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Abstract. We consider a continuous-time branching random walk on the lat-
tice Zd (d ≥ 1) evolving in a random branching environment. The motion of
particles proceeds according to the law of a simple symmetric random walk.
The branching medium formed of Markov birth-and-death processes at the lat-
tice sites is assumed to be spatially homogeneous. We are concerned with the
long-time behavior of the quenched moments mn (n ∈ N) for the local and total
particle populations in a “frozen” medium. We pursue the moment approach via
studying the asymptotics of the annealed moments 〈mp

n〉 (p ≥ 1), obtained by
averaging over the medium realizations. Under the assumption that the random
branching potential has a Weibull type upper tail, we compute the correspond-
ing Lyapunov exponents λn,p. Our results show that the quenched moments of
all orders grow in a non-regular, intermittent fashion. The proofs are based on
the study of a Cauchy problem for the Anderson operator with random potential
and random source. In particular, we derive the Feynman – Kac representation
for the solution of the inhomogeneous problem.
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1. Introduction

In this paper, we consider a continuous-time branching random walk on the
lattice Zd, d ≥ 1, evolving in a random branching environment constituted
by random birth and death rates at the lattice sites. We assume that the
branching medium is spatially homogeneous, that is, its probability distribution
is translation invariant (with respect to shifts of the lattice). The motion of
particles proceeds according to the law of a simple symmetric random walk.

The quantities of interest in the model are the local number of particles (at
lattice sites) and the total population size. We are concerned with their long-
time behavior, given that initially the population consists of a single particle
placed at some point x ∈ Zd.

We pursue the moment approach to the problem. Let us consider the
“quenched” statistical moments of the local and total particle numbers (of all
integer orders), where expectation is taken with respect to the law of the branch-
ing random walk conditional on the branching medium. As functions in time
and space, these moments satisfy an infinite chain of backward evolution equa-
tions. For example, the expected total number of particles (i.e., the quenched
moment of the first order) satisfies the Cauchy problem for the celebrated An-
derson operator with random potential:

∂tu(t, x) = κ∆u(t, x) + ξ(x)u(t, x), (1.1)
u(0, x) ≡ 1. (1.2)

Here ∂t := ∂/∂t stands for a partial derivative with respect to time variable t,
the operator ∆ is the discrete Laplacian on Zd acting in variable x as

∆ψ(x) =
1
2d

∑

|x′−x|=1

ψ(x′)− ψ(x), (1.3)

the coefficient κ > 0 is a “diffusion” constant, and the potential ξ(x) = ξ(x, ω),
x ∈ Zd, is a certain random function determined by the random branching
medium. (Here and below, the letter ω refers to an elementary event in an appro-
priate probability space, corresponding to a sample realization of the medium.)

Much attention has been devoted to the study of spectral properties of the
Anderson operator κ∆ + ξ(x), in particular in connection with the localiza-
tion problem (see, e.g., [3] and bibliography therein). These properties are
closely related to the asymptotic behavior of the solution u(t, x) of the prob-
lem (1.1)+ (1.2) (see discussion in [6]). It has been discovered that the evolution
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of the field u(t, x) leads to the formation of highly irregular time-space struc-
tures, characterized by the generation of rare high peaks accumulating the bulk
“mass” of the evolving field (see [6,7,13,20]). Such a phenomenon has received
the name “intermittency”.

A key device for studying intermittency first employed in the works [6,13,20],
is the asymptotic analysis of the “annealed” moments obtained by averaging the
powers of the quenched moment over medium’s realizations. Namely, it can be
shown that intermittency is displayed in an anomalous, progressive growth, as
t →∞, of the annealed moments with regard to their order, in that, for instance,
the second-order moment grows much faster than the squared first-order mo-
ment, etc. (see [6,13]). In particular, important information is contained in the
Lyapunov exponents characterizing the growth of the annealed moments (in an
appropriate time scale). Let us remark that in [7] the next term of the annealed
moment asymptotics is found, revealing in particular the role of diffusion in the
development of intermittency.

Equations for the higher-order quenched moments are similar to equation
(1.1), with the only (but quite essential) difference that they are inhomogeneous,
the right-hand part now containing in addition a source term which depends on
the medium and on the moments of lower orders. By analogy with the first-order
case, we are led to the problem of studying the annealed asymptotics for the
solutions of these equations. In the present paper, we restrict our considerations
to the case where the potential ξ has the Weibull type upper tail, and our goal
is to compute explicitly the annealed Lyapunov exponents for the moments of
all orders.

2. Model and the main result

Let us describe our model in greater detail. The branching random envi-
ronment is formed by a collection of pairs of non-negative random variables,
Ξ(x) := (ξ0(x), ξ2(x)), x ∈ Zd, defined on some probability space (Ω,F ,P).
It is convenient to realize this space as the canonical one, so that elementary
events ω ∈ Ω represent sample realizations of the field Ξ(·). In particular, we
can assume that Ω = (R2

+)Z
d

. Expectation with respect to the probability
measure P will be denoted by the angular brackets, 〈·〉. As already mentioned
in Introduction, we assume that the random field Ξ is spatially homogeneous,
that is, its distribution P is invariant with respect to translations x 7→ x + h,
x, h ∈ Zd.

Given the medium realization ω, we consider the process Zt of branching
random walk for which the branching rates at the lattice sites are given by the
field Ξ, whereas the spatial motion of particles is described by a continuous-time
simple symmetric random walk on Zd. To be more precise, at each site x ∈ Zd

a Markov birth-and-death branching process is defined, ξ0(x) and ξ2(x) having
the meaning of its transition rates of death and binary splitting, respectively.
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As is well known from the standard theory of branching processes (see, e.g., [8,
Chapter 5]), this implies that the random time until branching transformation
has exponential distribution with the parameter ξ0(x)+ξ2(x), and as soon as this
exponential “clock” rings, the particle either dies or splits into two descendants,
with probabilities proportional to ξ0(x) respectively ξ2(x).

The simple symmetric random walk is specified by its generator of the form
κ∆, where ∆ is the lattice Laplacian defined above (see (1.3)) and κ > 0 is the
jumping rate. In particular, this implies that the random walk spends at each
site an exponential random time (with parameter κ), thereafter jumping to one
of the 2d adjacent sites chosen with equal probability (2d)−1.

As usual, it is assumed that the mechanisms of random walk and branch-
ing act independently of each other, which amounts to saying that exponential
clocks measuring time until jumping or branching are independent. Therefore,
the development of the population ensemble proceeds, in “microscopic” time
scale, according to the following rule. If a particle is found at some time at
point x, then during a small subsequent amount of time h > 0, with probabil-
ity (2d)−1κh + o(h) it can jump to a neighboring site x′ (|x′ − x| = 1), with
probability ξ2(x)h + o(h) it is replaced by two descendants at the point x, or
otherwise, with probability ξ0(x)h + o(h) the particle dies without leaving off-
spring. Accordingly, with probability 1−κh−(ξ2(x)+ξ0(x))h+o(h) the particle
does not experience any transformations during the whole time h. Newly born
particles evolve by the same rule, independently of the other particles and the
past history. We also impose the initial condition by assuming that at time
t = 0 there is a single particle in the system located, say, at point x ∈ Zd.

A formal construction of such a process, including the description of an ap-
propriate probability space, can be found, for instance, in [4, Chapter 9], [8,
Chapter V, § 3], [10, Chapter III], [15]. Let us denote by P(ω)

x the quenched
probability law of this process, and let E(ω)

x stand for the corresponding expec-
tation. (The label ω is to refer to the fixed realization of the branching medium
Ξ, and the subscript x indicates the initial position of the single original par-
ticle.) Then the annealed probability measure Px defining the process Zt in
the random medium Ξ can be symbolically represented by the total probability
formula

Px(·) =
∫

Ω

P(ω)
x (·)P(dω).

Let us denote by µt(y) the number of particles at time t ≥ 0 at point y ∈ Zd,
and consider also the total population size µt :=

∑
y µt(y). The quenched

generating functions associated with the random variables µt(y) and µt are
defined for z ≥ 0 by

F (z; t, x, y) := E(ω)
x [e−zµt(y)],

F (z; t, x) := E(ω)
x [e−zµt ].
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It is well known (see, e.g., [13,16,17]; cf. also [1]) that the functions F (z; t, x, y),
F (z; t, x) satisfy the Skorohod equation

∂tF = κ∆F + [ξ2(x)F − ξ0(x)] · (F − 1)

with the initial conditions

F (z; 0, x, y) = e−zδy(x) resp. F (z; 0, x) = e−z,

where δy(x) is the Kronecker symbol.
Let us now introduce the quenched integer-order moments

mn(t, x, y) := E(ω)
x [µn

t (y)], mn(t, x) := E(ω)
x [µn

t ], n ∈ N.

(We implicitly assume that all these moment functions are finite. Later, this
will be guaranteed by the conditions imposed on the random medium Ξ.) By
taking the nth derivative of the functions F (z; t, x, y), F (z; t, x) (which is clearly
permissible, see, e.g., [5, Chapter XIII, § 2]) and letting z tend to 0, we obtain

mn(t, x, y) = (−)n lim
z→0+

∂n
z F (z; t, x, y), (2.1)

mn(t, x) = (−)n lim
z→0+

∂n
z F (z; t, x). (2.2)

Let us now introduce the random field

ξ(x) := ξ2(x)− ξ0(x), x ∈ Zd, (2.3)

called the potential. As shown in [14] (see also [1, 18]), the moment functions
mn(t, x, y), mn(t, x) (n = 1, 2, . . .) satisfy the chain of linear (non-homogeneous)
differential equations

∂tmn = κ∆mn + ξ(x)mn + ξ2(x)hn[m1, . . . ,mn−1] (2.4)

with the initial conditions

mn(0, ·, y) = δy(·) resp. mn(0, ·) ≡ 1, (2.5)

where h1 ≡ 0 and for n ≥ 2

hn[m1, . . . , mn−1] :=
n−1∑

i=1

(
n
i

)
mimn−i, (2.6)

here
(n

i

)
=

n!
i!(n− i)!

are the binomial coefficients. In particular, the first-order

moments, as mentioned in Introduction, satisfy the homogeneous equation

∂tm1 = κ∆m1 + ξ(x)m1. (2.7)
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Equations (2.4) can be obtained formally from the Skorohod equation for
the generating functions via an appropriate differentiation using relations (2.1),
(2.2).

We are now in a position to explain our main result on the asymptotics
of the annealed moments 〈mp

n〉, where n ∈ N, p ≥ 1. In order to make the
formulations clearer, we temporarily assume that ξ0 ≡ 0, that is, the particles do
not die and hence branching reduces to splitting (the fission process). Therefore,
the random medium is completely determined by the potential ξ(·) (which is in
particular non-negative now). Due to our general assumption of the medium’s
homogeneity, the random field ξ(·) is homogeneous. In order to prevent the
possible explosion of the moments, we need to have some control on the upper
tail of the distribution of ξ(x). In this work, we consider the concrete case where
such tails are of the Weibull type:

lim
z→+∞

z−α ln P{ξ(x) > z} = −c,

for some α > 1, c > 0.
Under these assumptions, we show the following result.

Theorem 2.1. The annealed moment Lyapunov exponents defined for the mo-
ment functions mn as the limits

λn,p := lim
t→∞

ln 〈mp
n〉

a(t)
,

exist in the time scale a(t) = tα
′
, where α′ := α/(α − 1). Moreover, they are

explicitly given by

λn,p = γ(α, c) · (np)α′ , n ∈ N, p ≥ 1, (2.8)

where
γ(α, c) := (α− 1)α−α′c−1/(α−1). (2.9)

Note that the right-hand side of equation (2.8) does not depend on the start-
ing point x, which is obviously due to the medium’s homogeneity. More striking
is the fact that the Lyapunov exponents for the local moments mn(t, x, y) coin-
cide with those for the total moments mn(t, x) (and thus are independent of the
point y as well). This shows that in the long run, all the sites y ∈ Zd, no matter
how far they may be from the starting point x, make the same contribution to
the growth of the annealed mean population size.

In the general case, where the possibility of death is allowed, we require
the random potential ξ(·) to be non-percolating from below (see Sections 3
and 6 of the present paper). In words, this property asserts that the lower
level set of the field ξ(·) does not percolate to infinity provided the level is low
enough [12, Section 9] (the connectivity on the lattice Zd is understood in the
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usual nearest-neighbor sense). We also need some technical condition on the
upper tail of the splitting rate ξ2(x) (see Theorem 5.2).

The main qualitative inference from the result (2.8) is that we deal here
with a strongly intermittent structure. Indeed, from (2.8) it follows that for
each fixed n, the specific Lyapunov exponent

λn,p

p
= γ(α, c)nα′pα′−1

appears to be strictly increasing as a function of p, since α′ > 1. According
to [6, 13], this implies the intermittency of the field mn. Moreover, we observe
that the same is valid with respect to the index n. Namely, for each fixed p

λn,p

n
= γ(α, c) pα′nα′−1

is a strictly increasing function in n.
It is also important to observe from (2.8) that for all n ∈ N, p ≥ 1, the

following identity holds:
λn,p = λ1,np. (2.10)

Heuristically, relation (2.10) implies that

〈mp
n〉 ≈ 〈mnp

1 〉, t →∞.

This suggests that the intermittency of the moments mn, n ∈ N, is reduced, in
a sense, to that of the first-order moment m1 (cf. [14] where this observation
was first made).

It is worth noting that the distinguished role of the first-order moment is
also seen from the proofs of our results (see below Sections 6 and 8). Namely,
we break up the proof of relation (2.8) into two steps, for n = 1 (Theorem 6.1)
where the exponents λ1,p are found directly, and for n ≥ 2 (Theorem 8.1) where
we prove the result by deriving two-sided estimates in terms of m1.

Let us remark that in the case n = 1, the result (2.8) is well known for the
total moment m1(t, x) (see [6, 13]). Our result in Theorem 6.1 related to the
local moment m1(t, x, y) is a new one. In a short note [18], formulas (2.8) (for
integer orders p) were announced in the case of pure-birth branching medium
with i.i.d. values and Weibull tails. This case has also been considered in [14]
where a sketch proof of (2.8) is given, however based on a different approach.

Let us point out that the main technical tool used in [6,13] is the Feynman –
Kac representation of the solution to the problem (1.1)+ (1.2), having the form

u(t, x) = Ex

[
exp

( ∫ t

0

ξ(xs) ds
)]

.

Here (xt, t ≥ 0) is an auxiliary simple symmetric random walk on Zd with the
generator κ∆, and Ex is the expectation under the condition that the random
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walk is started at point x. In our analysis of the higher-order quenched moments,
we extend this formula to the inhomogeneous case (see Theorems 4.2 and 5.2),
which may be of interest in its own right.

The paper is organized as follows. We start in Section 3 with the consider-
ation of the inhomogeneous Cauchy problem with non-random data, recalling
first a few necessary facts known for the homogeneous one. In particular, suf-
ficient conditions for the existence and uniqueness of a non-negative solution
are given in Theorem 3.1. In the next Section 4, we obtain an analogue of
these results for the case of random data (Theorem 4.2). In turn, the latter
theorem is applied in Section 5 to obtain the Feynman –Kac representation for
the higher-order moments (Theorem 5.2). We then proceed to the study of the
annealed moment asymptotics, beginning with the case n = 1 (Section 6). A
few technical lemmas have to be proved beforehand. In particular, we establish
a simple scaling relation for the first-order moments (Lemma 6.3), which plays
an important role in the subsequent estimates. The Lyapunov exponents λ1,p

are then computed in Theorem 6.1. The proof of the second part of our main
result, for n ≥ 2, requires some preparations made in Section 7. The central
result here is Lemma 7.10, which allows one to estimate a certain functional
of the branching random walk by a similar functional of the ordinary random
walk. Finally, Section 8 is devoted to the derivation of higher-order annealed
moment Lyapunov exponents (Theorem 8.1).

In the sequel, we frequently use the following notation:

Exp[f(·)]ba := exp
( ∫ b

a

f(s) ds
)
. (2.11)

The distance on the lattice Zd is defined as

|y − x| :=
d∑

i=1

|yi − xi|, x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ Zd.

3. Inhomogeneous Cauchy problem with non-random data

Let us first consider the homogeneous Cauchy problem

∂tu(t, x) = κ∆u(t, x) + q(x)u(t, x), (3.1)
u(0, x) = u0(x), (3.2)

where q : Zd → R and u0 : Zd → R+ are given non-random functions. We are
interested in non-negative solutions u(t, x).

In [6], it has been established that there is a deep connection between the
problem (3.1) + (3.2) and the Feynman –Kac functional

u(t, x) := Ex

[
Exp[q(x·)]t0 u0(xt)

]
, (3.3)
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where (xt, t ≥ 0) is the simple symmetric random walk (with continuous time)
on Zd with generator κ∆, Ex is the corresponding expectation conditioned on
xt|t=0 = x, and the notation Exp is introduced in (2.11). For the sake of the
presentation convenience, let us cite here some relevant results from [6].

Lemma 3.1. (Cf. [6, Lemma 2.2].) If the function u(t, x) defined by (3.3) is fi-
nite for all t ≥ 0 and x ∈ Zd, then u(t, x) is the minimal non-negative solution to
the Cauchy problem (3.1)+ (3.2). In the opposite case, the problem (3.1)+ (3.2)
does not have non-negative solutions.

Definition 3.1. (Cf. [6, p. 623].) We say that the potential q(·) does not per-
colate from below if there exists h ∈ R such that the lower level set A−h := {x ∈
Zd : q(x) ≤ h} does not percolate to infinity, that is, does not contain an infinite
connected component (connectivity in Zd is understood in the sense of nearest
neighbors, |x− y| = 1).

Lemma 3.2. (Cf. [6, Lemma 2.3].) If the potential q(·) does not percolate
from below, then the Cauchy problem (3.1)+ (3.2) has at most one non-negative
solution.

Let us now consider the non-homogeneous Cauchy problem

∂tv(t, x) = κ∆v(t, x) + q(x)v(t, x) + g(t, x), (3.4)
v(0, x) = v0(x), (3.5)

where q : Zd → R, g : R+ × Zd → R+, v0 : Zd → R+. Let us define

v(t, x) = v1(t, x) + v2(t, x) (3.6)

:= Ex

[
Exp[q(x·)]t0v0(xt)

]
+ Ex

[ ∫ t

0

Exp[q(x·)]s0g(t− s, xs) ds
]
.

Theorem 3.1. Assume that the function g(t, x) is continuous in t at each fixed
x ∈ Zd. Then the Cauchy problem (3.4)+ (3.5) has at least one non-negative
solution if and only if the function v(t, x) defined in (3.6) assumes finite values
for all t ≥ 0, x ∈ Zd :

v(t, x) < ∞. (3.7)

In case condition (3.7) is satisfied, v(t, x) is the minimal non-negative solution.
If moreover the potential q(·) does not percolate from below in the sense of
Definition 3.1, then v(t, x) is the unique non-negative solution to the problem
(3.4)+ (3.5).

Remark 3.1. According to Lemma 3.1, the summand v1(t, x) in (3.6) is a solu-
tion to the homogeneous problem with the given initial condition (3.5). There-
fore, the second summand, v2(t, x), plays the role of a particular solution of
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the inhomogeneous equation (3.4) with null initial condition. The latter can be
verified by a formal substitution into (3.4). Let us also remark that one can
arrive at the representation (3.6) by using the formula of variation of constants
and taking into account Lemma 3.1 and the expression (3.3) for the solution
of the homogeneous problem. However, we will not justify these calculations
because it would be difficult to prove along this line the minimality property
which plays a key role in the proof of uniqueness.

By analogy with the paper [6] where the homogeneous case was considered
(i.e., the problem (3.1)+ (3.2)), we will first study the corresponding initial
boundary value problem in the strip (t, x) ∈ R+ × (QN ∪ ∂QN ), obtained by
complementing equation (3.4) and the initial condition (3.5) (both considered
now for x ∈ QN ) with the boundary condition

v(t, x) = ψN (t, x), t ≥ 0, x ∈ ∂QN , (3.8)

where

QN := {x ∈ Zd : |x| < N}, N ∈ N,

∂QN := QN+1 \QN = {x ∈ Zd : |x| = N},

and ψN (t, x) is a function defined on R+×∂QN . Denote by τN the hitting time
of the set ∂QN by the random walk xt:

τN := inf{t ≥ 0 : |xt| = N}. (3.9)

Of course, τN is a stopping time with respect to the natural filtration (Ft, t ≥ 0),
Ft := σ{xs : s ≤ t}. From the well-known properties of the simple symmetric
random walk, it follows that Px {τN < ∞} = 1 for all x ∈ QN ∪ ∂QN . Let us
prove the following general lemma.

Lemma 3.3. Assume that for a given N ∈ N the functions g(t, x), ψN (t, x)
are continuous in t for each x ∈ QN and each x ∈ ∂QN , respectively. Then
the initial boundary value problem (3.4)+ (3.5)+ (3.8) has the unique solution
vN (t, x), which can be written in the form

vN (t, x) = Ex

[
Exp[q(x·)]t∧τN

0 ΨN (t− t ∧ τN , xt∧τN
)
]

+ Ex

[ ∫ t∧τN

0

Exp[q(x·)]s0 g(t− s, xs) ds
]
, (3.10)

where a ∧ b := min (a, b) and

ΨN (s, x) :=
{

ψN (s, x), if x ∈ ∂QN , s ≥ 0,
v0(x), if s = 0, x ∈ QN .

(3.11)
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Proof. We first remark that the initial boundary value problem (3.4)+ (3.5) +
(3.8) in fact amounts to a Cauchy problem for a finite system of inhomogeneous
ordinary differential equations with constant coefficients. Moreover, from the
hypotheses of the lemma it follows that the functions determining the inho-
mogeneity1 are continuous in t ≥ 0. This immediately implies existence and
uniqueness of a solution which we denote by vN (t, x). It then only remains to
check that this solution can be represented in the form (3.10).

Let us continue the function vN (t, x) from the strip R+×QN+1 onto R+×Zd

by setting vN (t, x) ≡ 0 for x ∈ Zd \QN+1. Fix t > 0 and consider for s ∈ [0, t]
the random process

ζs := vN (t− s, xs) Exp
[
q(x·)

]s

0

+
∫ s

0

[∂1vN (t− u, xu)−HvN (t− u, xu)] Exp[q(x·)]u0 du, (3.12)

where ∂1vN (·, ·) is the partial derivative of the function vN (·, ·) with respect to
the first argument, and H := κ∆ + q(·). Let us show that (ζs, 0 ≤ s ≤ t) is a
martingale with respect to the filtration (Fs, s ≤ t), where Fs = σ{xu : u ≤ s}.
Using the Markov property of the random walk xs, for 0 ≤ r ≤ s we obtain
(Px-a.s.)

Ex [ζs | Fr] = vN (t− r, xr) Exp[q(x·)]r0
+

∫ r

0

[∂1vN (t− u, xu)−HvN (t− u, xu)] Exp[q(x·)]u0 du

+ Exp[q(x·)]r0 Ex

[
vN (t− s, xs) Exp[q(x·)]sr − vN (t− r, xr)

+
∫ s

r

[∂1vN (t− u, xu)−HvN (t− u, xu)] Exp[q(x·)]ur du
∣∣∣Fr

]

= ζr + Exp[q(x·)]r0 Ez

[
vN (t̃− s̃, x̃s̃) Exp[q(x̃·)]s̃0 − vN (t̃, z)

+
∫ s̃

0

[∂1vN (t̃− u, x̃u)−HvN (t̃− u, x̃u)] Exp[q(x̃·)]u0 du
]

z=xr

,

where s̃ := s − r, t̃ := t − r, and x̃u := z + xr+u − xr (u ≥ 0) is a “shifted”
random walk started at point z. Comparing this expression with formula (3.12),
we see that in order to prove the required equality

Ex [ζs | Fr] = ζr (Px-a.s.) (3.13)

it suffices to check that Ez[ζs] = Ez[ζ0], that is,

Ez

[
vN (t− s, xs) Exp[q(x·)]s0 − vN (t, z)

]

+ Ez

[ ∫ s

0

[∂1vN (t− u, xu)−HvN (t− u, xu)] Exp[q(x·)]u0 du
]
≡ 0. (3.14)

1The contribution to the inhomogeneity is brought both by the function g(t, x) and (for
“near-boundary” points x) by the boundary function ψN (t, x).
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To this end, let us represent the first expectation in (3.14) as

Ez

[
vN (t− s, xs) Exp[q(x·)]s0 − vN (t, z)

]

=
∫ s

0

∂uEz

[
vN (t− u, xu) Exp[q(x·)]u0

]
du

= Ez

[ ∫ s

0

[− ∂1vN (t− u, xu) + κ∆vN (t− u, xu)

+ q(xu)vN (t− u, xu)
]
Exp[q(x·)]u0 du

]
.

Substitution of the obtained expression into (3.14) immediately shows that the
left-hand side of (3.14) identically vanishes, which proves (3.13).

Let us now use an appropriate version of the optional stopping theorem
which guarantees that the martingale property (3.13) is preserved for stopped
martingales with right-continuous paths and bounded stopping times (see, e.g.,
[19, Chapter 2, § 8, Theorem 8.10]). In particular, for the stopping time t ∧ τN

(where τN is defined in (3.9)) we have

Ex [ζt∧τN
] = Ex [ζ0]. (3.15)

By the definition of the process ζ (see (3.12)), the right-hand side of (3.15) is
equal to Ex[vN (t, x0)] = vN (t, x), whereas the left-hand side is rewritten as

Ex

[
vN (t− t ∧ τN , xt∧τN

) Exp[q(x·)]t∧τN
0

]

+ Ex

[ ∫ t∧τN

0

[∂1vN (t− u, xu)−HvN (t− u, xu)] Exp[q(x·)]u0 du
]
. (3.16)

In view of the initial-boundary conditions (3.5), (3.8) and the definition of
ΨN (see (3.11)), the random function vN (t − t ∧ τN , xt∧τN ) Px-a.s. coincides
with ΨN (t − t ∧ τN , xt∧τN ). On the other hand, the function vN (·, z) satisfies
equation (3.4) for all z ∈ QN and hence Px-a.s.

∂1vN (t− u, xu)−HvN (t− u, xu) = g(t− u, xu), 0 ≤ u < t ∧ τN .

As a result, expression (3.16) amounts to the right-hand side of (3.10), and the
proof is complete. 2

Lemma 3.4. Let the condition (3.7) be fulfilled, that is, the function v(t, x)
defined by (3.6) be finite for all t ≥ 0, x ∈ Zd. Then for each N ∈ N, the function
v(t, x) in the strip (t, x) ∈ R+ ×QN+1 admits the following representation:

v(t, x) = Ex

[
Exp[q(x·)]t∧τN

0 ·Ψv,N (t− t ∧ τN , xt∧τN
)
]

+ Ex

[ ∫ t∧τN

0

Exp[q(x·)]s0g(t− s, xs) ds
]
, (3.17)
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where the function Ψv,N (s, x) is defined on the boundary of the above mentioned
strip by

Ψv,N (s, x) :=
{

v(s, x), if x ∈ ∂QN , s ≥ 0,
v0(x), if s = 0, x ∈ QN .

(3.18)

Proof. Distinguishing between the cases τN > t and τN ≤ t, let us write the
first summand in (3.6) in the form

v1(t, x) = Ex

[
Exp[q(x·)]t0 v0(xt) I{τN > t}]

+ Ex

[
Exp[q(x·)]τN

0 I{τN ≤ t} · Ex {Exp[q(x·)]tτN
v0(xt)

∣∣ τN}
]
, (3.19)

where I(A) stands for the indicator of the event A. Thanks to the strong Markov
property of the random walk xt applied to the stopping time τN , the conditional
expectation in equation (3.19) Px-a.s. equals

Ex

[
Exp

[
q(xτN

+ ·)]t−τN

0
v0(xτN+(t−τN ))

∣∣ τN

]

= Ez

[
Exp[q(x̃·)]T0 v0(x̃T )

]
z=xτN

, T=t−τN
= v1(t− τN , xτN

), (3.20)

where x̃u := z+xτN+u−xτN
, u ≥ 0, is a shifted random walk started at point z.

Similarly,

v2(t, x) = Ex

[ ∫ t

0

Exp[q(x·)]s0 g(t− s, xs) ds · I{τN > t}
]

+ Ex

[ ∫ τN

0

Exp[q(x·)]s0 g(t− s, xs) ds · I{τN ≤ t}
]

+ Ex

[ ∫ t

τN

Exp[q(x·)]s0 g(t− s, xs) ds · I{τN ≤ t}
]

= Ex

[ ∫ t∧τN

0

Exp[q(x·)]s0 g(t− s, xs) ds
]

+ Ex

[
Exp[q(x·)]τN

0 I{τN ≤ t}

× Ex

{∫ t

τN

Exp[q(x·)]sτN
g(t− s, xs) ds

∣∣∣ τN

}]
. (3.21)

The conditional expectation in (3.21) Px-a.s. can be written in the form (cf.
(3.20))

Ez

[ ∫ T

0

Exp[q(x̃·)]u0 g(T − u, x̃u) du
]

z=xτN
, T=t−τN

= v2(t− τN , xτN
). (3.22)
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Thus, substituting expressions (3.20), (3.22) into formulas (3.19), (3.21) re-
spectively, by virtue of (3.6) we obtain

v(t, x) = Ex

[
Exp[q(x·)]t∧τN

0

× (v0(xt)I{τN > t}+ v(t− τN , xτN
)I{τN ≤ t})]

+ Ex

[ ∫ t∧τN

0

Exp[q(x·)]s0 g(t− s, xs) ds
]
. (3.23)

Since xτN
∈ QN , by the definition of Ψv,N (see (3.18)) we have

Ψv,N (t− t ∧ τN , xt∧τN ) =
{

v(t− τN , xτN
), if τN ≤ t,

v0(xt), if τN > t.

Therefore, expression (3.23) amounts to (3.17). 2

Lemma 3.5. Under the condition (3.7) the function v(t, x) defined by for-
mula (3.6) is continuous in t ∈ [0,∞) for each x ∈ Zd.

Proof. Without loss of generality, one can assume that x = 0. Let us apply
Lemma 3.4 with x = 0 and N = 1. Since the distribution of the random time
τ1 with respect to P0 is exponential with parameter κ, from the representa-
tion (3.17) we obtain

v(t, 0) = P0 {τ1 > t}
[
etq(0) v0(0) +

∫ t

0

esq(0) g(t− s, 0) ds
]

+
1
2d

∑

|x|=1

E0

[
I{τ1 ≤ t}

(
eτ1q(0) v(t− τ1, x)

+
∫ τ1

0

euq(0) g(t− u, 0) du
)]

= e−κt
[
etq(0) v0(0) +

∫ t

0

esq(0) g(t− s, 0) ds
]

+
1
2d

∑

|x|=1

∫ t

0

κe−κt1
[
et1q(0)v(t− t1, x)

+
∫ t1

0

euq(0) g(t− u, 0) du
]
dt1. (3.24)
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By means of the substitutions s 7→ t − s, t1 7→ t − t1, u 7→ t − u, expression
(3.24) is rewritten as

v(t, 0) = e−κt
[
etq(0) v0(0) +

∫ t

0

e(t−s)q(0) g(s, 0) ds
]

+
1
2d

∑

|x|=1

∫ t

0

κe−κ(t−t1)
[
e(t−t1)q(0) v(t1, x)

+
∫ t

t1

e(t−u)q(0) g(u, 0) du
]
dt1,

whence it is obvious that v(·, 0) is continuous. 2

Now, we are in a position to establish Theorem 3.1.

Proof of Theorem 3.1. Note that by Lemmas 3.3, 3.4 and 3.5, the function
v(t, x) for each N ∈ N is the (unique) solution to the initial boundary value
problem (3.4)+ (3.5)+ (3.8), in which the boundary condition (3.8) is induced
by the function v(t, x) itself:

ψN ≡ v |x∈∂QN
.

Since N is arbitrary, it follows that v(t, x) satisfies equation (3.4) and the initial
condition (3.5) for all x ∈ Zd, t ≥ 0.

Suppose now that v(t, x) is a non-negative solution of the problem (3.4)+
(3.5). Clearly, for each N ∈ N the function v(t, x) solves the initial boundary
value problem (3.4)+ (3.5)+ (3.8) with the natural boundary condition induced
by v(t, x), that is, determined by the function

ψN ≡ v |x∈∂QN
.

Therefore, by Lemma 3.3 the representation (3.10) holds in the strip (t, x) ∈
R+ ×QN+1, where

ΨN (s, x) = Ψv,N (s, x) =
{

v(s, x), if x ∈ ∂QN , s ≥ 0,
v0(x), if s = 0, x ∈ QN .

Hence, for (t, x) ∈ R+ ×QN

v(t, x) ≥ Ex

[
I{τN > t}Exp[q(x·)]t0 v0(xt)

]

+ Ex

[
I{τN > t}

∫ t

0

Exp[q(x·)]s0 g(t− s, xs) ds
]
.

Passing to the limit on the right-hand side as N → ∞ (by the monotone con-
vergence theorem), we arrive at the inequality

v(t, x) ≥ v(t, x), (t, x) ∈ R+ × Zd,
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and therefore v is the minimal solution. Our argument also shows that (3.7) is
a necessary condition for the solvability of the problem (3.4)+ (3.5).

To prove uniqueness (under the assumption of non-percolation from below
of the potential q(·)), we consider the difference of two solutions, v∗(t, x) :=
v(t, x) − v(t, x). Obviously, v∗(t, x) satisfies the homogeneous Cauchy problem
(3.1)+ (3.2) with null initial condition: v∗(0, x) ≡ 0, and moreover v∗(t, x) ≥ 0,
thanks to the minimality of the solution v(t, x). By Lemma 3.2, it then follows
that v∗(t, x) ≡ 0, that is, v(t, x) ≡ v(t, x), and the proof is complete. 2

4. Inhomogeneous Cauchy problem with random data

Let us first formulate the basic results [6] for the homogeneous Cauchy prob-
lem

∂tu(t, x) = κ∆u(t, x) + ξ(x)u(t, x), (4.1)
u(0, x) = u0(x), (4.2)

where ξ(x) = ξ(x, ω), u0(x) = u0(x, ω) ≥ 0 are random fields on Zd defined on
a probability space (Ω,F ,P).

Let us introduce the notation

ln+ x :=
{

ln x, if x > e,
1, if x ≤ e.

(4.3)

For ρ ∈ R, denote by Φρ the class of non-negative functions ϕ(x), x ∈ Zd, such
that

lim sup
|x|→∞

ln+ ϕ(x)
|x| ln |x| < ρ. (4.4)

Clearly, Φρ ⊂ Φρ′ for ρ < ρ′.

Theorem 4.1. (See [6, Theorem 2.1].) Suppose that the random field {ξ(x),
x ∈ Zd} is homogeneous, and let the following condition be satisfied:

〈( ξ+(0)
ln+ ξ+(0)

)d 〉
< ∞, (4.5)

where ξ+ := max (ξ, 0). Furthermore, assume that the field ξ(·) is P-a.s. non-
percolating from below (see Definition 3.1). Finally, let u0 ∈ Φ1 (P-a.s.).

Then the problem (4.1)+ (4.2) P-a.s. has a unique non-negative solution,
which admits the Feynman – Kac representation

u(t, x) = Ex

[
Exp[ξ(x·)]t0 u0(xt)

]
. (4.6)



Annealed moment Lyapunov exponents 489

Remark 4.1. A sufficient condition for the random field to be P-a.s. non-perco-
lating from below is provided by the so-called PF-estimate (see [12, Section 9,
Theorem 9.1′]), asserting that for arbitrary x1, . . . , xn ∈ Zd

P{ξ(x1) ≤ h, . . . , ξ(xn) ≤ h} ≤ CFn(h), h ∈ R, (4.7)

where F : R → R+ is an appropriate non-decreasing function satisfying F (h) →
0 as h → −∞, and C > 0 is a constant. In the simplest case, where the field
ξ(·) has independent identically distributed values, the PF-estimate is obviously
valid with F (h) = P{ξ(0) ≤ h} and C = 1. Moreover, the condition (4.7) is
satisfied if the field ξ(·) has a finite correlation radius (see [12, Section 9]). Other
examples and further references can be found in [12].

For the sake of further presentation, let us recall the scheme of the theorem’s
proof (see [6, Section 2.3]). By Lemma 3.1, in order to prove that (4.6) is a
solution, it suffices to check P-a.s. finiteness of the right-hand side of (4.6) for
all (t, x) ∈ R+ × Zd. From (4.6) we have the estimate

u(t, x) ≤
∞∑

n=0

Px

{
max
s∈[0,t]

|xs| = n
}

exp
(
t max
|y|≤n

ξ(y) + max
|y|≤n

ln+u0(y)
)
. (4.8)

Lemma 4.1. (See [6, Lemma 2.4].) For each x ∈ Zd and arbitrary t > 0

lim sup
n→∞

ln Px {maxs∈[0,t] |xs| ≥ n}
n ln n

≤ −1. (4.9)

Lemma 4.2. (See [6, Lemma 2.5].) Let the random variables {ξ(x), x ∈ Zd} be
identically distributed. If the condition (4.5) is satisfied then with probability 1

lim sup
|x|→∞

ξ(x)
|x| ln |x| ≤ 0. (4.10)

Remark 4.2. If in addition the random variables {ξ(x), x ∈ Zd} are indepen-
dent, then condition (4.5) is necessary for (4.10); moreover, its violation implies
that with probability 1 the upper limit in (4.10) equals +∞ (see [6, Lemma 2.5]).

By virtue of (4.9), (4.10), and the condition u0 ∈ Φ1 (see (4.4)), we get that
the common term of the series in (4.8) is dominated, with probability 1, by
O(n−εn), where ε = ε(ω) > 0. This implies that the right-hand side of (4.8) is
P-a.s. finite as claimed.

As for uniqueness of the solution (4.6), it is automatically guaranteed by
Lemma 3.2, since the field ξ(·) is assumed to non-percolate from below (P-a.s.).

Let us now proceed to the non-homogeneous Cauchy problem with random
data:

∂tv(t, x) = κ∆v(t, x) + ξ(x)v(t, x) + η(t, x), (4.11)
v(0, x) = v0(x), (4.12)
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where ξ(x) = ξ(x, ω), η(t, x) = η(t, x, ω) ≥ 0, v0(x) = v0(x, ω) ≥ 0 are random
fields on Zd defined on a probability space (Ω,F ,P).

Theorem 4.2. Let all the hypotheses of Theorem 4.1 on the random field
{ξ(x), x ∈ Zd} be satisfied. Furthermore, assume that P-a.s. the following
conditions hold:

(a) v0 ∈ Φ1;

(b) for each fixed x, the function η(t, x) is continuous in t;

(c) Y (t, ·) := max0≤s≤t η(s, ·) ∈ Φ1 for each fixed t.

Then with probability 1 the Cauchy problem (4.11)+ (4.12) has the unique
non-negative solution2

v(t, x) = Ex

[
Exp[ξ(x·)]t0 v0(xt)

]
+ Ex

[ ∫ t

0

Exp[ξ(x·)]s0 η(t− s, xs) ds
]
. (4.13)

Proof. According to the first part of Theorem 3.1, in order to show that for-
mula (4.13) provides a solution to the problem (4.11)+ (4.12), it suffices to check
that (4.13) is finite, with probability 1, for all t ≥ 0, x ∈ Zd. But the conditions
of our theorem imply that Theorem 4.1 is applicable, and hence Lemma 3.1
shows that the first summand in (4.13) is finite (P-a.s.).

The second summand in (4.13) is estimated from above by

Ex

[ ∫ t

0

exp
(
s max

u∈[0,t]
ξ(xu)

)
Y (t, xs) ds

]

≤ t

∞∑
n=0

Px

{
max
s∈[0,t]

|xs| = n
}

exp
(
t max
|y|≤n

ξ+(y) + max
|y|≤n

ln+Y (t, y)
)
, (4.14)

similarly to (4.8). Now, the same argument as that used in the proof of Theo-
rem 4.1 justifies P-a.s. finiteness of the expression (4.14).

Finally, the uniqueness of the solution (4.13) follows from the second part of
Theorem 3.1 and the assumption of the P-a.s. non-percolation from below. 2

5. Feynman – Kac representation of the quenched moments

In this section, we obtain integral representations of the Feynman –Kac type
for the moment functions mn(t, x, y), mn(t, x), which will be the basic tool for
deriving the long-time asymptotics.

In the case n = 1, such a representation is well known (see [6, 13]).

2 Cf. (4.13) with formula (3.6) for the solution of a homogeneous Cauchy problem (3.4)+
(3.5).
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Theorem 5.1. Under the hypotheses of Theorem 4.1 on the random field
{ξ(x), x ∈ Zd}, the quenched moments of the first order P-a.s. admit Feyn-
man –Kac representation:

m1(t, x, y) = Ex

[
Exp[ξ(x·)]t0 δy(xt)

]
, (5.1)

m1(t, x) = Ex

[
Exp[ξ(x·)]t0

]
. (5.2)

Proof. Clearly, the functions δy(·), 1(·) determining the initial conditions (2.5)
in equation (2.7) for m1(t, x, y), m1(t, x), respectively, belong to the class Φ1.
Applying Theorem 4.1, we obtain (5.1) and (5.2). 2

Consider now the case n ≥ 2. In order to apply Theorem 4.2, we need a
lemma allowing one to control the growth of the solution v(t, x) of the Cauchy
problem (4.11) + (4.12) as |x| → ∞. We set

Φ0 :=
⋂

ρ>0
Φρ. (5.3)

Thus, the class Φ0 consists of functions for which the upper limit in (4.4)
equals 0.

Lemma 5.1. Let the conditions of Theorem 4.2 be satisfied and, moreover,
P-a.s. v0(·), Y (t, ·) ∈ Φ0 (for all t ≥ 0). Then with probability 1 the solution
v(t, x) defined in (4.13) also belongs to the class Φ0 for all t ≥ 0.

Proof. In view of the elementary inequality

ln+(a + b) ≤ ln+a + ln+b, a, b ≥ 0, (5.4)

which can be easily verified via the definition (4.3), it is sufficient to show that
in the representation (4.13), each of the two summands v1, v2 is contained in
the class Φ0.

Similarly to (4.8), we estimate v1:

v1(t, x) = E0

[
Exp[ξ(x + x·)]t0 v0(x + xt)

]

≤
∞∑

n=0

P0

{
max
s∈[0,t]

|xs| = n
}

× exp
(
t max
|y|≤|x|+n

ξ+(y) + max
|y|≤|x|+n

ln+v0(y)
)
. (5.5)

By Lemma 4.1, for each ε > 0 there exists N ≥ 1 such that for all n > N

P0 {max
s∈[0,t]

|xs| = n} ≤ e−(1−ε)n ln n.
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On the other hand, according to Lemma 4.2 and the condition v0 ∈ Φ0, with
probability 1 there exists r0 = r0(ω) such that

ξ+(x) ≤ ε|x| ln |x|,
ln+v0(x) ≤ ε|x| ln |x|,

whenever |x| > r0. For such x, from (5.5) we get P-a.s. the estimate

v1(t, x) ≤
∞∑

n=0

P0

{
max
s∈[0,t]

|xs| = n
} · eK+ε(t+1)(|x|+n) ln (|x|+n)

≤ eK+ε(t+1)(|x|+N) ln (|x|+N)

+
∞∑

n=N+1

eK−(1−ε)n ln n+ε(t+1)(|x|+n) ln (|x|+n), (5.6)

where
K = K(r0) := max

|y|≤r0

{tξ+(y) + ln+v0(y)}.

Let us estimate the sum on the right-hand side of (5.6) as a function of |x|.
Let ε0 ∈ (0, 1). The part of the sum in (5.6) extended over n ≤ |x|ε0 is bounded
from above by

O(1) eε(t+1)(|x|+|x|ε0 ) ln (|x|+|x|ε0 ) = O(1) eε(t+1)|x| ln |x| (1+o(1)). (5.7)

To estimate the remaining sum in (5.6) (i.e., over n > max{|x|ε0 , N + 1}),
let us first show that the function

f(u) := −(1− 2ε)u ln u + ε(t + 1)(|x|+ u) ln (|x|+ u)

is monotone decreasing on the set u ≥ |x|ε0 , provided |x| is large enough. Indeed,
the condition f ′(u) < 0 is equivalent to the inequality

u

(|x|+ u)ε1
> e−(1−ε1), (5.8)

where

ε1 :=
ε(t + 1)
1− 2ε

.

By taking ε sufficiently small, we may and will suppose that 0 < ε1 < 1. Since
the left-hand side of (5.8) is increasing in u ≥ 0, inequality (5.8) will follow if
we check, putting u = |x|ε0 , that

|x|ε0

(|x|+ |x|ε0)ε1
> 1. (5.9)
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But the inequality (5.9) is obviously fulfilled for |x| large enough, once ε0 has
been chosen such that

0 < ε1 < ε0 < 1.

Coming back to (5.6), by the monotonicity of f(u) we have

∑

n>|x|ε0

eK−εn ln n · ef(n) ≤ ef(|x|ε0 )
∞∑

n=1

eK−εn ln n

≤ O(1) eε(t+1)|x| ln |x| (1+o(1)). (5.10)

Therefore, according to (5.6), (5.7), and (5.10) we have

lim sup
|x|→∞

ln+v1(t, x)
|x| ln |x| ≤ ε(t + 1).

Passing now to the limit as ε → 0 yields v1(t, ·) ∈ Φ0 as required.
The summand v2 in (4.13) is considered similarly, via the inequality

v2(t, x) ≤ t

∞∑
n=0

P0

{
max
s∈[0,t]

|xs| = n
}

exp
(
t max
|y|≤|x|+n

ξ+(y) + max
|y|≤|x|+n

ln+Y (t, y)
)

(cf. (4.14), (5.5)) and using the condition Y (t, x) ∈ Φ0. 2

Theorem 5.2. Let the hypotheses of Theorem 4.1 on the random potential ξ(·)
be fulfilled. Assume moreover that the random field {(ξ0(x), ξ2(x)), x ∈ Zd}
determining the branching environment is homogeneous, and let the distribution
of ξ2 satisfy the condition

〈( ln+ ξ2(0)
ln+ ln+ ξ2(0)

)d 〉
< ∞. (5.11)

Then for each n ∈ N with probability 1 the following representations are valid:

mn(t, x, y) = m1(t, x, y) + m̃n(t, x, y), (5.12)
mn(t, x) = m1(t, x) + m̃n(t, x), (5.13)

where

m̃n(t, x, y)

:= Ex

[ ∫ t

0

Exp[ξ(x·)]s0 ξ2(xs)hn[m1, . . . ,mn−1](t− s, xs, y) ds
]
, (5.14)

m̃n(t, x)

:= Ex

[ ∫ t

0

Exp[ξ(x·)]s0 ξ2(xs)hn[m1, . . . ,mn−1](t− s, xs) ds
]
, (5.15)

and hn[m1, . . . , mn−1] is defined in (2.6).
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Proof. Along with the moments mn(t, x, y), mn(t, x), n ∈ N, satisfying equa-
tions (2.4) with respective initial conditions (2.5), let us consider the sequence
{m(+)

n (t, x)}, defined recursively
as the solution of the same chain of equations (2.4) with unit initial condi-

tions (see (2.5)), but with potential ξ replaced by ξ+:

∂tm
(+)
n = κ∆m(+)

n + ξ+(x)m(+)
n + ξ2(x)hn[m(+)

1 , . . . ,m
(+)
n−1]. (5.16)

We now prove by induction that for all n ∈ N with probability 1 the following
hypothesis Hn is true:

(a) mn(t, x, y), mn(t, x) satisfy equations (5.12), (5.13), respectively;

(b) m
(+)
n (t, x) has a similar representation

m(+)
n (t, x) = m

(+)
1 (t, x) + m̃(+)

n (t, x), (5.17)

where m̃
(+)
n (t, x) is defined as in (5.15) but with ξ replaced by ξ+ and

hn[m1, . . . , mn−1] by hn[m(+)
1 , . . . , m

(+)
n−1];

(c) for all t ≥ 0, x, y ∈ Zd

mn(t, x, y) ≤ mn(t, x) ≤ m(+)
n (t, x) ;

(d) m
(+)
n (t, x) is monotone increasing in t for each x ∈ Zd;

(e) m
(+)
n (t, ·) ∈ Φ0 for all t ≥ 0.

Note that Hn(a) is just the statement of the theorem.
For n = 1, the statements (a) and (b) are obviously true, because we have

formally set h1 ≡ 0 (see (2.6)). Using for m1(t, x, y), m1(t, x), m
(+)
1 (t, x) the

representation of Theorem 5.1, it is easy to see that the statements H1(c), H1(d)
are also valid. Next, an application of Lemma 5.1 proves H1(e).

Assume that the hypotheses H1, . . . , Hn−1 have already been proved. In
order to apply Theorem 4.2 to the equations of the form (2.4) for mn(t, x, y),
mn(t, x), m

(+)
n (t, x), let us check that the functions

Yn(t, x, y) := ξ2(x) max
s∈[0,t]

hn[m1, . . . , mn−1](s, x, y),

Yn(t, x) := ξ2(x) max
s∈[0,t]

hn[m1, . . . , mn−1](s, x),

Y (+)
n (t, x) := ξ2(x) max

s∈[0,t]
hn[m(+)

1 , . . . , m
(+)
n−1](s, x) (5.18)

with probability 1 belong to the class Φ0 ⊂ Φ1 for all t ≥ 0. Using the inequali-
ties Hi(c) (i = 1, . . . , n−1) and taking into account the increase monotonicity of
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the polynomial hn[m1, . . . , mn−1] in each of its arguments (see (2.6)), we obtain
for all t ≥ 0, x, y ∈ Zd

Yn(t, x, y) ≤ Yn(t, x) ≤ Y (+)
n (t, x).

Therefore, it suffices to prove that

Y (+)
n (t, ·) ∈ Φ0. (5.19)

To this end, let us observe that by the monotonicity of the functions m
(+)
i (t, x)

in t (according to the conditions Hi(d), i = 1, . . . , n−1), the maximum in (5.18)
is attained for s = t:

Y (+)
n (t, x) ≡ ξ2(x)hn[m(+)

1 , . . . , m
(+)
n−1](t, x)

= ξ2(x)
n−1∑

i=1

(n
i

)
m

(+)
i (t, x)m(+)

n−i(t, x).

By Lemma 4.2 applied to ln+ ξ2(·), from (5.11) it follows that P-a.s. ξ2(·) ∈ Φ0.
According to the induction hypotheses Hi(e), the functions m

(+)
i (t, ·) are also

in the class Φ0 for i = 1, . . . , n− 1. Hence, in view of (5.4) and by the obvious
inequality

ln+(ab) ≤ ln+a + ln+b, a, b ≥ 0,

the inclusion (5.19) follows. As a result, we may apply Theorem 4.2, which
proves Hn(b) and hence Hn(a).

Next, Hn(c) easily follows from the representations (5.12), (5.13) and (5.17),
and the form of the functions m̃

(+)
n (t, x), m̃

(+)
n (t, x) and m̃

(+)
n (t, x), by using the

properties Hi(c) (i = 1, . . . , n − 1). In a similar way, Hn(d) follows from Hi(d)
(i = 1, . . . , n − 1). Finally, using (5.19) and applying Lemma 5.1, we conclude
that Hn(e) is true as well.

Thus, the induction step is complete and the theorem is proved. 2

6. Asymptotics of the annealed moments 〈mp
1〉

Before turning to technical preparations for the proof of our first theorem, we
record a lemma about the scaling property of the first-order quenched moments.
This simple but important relation plays a crucial role in our arguments and
will be exploited a few times in the sequel. Let us introduce in the notation
the parameters of the branching random walk under consideration, viz., the
diffusion constant κ and the environment realization ω, by writing explicitly
m

(κ,ω)
1 .
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Lemma 6.1. Let the conditions of Theorem 4.1 on the random potential ξ(·)
be fulfilled. Then for any β > 0, the first-order moments P-a.s. satisfy the
following scaling identities:

m
(κ,βω)
1 (t, x, y) = m

(κ/β,ω)
1 (βt, x, y), (6.1)

m
(κ,βω)
1 (t, x) = m

(κ/β,ω)
1 (βt, x). (6.2)

Proof. According to Section 2 (see equation (2.7)), the function u(t, x) :=
m

(κ/β,ω)
1 (t, x) is a solution to the Cauchy problem

∂tu(t, x) =
κ
β

∆u(t, x) + ξ(x)u(t, x),

u(0, x) ≡ 1.

Therefore, the function w(t, x) := m
(κ/β,ω)
1 (βt, x) solves the Cauchy problem

∂tw(t, x) = κ∆w(t, x) + βξ(x)w(t, x),
w(0, x) ≡ 1.

On the other hand, m
(κ,βω)
1 (t, x) also satisfies the latter problem, and due to

uniqueness, these two solutions coincide P-a.s. and (6.2) follows. The other
relation, (6.1), is proved in exactly the same way with an obvious change in the
initial condition. 2

Remark 6.1. The proof of this lemma, as it stands, is a formal verification of
the identities (6.1), (6.2), giving no idea of their origin. However, in fact these
relations have a very clear meaning. Indeed, let Zt denote a generic realization
of the branching random walk under consideration (in a frozen branching envi-
ronment ω), governed by the quenched law P(κ,ω)

x (we use the same notation as
in Lemma 6.1). Along with Zt, let us consider the time-scaled process

Z̃t := Zβt, t ≥ 0, (6.3)

where β > 0 is a scaling parameter. That is to say, the process Z̃t has the same
realizations as the former process, but the time now goes β times slower. Let
P̃

(κ,ω)

x stand for the law of the new process. We claim that

P̃
(κ,ω)

x = P(βκ,βω)
x . (6.4)

Heuristically, relation (6.4) can be seen by recalling that the process evo-
lution is governed by independent exponential times, or “clocks”, responsible
for either jumping or branching of particles. (It is just the parameters of those
clocks, i.e., the jumping and branching rates, which now explicitly appear in the
notation.) But for exponential random variables, it is straightforward to check
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the above scaling property. For example, if τ and τ̃ are the amounts of time
spent by the processes Zt and Z̃t, respectively, at the initial state (i.e., until
the first transition, either by jumping or by branching), then (6.3) implies that
τ = βτ̃ . Therefore,

P̃
(κ,ω)

x {τ̃ > t} = P(κ,ω)
x {τ > βt} = e−(κ+ξ0(x)+ξ2(x))βt

= e−(βκ+βξ0(x)+βξ2(x))t = P(βκ,βω)
x {τ > t},

which is in agreement with (6.4).
This argument can be made rigorous (and even more simple!) by using the

semigroup approach. Namely, the transition semigroup Q
(κ,ω)
t associated with

the Markov process Zt with the law P(κ,ω)
x acts on the space of continuous

bounded functions defined on the Polish state space of the process Zt. The
semigroup Q

(κ,ω)
t is then strongly continuous, as can be checked by methods

like, e.g., in [4, Chapter 4] or [11, Chapter I]. Let A be its generator, so that
Q

(κ,ω)
t = etA. Under the scaling t 7→ βt, the semigroup Q

(κ,ω)
t is transformed

as follows:
Q

(κ,ω)
t = etA 7→ e(βt)A = et(βA) = Q

(βκ,βω)
t .

Hence, the new semigroup Q̃
(κ,ω)
t corresponding to the scaled process coincides

with Q
(βκ,βω)
t , which is equivalent to (6.4).

Now, as an immediate consequence of (6.4), we obtain the following identities
for the average numbers of particles:

m
(κ,ω)
1 (βt, x, y) = m

(βκ,βω)
1 (t, x, y),

m
(κ,ω)
1 (βt, x) = m

(βκ,βω)
1 (t, x).

Replacing here κ by κ/β, we get the statement of Lemma 6.1.

To formulate the next lemma, let us introduce the cumulant generating func-
tion of the random potential ξ(·) (having, by our assumptions, identically dis-
tributed values):

Gξ(t) ≡ G(t) := ln〈etξ(0)〉 ≡ ln〈etξ(x)〉. (6.5)

Lemma 6.2. Let F (z) := P{ξ(0) ≤ z} denote the distribution function of the
potential ξ(·). Assume that its upper tail has a Weibull type asymptotics:

lim
z→+∞

z−α ln (1− F (z)) = −c, (6.6)

for some α > 1, c > 0. Set α′ := α/(α− 1) > 1. Then

lim
t→∞

t−α′G(t) = (α− 1)α−α′c−1/(α−1) =: γ(α, c). (6.7)
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Proof. Passing from ξ to c1/αξ, it is easy to see that it suffices to prove the
lemma in the case c = 1. According to (6.5),

eG(t) = 〈etξ(0)〉 =
∫ ∞

−∞
etz dF (z) = t

∫ ∞

−∞
(1− F (z))etz dz.

By condition (6.6) (with c = 1), for any 0 < ε < 1 there exists z0 = z0(ε) > 0
such that for all z ≥ z0

(1− ε)zα ≤ − ln (1− F (z)) ≤ (1 + ε)zα.

Therefore,
δ(−)
ε (t) + J (−)

ε (t) ≥ eG(t) ≥ δ(+)
ε (t) + J (+)

ε (t), (6.8)

where

δ(±)
ε (t) := t

∫ z0

−∞
etz (1− F (z)) dz − t

∫ z0

0

etz−(1±ε)zα

dz,

J (±)
ε (t) := t

∫ ∞

0

etz−(1±ε)zα

dz. (6.9)

The first term is easily estimated:

|δ(±)
ε (t)| ≤ 2t

∫ z0

−∞
etz dz = 2etz0 . (6.10)

Further, by the substitution z 7→ t1/(α−1)z the expression (6.9) is reduced to
the form

J (±)
ε (t) = tα

′
∫ ∞

0

etα′ (z−(1±ε)zα) dz.

The maximum of the integrand is attained at z = z∗ :=
(
α(1 ± ε)

)−1/(α−1).
Applying the Laplace method (see, e.g., [2, Chapter 4]), we easily find the rough
asymptotics of the above integral:

lim
t→∞

t−α′ ln J (±)
ε (t) = z∗ − (1± ε)zα

∗ = z∗(1− (1± ε)zα−1
∗ )

= z∗(1− α−1) = (1± ε)−1/(α−1)(α− 1)αα′

= (1± ε)−1/(α−1)γ(α, 1), (6.11)

in accordance with (6.7).
Comparing (6.10) and (6.11) and taking into account that α′ > 1, from (6.8)

we obtain

(1 + ε)−1/(α−1)γ(α, 1) ≤ lim inf
t→∞

t−α′G(t)

≤ lim sup
t→∞

t−α′G(t) ≤ (1− ε)−1/(α−1)γ(α, 1),
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whence by passing to the limit ε → 0 it follows

lim
t→∞

t−α′G(t) = γ(α, 1),

as required. 2

Lemma 6.3. Suppose that f1(t), f2(t) (t ≥ 0) are continuous positive func-
tions, such that

lim
t→∞

t−a ln fi(t) = Ci > 0, i = 1, 2,

where a > 1. Then their convolution

W (t) := f1 ∗ f2(t) =
∫ t

0

f1(s)f2(t− s) ds

satisfies
lim

t→∞
t−a ln W (t) = max (C1, C2). (6.12)

Proof. Let us write down the functions ln fi(t) in the form

ln fi(t) = Cit
a + ϕi(t), i = 1, 2.

By the assumptions of the lemma, for any ε > 0 there exists K = K(ε) > 0
such that for all t ≥ 0

|ϕi(t)| ≤ K + εta, i = 1, 2.

Consequently,

W0(t)e−2K−2εta ≤ W (t) ≤ W0(t)e2K+2εta

, (6.13)

where

W0(t) :=
∫ t

0

eC1sa+C2(t−s)a

ds.

By the substitution s 7→ ts this integral is reduced to the form

W0(t) = t

∫ 1

0

eta[C1sa+C2(1−s)a] ds.

The maximum of the integrand is attained at an end-point of the segment
[0, 1] and is equal to max(C1, C2) =: C (in case C1 = C2, the values at s = 0
and s = 1 are equal to each other). Hence, the Laplace method [2, Chapter 4]
yields

lim
t→∞

t−a ln W0(t) = C. (6.14)

Then, by (6.13) and (6.14),

−2ε + C ≤ lim inf
t→∞

t−aW (t)

≤ lim sup
t→∞

t−a ln W (t) ≤ 2ε + C.

Letting ε tend to zero, we obtain (6.12). 2
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In a similar way, one can prove a “multivariate” version of the previous
lemma.

Lemma 6.4. Under the conditions of Lemma 6.3, the integral

W (p)(t) :=
∫ t

0

· · ·
∫ t

0

f1(s1 + · · ·+ sp)f2(pt− s1 − · · · − sp) ds1 · · · dsp

has the following asymptotics:

lim
t→∞

t−a ln W (p)(t) = Cpa, (6.15)

where C := max (C1, C2).

Proof. As in the proof of Lemma 6.3, it is sufficient to establish (6.15) for
integrals of the form

W
(p)
0 (t) :=

∫ t

0

· · ·
∫ t

0

eC1(s1+···+sp)a+C2(pt−s1−···−sp)a

ds1 · · · dsp (6.16)

= tp
∫ 1

0

· · ·
∫ 1

0

eta[C1(s1+···+sp)a+C2(p−s1−···−sp)a] ds1 · · · dsp.

It is not difficult to verify that the maximum of the function C1s
a+C2(p−s)a,

considered on the segment [0, p], is attained at an end-point of the segment and
is equal to Cpa, where C = max (C1, C2). Applying to (6.16) the Laplace
method for multiple integrals (see, e.g., [2, Chapter 4, Section 4.6]), we obtain
asymptotics (6.15). 2

Theorem 6.1. Assume that the random potential {ξ(x), x ∈ Zd} is homoge-
neous and all the conditions of Theorem 5.1 are satisfied, so that the first-order
moments m1(t, x, y), m1(t, x) are P-a.s. represented via the Feynman – Kac for-
mula (see (5.1), (5.2)). Suppose also that there exist constants α > 1 and c > 0
such that

lim
z→+∞

z−α ln (1− F (z)) = −c, (6.17)

where F (z) := P{ξ(x) ≤ z} ≡ P{ξ(0) ≤ z} is the distribution function of the
potential ξ(·).3 Then for the annealed moments 〈mp

1(t, x)〉, 〈mp
1(t, x, y)〉, for any

real p ≥ 1 the limiting relation holds

lim
t→∞

t−α′ ln 〈mp
1〉 = γ(α, c) pα′ , (6.18)

where α′ := α/(α− 1) > 1 and γ(α, c) is defined in (6.7).

3It is easy to see that the condition (4.5) required by the hypotheses of Theorem 5.1 is
automatically satisfied due to the limiting relation (6.17).
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Proof. ¿From the very definition of moments, it is clear that 0 ≤ m1(t, x, y) ≤
m1(t, x) (this also follows from the representations (5.1), (5.2)). Therefore, for
the proof of the theorem it suffices to find an appropriate upper estimate for
〈mp

1(t, x)〉 and a respective lower estimate for 〈mp
1(t, x, y)〉.

(i) Upper estimate (see [6, page 637]). Applying Lyapunov’s and Jensen’s
inequalities (the latter in its integral form) and using Fubini’s theorem, we
obtain

〈mp
1(t, x)〉 =

〈(
Ex

[
exp

{ ∫ t

0

ξ(xs) ds
}])p〉

≤
〈
Ex

[
exp

{
p

∫ t

0

ξ(xs) ds
}]〉

= Ex

〈
exp

{1
t

∫ t

0

ptξ(xs) ds
}〉

≤ Ex

〈1
t

∫ t

0

eptξ(xs) ds
〉

=
1
t

∫ t

0

Ex 〈eptξ(xs)〉ds. (6.19)

Since the potential ξ(·) has identically distributed values, the inner expectation
under the integral sign in (6.19) does not depend on s, being thus equal to
〈eptξ(0)〉 = eG(pt). Hence, from (6.19) we get

〈mp
1(t, x)〉 ≤ eG(pt),

and by Lemma 6.2

lim sup
t→∞

t−α′ ln〈mp
1(t, x)〉 ≤ γ(α, c) pα′ . (6.20)

(ii) Lower estimate. Let us show that

lim inf
t→∞

t−α′ ln〈mp
1(t, x, y)〉 ≥ γ(α, c) pα′ . (6.21)

If y = x, the required estimate is easily obtained by taking into account in
the Feynman –Kac formula (5.1) only those paths of the random walk xs which
stay at the initial point x during the whole time interval [0, t]. Indeed, let τ
denote the time spent by the random walk in the initial state until exit. Since
τ is exponentially distributed with parameter κ, we have

m1(t, x, x) ≥ Ex

[
I{τ > t} exp

( ∫ t

0

ξ(xs) ds
)
δx(xt)

]

= Px{τ > t} · eξ(x)t = e−κt · eξ(x)t.

Therefore,
〈mp

1(t, x, x)〉 ≥ e−pκt〈eptξ(x)〉 = e−pκt · eG(pt),

whence by Lemma 6.2, (6.21) follows.
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If y 6= x, we consider a path connecting the points x, y and passing through
pairwise different lattice sites, x0 = x, x1, . . . , xn = y, so that |xi − xi−1| = 1,
i = 1, . . . , n, and n = |y − x|. By the strong Markov property applied to the
Feynman – Kac formula (5.1) with the exit time τ as a stopping time (cf. above),
we can write

m1(t, x, y) ≥ Ex

[
I{τ ≤ t}Ex

{
exp

( ∫ t

0

ξ(xu) du
)
δy(xt)

∣∣∣ τ
}]

= Ex

[
I{τ ≤ t} exp

( ∫ τ

0

ξ(xu) du
)

× Ez

[
exp

( ∫ t̃

0

ξ(x̃u) du
)
δy(x̃t̃)

]
z=xτ , t̃=t−τ

]

= Ex [I{τ ≤ t} eτξ(x) m1(t− τ, xτ , y)], (6.22)

where x̃u := z + xτ+u − xτ , u ≥ 0, is a shifted random walk started at point
z. Recalling that τ is exponentially distributed and restricting ourselves to the
case xτ = x1 (which occurs with probability 1/(2d)), from (6.22) we have

m1(t, x, y) ≥ κ
2d

∫ t

0

e−κs esξ(x) m1(t− s, x1, y) ds.

Iterating this relation by taking into account successive jumps from x = x0 to
x1, x2, . . . , xn = y, yields

m1(t, x0, xn)

≥
( κ

2d

)n
∫ t

0

e−κs1es1ξ(x0) ds1

∫ t−s1

0

e−κs2es2ξ(x1) ds2

· · ·
∫ t−s1−···−sn−1

0

e−κsnesnξ(xn−1)e−κ(t−s1−···−sn)e(t−s1−···−sn)ξ(xn) dsn

=
( κ

2d

)n

e−κt

∫ t

0

ds1

∫ t−s1

0

ds2 · · ·
∫ t−s1−···−sn−1

0

dsn

× es1ξ(x0) es2ξ(x1) · · · esnξ(xn−1) e(t−s1−···−sn)ξ(xn). (6.23)

Consider first the case p = 1. Since each factor under the integral in (6.23),
being of the form exp{sξ(x)}, is an increasing function of the field ξ(·), we can
apply the FKG inequality (see, e.g., [9, Chapter 2, § 2.2]) to conclude that

〈es1ξ(x0) es2ξ(x1) · · · esnξ(xn−1) e(t−s1−···−sn)ξ(xn)〉
≥ 〈es1ξ(x0)〉 · 〈es2ξ(x1)〉 · · · 〈esnξ(xn−1)〉 · 〈e(t−s1−···−sn)ξ(xn)〉
= eG(s1) · eG(s2) · · · eG(sn) · eG(t−s1−···−sn).
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Therefore, taking expectation 〈·〉 of (6.23), we have

〈m1(t, x0, xn)〉 ≥
( κ

2d

)n

e−κt

∫ t

0

ds1

∫ t−s1

0

ds2 · · ·
∫ t−s1−···−sn−1

0

dsn

× eG(s1) eG(s2) · · · eG(sn) eG(t−s1−···−sn)

=
( κ

2d

)n

e−κt f ∗ · · · ∗ f︸ ︷︷ ︸
n

(t), (6.24)

where f(t) := eG(t). Using Lemma 6.2 and n times applying Lemma 6.3 with
a = α′, from (6.24) we get

lim inf
t→∞

t−α′ ln〈m1(t, x, y)〉 ≥ γ(α, c).

Thus, for p = 1 inequality (6.21) is proved.
For integer p ≥ 2, we take the pth power of the estimate (6.23) and rewrite

the product of integrals as a multiple integral. Collecting terms with ξ(x0),
ξ(x1), . . . , ξ(xn) and again applying the FKG inequality, similarly as in (6.24)
we obtain

〈mp
1(t, x0, xn)〉

≥
( κ

2d

)pn

e−κpt

∫ t

0

· · ·
∫ t

0

f(s11 + · · ·+ s1p) ds11 · · · ds1p

×
∫ t−s11

0

· · ·
∫ t−s1p

0

f(s21 + · · ·+ s2p) ds21 · · · ds2p

· · ·
∫ t−s11−···−sn−1,1

0

· · ·
∫ t−s1p−···−sn−1,p

0

f(sn1 + · · ·+ snp)

× f
(
pt−∑n

i=1

∑p
j=1 sij

)
dsn1 · · · dsnp. (6.25)

Again using Lemma 6.2 and n times applying Lemma 6.4, we arrive at (6.21).
Now, let p ≥ 1 be a real number. We can represent it as p = k/r with k ∈ N,

r > 1. (For instance, one can set k = [p] + 1, where [p] is the integer part of
the number p; then r = ([p] + 1)/p > 1.) Since 1/r < 1, Lyapunov’s inequality
implies that

m
1/r
1 (t, x, y) =

(
Ex

[
exp

{ ∫ t

0

ξ(xs) ds
}

δy(xt)
])1/r

≥ Ex

[
exp

{1
r

∫ t

0

ξ(xs) ds
}

δy(xt)
]
. (6.26)

According to the Feynman –Kac representation (5.1), the right-hand side of
(6.26) amounts to m

(κ,ω/r)
1 (t, x, y). Due to Lemma 6.1, this can be rewritten
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as m
(rκ,ω)
1 (t/r, x, y). As a result, the estimate (6.26) takes the form

m
1/r
1 (t, x, y) ≥ m

(rκ,ω)
1 (t/r, x, y). (6.27)

Taking the kth power of (6.27) and applying to the right-hand side the estimate
(6.21) already proved for integer powers, we get

lim inf
t→∞

t−α′ ln〈mk/r
1 (t, x, y)〉 ≥ r−α′ lim inf

t→∞
ln

〈(
m

(rκ,ω)
1 (t/r, x, y)

)k〉

(t/r)α′

≥ r−α′ · γ(α, c)kα′

= γ(α, c)(k/r)α′ = γ(α, c)pα′ ,

and therefore (6.21) is proved in full generality.
It remains to notice that combining estimates (6.20) and (6.21) yields the

statement of the theorem. 2

7. Some auxiliary propositions

Before proceeding to the proof of our main theorem on the higher-order mo-
ments (see Section 8 below), we prove a few lemmas which will be instrumental
for obtaining the upper estimate in the theorem.

Lemma 7.1. For a positive random variable X, the ratio of its consecutive
integer moments mi := E[Xi] (i = 1, 2, . . .) is monotone decreasing:

mi

mi+1
≥ mi+1

mi+2
, i ∈ N. (7.1)

Proof. Using the Cauchy – Schwarz inequality, we have

m2
i+1 = (E[Xi+1])2 = (E[Xi/2 ·X(i+2)/2])2 ≤ E[Xi] · E[Xi+2] = mi ·mi+2,

whence our claim follows. 2

Lemma 7.2. For any integer n ≥ 2 and all i = 1, . . . , n − 1, the moments
mi = E[Xi] satisfy the inequalities

mi mn−i ≤ m1mn−1. (7.2)

Proof. By Lemma 7.1, for each natural j

mj

mj+1
≥ mn−i+j−1

mn−i+j
. (7.3)



Annealed moment Lyapunov exponents 505

Multiplying inequalities (7.3) over j = 1, . . . , i− 1, we obtain

m1

mi
=

i−1∏

j=1

mj

mj+1
≥

i−1∏

j=1

mn−i+j−1

mn−i+j
=

mn−i

mn−1
,

and (7.2) is proved. 2

Lemma 7.3. Under the assumptions of Theorem 5.2, for any n ≥ 2

mn(t, x) ≤ m1(t, x) + 2n

∫ t

0

Ex{Exp[ξ(x·)]s0 ξ2(xs)(m1 ·mn−1)(t− s, xs)}ds.

(7.4)

Proof. Applying Lemma 7.2 to the function hn[m1, . . . , mn−1] defined in (2.6),
we get

hn[m1, . . . ,mn−1] =
n−1∑

i=1

(n
i

)
mimn−i ≤

n−1∑

i=1

(n
i

)
·m1mn−1 < 2nm1mn−1.

Substituting this into (5.15) and using equation (5.13), we arrive at (7.4). 2

For the simple symmetric random walk (xt)t≥0 with generator κ∆, consider
the random variables

τ(y; t) :=
∫ t

0

I{xs = y} ds = mes {s ∈ [0, t] : xs = y}, y ∈ Zd, t ≥ 0,

(7.5)
where mes (·) is the Lebesgue measure on the line. In other words, τ(y; t) is
the local time, that is the total time spent by the random walk x· at point y
until time moment t. Obviously, in terms of the local times, the Feynman – Kac
representation (5.2) for the first-order moment m1(t, x) takes the form

m1(t, x) = Ex[e
∑

y ξ(y)τ(y;t)] = E0[e
∑

y ξ(y)τ(y−x;t)], (7.6)

where E0 is the expectation with respect to the distribution of the random walk
x· started from the origin. Our nearest goal is to find a similar representation
(to be more accurate, an upper estimate) for the higher-order moments.

Let us introduce an auxiliary family of simple symmetric random walks on
Zd (with generator κ∆):

{x(k)
t , x̄

(k)
t , t ≥ 0}∞k=1,

all starting at zero and mutually independent. Expectation with respect to
their (joint) distribution will be denoted by E. Introduce the corresponding
local times (cf. (7.5))

τk(y; t) :=
∫ t

0

I{x(k)
s = y} ds, τ̄k(y; t) :=

∫ t

0

I{x̄(k)
s = y} ds. (7.7)



506 S. Albeverio, L.V. Bogachev, S.A. Molchanov and E.B. Yarovaya

For t ≥ 0, denote by Sn(t) the (n-dimensional) simplex

Sn(t) := {(s0, . . . , sn) : si ≥ 0, s0 + · · ·+ sn = t} (n ≥ 0).

The null-dimensional simplex S0(t) consists of a single point t. The points of
Sn(t) will also be denoted by σn := (s0, . . . , sn). We shall write integrals over a
simplex in the form

∫

Sn(t)

ϕ(σn) dσn =
∫

Sn(t)

ϕ(s0, . . . , sn) dσn, (7.8)

setting for n = 0 ∫

S0(t)

ϕ(σ0) dσ0 := ϕ(t).

Integral (7.8) reduces to the iterated integral
∫

Sn(t)

ϕ(σn) dσn =
∫ t

0

dsn

∫

Sn−1(t−sn)

ϕ(σn−1, sn) dσn−1 = · · · (7.9)

=
∫ t

0

dsn

∫ t−sn

0

dsn−1

· · ·
∫ t−sn−···−s2

0

ds1 ϕ(t− s1 − · · · − sn, s1, . . . , sn).

For y ∈ Zd and σn−1 ∈ Sn−1(t) (n ∈ N), we define the random variables
Tn(y;σn−1) recursively by setting

T1(y;σ0) := τ1(y; t), (7.10)
Tn+1(y; σn) := τn+1(y; sn) + τ̄n(y − x(n+1)

sn
; t− sn)

+ Tn(y − x(n+1)
sn

; σn−1) (n ≥ 1). (7.11)

Remark 7.1. It is easy to understand that the quantity Tn(y;σn−1) has the
meaning of the branching local time, that is the total time spent at point y by a
certain branching random walk whose branching epochs (arranged in the reverse
order) are determined by the vector σn−1 = (s0, . . . , sn−1) and such that after
each branching only one of the two descendants retains the reproductive ability
(namely, the one which moves according to a random walk denoted without the
bar).

Let us also introduce the notation Vn(x;σn−1) by the recursion

V1(x;σ0) := 1, (7.12)
Vn+1(x; σn) := ξ2(x + x(n+1)

sn
) · Vn(x + x(n+1)

sn
;σn−1) (n ≥ 1). (7.13)

Finally, we put

Θn(x; σn−1) := Vn(x; σn−1)e
∑

y ξ(y)Tn(y−x;σn−1). (7.14)
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Lemma 7.4. Let the the conditions of Theorem 5.2 be fulfilled. Then for each
n ≥ 1 the following estimate holds:

mn(t, x) ≤
n∑

k=1

ckn

∫

Sk−1(t)

E [Θk(x; σk−1)] dσk−1, (7.15)

where {ckn}n
k=1 are certain numerical coefficients.

Proof. Let us proceed by induction in n. For n = 1, (7.15) is valid due to the
Feynman – Kac representation (7.6):

m1(t, x) = E0 [e
∑

y ξ(y)τ(y−x,t)] =
∫

S0(t)

E [Θ1(x; σ0)]dσ0 (7.16)

(so that one can put c11 = 1).
Assume now that (7.15) holds for all k ≤ n. Using Lemma 7.3 and inequal-

ity (7.15), we obtain

mn+1(t, x)

≤ m1(t, x) + 2n+1

∫ t

0

Ex [ξ2(xs)e
∑

y ξ(y)τ(y;s)(m1 ·mn)(t− s, xs)]ds

≤ m1(t, x) + 2n+1
n∑

k=1

ckn

∫ t

0

dsEx

[
ξ2(xs)e

∑
y ξ(y)τ(y;s)m1(t− s, xs)

×
∫

Sk−1(t−s)

dσk−1E [Θk(z; σk−1)]z=xs

]
. (7.17)

Let us take x· ≡ x+x·(k+1) as the random walk x· implied in the expectation
Ex, and represent the factor m1(t−s, xs) by the Feynman – Kac formula (7.6) via
the random walk x̄·(k) (shifted at x + x

(k+1)
s ). For the notational convenience,

for a fixed k we replace the integration variable s in (7.17) by sk. Then the
integral term on the right-hand side of (7.17) is rewritten as

∫ t

0

dsk E
[
ξ2(x + x(k+1)

sk
)e

∑
y ξ(y)τk+1(y−x;sk) E

[
e
∑

y ξ(y) τ̄k(y−x−x(k+1)
sk

)
∣∣x(k+1)

sk

]

×
∫

Sk−1(t−sk)

E [Θk(x + x(k+1)
sk

; σk−1) |x(k+1)
sk

]dσk−1

]

=
∫ t

0

dsk

∫

Sk−1(t−sk)

dσk−1E
[
ξ2(x + x(k+1)

sk
)e

∑
y ξ(y)τk+1(y−x;sk)

× E
[
e
∑

y ξ(y) τ̄k(y−x−x(k+1)
sk

)Θk(x + x(k+1)
sk

;σk−1)
∣∣ x(k+1)

sk

]]

=
∫

Sk(t)

E
[
ξ2(x + x(k+1)

sk
)e

∑
y ξ(y)[τk+1(y−x;sk)+τ̄k(y−x−x(k+1)

sk
)]

×Θk(x + x(k+1)
sk

;σk−1)
]
dσk, (7.18)
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where we used formula (7.9). Taking into account the definition of Θk (see
(7.14)) and also the recurrence relations (7.11), (7.13), expression (7.18) takes
the form ∫

Sk(t)

E [Θk+1(x;σk)] dσk. (7.19)

Substituting (7.19) into the right-hand side of (7.17) and using (7.16), we obtain

mn+1(t, x) ≤ m1(t, x) + 2n+1
n∑

k=1

ckn

∫

Sk(t)

E [Θk+1(x;σk)]dσk

=
n+1∑

k=1

ck,n+1

∫

Sk−1(t)

E [Θk(x;σk−1)]dσk−1, (7.20)

where we put

ck,n+1 :=
{

1, k = 1,
2n+1ck−1,n, k ≥ 2.

Thus, the induction step is completed and the lemma is proved. 2

Let us now obtain a few lemmas related to the averaging with respect to the
distribution of the branching medium.

Lemma 7.5. Under the assumptions of Theorem 5.2, for all x ∈ Zd, n ≥ 1,
and any t ≥ 0, σn−1 ∈ Sn−1(t), the moments of all orders β > 0 of the random
variable Vn defined in (7.12), (7.13), are bounded:

〈V β
n (x; σn−1)〉 ≤ Cn,β := 〈ξβ(n−1)

2 (0)〉 < ∞. (7.21)

Let us emphasize that the constant Cn,β does not depend on the random
walk xt involved in the definition (7.13).

Proof. First of all, note that the condition (5.11) of Theorem 5.2 implies that
the expectation on the right-hand side of (7.21) is indeed finite.

For n = 1, the inequality (7.21) is clearly true (see (7.12)). Suppose that
(7.21) is valid for some n ≥ 1. Then, applying to the recurrence relation (7.13)
Hölder’s inequality with exponents 1/n, 1/n′, where n′ := n/(n− 1), we get

〈V β
n+1(x;σn)〉 = 〈ξ2(x + x(n+1)

sn
) · Vn(x + x(n+1)

sn
; σn−1)〉

≤ 〈ξβn
2 (x + x(n+1)

sn
)〉1/n · 〈V βn′

n (x + x(n+1)
sn

; σn−1)〉1/n′

≤ 〈ξβn
2 (0)〉1/n · 〈ξβn′(n−1)

2 (0)〉1/n′ = 〈ξβn
2 (0)〉 = Cn+1,β ,

using that the values of the random field ξ2(·) are identically distributed. Thus,
the lemma is proved. 2
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Given the random field {ξ(x), x ∈ Zd}, let us introduce its cumulant gener-
ating functional Gξ[·] ≡ G[·] defined on functions ϕ : Zd → R by

G[ϕ] := ln〈e
∑

y ξ(y)ϕ(y)〉. (7.22)

The functional G is well defined at least on finitely supported functions ϕ (that
is, such that #{y : ϕ(y) 6= 0} < ∞). The cumulant generating function G(t)
introduced above (see (6.5)) can obviously be expressed through G as follows:

Gξ(x)(t) = Gξ[tδx(·)], x ∈ Zd.

The next lemma extends the convexity property well-known for ordinary
cumulant generating functions (see, e.g., [5, Chapter V, § 8(c)]), to cumulant
generating functionals.

Lemma 7.6. The functional G[·] is convex, that is, for each α ∈ (0, 1) and any
functions ϕ1, ϕ2 in the domain of G, one has

G[αϕ1 + (1− α)ϕ2] ≤ αG[ϕ1] + (1− α)G[ϕ2]. (7.23)

Proof. By Hölder’s inequality,

eG[αϕ1+(1−α)ϕ2] = 〈eα
∑

y ξ(y)ϕ1(y) · e(1−α)
∑

y ξ(y)ϕ2(y)〉
≤ 〈e

∑
y ξ(y)ϕ1(y)〉α · 〈e

∑
y ξ(y)ϕ2(y)〉1−α

= eαG[ϕ1] · e(1−α)G[ϕ2],

whence by passing to logarithms we get (7.23). 2

Lemma 7.7. If the random field {ξ(x), x ∈ Zd} is homogeneous, then its cu-
mulant generating functional G is translation invariant, in the sense that for
any x ∈ Zd and all functions ϕ in the domain of G

G[ϕ(· − x)] = G[ϕ(·)].
Proof. Using the definition of G (see (7.22)), we have

G[ϕ(· − x)] = ln〈e
∑

y ξ(y)ϕ(y−x)〉 = ln〈e
∑

y ξ(y+x)ϕ(y)〉
= ln〈e

∑
y ξ(y)ϕ(y)〉 = G[ϕ(·)],

due to the homogeneity of ξ(·). 2

In the next lemma, we remark that the cumulant generating functional G has
a simple scaling property which is a direct consequence of the definition (7.22).

Lemma 7.8. For any β ∈ R

Gξ[βϕ] = Gβξ[ϕ]. (7.24)
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The following lemma gives an important representation of the annealed first-
order moment, 〈m1(t, x)〉, in terms of the cumulant generating functional G ≡
Gξ applied to the local-times function of the auxiliary random walk xt.

Lemma 7.9. Let the conditions of Theorem 5.1 be fulfilled. Then

〈m1(t, x)〉 = E0 [eG[τ(·; t)]]. (7.25)

Proof. First of all, we note that τ(y; t) as a function of y ∈ Zd is Px-a.s. finitely
supported (for any x ∈ Zd), because the random walk xt with Px-probability
1 visits only a finite number of lattice sites at a finite time. Therefore, the
right-hand side of (7.25) is well defined.

Now, from representation (7.6), by using Fubini’s theorem and the definition
of G, it follows

〈m1(t, x)〉 =
〈
E0

[
e
∑

y ξ(y)τ(y−x;t)
]〉

= E0

〈
e
∑

y ξ(y)τ(y−x;t)
〉

= E0 [eG[τ(·−x; t)]] = E0 [eG[τ(·; t)]],

where in the last step we used the translation invariance of G (see Lemma 7.7).
2

Lemma 7.10. Let t ≥ 0 and σn−1 = (s0, . . . , sn−1) ∈ Sn−1(t) (n ∈ N). Then
for all λ, β ≥ 0

E [eλG[βTn(·;σn−1)]] ≤ E0 [eλG[βnτ(·;t)]], (7.26)

where Tn(·; σn−1) is the branching local time defined in (7.10), (7.11) and τ(·; t)
is the local time corresponding to the random walk xt started at zero.

Proof. Let us use induction. For n = 1, inequality (7.26) is obviously satisfied.
Assume that the statement of the lemma is valid for all k ≤ n. By the recurrence
relation (7.11), we have for σn ∈ Sn(t):

Tn+1(y;σn) =
1

n + 1
· (n + 1) [τn+1(y; sn) + τ̄n(y − x(n+1)

sn
; t− sn)]

+
n

n + 1
· n + 1

n
Tn(y − x(n+1)

sn
;σn−1). (7.27)

Let us multiply equation (7.27) by β and apply the functional G. Then, using
the convexity of G (Lemma 7.6) and its translation invariance (Lemma 7.7), we
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get

G[βTn+1(·; σn)]

≤ 1
n + 1

G[β(n + 1){τn+1(·; sn) + τ̄n(· − x(n+1)
sn

; t− sn)}]

+
n

n + 1
G

[β(n + 1)
n

Tn(· − x(n+1)
sn

; σn−1)
]

=
1

n + 1
G[β(n + 1){τn+1(·+ x(n+1)

sn
; sn) + τ̄n(·; t− sn)}] (7.28)

+
n

n + 1
G

[β(n + 1)
n

Tn(·;σn−1)
]
. (7.29)

Note that the random variable Tn contained in (7.29) is built from the ran-
dom walks {x·(k), k = 1, . . . , n}, {

x̄·(k), k = 1, . . . , n− 1
}

(see (7.11)), whereas
expression (7.28) involves only the walks x·(n+1), x̄·(n). This implies that the
random variables (7.28) and (7.29) are independent, and hence

E
[
exp{λG[βTn+1(·; σn)]}]

≤ E
[
exp

{ λ

n + 1
G[β(n + 1){τn+1(·; sn) + τ̄n(· − x(n+1)

sn
; t− sn)}]

}]

× E
[
exp

{ nλ

n + 1
G

[β(n + 1)
n

Tn(·; σn−1)
]}]

(7.30)

(under the first expectation on the right-hand side of (7.30), we made a reverse
shift by −x

(n+1)
sn and again used translation invariance of G).

Let us continue the random walk x·(n+1) beyond the point sn via the random
walk x̄·(n), independent of the former one. In other words, we put

xs :=

{
x

(n+1)
s , s ≤ sn,

x
(n+1)
sn + x̄

(n)
s−sn

, s > sn.
(7.31)

Obviously, the “glued” process (7.31) is again a random walk (started from
zero), and the sum τn+1(y; sn) + τ̄n(y − x

(n+1)
sn ; t − sn) is nothing else but its

local time τ(y; t). Hence, the first factor on the right-hand side of (7.30) takes
the form

E0

[
exp

{ λ

n + 1
G[β(n + 1)τ(·; t)]

}]
.
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Applying the induction hypothesis to the second factor in (7.30) and using
Lyapunov’s inequality, we finally obtain from (7.30)

E
[
exp{λG[βTn+1(·; σn)]}]

≤ E0

[
exp

{ λ

n + 1
G[β(n + 1)τ(·; t)]

}]
· E0

[
exp

{ nλ

n + 1
G[β(n + 1)τ(·; t)]

}]

≤ (
E0

[
exp{λG[β(n + 1)τ(·; t)]}])1/(n+1)

× (
E0

[
exp{λG[β(n + 1)τ(·; t)]}])n/(n+1)

= E0

[
eλG[β(n+1)τ(·;t)]].

This completes the induction step, and therefore the lemma is proved. 2

8. Asymptotics of the annealed moments 〈mp
n〉

We are now in a position to give the proof of the second part of our main
result dealing with the case n ≥ 2.

Theorem 8.1. Assume that the hypotheses of Theorem 6.1 are fulfilled. In
addition, let the condition (5.11) be satisfied. Then for all integers n ≥ N and
for each real p ≥ 1, the annealed moments 〈mp

n(t, x)〉, 〈mp
n(t, x, y)〉 have the

following asymptotics:

lim
t→∞

t−α′ ln〈mp
n〉 = γ(α, c) (np)α′ , (8.1)

where α′ := α/(α− 1) and γ(α, c) is defined in (6.7).

Proof. As in the proof of Theorem 6.1, we have to obtain an appropriate upper
estimate for 〈mp

n(t, x)〉 and a corresponding lower estimate for 〈mp
n(t, x, y)〉.

(i) Upper estimate. Lemma 7.4 implies

〈mp
n(t, x)〉 ≤

〈( n∑

k=1

ckn

∫

Sk−1(t)

E [Θk(x; σk−1)]dσk−1

)p〉
. (8.2)

Using the elementary inequality

〈( n∑

k=1

Xk

)p〉
≤ np−1

n∑

k=1

〈Xp
k〉

(with X1, . . . , Xn ≥ 0 and p ≥ 1), which easily follows by Jensen’s inequality,
from (8.2) we obtain

〈mp
n(t, x)〉 ≤ np−1

n∑

k=1

cp
kn

〈(∫

Sk−1(t)

E [Θk(x; σk−1)]dσk−1

)p〉
. (8.3)
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Twice applying Lyapunov’s inequality yields
( ∫

Sk−1(t)

E [Θk(x;σk−1)]dσk−1

)p

≤ |Sk−1(t)|p−1

∫

Sk−1(t)

(
E [Θk(x; σk−1)]

)p
dσk−1

≤ |Sk−1(t)|p−1

∫

Sk−1(t)

E [Θp
k(x; σk−1)]dσk−1, (8.4)

where

|Sk−1(t)| :=
∫

Sk−1(t)

dσk−1 =
tk−1

(k − 1)!
(8.5)

is the (k − 1)-dimensional volume of the simplex Sk−1(t).
Therefore, substituting estimate (8.4) into (8.3) and using Fubini’s theorem

we obtain

〈mp
n(t, x)〉 ≤ np−1

n∑

k=1

cp
kn|Sk−1(t)|p−1

∫

Sk−1(t)

E [〈Θp
k(x;σk−1)〉] dσk−1. (8.6)

Let us apply Hölder’s inequality to the equation defining the quantity Θk

(see (7.14) with n = k). Then

〈Θp
k(x; σk−1)〉 ≤ 〈V pq′

k (x; σk−1)〉1/q′ · 〈epq
∑

y ξ(y)Tk(y−x;σk−1)
〉1/q

, (8.7)

where q > 1 is so far arbitrary and q′ is its conjugate, q′ := q/(q−1). According
to Lemma 7.5, the first factor on the right-hand side of (8.7) is bounded:

〈V pq′

k (x;σk−1)〉 ≤ Ck,pq′ < ∞. (8.8)

Furthermore, by the definition of G and by Lemma 7.7
〈
epq

∑
y ξ(y)Tk(y−x;σk−1)

〉
= eG[pqTk(·−x;σk−1)] = eG[pqTk(·;σk−1)]. (8.9)

Substituting (8.8) and (8.9) into (8.7), we apply Lemma 7.10 to get

E [〈Θp
k(x;σk−1)〉] ≤ C

1/q′

k,pq′ · E [e(1/q)G[pqTk(·;σk−1)]]

≤ C
1/q′

k,pq′ · E0 [e(1/q)G[kpqτ(·;t)]]

≤ C
1/q′

k,pq′ · (E0 [eG[kpqτ(·;t)]])1/q, (8.10)

again using Lyapunov’s inequality.
Observe now that by combining Lemmas 7.8 and 7.9 and recalling the no-

tation introduced in Lemma 6.1, we can represent the expectation in (8.10) in
the form

E0 [eG[kpqτ(·;t)]] = 〈m(κ,kpqω)
1 (t, 0)〉.
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Rewriting this once more by Lemma 6.1 and substituting the result into (8.10)
yields

E [〈Θp
k(x;σk−1)〉] ≤ C

1/q′

k,pq′ · 〈m(κ/kpq,ω)
1 (kpqt, 0)〉1/q. (8.11)

Note that the right-hand part of inequality (8.11) does not depend on σk−1.
Then, coming back to (8.6), we eventually obtain

〈mp
n(t, x)〉

≤ np−1
n∑

k=1

cp
kn|Sk−1(t)|p−1 C

1/q′

k,pq′ 〈m(κ/kpq,ω)
1 (kpqt, 0)〉1/q

∫

Sk−1(t)

dσk−1

= np−1
n∑

k=1

cp
kn|Sk−1(t)|p C

1/q′

k,pq′ 〈m(κ/kpq,ω)
1 (kpqt, 0)〉1/q. (8.12)

Theorem 6.1 implies that the main contribution to the long-time asymp-
totics of the right-hand side of (8.12) is brought by the summand with k = n.
According to (8.5), the factor |Sn−1(t)|p grows in a powerlike manner in t and
hence can be neglected. Thus, from (8.12) using (6.18) we get

lim sup
t→∞

ln 〈mp
n(t, x)〉
tα′

≤ lim sup
t→∞

ln 〈m(κ/npq,ω)
1 (npqt, 0)〉

qtα′

=
γ(α, c)(npq)α′

q
. (8.13)

Finally, letting the parameter q > 1 tend to 1, from (8.13) we arrive at the
required upper estimate

lim sup
t→∞

ln 〈mp
n(t, x)〉
tα′

≤ γ(α, c)(np)α′ . (8.14)

(ii) Lower estimate. Recalling that mn and m1 are the moments (of orders
n respectively 1) of the random variable µt(y) with respect to the probability
measure P(ω)

x , by Lyapunov’s inequality we have

mn(t, x, y) ≥ mn
1 (t, x, y).

Therefore, using estimate (6.21), for all p ≥ 1 we obtain

lim inf
t→∞

ln 〈mp
n(t, x, y)〉
tα′

≥ lim inf
t→∞

ln 〈mnp
1 (t, x, y)〉
tα′

≥ γ(α, c) (np)α′ . (8.15)

As a result, from the two-sided estimates (8.14) and (8.15) equation (8.1)
follows, and thus our theorem is proved. 2
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