equations, as neither the Ohmic nor the
viscous dissipation is an external heat source since their energies are taken from the convection.
They take their energies from the heat flux and therefore their dissipation must not change the
heat flux. However, if we simply include them in the heat transport equation without including
compensating terms they will (erroneously) enhance the heat flux. To resolve this difficulty we
must consider the buoyancy force, which also does internal work. This work takes its energy
from the heat flux. So the law of energy conservation requires this term to be included in the
heat transport equation working as a cooling term and we will refer to it as the Archimedean
cooling. The Archimedean cooling, together with the energy released by the compositional
convection, integrated over the whole liquid core compensates the dissipation of the magnetic
and the kinetic energies. Averaged over a long time period this work equals the sum of the
dissipations, but in general there is no local balance, so the dissipation may be located in
different places (and at different times) from where the buoyancy work is released.

2. ANELASTIC LIQUID CONVECTION EQUATIONS

General anelastic theory

We start by considering the reference state. The equations governing the pressure P, temper-
ature 7', and density p for our adiabatic reference state are

dP d dT ddp D - - d
— = —gp =-D, j—p =——, &=const., S=const., D= goe. (2.1a — f)
dr " T dr pdr vy ¢y

Here g is the gravitational acceleration, « = —p~'(9p/IT), ¢ is the coefficient of thermal ex-

pansion, 7 is the Griineisen parameter and c, is the specific heat at constant pressure. The
difference between the outer core radius r,,,, and the inner core radius ;. i8S d = T'emp — Tico-
The composition of the core is assumed to consist of iron and a light component. In general

the mass fraction of the lighter component is = and is £ in the reference state. The reference
state is assumed well-mixed (hence ¢ is independent of position) and isentropic with specific
entropy S. Note that «, ¢,, v, g and hence D are all functions of . They are estimated from a
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combination of theory and experiment in high pressure physics. Typical values for the Earth’s
core are given in Table 1, a subscript 0 denoting the value at the point ro = (7 4 Tems) /2, and
see also BR95, RJCO03. The first of these equations is the hydrostatic equation, and the second
defines the adiabatic temperature gradient. The dimensionless ratio D is called the dissipation
number (see e.g. Schubert et al. 2001). In the Boussinesq limit D — 0, but here we do not
take this limit; D varies considerably across the Earth’s core but is typically around 0.3. The
Griineisen parameter v is hard to estimate accurately. RJC03 used values in the range 1.15
to 1.3 but recent estimates based on ab initio quantum calculations are generally around 1.5
(Vocadlo et al. 2003), and the density variation in the core reference state is about 20%.
We use the anelastic equations about this adiabatic reference state, so we write

P=P+p, p=p+p, T=T+9, ¥=U+y, E={+§ S=8+s (220 )

and all these fluctuations about the reference state are due to the convection. The fluctua-
tions are assumed small compared to their reference state values. Here VU is the gravitational

potential. The momentum and continuity equations are

Du . ., Op D 0

where F? is the viscous force, B the magnetic field and j the current density. €2 is the rotation
vector of the mantle frame, supposed constant. The equation of state and the Poisson equations

+u-V, (2.3a,b)

are:
p=p(PT,Z2), VU = 471G, (2.4a,b)
G being the gravitational constant, and the heat and mass transport equations are given by
DS D=
T (kVT)+ H k* 2.5a,b
prmr =V-(kVT)+Hp,  ppr =V (KVE). (2.5a,b)

Here k = pc,k and k* = pk® are the thermal conductivity and mass diffusion coefficient re-
spectively, and any fluxes of = due to gradients of T or P, the Soret effect, are ignored. s and
k¢ are the thermal and mass diffusivities. H denotes the internal heating, which we identify
precisely in section 3 below. The electromagnetic equations are (e.g. Moffatt, 1978):

B
aa—t:VxE, E=j/c —uxB, toj = VxB, V-B=0. (2.6a — d)

Here E is the intensity of electrical field. ¢ and g, are the electrical conductivity and magnetic
permeability respectively.

We now insert (2.2) into (2.3a) to obtain
_Du

"Dt

Here we have used (2.1a) to remove the zero order reference state hydrostatic balance terms,
and we ignore some terms which are small because the convection is driven by very small

departures from the hydrostatic reference state (2.1). The quantity p’ can be written in three
parts:

= -—Vp—pVY—pVV¥ —20Qxu+jxB+F’, VX =4rGy. (2.7a,b)

p= (8S)p£+p(a—P)s,5+£(a_g)p,s_ o c, S_ﬁ%_pa §. (2.8)
Here o = —p~'(0p/0€), s is the adiabatic compositional expansion coefficient. We can now

write the momentum equation in a form close to that of BR95:

~Du

ol :
p— = —pVi) — pvg + 1Tgp(—s + aff) —2pQxu+jxB+ F". (2.9)
Dt p Cp
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We need to relate the entropy fluctuation s to the temperature fluctuation ¢, so we note that
the change in entropy is given by

oS oS oS ¢ o K
ds = <—> dT <—) P (—) == Sar— %ap+ LaE, 2.10
8T p,E + 8P T,& * 85 p,T T P * T ( )

see e.g. BRO5, equation (DG6). Here h¢ is the heat of reaction. The entropy fluctuation s is
therefore e
Cp Q@
s = 29— —p+ —E¢. 2.11
70— 5P 7i¢ (2.11)
The pressure force, thermal buoyancy force and compositional buoyancy force are all be-
lieved to be comparable in the Earth’s core convection. Compositional and thermal driving
are believed to contribute approximately equally, so the two buoyancy sources must be of the
same order of magnitude, and in a convecting system the pressure fluctuations are comparable
to buoyancy forces, so

p/d ~ gpaTs/c, ~ gpad) ~ gpa®& ~ py/d, (2.12)

using (2.11) to relate the typical entropy fluctuation to the typical temperature fluctuation.
The estimate for ¢ can also be derived from (2.7b), which gives ¢/gd ~ p’/p. The second term
of equation (2.8) for the density fluctuation, can now be compared with the first term

P @ _pD _paﬁD

gpdr — gvd y

: (2.13)

so the pressure fluctuation contribution to the density perturbation in (2.8) is of the same order
as the other two terms, so our estimate for p’ is

P~ pad. (2.14)

In the anelastic approximation the term dp’/0t is ignored in (2.3b). If £, is the timescale of
convection, the velocity u is O(d/t.on), S0 the term 0p'/0t is of order a) ~ 107® smaller than
V - pu. This approximation is also equivalent to assuming the typical time for sound waves to
cross the core is very short compared to t.,,,. So we have

u’“D] = 0. (2.15)

Equations (2.9) and (2.15), together with (2.4-2.6), constitute the anelastic equations for the
Earth’s core, as given in BR95. The key physical assumptions that underpin these equations
are (i) the core is close to adiabatically stratified and uniformly mixed, so that the temperature,
pressure and density fluctuations are all small compared to their adiabatic values, and (ii) the
Jp’ /Ot term in the continuity equation is negligible. If there is a strongly stably stratified layer in
the outer core, assumption (i) would be invalid, and these equations would need modification.
It would still be true that the thermodynamic fluctuations would be small compared to the
reference state, but if the reference state is not adiabatic it is for example no longer possible to
write the pressure fluctuation as a gradient of p/p in (2.9).

The anelastic liquid approrimation

The entropy fluctuation equation (2.11) can be greatly simplified if we make the anelastic liquid
assumption o' << 1. This was used by Jarvis and McKenzie (1980) for mantle convection
models, and has been used extensively by subsequent workers in that field (see e.g. Schubert et
al. 2001), but appears not to have been adopted in core convection studies. Since ov ~ 107° K™!
and T ~ 5,000 K, this assumption is reasonable for the core. It is important to note that this
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approximation is not valid for gases, and so would be inappropriate for a solar dynamo model,

where o would be O(1). We need some thermodynamic relations, see e.g. BR95, equations
(D18, D22, D24 and E6),

e _ h®
a ¢, — ¢, =vaTc, giving af =———. (2.16a — d)

K2

Cp ’ fchp

Here of = —p '(9p/0€),r is the isothermal compositional expansion coefficient and c, the

specific heat at constant volume. We can now estimate the second and third terms of the
right-hand-side of (2.11) using (2.12),
U h® hta)  ht 0
L gardd = D(aT)(C >, S aw_na <cp_
p

_ [c,0

so even if D is O(1) the pressure fluctuation and composition fluctuation terms in (2.11) are
negligible because aT" << 1. For an anelastic liquid, therefore,

Cp
= —=1. 2.1
s Tz? (2.18)

On substituting (2.2) and (2.18) into the heat transport equation (2.5a), we obtain

D D 5 _ _ .
Di pe pr - pc;ﬁ(u V)T + pd(a- Ve, = V-kVI + V-kVT — pTS + pH.  (2.19)

The outer core is gradually losing heat energy and becoming less dense as the inner core grows,
though overall the core may well be increasing in density. This happens on a billion year
time scale, so we can assume the inner core and outer core radii do not change on dynamo
timescales (a thousand year timescale). However, the cooling is an important energy source

for the dynamo, and so in (2.19) dS/dt = S and ¢ cannot be neglected, but variations in time
of the reference state density and temperature (when multiplied by the convecting quantities)

can be neglected. The term pT'S can be thought of as equivalent to a heat source, so we write

H = H —TS. We have retained the term V - V¢, which seems inconsistent, since it is
apparently small compared to V - kEVT. This is discussed below when we consider turbulent
diffusion, but for now we merely remark that because this term involves second derivatives, it
could be important in thin boundary layers. Using (2.1b) and (2.1e), (2.19) can be written as
a temperature equation

) 1 1 _H vd
9 +u-VY=—V-pc,cVU+ —V pc,kVT + — — @uﬂ? el § (2.20)
ot Ccp pC, [ c, dr
We also have the equation for the composition obtained from inserting (2.2) into (2.5b),
98 :
5 T V¢ = —V DREVE — €. (2.21)

Finally, we replace the entropy perturbation in the equation of motion (2.9) using (2.18) to get

_Du

P = PV - pV% +1,97(00 + 0€) — 25Qxu + jx B + F*. (2.22)

Equations (2.15), (2.20), (2.21) and (2.22) are the basic system for an anelastic compressible
liquid. The essential difference between the anelastic liquid and the full anelastic system of
BR95 and Glatzmaier and Roberts (1996) is that in the liquid the entropy perturbation s given
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by (2.11) is dominated by the temperature perturbation, and the other terms are ignored.
This allows s to be eliminated from the system. How useful this is depends somewhat on the
numerical method adopted to solve the equations. In some methods, the pressure perturbation
is found explicitly, for example by taking the divergence of the equation of motion. There is
then not much advantage in exploiting o' << 1, because if p, s and £ are computed explicitly,
and p’ can be found trivially from (2.11) and (2.8). If, however, p is eliminated by dividing (2.9)
by p and taking the curl, s and ¢ will be the only thermodynamic variables computed. If the
heat transport equation and boundary conditions can be formulated entirely in terms of s and
¢ rather than ¢, this is not a problem, but otherwise it will be necessary to do extra computing
to find p and hence the other thermodynamic variables. If the anelastic liquid approximation
is adopted, the heat and composition equations only involve ¢ and &, and if as is likely the
boundary conditions can be formulated in terms of these variables, computing the remaining
thermodynamic variables is unnecessary.

The anelastic equations are significantly different from the Boussinesq approximation. Apart
from the obvious difference that the fluid is no longer incompressible, (2.15), the main differences
are in the temperature equation. The second term on the right-hand-side of equation (2.20),
(1/pc,)V - pc,ckNVT, which we call the heat flux deficit, arises from the divergence of the heat
flux conducted down the adiabat. This must be balanced by the convection and the other
heat source terms. This heat flux deficit is an important source term for convection in the
Earth’s core; as we see in section 7 below, it is possible to adopt a modified BA which takes
this term into account. The third term, H'/c,, includes any radioactive heating, any secular
cooling of the core, and as we see in the next section, the ohmic heating and the heat produced
by viscous dissipation. The fourth term, (ga/c,)u,d, has been called the adiabatic cooling
term (see e.g. Schubert et al. 2001) as it is independent of the diffusive processes. It is
linked to the work done by the buoyancy forces (see below) so Archimedean cooling might
be a better name for this term than the rather bland ‘adiabatic cooling’. The fifth and final
term on the right-hand-side of (2.20) will be small, because ¢, only varies by about 2% across
the outer core (Stacey (1992), RJC03). It is important to identify these source terms in the
temperature equation correctly, because numerical models indicate that there are significant
differences between models with uniform heating (e.g. Grote and Busse, 2001) and prescribed
heat flux at the ICB (e.g. Christensen et al. 1999), see also Busse et al. (2003).

The diffusion term (1/pc,)V-kV¥ in (2.20) plays a rather different role from the correspond-
ing ohmic and viscous diffusion terms. The magnetic and kinetic energy of the fluid is dissipated
by these diffusion processes whereas thermal diffusion merely disperses the temperature without
affecting the overall energy.

Turbulent diffusion

As noted above, the value of k is very small in (2.20), so that molecular diffusion of ¥ cannot
be simulated numerically directly, and the same applies to the diffusion terms in (2.21) and
(2.22). It is therefore necessary to resort to subgrid scale modelling by introducing turbulent
diffusivities. For a compressible treatment of this problem see e.g. Speziale et al. (1988) and

Xie & Toomre, (1993). We illustrate with the temperature equation (2.20) which we can write
in the form

oL _
,Bcpg + V- (pc,ud) = V-pc,kVI + V-pc,kNT — pgau,d + pH'. (2.23)

The superadiabatic temperature and the flow velocity can be divided into two parts: the
resolved large-scale values and the unresolved turbulent values which have zero mean:

u=u+u’, I=0+97, @WH=0  (uT)=0, (2.24)

where () denotes averaging over the small grid-size scale. Now the averaged (2.23) can be
written:

v y . . _
Pergy T V-(pc,uv) = V-pc, (/{Vﬁ — (uTﬁT>) — pga(, 9 + (ul9")) + Vepe,kVT + pH'. (2.25)
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As usual, we describe the term —(u”¥") as a turbulent diffusion which can be written as
— (YT = kYD (2.26)

where the turbulent diffusivity is assumed to be much larger than the molecular one: Kk, > k.
We also rewrite the term gap(u’9") by analogy with the previous term in the form

_ _ D k0
pga(ufﬁT> = pcpE(“fﬁT> = _pC;DDFTE' (2.27)

Then dividing (2.25) by pc, we obtain the equation for the superadiabatic temperature averaged
over the turbulent length scale:

D 1dc, H' Ky OV
—— D——.
) Cp * d or

1 _
5 T V)0 = =V e, (5, VO 4 5VT) — urﬂ(g +

o - (2.28)

c, dr

For simplicity we have omitted the ~ over u and ©.
Equation (2.28) differs from (2.20) not only by the presence of the turbulent thermal dif-
fusivity instead of the molecular one, but also by one additional term (the last on the R.H.S.)
which can be treated as turbulent cooling due to the work on unresolved space scales. Similarly
(2.21) becomes
3 1 _ -
— 4u-VE=-V-priVE - ¢, (2.29)
ot p

where % is the turbulent compositional diffusion coefficient, defined by —(u”¢”) = x5 VE.

The turbulent diffusion of momentum gives rise to a term (0;(pu; u] )) = 0,045, where o;; is
the turbulent stress tensor. In general, assuming this depends linearly on gradients of u, we
could have o;; = pv/, . 0,,u,, taking into account the anisotropy induced by the Coriolis and
Lorentz force, see BR95. Obtaining a consistent prescription for the 36 independent components
of v[ . is a formidable task, and here we make the traditional simplification that the turbulent

stress tensor has the same form as the molecular stress tensor with no bulk viscosity term,
_ 2
0,5 = pVT(ajui + aluj — géljvu), (230)
so the viscous force become
2
Fy = 050, = 0;[pvr (0jui + Oiuy) — géijv-u], (2.31)

and this completes the specification of (2.22). In practice, simulations suggest (Rotvig and
Jones 2002) that viscosity is only important in the boundary layers adjacent to the ICB and
the CMB. Since the radial velocity is small there, V-u =~ 0 and so the usual Boussinesq form
of the viscous force,

Z-U ~ pVTv2ui, (232)

is unlikely to give significant error.

For energetic consistency, we need an equation for the turbulent part of the velocity. The
Reynolds stress term here can be quite complicated in general, but in the Earth’s core we do not
expect the Reynolds stress of the small-scale flow to be energetically important so we assume
the turbulent diffusivity has the same form as the molecular difusivity so that

8 T T
p% +pu-Vu! = —pvyt — ﬁv% + 1,pg9(ad” + af€") — 2pQ xu” + FT. (2.33)
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Note that since the molecular magnetic diffusion in the Earth’s core is large enough for numerical
schemes to handle, we do not require a turbulent form of the induction equation.

Let us see how these compressible equations convert into Boussinesq equations when the
compressibility parameter D = gad/c, ~ AT /T — 0 and the reference state density and spe-
cific heat is assumed constant. An advantage of the anelastic liquid approximation over the full
anelastic model is that because the heat transport equation reduces to a temperature equation
a fairly direct comparison can be made. In the temperature equation (2.28), the terms describ-
ing the Archimedean and the turbulent cooling obviously vanish as D — 0, and the diffusion
of temperature reduces to the standard Boussinesq form x;V?¥. The heat flux deficit and the
internal heating form inhomogeneous terms, which are allowed in the Boussinesq equations,
though the usually considered cases are uniform internal heating or no internal heating, the
energy source then being a flux input at the bottom boundary. Sarson et al. 1997 considered
a nonuniform heat source, stronger nearer the ICB, to model the spatial inhomogeneity of the
heat flux deficit term mentioned in the introduction. The compositional equation is usually not
solved for in Boussinesq models, on the grounds that the forcing will be similar to that of the
thermal convection. We note that this depends on the boundary conditions for ¢ and & being
identical. What about the momentum and the continuity equations? BA supposes that the
only source of density variations and consequently the buoyancy force are the variations of tem-
perature and composition. The momentum equation (2.22) includes an additional buoyancy, a
term proportional to the pressure: pV(p/p) = Vp —1,p(p~'dp/dr). Since (p~'dp/dr) = D/~d,
this term vanishes in the limit D — 0, so the momentum equation reduces to the standard
Boussinesq form. The continuity equation can be written in the form:

B _ dp B 1dp] _{ . }
. = -u+u—=p|V-ut+u.——| =p|V-u— ——| = 2.34
V-up = pV-u+ u, . p[ u+ u,— . P u 5 0 ( 3 )

In the limit D — 0 the terms proportional to D vanish and the compressible approach trans-
forms into the Boussinesq approximation.
3. THE ENERGY EQUATION

We now demonstrate that our anelastic liquid equations are energetically self-consistent, and
also define precisely what must be included in the internal heating term H introduced in (2.5a).
We define the internal, gravitational and magnetic energy densities

]E;Q
= EE};;;’

= m

e’ = pe,, g9 = pug, £ (3.1)

where .
= —/ gatdr (3.2)
Tich

is the chemical potential. Note that we can add an arbitrary constant to this potential without
affecting any physical quantities. Note also that o in this formula is the adiabatic compositional
expansion coefficient —(1/p)(0p/0€),.., but from (2.16) af = af(1 + yaT) so the difference
between this and the isothermal expansion coefficient «; is of O(a1') and is therefore negligible
in our anelastic liquid approximation. From now on we drop the subscript ¢ from the isothermal
coefficient. Multiplying (2.28) by pc,, the heat energy equation is

8519 9 _ aT — 77/ — — 819
v =-V- [ue — pec, (/{TVQ9 + ITKE)} + pH' — pgadu, + ngé%TE- (3.3)
Multiply (2.29) by pu to obtain
_ 0 _ _ _ _ s
which using (3.2) can be written
e’ g = £ S E ook e e 96
=V [us? — purs VE| = pug — pgatu,& + pga g (35)
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The magnetic energy balance obtained from the induction equation has the form

Oe™ BxE
5 v.Bx

ot Ho

—u-jxB—-Q,, Q; = npoj’, (3.6)

Q); being the ohmic dissipation per unit volume. A minor complication arises in the kinetic
energy equation, because the subgrid scale turbulent part of the kinetic energy should be
included, so

1

&= ot (7)), (3.7)
To derive the equation for the kinetic energy we take the scalar product of the averaged mo-
mentum equation (2.22), (2.31) with u and add the averaged scalar product of the subgrid scale
momentum equation (2.33) with u”. As before, we write the average as

(g1, - (9" + a€T)) = —pglans o + ot L), (3.8)
or or
We obtain
k
88% = _ka + pgur(oa9 + afé’) - pg(a/{Tg_f + Q£K§%) +u jXB - Qv> Qv - O-ijajuia (39)

@, being the viscous dissipation, where the kinetic energy flux

I' = ue® + pu + pyu + (u'p") + p(u"P") — w0y (3.10)
To obtain the equation for the whole energy we sum the equations (3.3), (3.5), (3.6) and (3.9):

0 - _
E(Eﬁ +el 4"+ =V U+ T +15) — pué — pT'S +pH —Q, — Q;,  (3.11)

where the fluxes are given by (3.10) and

oT BxE
I’ = ue’ — pe, (ke VI + 1rn5), I’ = ue? — pursVE, 1" = : . (3.12a, b, c)
0

Note that we have restored H = H'+7'S in (3.11). In the absence of any secular change and with
no radioactive heating, energy conservation tells us that the only way a small volume of fluid
can change its energy is through the flux terms in (3.11). Ohmic heating and viscous heating
are internal processes, so they cannot be in the overall energy balance, so if the radioactive
heating is H"

pH=Q,+Q, +pH". (3.13)

This tells us that @, and @; are included in the heat transport equation (2.19) as part of pH,
and so H' in (2.20) is now fully defined. We also denote the sum of the secular cooling and any
radioactive heating as H;,,;, so

Hy,=HR—TS, pH =Q,+Q,+pH" - pTS. (3.14a, b)

Equations (3.11) and (3.12) form the energy transport equation which is not the same as the
heat transport equation (3.3). In the BA, the magnetic and kinetic energies are small compared
to the heat energy, so that then (3.3) can be considered to be the energy equation, but our
compressible approximation makes it clear that the heat energy is only a part of the total energy
budget. Note that all the work done by the Archimedean terms and the turbulent cooling and
turbulent mixing has cancelled out.
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4. BOUNDARY CONDITIONS AND GLOBAL ENERGY BALANCE

Boundary conditions

The mechanical boundary conditions usually applied in dynamo calculations are that there is
no flow through the ICB and CMB, and there is no slip at these boundaries. The rate of change
of position of the ICB is so slow it can be ignored on the dynamo time scale. If the inner core
is rotating relative to the mantle (whose rotation defines ), then if the core flow is divided in
radial and tangential parts, u = u, 1, + u,

u, =0, w(r)=Qexr, at r=ry, and u=0, at r=r,,, (4.1)

where €2;- is the rotation rate of the inner core relative to the mantle. It has been argued
(Kuang and Bloxham, 1997) that since the Ekman layer is so thin (less than 100 metres even
with a strongly turbulent boundary layer) it should be ignored, and a stress-free condition
applied instead.

The electromagnetic boundary conditions at the ICB are that B is continuous across the
ICB and the continuity of tangential E implies that nj, is also continuous. Denoting the jump
in a quantity across the boundary by square brackets [ |,

[B] = 07 [T] = 07 [th] = 07 at r=r (42@)

where r denotes the radial component and t the tangential component. Since the electrical
conductivity of the mantle is much less than that of the core, there is negligible current in the
mantle, and the core field has to match to a potential field at the CMB. This implies

B]=0, [j,]=0. (4.2b)

This assumption does, of course, rule out any electromagnetic coupling between core and man-
tle, which might be important for length of day models.

We also need a condition on the temperature and the composition at both the ICB and
CMB. We denote the average over a spherical surface S, at radius r by <>,, so, for example,
the averaged radial component of the part of the heat flux due to convection is

v .

conv d,lg
I (r) S/(pcuﬁ1 pcde>dS =< pcyu, ) — pCKJTdT>T Wm (4.3)

The radial component of the averaged heat flux can be divided into two parts according to
(3.12a),
dT
I(r)y=1%r)+ I (r), I*= —kd—. (4.4)
r
At the ICB, there are two contributions to the input heat flux into the outer core, the heat
conducted out of the inner core, I,., and the latent heat, I;, released as a consequence of inner
core freezing. Following the notation of BR95, if 7,,(60, ¢,t) is the location of the inner core
boundary, the rate of release of latent heat energy there is h;pr;., per unit area, and the rate
of release of light material is pA&r,., also per unit area. Here h; is the latent heat energy per
unit mass and A¢ is the jump in £ across the ICB; numerical values are discussed in section 6
below.
The location of the ICB, r = 74, is determined by the melting point of iron which is
a function of p and & BR95 show that its rate of change at the ICB is governed by S =
—CpAoTien/Tich, Ao being a parameter dependent on the melting point (see BR95, or RJC03
equation (3.16)). Using (2.18), the rate of release of latent heat at the ICB is

hapric v o e,y 2
I = Alfc 7Z(T5+c V) = =peyhir— = Ly + 1(ria) & —peyfir—— on 1 =ri  (4.5)
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which is the thermal boundary condition on the ICB at r = r,,;. In general, there will be a
jump in the temperature gradient at the ICB, and the thermal conductivity may be different
across the ICB also. Nevertheless, Buffett et al. (1992) and Labrosse et al. (2001) point out
that only small errors arise in assuming the inner core is adiabatically stratified, so we assume
the conducted heat flux is the same on both sides of the ICB, and we take I,;, ~ I*(r;),

simplifying (4.5). Note that S = S+ ¢,9/T and both terms are of comparable magnitude,
as the very large S changes only very slowly on the core evolution timescale, while the much

smaller c,i/T changes more rapidly on the dynamo timescale. Similarly, the rate of release of
light material at the ICB is given by

Agpricb =G 0\ - dé_ _
P 15+ )= S o = (49

dr

which is the boundary condition on £ at the ICB. Although both (4.5) and (4.6) contain time-
derivatives of ¥, Glatzmaier and Roberts (1996) found them to be numerically stable.

On the CMB, the heat flux is determined by mantle convection. It may be possible to get
information about the distribution of the heat flux through the CMB, I.,,,, from seismic mea-
surements see e.g. Olson, 2003, but in principle it should be determined by mantle convection
calculations. Assuming that this total heat flux is greater than the heat conducted down the
adiabat at the CMB, if we adopt as a simple model a uniform distribution of CMB heat flux

oY
ﬁ(Tcmb)CpFLTE = Loy + 1 (repp) = =150, o0 1 =Ty (4.7)

Actually, there has been a substantial amount of work on models with a non-uniform heat flux
across the core, recently reviewed by Olson (2003), and this idea can easily be applied in our
framework by an appropriate modification of (4.7). Since there can be no flux of light material
across the CMB,

85_0 on r=r (4.8)

ar - — lemb- .
This completes the anelastic boundary conditions. Possible choices for the magnetic boundary
conditions are either to assume an insulating inner core and mantle, or to give a more accurate
representation of the field inside the core by solving the magnetic diffusion problem in the solid
inner core.

Global energy balance

It is entirely possible that the total heat flux generated by all processes inside the CMB does
not exceed the heat flux 1°(r.,,;) conducted down the adiabat. If this occurs, the core is
thermally stably stratified near the CMB, see Gubbins et al. (1982), and for discussions with
compositional effects included see Labrosse et al. (1997) and Lister & Buffett (1998).

In this case, there is no thermal convection in the outer part of the core. Conditions then
depend critically on whether there is compositional convection. If even a small amount of
compositional convection is present, the core may be stirred and may remain close to adiabatic
and close to uniform composition. If there is no compositional convection, then there is a value
of r, at r, say, above which there is no convection. In this case, the basic assumption that the
core is adiabatically stratified throughout breaks down, and for r > r, the core temperature
is governed by the heat conduction law, V-pc,cVT = 0. There is a superadiabatic heat flux
carried by the convection for r < r,, which falls to zero at r = r,, where all the heat flux can
be carried by conduction. In this case, the dynamo is entirely driven in the lower part of the
convection zone. Note that this is a very different scenario from that which is common in most

Boussinesq models, (though see Sarson et al., 1997), where convection occurs throughout the
core.
In the case where there is compositional convection, the stirring ensures that the basic

reference state is still governed by (2.1), but there is still a value of r = r, at which the
total heat flux equals that conducted down the adiabat. Now we still have to supply heat
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to maintain the adiabatic gradient for » > r, and this is done by the turbulent convection
induced by the compositional convection transporting heat backwards from the mantle to the
core (Loper, 1978). The Nusselt number, defined as the heat transported by convection plus
conduction divided by the heat conducted down the adiabat is therefore less than unity in
the region r > r,. It is not at present possible to say whether this occurs or not from purely
thermodynamic arguments. Current estimates suggest that it does not, but if these estimates
overestimate the latent heat release by even a small amount, (or underestimate the thermal
conductivity slightly) then an inverted ocean could exist. Whether or not the ‘inverted ocean’
(Braginsky, 1999) exists, it is clear that the thermal heat flux, and hence the work done by
convection, will be substantially greater near the ICB than near the CMB unless there is a
large contribution from radioactivity.

Since the boundary conditions (4.5)-(4.8) and the equations (2.28) and (2.29) involve the
gradients of ¥ and £, an arbitrary constant can be added without affecting the solution, which
is taken up in the momentum equation by adding to the pressure gradient. Since the reference
temperature is determined by the melting point of iron at the ICB, the average of ¥ should
be taken to vanish over the ICB. Similarly, the average of ¢ over the ICB can also be taken as
zero; it then follows from (2.29) that the time-averaged average of £ over any spherical surface
vanishes. This then removes the arbitrariness in the definitions of 9 and &.

We now consider the volume integral of our energy equations over the whole fluid outer
core. Since the radial component of velocity vanishes at the ICB and CMB (we neglect the
work done by the very slow movement of the ICB and CMB due to secular cooling and growth
of the inner core, as this is not useful work for the dynamo). In the overall energy balance the
only fluxes that remain are the flux of heat through the ICB and the CMB, the Poynting flux
—I"™ and the exchange of mechanical energy between the outer and inner core. The Poynting
flux controls the passage of magnetic energy in and out of the outer core. If there is significant
ohmic dissipation in the inner core, this must be driven by the Poynting flux through the ICB.
Likewise, any ohmic dissipation in the mantle must be similarly supplied. Since the volume of
the inner core is small, we neglect the ohmic dissipation there, and similarly only a small part
of the mantle is likely to conduct significantly so we ignore these Poynting fluxes here. The
potential part of the field in the mantle will have no long term average Poynting flux. Similarly,
the exchange of kinetic energy between the outer and inner core through viscous and magnetic
stresses at the ICB has no long term average.

The flux of light material at the ICB due to core freezing gives no contribution to the
overall energy balance because p is zero at the ICB. With our definition (3.2) the gravitational

energy source appears as the pué term in the overall energy balance. If ;1 were chosen to have
a different constant, the gravitational energy would be partitioned differently between the ICB

boundary term and the pué term, but the sum is of course unchanged. The latent heat I,
integrated over the ICB is Q;. This must be added to the rather small heat flux coming from
the solid inner core, Q,., = 4nr2, I,,. The global energy budget is therefore

icb
Qcmb - Qicb - Ql - Qint _'_ Qg7 Where Qint == /V (HR - ﬁTS) dU, Qg = ~/V _pl’l’g d/U, (49)

V.. being the volume of the outer core. Here Qs 1s the heat flux I.,,, integrated over the

surface of the CMB. Note that p < 0, £ > 0, so the release of gravitational energy from the
gradual differentiation of the outer core, Q,, adds to the heat flux coming out of the CMB, as

does the cooling of the core, giving S < 0. The energy budget over the whole outer core for
the individual components is also of interest. The magnetic energy budget is, see (3.6),

/ —u-jxBdv= [ Q;dv=0, (4.10)
oc VOC

where as before we are time-averaging the Poynting flux and the rate of change of magnetic
energy 0c™ /0t to zero. This says that the work done by Lorentz forces all ends up as ohmic

dissipation. The compositional energy budget is, see (3.5),
- d
Q, = / —pué dv = / (/‘)gafurg + pgoﬁmf—g) dv (4.11)
Voe Voe dr
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which balances the rate of release of gravitational energy with the rate of working of the
compositional buoyancy forces, and a (small) term due to subgrid scale forces. The kinetic
energy budget (again neglecting the terms which time-average to zero) is, using (3.9) and
(4.11),

/ [ﬁgur(aﬁjLofﬁ) pg<ozf<aTg—19 + ol kS ggﬂ d

oc

:/V (Q+Q)dv=0;+Q, (412)

which balances the rate of working of both buoyancy forces with the ohmic and viscous dis-
sipation, with two small terms representing the working of the subgrid scale forces. The heat
balance equation completes the set, from (3.3)

a9
Qs — Oy — O, = /V (pHR + Q4+ Q= TS — pgadu, + pgosr - )dv (4.13)

The last term is again work done by subgrid scale forces and will be small in a well-resolved
calculation. Note that the dissipations do enter the heat energy budget, even though they don’t
enter the overall energy budget. The rate of working of the thermal buoyancy has to come out
of the heat energy budget and so is a negative term here. The balance between the work done
by the Archimedean forces and the dissipation is a global balance, not a local balance, because
there are substantial flux terms transporting energy around. The dissipation could possibly be
occurring in different places in the core from where the buoyant convection is occurring. If we
ignore the subgrid scale terms in (4.11) and (4.12) and define Q, to be the rate of working of
the thermal convection,

Q, = /V pgotu,&dv, Q, = y pgu.cfdv, Q,+ Q,=9;+ 9, (4.14a, b, c)
The ‘useful work’ done by the dynamo is Q;, since this is the rate of working of the Lorentz
force, which in a steady state equals the rate of ohmic dissipation by (4.10). We expect Q, < Q;
(see section 5 below) so the rate at which useful work is done is close to Q, + Q,. The amount
of gravitational energy released can be estimated directly from the reference state in terms of
the rate of growth of the inner core using (4.11), see section 7 below.

It is also useful to integrate the heat energy equation (3.3), using (3.14b), over a spherical
shell of volume V, extending from the ICB to a spherical surface S, at radius r. We again
neglect the small terms arising from the subgrid scale forces to get

T
/ (u 19 019) ds = 47TT2]conv = FCOH'U = Qicb -+ Ql —|—/ pCpKJa— ds
. "or Sy or

+ (pHR +Q,+Q; — pTS — ﬁgaurﬁ) dv. (4.15)

2
F.,.. is the convective part of the total heat flux passing through a sphere of radius r. We first
consider a volume V,. with r very close to the ICB. Since u, — 0 as r — 7, the first term of the

convective heat flux will be small there. Both the conducted heat flux down the adiabat and
Q,» are small there compared to the large latent heat component Q;. The volume integrals

also being small there, we have
oY

PCplr -

Sr or

so the heat flux in this thermal boundary layer is carried mainly by turbulent diffusion. If k;
is small, this boundary layer will be thin (see section 5 below). Outside the boundary layer,
the flux carried by turbulent diffusion will be small (see section 5 below). The dissipation and
Archimedean cooling in (4.15) are relatively small, O(D), and so the convective heat flux is
effectively constrained by the reference state to be

ds ~ Q,, (4.16)

orT .
pe,udds &= Qi + Q) + / pe,k—— ds + (ﬁHR — pTS) dv+ O(D). (4.17)
S Sy or

Vi
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This shows that the convective heat flux is specified at every point in the core, (4.17) being a
nonlinear constraint on the convection. The third term on the R.H.S. of (4.17) is the heat flux
deficit term, and is increasingly negative as r increases. It is therefore possible that the whole
of the R.H.S. of (4.17) is negative at large enough r, and if so this defines r, again, the point at
which the R.H.S is zero and either convection stops or the Nusselt number becomes less than
unity at r > r,.

Dissipation integrals

From (4.14) we see that the dissipation can be expressed in terms of the rate of working of
the two buoyancy forces Q, and Q,. Since most of the dissipation in the core is believed to
be ohmic, the sum Q, + Q, is the rate of supply of energy to the dynamo, a quantity of some

interest.
The value of Q, is usually estimated by considering the entropy flux (see e.g. RJC03, BR95,

Gubbins 1977), but see also Lister, 2003, where the equivalence of various different methods
is shown. However, in our anelastic liquid approximation the simplified form of the entropy
(2.18) allows us to obtain Q, directly, by multipying (4.17) by ga/c, and integrating over the
core and using the definition (4.14)

Qu = / o U pepu, U ds} dr~ / 0, + Q) dr
p T

Tich & Tich Cp

Temb r _ -
T 4+ / 9a l / 4 (pH® — pT'8) dr’] dr +O(D?)  (4.18)
or micb  Cp |[Y7ien
We use (4.18) in section 6 below to estimate the contribution made by thermal convection to
the energy input of the dynamo.

Note that in the anelastic liquid aproximation, Q,, Q,, and the viscous and ohmic dissi-
pations are all O(D). The factors ga/c, mean that the three integrals on the right-hand-side
of (4.18) are all O(D), and the integrals involving products of the dissipation and ga/c, are
second order in D and therefore negligible in this approximation. We must bear in mind that
in the Earth’s core D is not that small, and the O(D?) terms could amount to 10% of Q,.
Nevertheless, in the standard entropy method an estimate has to be made of the temperature
at which the dissipation occurs (T in RJCO03) which is somewhat arbitrary, whereas (4.18)

Temb
+ / Amr’ gapk
Ticb

has the advantage that it does not require knowledge of where the dissipation occurs. S is
estimated using the global energy balance

_ / _”” Arr2pTS dr = Quy — Qus — Q1 — Qi — O (4.19)

and is very uncertainly known.

5. AMPLITUDES OF THE SOLUTION AND NON-DIMENSIONAL EQUATIONS

In section 2 we obtained the equations for the anelastic compressible liquid model of the core.
Neglecting the small subgrid scale terms, we consider for simplicity the particular case where
Cps M, Ky = kr, vp and k are assumed constant. These quantities do not vary much across the
outer core according to current estimates, though of course their variation across the core can
be included in our framework if desired. Our liquid anelastic equations (2.22), (2.15), (2.28),
(2.29)and (2.6) are

B)xB Fv
U | (0F)u = ~V(E+4)+ Lglad+ace) —2xut BB LE G o 5,2)
ot p Do p
ov D oY 1 - H;,, VxB]* 0,05,
- . = k) = 2V - T .
T +(u- V)0 + d(z?ur “Tar) pV p(kr VI +kVT) + . +1n Y + o, (5.3)
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o€ 1 -
E+H~V§—5V-pf<@v5—§, (5.4)
88—]? = Vx(uxB)+1nV°B. (5.5)

To non-dimensionalise these equations we use d = r.,,;, — ris as the unit of length, n/d?
as the unit of time, and 7/d as the unit of flow velocity. For our typical values of p, g etc.
we take the values from the PREM model, (Dziewonski and Anderson, 1981), and denote the
values at the midpoint of the layer, ro = (ren, + 7i)/2 by a subscript 0, see section 6 below.
The numerical values used are listed in tables 1 and 2, and details of how these estimates are
obtained is given in section 7 below. The compressibility parameter is defined as Dy = goaod/c,.
We use AT = T(ri) — T(rems) as a unit of adiabatic temperature. The variation of quantities
such as g across the layer are nondimensionalised by setting

)= 2 gty = £ ) = =2 ) = R ) = )+ ),
ar) = = D(r) =94 =D/Dy, T(r) = (T(r) = T(reww)) /AT, (56)

so that the hatted variables contain the variation across the core, and are all dimensionless
variables of order unity.

Table 1
d Terb — Tich 2.26x10° m Dich 12166 kg m—3
t d*/n 8.1x10% years Pemb 9903 kg m™*
u n/d 9% 10 "m s+ Po 11340 kg m—*
B Voron | 1.44x10°3 T g 7.805 m 52
Vg (k/m)AT 3.5x107% K Q 7.29%107° 57!
AT Ticty — Tt 1400 K Qg 1.38x 1075 K™*
Tomb 3.48%x10° m ) 860 J kg™ K*
Fis 1.22%10° m ~ 1.458
K 5x107% m? s7! hy 10% J kg™
K (turbulent) | ~n=2m?s! at 1
n 2m?s™! AE 0.02
Tt 4000 K S —4x1071 W kg~' K~*
T 5400 K £ 3.5x1072 g7t
T, 4875 K Ieomr | 9% 107 W m™2
dT /dr ],y 32310 Km™' | A, | 0.04

Parameters used for the non-dimensionalisation of the equations
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Table 2

q, qr K/n, Kr/n 2.5%x107%, ~ 1
P, vp/n (turbulent) ~ 1

E v /Qd? (turbulent) 5.4x107°
D, doggo/c, 0.28

Ra GoaATd/Qk 9.3x10™
A ¢*Ra 5840
dé/di | afed?/kaoAT 1.86

L hurion) Doqre, Tipd 2.91

C QS AET ) NaqragTind 3.63

He, | =TopSd?/c,k AT 1.83

M 1% d ) Gk PempCp AT 0.35

Qs | =12y pis(dT/dr|i) [ pod AT | 0.164

Q, —r3 . Picv i S/,oodAgcfﬁAT 1.672

Values of non-dimensional parameters

The unit of magnetic field is By, = 1/{popen. The superadiabatic temperature fluctuation
is much smaller than AT and so it is not appropriate to use AT here. We note that the driving
terms in (5.3) are the internal heating and the heat flux deficit, so balancing 09/0t ~ kAT /d?,

we find the natural unit of superadiabatic temperature is kAT /7. The dimensionless variables
are then

N r % T]t ~ ud N p ’l:D lp /{9 ’197] B B
r=- = 3 u=—, = ) = ) = A = e
d a? n P Qpon Qpon kAT vV 2popon
X ¢ dé €2 - . d? d?
5 - a n = Q) _é- = L ; FU == F,U—7 (ATW - O'ij (57)
WAV A dt  kaoAT v Vr Pl

Typical values of H and d{/dt, assuming no radioactivity, are given table 2. They are both
slightly greater than unity and have similar values, showing that the compositional driving is
indeed comparable to the thermal driving.

Then the non-dimensional equations can be written in the form:

A A

Em<8_‘} n (ﬁ.V)ﬁ) = v i) —ot.xa+ +AGAW +OL + B2 (58)

ot

=

v . 1 | . . DyD .
— 4 (0- V) =qr=V-pVI + -V - pVT + H + =2 [V xBJ?
ot p p Ap
EDyD . _ . o By,
‘l’ A Ogal‘jajuz — DoD('lgur qr an”)’ (59)
o8 N NP
> 4 0-VE=qp-V-pVE — = 5.10
5 Ve 45V §— (5.10)



OB . .
5 = V’B + Vx (uxB). (5.11)
Here the following dimensionless parameters are used: the Ekman number, F, the magnetic Ek-
man number, F,,, the Archimedean number A, the turbulent Roberts number, g, the magnetic
Prandtl number P,, and the dissipation number Dy:

Up n E Kr GoooATdK Ur Jod
E': - Em: :—’ :—’ Azi, Pm:—’ D — . 512
Q0 0z P, T, On? n 0T (5.12)
We use the Archimedean number
ATd ATd
A= P2 ¢°Ra ~ 6x10°, where ¢= E, Ra = 220224 (5.13)
Qn? n QK

instead of the more conventional Rayleigh number because this has a ‘sensible’ value, whereas
the conventional Rayleigh number has a very large value because ¢ is very small (see also Kono
and Roberts, 2001; Gubbins, 2001). Note that although  plays an important role in defining
our units, ¢ does not appear in the final equations at all, only ¢, which will be much larger in

the core.
The boundary conditions (4.1)-(4.2) non-dimensionalise in an obvious way, but (4.5)-(4.8)

introduce new dimensionless combinations to become

o0 . o0 . o /00 .. o
~ - L(a - Hb> s C(a - Hb) on F=fg=rig/d, (5.14a, b)
v N .
0? - _M, ai - 0 on 7r="remy = rcmb/da (515&? b)
where
T h’lricb > agAgricb ¢ ([cmb - Ia(rcmb))d
L=—" (= ——2>"" = - . 5.16a, b, c
AzQTCpTicbd qroao T Asd QTKPCPAT ( )

Even though the Archimedean number A, unlike the Rayleigh number, is not enormous, it
is still significantly larger than unity. If & were of order unity, this would make the magnetic
Reynolds number of order unity, which is insufficient for dynamo action. We therefore expect
the typical velocity, and hence the magnetic Reynolds number, will scale as some positive
power of A. We now attempt to estimate the typical magnitudes of the various terms in these
equations in terms of A. This is inevitably somewhat speculative, as it depends on the nature
of the convection. We define our dimensionless typical velocity, which is also the magnetic
Reynolds number, and the typical temperature fluctuation as

R 1 1/2 . 1 R 1/2 4 3 _ 3
V=R, = {V /Vlﬁde} o= {V [ ﬁde}  where V,, — ”(Tcgilg Fi) (5.17)

The Archimedean force in (5.8) is balanced by the Coriolis force in some locations and by the
Lorentz force in others, and the contributions from thermal and compositional convection are
similar. This is the “MAC” balance of Magnetic, Archimedean and Coriolis force in the core.
If we take the curl of (5.8) to obtain a vorticity equation, the balance between Coriolis and
buoyancy force takes the form —2(z-V)a ~ AVxga(9+¢)1, and in rapidly rotating convection
where there are tall thin columns aligned parallel to €2 which are of length d but width ¢ << d,
this gives an estimate of V = (d/2¢)A©. However, in magnetoconvection the magnetic field
expands the width of the rolls significantly (see e.g. Jones, Mussa and Worland, 2003) and so
d/¢ may not be much different from unity in the core. In high Rayleigh number, high Prandtl
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number Bénard convection, small plumes occur, which fill only a small fraction of the space
available. If this is the case in the core, then the balance of Coriolis and buoyancy force will

occur only in the plumes where the typical temperature fluctuation O s may be much greater
than ©. It is also conceivable that the velocity may be much greater in the plumes than outside
them, but for simplicity we ignore this possibility here. Then V = (d/ 2€)AC:)WH, and if the
plumes occupy only a filling fraction f of the core, © = f©,,,., S0

~ Ad -

The temperature equation (5.9) is forced by the two large terms on the right-hand side, the

heat flux deficit (1/p)V-pVT and the internal heating H, which are of order unity on our
scaling, the dissipation terms being comparatively small. To see how these terms are balanced,
we consider the dimensionless form of (4.15), which is the time-averaged heat flux equation,
and omitting terms of order D

A

bl @0dS —p v

417 =%
Sy s. - Or

dT dT .
dS = Py dS+ | pHdv

Sy AT v,
(5.19)
where S, is the spherical surface of radius 7 and V, is the volume of the core betwpen this
surface and the ICB. The right-hand-side of (5.19) is also of order unity. Since V is the

magnetic Reynolds number, the existence of a dynamo suggests that V'/qr, the Peclet number,
must be quite large, so the convective term is expected to dominate the diffusive term on the
left-hand-side of (5.19) outside of any thermal boundary layers (note that the derivative d/dr
in the diffusive term can be taken outside the integral, so this does not introduce a small length
scale). We introduce the quantity

. 8 .
dS = —ﬂicb/s_ QTE dS +p

ich

s, dr

<0 >p

'(#) o (5.20)

which measures the correlation between the radial velocity and the temperature fluctuation on
each spherical surface. With perfect correlation,

1 ’,,:Cm
/ " 4micT di = 1, (5.21)
‘/oc Tich

and this integral can never exceed unity. In thermal convection, we expect the correlation

between 4, and ¥ to be high, because hot fluid rises and cold fluid sinks. Starchenko and
Jones (2002) assumed the correlation I' ~ 1 for their estimates of typical velocities in planetary
dynamos. The experiments of Aubert et al. (2001) also suggested a high value of T" in rapidly
rotating convection, but when Coriolis and Lorentz forces are strong compared to viscous forces
it is possible that I' could be significantly less than unity, and more numerical experiments are

needed to settle this issue. Taking I' as an average value away from the boundaries, we obtain
from (5.19)

Ve ~ 1, (5.22)
which combined with (5.18) gives

1/2 1/2
V=R, ~ Ad , O 27 (5.23)
20 ¢ I'Ad
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In an extreme case, one might imagine that the correlation I' is so small that the turbulent

diffusion term takes over the main role of transporting the heat, in which case if Ky ~ O(1),
then © ~ O(1), giving

- Ad

V == Rm ~ S0

2f¢

a rather large value of R,,. While observations of the secular variation suggest that the typical
value is less than this, this estimate could be reduced if the velocity was much smaller outside
of the plumes. Note that the dominance of the convective term over the diffusive term on the
left-hand-side of (5.19) is required for our method of estimating the rate of working of thermal
buoyancy forces, (4.18).

With A =~ 6x10° and the factors I', f and ¢/d all unity, (5.23) gives a magnetic Reynolds
number of around 50, which is somewhat on the low side, and (5.24) gives R,, ~ 3000, somewhat
higher than most estimates. A plausible compromise is that (5.23) applies with the three factors

(5.24)

I, f and ¢/d, which are all likely to be less than unity, multiplying together to give a value of
around 0.01. We also estimate that the combination f¢/I'd ~ 1 and then we have

R, ~500, ©~0.02 A~G6x10° (5.25)

This value of R,, corresponds to a typical velocity V' ~ 4x10™* ms™*, or 12 km/yr, which is

the order of magnitude of the ‘westward drift’ velocity measured by the secular variation. The

value of © means the typical temperature fluctuation driving the thermal part of the convection
is only about 10~* K.
The magnetic field is even more difficult to estimate. Naively, the MAC balance in (5.8)

suggests that the typical field strength B ~ AY2, but this is much larger than the typical field
strength found in simulations. The difficulty is that the Lorentz force acts locally and the
typical current j ~ Bd /o0, where the length scale 0 is significantly less than d. Flux expulsion
arguments (Galloway, Proctor and Weiss, 1978) suggest that §/d &~ R, '/?, but this is based on
kinematic calculations which ignore the effect of the Lorentz force on the flow, and so it may

not be valid in the core. ' _ o '
From (5.9) we see that both ohmic and viscous dissipations are of order D,, which can

be loosely identified with the ‘Carnot efficiency factor’. However, the viscous dissipation has
the additional factor of £ which suggests that it can only be significant for the small-scale
components of the velocity, such as those occurring in Ekman boundary layers. Since it is
likely that the total magnetic dissipation will be considerably larger than the total viscous
dissipation, it has to balance the work done by the buoyancy forces, Q, + Q, from (4.14). For

the core, Q, and Q, are of the same order so we expect that j2 must be of order A to achieve

balance between Q, and Q; (see (5.9)). j? could of course be locally higher, as it is only the
volume averaged ohmic dissipation that has to balance Q, + Q,. We may therefore expect that

ixB|~ R, [i*~A, [j| ~|B|d/s. (5.26)

Using (5.26), d/d ~ 0.1, a plausible estimate for the scale on which ohmic dissipation is occur-

ring. This then gives B ~ 7, corresponding to around 0.01T, about the field strength found in
simulations. We should emphasise though that these are crude estimates, and in reality there
will be a spectral distribution of magnetic field energy over the various wavelengths, and the
dissipation must be found by integrating over the entire spectrum (see RJC03 for details).

Based on these estimates, we can estimate the space densities of the kinetic, the magnetic
and the heat energies:

2 2
L ~ B, (%) <%%AT> pogod = 107 Jm >, (5.27)
B2 R B2 B
5~ B =35 (%%AT) pogod ~ 40.Tm . (5.28)
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A

Cppol) ~ @EATcppo _9 <EQOAT) pogod = Tx10°Jm 2. (5.29)
n Dy \n

All these energies are very much smaller than pygod = 2 x 10" Jm = which is of the order of
the gravitational potential difference between the upper and the bottom boundaries. This is
because (k/n)aAT is a small parameter. The magnetic energy is much larger than the kinetic
energy, E,, << 1, and the magnetic energy is of order D, compared to the thermal energy, and
so in the Boussinesq limit Dy — 0 both kinetic and magnetic energies become small compared
to the thermal energy. Therefore the ohmic and viscous heating terms disappear from the
temperature equation in the Boussinesq limit.

6. EARTH CORE MODELS BASED ON PREM

Our analysis of the geodynamo equations has shown that there are some key quantities, such as
the heat flux deficit. Here we give some numerical estimates for them based on the Preliminary
Reference Earth Model, PREM, (Dziewonski and Anderson, 1981). RJCO03 also evaluated
the model using the akl135 data (Kennett et al., 1995), but the differences were insignificant
compared to uncertainties in the thermodynamic variables. Polynomial interpolation formulae
for g and p are given in PREM. The coefficient of expansion o = ye¢,/u2, where u,, is the core
sound speed, and wu,, is also given as an interpolation formula in PREM. (2.1b) then gives for
T,

T =T, exp{—/ vg/u; dr}, (6.1)

Ticb
which enables us to evaluate T" as another interpolated polynomial. The value of v in the core
is uncertain. RJCO03 gave a formula based on Laio et al. (2000) which leads to a value of ~
ranging from about 1.15 at the ICB to 1.3 at the CMB. However, ab initio quantum calculations
(Vocadlo et al. 2003) suggest a fairly constant value near 1.5. This higher value increases the
temperature variation across the core. We adopted a 1400 K drop across the core with an
anchor point of 5,400 K at the ICB, which gives a value of v = 1.458. We took ¢, = 860 J kg™
Kt n=2m?s"'and Kk = 5x107° m* s7! consistent with the Wiedemann-Franz law (see
BR95).

The corresponding values of D, p, o, g and T at the midpoint (r.,,, + 7i)/2 are given in
table 1. The corresponding dimensionless parameters are given in table 2. The variation of
these quantities with 7 is shown in figure 1. Note that the dissipation number D varies strongly
across the core, rising to 0.28 x 1.91 = 0.54 near the CMB, while the density only has a 20%
variation across the core. The variation of a across the core, almost always ignored in existing
dynamo models, is actually quite substantial. The dimensionless heat flux deficit, V- pVT/p is
shown in figure 2. It does not vary much across the core. The second internal heat source term
in (5.9) is H¢, the contribution from core cooling. From (5.6), this is simply proportional to T,
so its form can be seen in figure 1. The constant of proportionality depends on the heat flux at
the CMB and is very uncertain. With our values of the thermal conductivity and temperature
structure, the adiabatic heat flux at the CMB is 0.041 W m~2 which corresponds to a total of
6.2TW at the CMB. The corresponding figure at the ICB is only 0.3TW, which assuming the
tkllermal conductivity does not change significantly across the ICB means that Q,, = 0.3TW
also.

For our standard model we assume that the cooling rate is S~ —4x1076 W kg™t K1,
Since S = cpT emb/ T.... this corresponds to the CMB cooling at the rate of 1 K per 17 million
years. In (4.19), Q, and Q, are controlled by S through the time-averaged parts of (4.5) and
(4.6), i.e. omitting the ¥ terms,

3 5 3 D Temb =
R e TR o [Ttk
(6.2)

. Sricb

c, Ny’

P

£ =

Ticb =
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where M,. = 1.84x10** kg is the mass of the outer core. We evaluated the integrals in (4.19) and
(6.2) numerically to obtain the total heat flux at the CMB, Q.,,, = 7.6TW, corresponding to a
convected heat flux of 0.009 W m~2, only about 20% of the heat conducted down the adiabat.
This is not far from the values assumed by Glatzmaier and Roberts (1995). The values used
for the thermodynamic quantities h;, o, A and A, are listed in table 1. They are essentially
as in RJCO03, except that we have reverted to the Gubbins et al. (1979) value h; = 10° J kg™!,
in view of the increase in 7. The corresponding value for the rate of growth of the inner core
is then M, /M, ~ 3.5x107'7 s7! slightly higher than the value adopted by Glatzmaier and
Roberts (1996a). If the growth of the inner core were assumed steady, this would give the age
of the inner core as 0.9Gyrs, though this is only an order of magnitude estimate, see Labrosse
(2003) for a more detailed model. With these estimates, the heat flux into the outer core from
the inner core is 0.3TW, the latent heat released at the ICB is 3.2TW, the rate of core cooling
is 3.4TW and the gravitational energy released is 0.6TW (See BR95 and RJCO03 for details).

All these uncertain estimates go into the calculation of H¢, but the value at the ICB is listed
in table 2. If there is significant radioactivity in the core, as argued by RJC03, the estimates
change again.

We also computed a low heat flux model in which the cooling rate is reduced to S ~ —3x10~1'6
W kg' K~!'. This gives a slightly older inner core. The CMB heat flux is then only 5.8TW,
slightly less then the 6.2TW conducted down the adiabat, so in this model the convective heat
flux is slightly negative at -0.003W m~2 at the CMB. In this low heat flux model, the heat flux
into the outer core from the inner core is still 0.3TW, the latent heat released is 2.4TW, the
rate of core cooling is 2.6TW and the gravitational energy is released at 0.5TW.

We can now evaluate Q, using our two core models and the approximate form (4.18) sug-
gested by the anelastic liquid approximation. Of the three integrals in (4.18) the first and last
are positive while the second, related to the heat flux deficit, is negative. For our standard
model, the first and second integrals almost cancel, and the estimate for Q, is 0.6TW, similar
to the estimate using the usual entropy balance arguments in RJC03, and similar to the rate of
gravitational energy release. Assuming the bulk of the dissipation is ohmic rather than viscous,
(4.14c) implies that the ohmic dissipation is around 1.2TW. The low heat flux model with a
stably stratified layer near the CMB and 5.8TW only passing through the CMB reduces Q, to
0.3TW and Q, to 0.5TW, giving a lower ohmic dissipation of 0.8TW,

7. COMPARISON WITH BOUSSINESQ MODELS

What are the main differences between BA and the anelastic liquid approximation ALA con-
cerning energy? In the BA approximation we neglect the rate of working of the expanding
liquid parcel (the term before the last one in the R.H.S. of (3.3)). In consequence, only the
heat energy is conserved. The flow does not supply the heat transport equation with any cool-
ing or heating. In the ALA the whole energy is conserved and two terms of cooling, the heat
flux deficit and the Archimedean cooling, appear in the heat transport equations. Also, heating
arises due to converting the magnetic and the kinetic energies into heat.

The Boussinesq limit Dy — 0

In practice, only the non-spherically symmetric part of the superadiabatic temperature
plays a role in the momentum equation (5.8), since any spherically symmetric part of the
Archimedean force can be included in the pressure force. In consequence, we can subtract off
any spherically symmetric J(r) and similarly any spherically symmetric £(r) and define new
variables L L

D=d— ), E=E—EO). (7.1a,b)
We can use this freedom to simplify the dimensionless temperature and composition equations
(5.9) and (5.10). The natural choice is to set di(r)/di- and dé(r)/di to be solutions of

. 1 ~ ~
%Tv-pw+5vpVT+H:o, vy ovi - % o, (7.2a,b)
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and to choose homogeneous boundary conditions

90 .00 0E -0 Y 0¢ L
o = LE, a_f” = LE, on 7 =", % = 0, 8—§ = 0, on 7 ="Temp- (7.3@, b, C, d)
Equations (7.2) are first order equations for
3'(r) = 81?, Bo(r) = % (7.4a, b)
or or

We now get the temperature and composition equations into the form which most closely
resembles the Boussinesq equations, and is therefore most suitable for comparison with existing
BA numerical simulations,

09

o (8 V)0 4 5 ()i, = %Tv-pv& — DD, (9 + 9)
. (80 90\ DyD .. EDyD . _ .
DoDgr [ 22 207 v xBJ? 6,051, .

which in the limit Dy, — 0 and p constant reduces to the usual Boussinesq equation but with
(37 a function of position; this was the form used by Sarson et al. (1997). The composition
equation becomes 3

%3

o 0 Ve 5, = %Tv-pvé (7.6)

These equations are supplemented by (5.8) with the tilde variables replacing the standard vari-
ables, and the induction equation (5.11) is unchanged. The continuity equation (5.2) becomes

V-a=0. (7.7)

Since this Boussinesq form of the equations is homogeneous, there is a linear problem
associated with it, so a critical value of A could be found at which convection onsets. However,
since this is a linearization about a state which does not satisfy the zero order temperature
equation, it is not clear that this linear problem is very meaningful physically.

Evaluation of 3° and 3¢

We must now evaluate the quantities © and €. From (7.3a) £” must satisfy both (5.14a) and
(5.15a). To understand why two boundary conditions appear, we note that (7.2a) is related
to the heat flux equation (4.15). In the Boussinesq limit, the Q;, Q, and gu,af terms are
O(D) and are negligible, but we retain the surface integral of pc,kdT /dr, which comes from
the important heat flux deficit term. We also ignore radioactivity, so (4.15) becomes

dT -
Fconv - Qicb + Ql _'_ 47TT2pCpfid— + _pTS d'U. (78)
T Vr

We divide (7.8) by Fy = 4mpoc,kdAT, the unit of surface heat flux, to obtain

. ; oo, dT .t T,
Fconv = Qicb + Ql + T2p ~ + Hiccb/ g T2 dr, (79)
d,r Pich Lich
where
dT

Fconv = Fcon'u/F07 Qicb = Qicb/FO = _/fafcbi)icb% Ql = Ql/FO - qT/f?fcbi)icbf{iccbz' (710)

.
ich
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Now we integrate (7.2a) from 7. to 7 to obtain

dd dT dd dar ..t pT
o n2a _ 2 e U A2 c P2 o2 g

qTr pd?’ /ricbpwb d'f’ ich QTTicbple d'f’ ich _I_/r pdf” _I_ Hicb /ﬂ-cb ,L'Cb/r d/r (71]‘)

and using (7.10) and the boundary conditions (7.3a) and (5.14a)

LAY o, dl T,
—qri?p— = Qi + Q + P p— + chb/ P i2 dp (7.12)
(ZT‘ 617? Pich ich
and comparing with equation (7.9) we have
. dD . .

_QTrzp% = _QTT2/0619 = Fconv' (713)

This solution for 3” used (5.14a), but for consistency, we should obtain the same result using
boundary condition (5.15a). In the BA, the heat flux equation is

Qcmb = Qicb + Ql + Qinta (714)

A

where in the absence of radioactivity Q,,, is the secular cooling heat flux. Comparing with
(4.9) we note that Q, is ignored in the BA. Integrating (7.2a) from 7 to 7.,,, we obtain

oAb, dT oo Ayl T,
—QTTQPdA = T?mprmb% emp AT empPemb | + 7P 7 —I-Hicb/ T—T2 dr (7.15)
Tich icb

and using the CMB boundary conditions (7.3c), (5.15a) with (5.16¢) we obtain

L. d) 2 LdT . T,
_qTTQp_A - Qcmb - Qint _l_ sz N + Hiccb/ 8 7:2 d/r’ (716)
dr dr Pich Lich

which is identical to (7.12) in view of (7.14). We must be careful when solving (7.2a) to recall

that the value of M in table 2 has been calculated with the Q, term in the CMB heat flux,
i.e. using (4.9) rather than (7.14). In consequence, (5.15a) will not be satisfied exactly if the
first order ODE (7.2a) for 37 is integrated subject to (5.14a) unless the value of M in table 2
is adjusted by removing the Q, term.

The solution of (7.2b) causes no such problems, because mass conservation ensures that the
rate of injection of light material at the ICB must equal the time-averaged rate of growth of &,

—4mr?, pk ﬁ‘ =
icb Td’r ichb Voe

P dv. (7.17)

So using (5.14b) and (7.3b) dé/di = —CHE, at the ICB, then given (7.3d), (5.15b) is au-
tomatically exactly satisfied in both the BA and the ALA. Integrating (7.2b) from 7, to T
gives

dg
dr

AD A

25 . P 3
—qr?pB* = —qrt?p— = F,, = qril pi HE,,C — d—i/ pr2dr, (7.18)
Tich
where F,, is the dimensionless mass flux of light material (in units of 47pyaokd AT /o) through
a spherical surface of radius 7.
Equations (7.13), (7.9) and (7.18) give a prescription for 57 and $* which can be evaluated
in terms of PREM, or any other reference Earth model.
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Interpretation of 5° and (3°, and relation to existing Boussinesq models

We can now interpret 9 and its gradient $”, which from (7.5) is related to the static
temperature distribution used in Boussinesq models. Let

- kAT
T, =" (7.19)
n
be the dimensional static temperature distribution, and then (7.13) becomes
_dT;
—47T7‘2HTCpp% =F. .. (7.20)

so dT,/dr is the temperature gradient which would conduct the convective heat flux in the
presence of turbulent conductivity. T is very small, typically 107® K, so the temperature drop
across the layer that drives the Boussinesq convection is of this order. Note that it would be
a very serious error to confuse the actual temperature drop across the core (~ 1400 K) with
that which must be used in the equivalent Boussinesq model (~ 10~* K).This substantiates our
remark in the introduction that the relationship of BA variables to actual core variables is not
immediately apparent without an anelastic analysis; for example if 7" is the actual temperature

in the core, the Boussinesq fluctuation 1 is given by

~ ’]7 —
= T-T-T. 21
0= ) (7.21)

where 7' is the adiabatic temperature in the core, and T,(r) is the solution of (7.20). T, is not
particularly relevant physically, but it is useful to compare existing Boussinesq models with
their anelastic counterparts.

Busse et al.(2003) define T, and the corresponding Rayleigh numbers

. Bpd*i? 4 TAT e Tich R — GooTad’ _ JotoBpd’

2 T ’ 'f’o VUr KR

T, =1,

, (7.22a,b, )

’ ' ToVrkr
where 7o = (Fomp + Tie5) /2. The (g term, and the corresponding Rayleigh number R; are due
to a supposed uniform internal heating, and the T term, with R,., would be due to a uniform
heat flux passing through the core without internal heating. Formula (7.22) is therefore able
to accommodate both internal heating and a uniform heat flux. As we see below, it can also
approximately accommodate the heat flux deficit, but this term corresponds to a negative R;.
The dynamo benchmark (Christensen et al. 2001), and many other models, set R; = 0. Busse
et al. (2003) (and references therein) show results for R, = 0 with positive R;, uniform heating
models. How does (7.22) relate to our models? Our T, would be obtained by integrating
(7.12), the constant of integration being arbitrary, and in general this will not be of the form
(7.22). However, by making some crude approximations, (7.12) can be brought into rough
correspondence with (7.22). From (2.1b), if g is assumed proportional to r, and « and ¢,

are assumed constant, then d7'/dr is proportional to r (see D in figure 1 for how good this

approximation is). Similarly, if we assume p is constant (p = 1) and T is constant inside the
integral in (7.12) then

A

dr Dy, PopT 1
"9A odo I <3 43
A — = dr ~ = (1% —71,). 7.23
TP T T AT /b U e U (7.23)
With these approximations (7.22) and (7.12) can be written
dr. o DAl Temy  RAT /1 - DTy . ©kAT . - 1. . .1
- s _ dQ wcb! em ~ - c - = F[c 3 - 724
d'l/:' ﬂB r _'_ /;;’2 Ko (3 icb ?’OAT)T + Ko (Q b + Ql 3 'chrlcb) 7/;2 ( )
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which shows that both expressions now have the same 7 dependence. This has been achieved
because the heat flux deficit has (approximately) the same form as a uniform negative heat
sink. This could be anticipated from figure 2, where the heat flux deficit is shown as being
approximately constant. Identifying the coefficients of 7 and 72, we get expressions for 5z and
Ta which can then be inserted in (7.22b) and (7.22¢) to get

CAE™! C;AE™!
i - i

@ a3

Re ) Ce: y Ci:A——H?—

ToTichTemb 7o \3 <t Fo AT
(7.25)
Using the values listed in table 2, C, = 2.0 and C; = —0.32. This negative value arises
because the heat flux deficit term outweighs the heat source due to cooling. A model with
C. = 0 and () positive is therefore not a good model of the current Earth, but it could form
the basis of a reasonable model of the Earth before the inner core formed, though the different
geometry (full sphere rather than spherical shell) would have to be taken into account. In terms
of the modified Rayleigh number Ra = ER, defined in (5.13), for our model Ra ~ 1.2x10* if
qr is taken as unity. This is significantly larger than the value of Ra = 100 used for example
in the dynamo benchmark (Christensen et al. 2001).
Can these estimates be modified to take compositional convection into account? From (5.8)

we see that if we add the Boussinesq form of the equations for 0 and €, (7.5) and (7.6), to form
a new variable C' = ¢ + ¢ this would be possible, provided the boundary condition equations
(7.3) could be expressed entirely in terms of C. Unfortunately, this is not possible because of

A

the L terms appearing in (7.3). However, if these terms were omitted, then the compositional

terms could be included in (7.22) by replacing Q, by Q,(L + C)/L and H{, by Hi, — d&/dt.
For our table 2 model, this gives C, = 4.52 and C; = —0.92. The injected mass flux at the ICB
has more than doubled C,, but the stabilisation produced by the secular increase in the light
component has almost exactly eliminated the driving by secular cooling, leaving the enhanced
negative value of R; due to the heat flux deficit.

In figure 3 we show the dimensionless convective heat flux F,,,, as a function of 7 using
(7.9). The heavy solid line is for our table 2 model, and the light solid line is for the low heat

flux model. The unit of heat flux for our table 2 values is 1.94TW. Note that for the low heat
flux model, beyond 7 =~ 1.4 the convected flux is negative, so the temperature gradient must be

slightly subadiabatic there. Also shown are the corresponding values for the commonly used
Boussinesq uniform flux model (dashed lines corresponding to no heat flux deficit or secular
cooling terms) and also the corresponding values for the uniform heating model (dotted lines).
These are shown both for the standard model (thick lines) and for the low heat flux model
(thinner lines). The difference between the models with the heat flux deficit included and those

without is quite striking. The heavy and light dot-dashed lines are for F),, the dimensionless
mass flux across a spherical surface of radius 7. The unit here is 3.1x10* kg s™'. The mass flux,
and hence the gradient 3¢, both fall to zero at #.,,,. In consequence, the thermally stable region
can itself be divided into two regions; close to 7 = 1.4 the destabilising ¢ gradient will be larger
than the stabilising thermal gradient, i.e. |3%| > |3%|, so we can be reasonably confident there
will be strong mixing. Closer to the CMB this will no longer be the case. Convection can still
occur through double diffusive convection (salt-fingering) but whether this will be sufficient to
effectively mix the core and reduce the gradients to close to their adiabatic values is unclear.

(Qier + Q1 — $HE,,) 1 (1 ; DOTO)

8. CONCLUSIONS

Equations (5.8) to (5.11), with (5.2), constitute our anelastic liquid equations. The coefficients
in these equations can be derived from the PREM model, as indicated in section 7, once v, ¢,

and x have been chosen, though the secular cooling term H requires S, or equivalently the CMB
heat flux, to be specified. In principle, the CMB heat flux is determined by mantle convection.
The boundary conditions (5.14) and (5.15) require further thermodynamic quantities, whose
exact magnitudes are still somewhat controversial, to be specified. However, from a numerical
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point of view, these coefficients can be expressed as simple polynomial interpolation formulae,
and will not significantly add to the computational work required for numerical solution.
Glatzmaier and Roberts (1996) did not non-dimensionalise their equations, and while BA
modellers have usually used non-dimensionalised equatons, their system differs in significant
ways from this anelastic liquid approach. They noted that the ICB boundary conditions (5.14),
(and their Boussinesq equivalents (7.3)) contain time-derivatives, but to our knowledge these
have not been included in Boussinesq models, and no systematic exploration of their effect

has been made. Since the dimensionless parameter L is of order unity these time-derivatives
are likely to be significant. Our non-dimensionalisation has avoided the use of poorly known
quantities such such the turbulent diffusivities or the molecular diffusion as fundamental units.
This has the advantage that our Archimedean number, which replaces the Rayleigh number,
can be estimated much more reliably. It does still depend on quantities which are not known
accurately, such as the molecular thermal conductivity and the temperature jump across the
core, but it is unlikely to be wrong by much more than a factor 2, whereas the Rayleigh number,
depending on the turbulent diffusion, is uncertain to many orders of magnitude.

What are the prospects for obtaining numerical solutions to our equations which are realistic
for the core? The three quantities for which Boussinesq models have particular difficulties are
the Ekman number, the Rayleigh number and the Roberts number g;. The very low value
of the Ekman number in the core is not attainable by any current numerical simulation, and
this situation is unlikely to change in the near future. However, Rotvig and Jones (2002) have
shown that in plane layer geometry, where lower values of E can be attained than is possible in
spherical geometry, there is evidence that a Taylor state is being approached in which the large
scale flows are becoming independent of viscosity. If this can be extended to spherical geometry
as computer power increases, it may be possible to get to values of E sufficiently small to be
reasonably close to the asymptotic regime. -

The very large value of the Rayleigh number Ra = gya¢ATd/Qk ~ 9x 10" is not really
relevant, because the typical temperature fluctuation creating the buoyancy is only ¥, = ¢AT
which is much smaller. Even then, it is usual to use the turbulent value of k in the definition
of Ra if sensible results are to be obtained, so then if ¢, = 1, Ra is reduced by another factor
q down to A. Incidentally, this explains the paradox about the Nusselt number mentioned
in the introduction. Although the “raw” Rayleigh number defined in (5.13) is enormous, and
would lead to a huge Nusselt number, this Rayleigh number is actually irrelevant to core
convection, and the much smaller Archimedean number is the relevant parameter, and this
leads to the modest values of the Nusselt number found in the core. Having said that the
Archimedean number A ~ 6000 is relatively modest, it is actually somewhat larger than the
equivalent Ra values currently used (or indeed numerically possible) in simulations. However,
it is not impossible that faster machines and better numerical methods could one day achieve
the required Archimedean number, at least for moderate ¢r.

This leaves us with the turbulent Roberts number g = kr/n. It has proved extremely
difficult to get this significantly below 1 in numerical dynamo simulations, though very re-
cent calculations (Christensen and Tilgner, 2004) have achieved ¢ ~ 0.15 in some parameter
regimes. This is unfortunate, because it is hard to predict the nature of convection and the
dynamo in the small ¢; limit. We might expect thin thermal boundary layers to develop at the
ICB and CMB, and the convection in the interior could consist of thin plumes arising out of
these boundary layers. How far such plumes would penetrate before mixing is very uncertain.
It is also rather unlikely that the turbulent diffusion is isotropic (Braginsky and Meytlis, 1990).
There are many reasons why it would be of interest to reduce the value of g, and investigate
the effect of the smaller scales of flow on the convection and the dynamo process, but this is
still a formidable challenge.
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APPENDIX A

Papers dealing with the Earth’s core frequently use many different symbols. Here we give a
list of those used, together with their dimensions (blank for dimensionless quantities), and the
equation in which they first appear. Occasionally the definition is just above, rather than just
below the relevant equation. We also use subscripts, superscripts and accents. Sometimes these
are particular to the defined quantity, e.g. ¢, is specific heat at constant pressure, but we list
below those that attached to several different quantities and are generally applicable.

Accents, subscripts and superscripts
Adiabatic reference value, e.g. T is adiabatic reference temperature
Dimensionless variable., e.g. 1 = ud/n is dimensionless velocity
Quantity averaged over turbulent subgrid scale
Equivalent Boussinesq static quantity (section 7)
Boussinesq variable with ~ part subtracted off (section 7
a Archimedean (buoyancy), e.g. Q, is rate of working of buoyancy forces
cmb  Value at core-mantle boundary
conv  Part due to convection, e.g. I.,,, is part of heat flux carried by convection
g Gravitational, e.g. €7 is the gravitational energy density
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Value at inner core boundary

Internal source, i.e. radioactivity and secular cooling,
(but not ohmic or viscous dissipation)

Kinetic, e.g. €* is the kinetic energy density

Latent heat, e.g. Q, is rate of latent heat energy release

Magnetic

Radial component

Radioactivity, e.g. H" is rate of release of radioactivity in the core
Turbulent value or turbulent part

Thermal, e.g. I is temperature flux

Value at (7, + 7ems) /2. Exception: p, is magnetic permeability

Definition of symbols

Meaning Equation
first used

Archimedean number (5.12)
Coefficient of thermal expansion (2.1f)
Isothermal compositional expansion coefficient (2.16a)
Adiabatic compositional expansion coefficient (2.8)
Magnetic field (2.3a)
Typical magnetic field strength (5.28)
Equivalent Boussinesq static temperature gradient 90/07  (7.4a)
Equivalent Boussinesq static composition gradient 9¢/97  (7.4b)
Coefficient in definition of T} (7.22a)
Coefficient for composition boundary condition (5.14b)
Boussinesq co-density ¢ + & below (7.25)
Coefficients in Boussinesq Rayleigh numbers (7.25)
Specific heat at constant pressure (2.1f)
Specific heat at constant volume (2.16)
Temb — Tich (2.1b)
Dissipation number (2.1b)
Magnetic dissipation length scale (5.26)
Dimensionless quantity derived from melting point curve  (4.5)
Electric field (2.6a)
Ekman number (5.12)
Magnetic Ekman number (5.12)
Energy density (3.1)
Magnetic diffusivity (3.6)
Viscous force density (2.7a)
Convective plume filling factor (5.18)
Flux through a surface of radius r (4.15)
Acceleration due to gravity (2.1a)
Gravitational constant (2.4b)
Griineisen parameter (2.1¢)
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Correlation coefficient for convected heat flux
Internal heat source
Internal heating including secular cooling

Dimensionless secular cooling heat source

Dimensionless radioactive heat source
Heat of reaction

Latent heat

Current density

Energy flux of various quantities
Thermal conductivity

Mass diffusion coefficient

Thermal diffusivity

Mass diffusivity

Coefficient in the ICB thermal boundary condition
Typical width of convection rolls

Coefficient in the CMB thermal boundary condition
Mass of outer core

Mass of inner core

Magnetic permeability

Chemical potential

Turbulent kinematic viscosity

Rotation rate of mantle (assumed constant)
Rotation rate of inner core

Pressure (fluctuating pressure)

Magnetic Prandtl number

Gravitational potential (fluctuating potential)
Roberts number x/n and turbulent Roberts number
Rate of energy release per unit volume

Rate of energy production in whole core
Distance from Earth’s centre

Density

Density perturbation

Rayleigh number

Magnetic Reynolds number

Boussinesq Rayleigh numbers

Specific entropy (entropy fluctuation)
Spherical surface of radius r

Electrical conductivity

Viscous stress tensor

Time

Temperature

Temperature of adiabatic state

Temperature fluctuation due to convection
ICB-CMB temperature difference

Equivalent Boussinesq static temperature

after

Equivalent Boussinesq static temperature drop across core

velocity

Sound speed in the core

Typical dimensionless velocity

Volume of outer core

Volume from ICB to sphere of radius r
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=¢ Mass fraction of light element (adiabatic value) (2.2e)
13 Fluctuation mass fraction of light element (2.2¢)
A& Jump of & across the ICB (4.5)

FIGURE CAPTIONS

Figure 1. Form of the dimensionless core variables D= D/Dy, g =9/g90, & = /g, p=p/po,
T/T, as a function of 7. By construction all curves pass through 1 at 7 = (Fi + Temp) /2. For
the dimensional values at that point see table 1.

Figure 2. The dimensionless heat flux deficit, V - ﬁVT /p as a function of 7.

Figure 3. The dimensionless convective heat flux F.,,., as a function of 7 for the standard model
(table 1 values, heavy type curves) and for a low heat flux model (lighter type curves). The
dashed curves give the form for constant heat flux released at the ICB and no internal heating
or heat flux deficit. The dotted curves are for uniform internal heating with no latent heat
release at the ICB and no heat flux deficit. The dot - dash curves are the dimensionless mass
flux of light material, F),.
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