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Extreme Value Theory for Random Exponentials

Leonid V. Bogachev

ABSTRACT. We study the limit distribution of upper extreme values of i.i.d.
exponential samples {etXi}iI\;1 as t — 0o, N — oco. Two cases are considered:
(A) esssupX = 0 and (B) esssupX = oco. We assume that the function
h(z) = —logP{X > xz} (case B) or h(z) = —logP{X > —1/z} (case A)
is (normalized) regularly varying at oo with index 1 < g < oo (case B) or
0 < o < oo (case A). The growth scale of N is chosen in the form N ~
Mol (0 < X < oo), where Hp(t) is a certain asymptotic version of the
function H(t) := logE[e!¥X] (case B) or H(t) = —logE[e!¥X] (case A). As
shown earlier by Ben Arous et al. [5], there are critical points A1 < A2, below
which the LLN and CLT, respectively, break down, whereas for 0 < A < Ag
the limit laws for the sum Sy (t) = etX1 + ... + e!XN prove to be stable,
with characteristic exponent a = a(g,A) € (0,2). In this paper, we obtain
the (joint) limit distribution of the upper order statistics of the exponential
sample. In particular, My ny = rrléaL)(1[etX'i}~£\7:1 has asymptotically the Fréchet
distribution with parameter . We also show that the empirical extremal
measure converges (in fdd) to a Poisson random measure with intensity d(z~%).
These results are complemented by explicit representations of the joint limit
distribution of Sy (t) and Mj n(t) (and in particular of their ratio) in terms
of i.i.d. random variables with standard exponential distribution.

1. Introduction

In this work, we are concerned with the asymptotic analysis of random samples
of the form {e!*: i = 1,..., N}, where X, X, X»,... are independent identically
distributed (i.i.d.) random variables and both ¢ and N tend to infinity. More
specifically, our goal is to study the limiting distribution of the upper order statistics
of the sample (in particular, of the maximum M y(t) = max{e!X1 ... e*X¥}) and
also to explore the influence of the extreme values on the asymptotic behavior of the
sums Sy (t) = Zivzl e!Xi depending on various rates of growth of the parameters ¢
and N.
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2 L. V. BOGACHEV

It is natural to distinguish the following two cases:

Case A. X is bounded from above, esssup X < oo,
Case B. X is unbounded from above, esssup X = oo.

In case A, without loss in generality we may and will assume that the upper edge
of the support of X is zero, esssup X = 0.

It is clear that the results will heavily depend on the structure of the upper tail
of the distribution of X. In the present work, we focus on a fairly general class of
distributions with the upper tail of the Weibull/Fréchet form

(1.1) PX > 2} ~ {exp(—cw‘f) e oo (case B)
exp(—c(—x)7¢) asz — 0— (case A),

where 1 < ¢ < oo (case B) or 0 < ¢ < oo (case A). In fact, cases B and A can

be combined using the following 4-convention: in the symbols + and F, the upper

sign refers to case B and the lower sign to case A; furthermore, the notation z®

stands for the power z1, and f(x)* is understood as [f(x)]*. Setting

(1.2) h(z) :== —logP{X > +a%},

the precise meaning of (1.1) is then furnished by the assumption that the function
h is regularly varying at infinity with index ¢ € (1,00) (case B) or g € (0,00)
(case A). For example, a normal distribution fits in case B with o = 2.

Systematic study of this class of random exponentials has been initiated by
Ben Arous et al. [4] (case B only), later on extended to both cases B and A in [5]
(see also an earlier preprint [3]). (Let us also mention that the “limiting” value
0 = 0 in case B, leading to random variables of the form X/, has been recently
considered by Bogachev [6].) Motivation comes from various areas in theoretical
and applied probability, including the problem of a unified treatment of limit laws
for sums and extreme values (see Schlather [22]), analysis of the free energy and
its fluctuations in the Random Energy Model (REM) of spin glass (see Bovier et
al. [7] and further references therein and in [5]), branching random walks in random
environments (see [3,5]), and risk theory (see [3,5] and references therein).

One can expect that if the number of terms N in the sum Sy (t) grows fast
enough relative to the parameter ¢, then the Law of Large Numbers (LLN) and the
Central Limit Theorem (CLT) should hold true in a conventional form. Ben Arous
et al. [5] have shown that an appropriate growth scale of N = N(¢) is of the form

(1.3) N~ eMo® (1 — x0),

where the rate function Hy(t) is a certain asymptotic version of the cumulant gen-
erating function
(1.4) H(t) = +log E[e'™].
By a Tauberian theorem of Kasahara-de Bruijn (see Section 2 below), the function
H is regularly varying with index o such that
1 1
1.5 -+ —==1
(1.5) v

The link between h(z) and Hy(t) ~ H(t) can be characterized explicitly, and in
particular Hy(t) can be found (for all ¢ large enough) as the unique solution of the
equation

(1.6) o' Hy = oh((0'Ho/t)¥).
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For example, if h(z) = 2¢/0 (z > 0) then the solution Hy is given by Ho(t) = t¢ /¢'.
As shown in [5], the critical values of the parameter A are given by

/ /
(1.7) M=2, =202

o 0
so that the LLN and CLT break down if A < A; and A < A, respectively. Moreover,
for 0 < A < A one can prove (under a slightly more restrictive condition of nor-
malized regular variation of h, see Section 2 below) that the distribution of Sy (t),
properly centered and normalized, converges to a stable law with characteristic
exponent

(18) o= a(o) = (Zf’)/

(note that the critical values (1.7) correspond to the canonical values oy = 1,
as = 2). Let us point out that the centering constant vanishes for 0 < A < Ay,
while the normalization constant is given for all 0 < X\ < Ay by B(t) = e*m(®)
where 7; is the (unique) root of the equation h(ni°) = AHy(t) (note that the right-
hand side of this equation is asymptotically equivalent to log N, due to the scaling
condition (1.3)). A more precise statement of these results will be given below in
Section 3.

In the present paper, we complement this analysis by studying the asymptotic
behavior of the upper extreme values of the exponential sample {e**¢}X . Surpris-
ingly enough, the limiting picture here replicates the classical results in the i.i.d.
extreme value theory, known in the case of attraction to the Fréchet distribution. In
particular, the maximal term M; y(t) normalized by B(t) = e**"®) (for all A\ > 0)
converges in distribution to the Fréchet law ®, with the distribution function

(1.9) O, (z) =exp(—2z7%), x>0

(Theorem 4.3). The proof was first sketched in [4] (in case B) and later on extended
to both cases B and A in [3]. This result should be contrasted with the limit
distribution of the maximum of “plain” exponentials, {eXi}¥ | which appears to

be the Gumbel (double exponential) law A with the distribution function
(1.10) Alz) =exp(—e™™), z€R

(Theorem 4.1).

Limit theorems for the (joint) distribution of individual order statistics confirm
the Fréchet-type nature of exponential extremes (Theorems 4.8, 4.9). Of particular
interest is Theorem 4.10, which reveals a Poisson limiting structure of the empirical
extremal measure (in the sense of convergence of finite-dimensional distributions),
with a “stable” intensity measure d(x~*). We also explore the role of the maximum
in the sum. To this end, we use some representations of order statistics via uniform
and exponential random variables, which allows us to work with a.s.-convergence.
Using this approach, we obtain series representations for the joint limit distribution
of SN(t) and Ml’N(t).

The rest of the paper is laid out as follows. In Section 2 we specify our regular-
ity assumptions and derive some consequences. Section 3 summarizes results about
the limit laws for the sums Sy (t) proved earlier. Section 4 deals with the limit
(joint) laws for upper order statistics. In Section 5 we work out certain useful rep-
resentations of order statistics, in order to obtain certain explicit characterizations
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of the limit laws of the sums Sy (t). Finally, the Appendix contains a few direct
proofs of a formula for the expected value of the limiting ratio Sy (¢)/Mi n(t) in
the case 0 < av < 1.

2. Regularity assumptions

Using the log-tail distribution function h defined in (1.2), the tail probability
of X takes the form

(2.1) P{X >z} = exp{—h(+z¥)}.

We assume that h is regularly varying at infinity with index o (we write h € R,),
where 1 < p < 0o (case B) or 0 < ¢ < oo (case A). That is to say, for any x > 0
h(kz) ~
h(zx)
Moreover, by the Uniform Convergence Theorem (UCT) (see [2, Theorem 1.5.2],
the limit (2.2) holds uniformly in s on each interval (0, K].

The generalized inverse of a function f can be defined as f~ (y) := inf{z :
f(x) > y} [20, Section 0.2]. Note [2, Theorem 1.5.12] that if f € R, with o > 0
then f~ € Ry, and

(2.3) F=(f@) ~ f(f~ (@) ~z (z— o0).
Since the log-tail distribution function h is nondecreasing and right-continuous, its
inverse h*~ has the following useful property [20, eq. (0.6¢)]:

(2.4) h=(y) <z <= y < h(x).

(2.2) k¢ (x — 400).

The asymptotic link between h(z) and the cumulant generating function H(t)
(see (1.4)) is described by the Kasahara—de Bruijn exponential Tauberian theorem
(see [2, Theorems 4.12.7 and 4.12.9]). Set

;0 c (1,00) (case B)

¢ 0F1 (0,1) (case A)

(cf. (1.5)), then h € R, if and only if H € R,. More precisely, let ¢ € R/, and
put

(2.5) Y(u) == up(u)™ € Ry
Then
(2.6) h(zx) ~ %@H(x) (x — 00) < H(t) ~ éw&(t) =: Hy(t) (t — 00).

In addition to regular variation, h € R,, we will we assume throughout the
paper that h is normalized regularly varying, h € NR, [2, p. 15], that is, h is
absolutely continuous (and hence a.e.-differentiable) and satisfies

axh/(x)
h(z)
Equivalently, for every 6 > 0 the function h(z)/x27? is ultimately increasing,
whereas the function h(z)/x27? is ultimately decreasing [2, p. 24]. In particular, it

follows that h(x) itself is ultimately (strictly) increasing and therefore is invertible
for x large enough.

(2.7)

=0 (z— o).
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As a benefit of the assumption h € NR,, the function Hy(t) ~ H(t) in the
Kasahara—de Bruijn theorem (see (2.6)) can be identified explicitly via equation
(1.6) (see details in [5]). Furthermore, integration of (2.7) shows that h can be
represented in the form

(2.8) h(z) = h(0) + /Om @ (0+¢e(w)) du,

where ¢(z) — 0 as © — oo.
The next lemma can be viewed as a refinement of the UCT.

Lemma 2.1. If h € NR, then, uniformly in k on each interval [ko, k1] C
(0,00),
h(mff(;)h(x) = (k* = 1)(1+0(1)) (z— o0).

Proor. Using representatlon (2.8), after the substitution u = xy we have
h
(2.9) (ke / e (o + e(zy)) dy.

By the UCT, the mtegrand in (2.9) tends to oy? ! as x — oo, uniformly in

y € [ko,k1). Hence, the integral (2.9) converges, uniformly in s € [ko, k1], to
Koyl — k@ —

fl oy dy =k 1. (I

Let 71 = n1(t) be the unique solution of the equation
(2.10) B(7E) = AHo(t
(m.(t) is well defined for all ¢ large enough). For x > 0, set
log
(2.11) e =1 (t) = m(t) £ —

Combining equations (1.6) and (2.10) as ¢t — oo and using that h € R,, one can
find

tn(t) _ Ao

Pivy Ho(t) o

The next lemma plays the crucial role.

(2.12)

Lemma 2.2. Uniformly in x on each interval [xo,z1] C (0, 00),
Tim [h(n.(6)%) - A(m (%)) = aloga.
PROOF. Note that
Mg (1) * logz \ *
nx(t):—< > —<1:|: ) -1 (t— ),
m(t) tm(t)

uniformly in z € [zg,21] C (0,00). Therefore, for all large enough ¢ the function
K (t) is uniformly bounded, 0 < ko < k- (t) < k1 < co. Applying Lemma 2.1 and
using (2.10), in the limit as ¢ — oo we obtain, uniformly in z,

according to (2.12). O
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3. Limit theorems for the sums

The main results of the paper [5] can be summarized in the following two
theorems. We assume throughout that

(3.1) lim Ne Mo — 1,

t—o0
where A > 0 is a parameter (see (1.3)). Recall that « is given by equation (1.8).
Theorem 3.1. Set
NE[e!X] = NeFH®) | x> )\ (a>1),
(32)  A(t):={{ NE[e™*1{x<ipy], A=X\ (a=1),

0, 0<A<A (0<a<l),
(NE[e2tX])1/2 _ N1/2e:|:H(2t)/2, A > Ao (0[ > 2)7
1/2
(33)  B(t):={ (NE[eX1(xciyy])"?, A=X  (a=2),
ettm () 0<A<A (0<a<?).

Then, as t — oo,

Sn(t) = A®) o {N(o, ), A>X  (a>2)

3.4
(34) B(t) Fas 0<A< X (0<a<?2),

where N'(0,1) is the standard normal distribution (with zero mean and unit vari-
ance) and Fy, is a stable law with characteristic exponent o and skewness parameter
B =1. The characteristic function of Fo, is given by*

exp{—r(l — a)|u|*exp (—”;a sgnu) }, a#1,

(35 alw) = ) )

exp{iu(l —v) — §|u\ (1 +isgnu- —log |u|) }7 a=1,
T

where T'(s) = fooo r*~te=dx is the gamma function, sgnu = u/|u| and v =
0.5772... is the Euler constant.?
With some effort (see details in [3,5]), one can check that for all A >0
B(t)

lim —=% =0.

% A
Therefore, Theorem 3.1 implies the following LLN.
Theorem 3.2. If A\ > A\ then

Sn(t) »
. — 1 (¢
(36) N 1 (o),
where A(t) is given by (3.2).

Remark 3.3. In fact, in the regions A > A\; and A > Ao the LLN and CLT,
respectively, hold under the plain regularity condition A € R,, without any extra
assumptions. Moreover, the function H(t) can be used here instead of Hy(t), and
the scaling condition (3.1) can be relaxed to log N > A\ H(t) and log N > A\ H (t),
respectively (see [3,5]).

For1 < o < 2, we use an analytic continuation of the gamma function in (3.5), given by
F'l—a)=T2-a)/(1 —a).
2See [12, #8.367].
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Theorem 3.1 can be proved using the known asymptotic methods for sums of
independent random variables (see, e.g., [17]). The proofs are technically quite
involved since the condition of normalized regular variation guarantees only the
limited smoothness of the distribution of X (i.e., ultimate monotonicity and a.e.-
differentiability). However, this condition (in particular, Lemma 2.2), combined
with the scaling condition (3.1) provide enough analytical control. For instance, in
view of (2.1) the tail probability for e!X is asymptotically given by

(3.7) P{e!X > 2B(t)} = P{X > 4n,(t)} = e "2 ~ N~1eh(m)—h(n7)
~ N—le—alogm _ N—lx—a7
where B(t) = et () (see (3.3)). Therefore, the Lévy - Khinchin spectral function,

being the main ingredient of the limiting infinitely divisible law [17, pp. 81 —82], is
given for x > 0 by

(3.8) L(z) .= — tlim NP{e" > 2B(t)} = —2~°,
which indicates that « is indeed the characteristic exponent of the limit (stable)

law (see [15, Theorem 2.2.1]).
Using (3.1), note that for A < A2 we have

B(t) = eTtm(t) o Nt (t)/(AHo (1)) (t — 00),
and (2.12) implies that in case B, N is being raised to the power
tn (t) e 1

AHop(t) o o

This should be compared to classical results in the i.i.d. case (see, e.g., [15, The-
orem 2.1.1]), where the normalization is essentially of the form N'/®. As we see,
in case B the sums Sy () have a stable limit by virtue of a nonclassical (heavier)
normalization. As for case A, we have B(t) ~ N~tm®/AHo®) _, 0 which has no
analogies in the classical theory.

However, another look at the tail probability reveals the mechanism of settling
down to a stable law, analogous to that in the i.i.d. situation and acting in both
cases A and B. Indeed, in order that i.i.d. random variables {Y;} belong to the
domain of attraction of a stable law with characteristic exponent o > 0, it is
sufficient that for each z > 0

(3.9) P{Y > N'ez} ~ N71z7® (N — o)
(see [15, Theorem 2.6.1]). If we set Y; := e!X¢ /B(t)N 1/ then, according to (3.7),
P{Y > Nz} = P{e!® > zB(t)} ~ N~'z™ (t — o),

which mimics the condition (3.9). Thus, in the normalizing function represented
in the form B(t) = B(t)N~'/* . NV the factor B(t)N~Y/* is responsible for
the correct behavior of the distribution tail, whereas the conventional power N1/
performs averaging towards a stable law with characteristic exponent «.

This observation helps explain heuristically the many similarities between the
limit behavior of random exponentials e!X* and that of the usual i.i.d. random vari-
ables — from convergence to a stable law (Theorem 3.1) to the asymptotic proper-
ties of extreme values (Sections 4, 5 below).
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We conclude this section with the following LLN for log Sy (t): as t — oo,
a(A£1)

1 t s A=A
(3.10) 705 SNt( R AV !
m(t) +1, 0< A<\
For A < A; this follows directly from Theorem 3.1. For A > A\, Theorem 3.2 implies
(3.11) log Sy (t) = log A(t) - 6(¢),

where 0(t) 2 1 as t — oco. If A > Ay, then from (3.1) and (3.2)
log A(t) =log N + H(t) ~ (A £ 1)Hy(1),

and so (3.10) follows by (2.12). If A = Ay = ¢'/o (ie., @« = a; = 1), then A(t) <
NetH®) (see (3.2)), so from (3.11) we get, according to (2.12) and (3.1),
log Sy (1) < log N £ H(t) o) > (M £1) _ 1

tm (t) tm (t) A1o
(cf. (1.5)). On the other hand, Sy (t) > M n(t) := max{e!™i i =1,... N}, hence
lOgSN(t) > IOgMLN(t) i) +1 (t . OO),

tm (t) tn (t)
as we will show below (see (4.14)). Now, combination of (3.12) and (3.13) yields
(3.10).

Remark 3.4. The limit (3.10) has the meaning of the free energy in the REM
(see [3, Section 9; 5; 7] and further references therein). It is easy to check that
(3.10), as a function of )\, is continuous and continuously differentiable everywhere
including the critical point A = A1, but its second derivative has a jump at this
point. This corresponds to a “third order” phase transition [7].

(3.12)

(3.13)

4. Asymptotic behavior of extreme values

4.1. The plain exponential maximum. Let us first obtain the distribution
of the maximum for plain exponentials, eX¢ (i.e., without the large scaling parame-
ter ¢ in the exponent). Namely, we will show that under our conditions on X;, the
random variables eX* belong to the domain of attraction of the Gumbel (double
exponential) distribution A (see (1.10)).

Theorem 4.1. Denote Y; :=eXi, Y} y := max{Y7,...,Yn}, and set

anlogan
4.1 = +h " (log N)F), by :=+—2_=.
(41) ax = exp(£h (log M%), by 1= £ X 8N
Then
. Yin—an _
(4.2) lim P{’gz}exp(e ), zeR.
N—oo N

PROOF. It is not difficult to verify available sufficient conditions for convergence
of the maximum’s distribution to A (see, e.g., [11, Theorem 2.1.3]). However, it
appears even simpler to prove (4.2) directly. Using (2.1), we can write

(4.3) P{Yin <an +aby} = (P{X <log(an +zby)})N = (1 — e PEN@D)T,

where
Ly(x) := tlog(an + zby).
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Note that, according to (4.1),

(4.4) Ly(0)* = +(logay)® = h~(log N),

and since h € NR,, equation (4.4) can be inverted for all large enough N to yield
(4.5) h(Lx(0)*) =log N.

Observe that, as N — oo,

by 1
4.6 =4 0
(4.6) anlogan olog N -

and, moreover,

b 1 h=(log N)*
(4.7) by _ logan _RhT(oeN)T
an olog N olog N

since h~(x) € Ry, and h=(z)*/x € Riq/p—1 With £1/0—1=—1/¢" < 0. In view
of (4.6) and (4.7), we obtain

Ly(z)* (14 log(1+ zby/an) *
Ly(0)E log an

and hence Ly (z)* ~ Ly(0)* — +oo (see (4.4)). Using (4.3) and (4.5), it follows
that the limit (4.2) is reduced to showing that

Jim [A(Ln(2)%) — R(Ln(0))] = z.

(4.8) kN (x) = -1 (N — o00),

To this end, we apply Lemma 2.1 and use (4.5), (4.8) to get
h(Ly(2)F) = h(Ln(0)) ~ h(Ly (0)F)(kn (2)¢ — 1)

+o
logN<(l+10g 1+be/aN)> 1)
log an

+0)xb
~log N - ( 0)zby =x
aNlogaN

according to (4.6). O

e (4
)

Passing to logarithms, it is easy to show that the background random variables
X; = logeXi also belong to the domain of attraction of the Gumbel distribution
(see also [6, Proposition 10.1]).

Corollary 4.2. Let X7y :=max{Xy,...,Xn} and set

. = h=(log N)*
4. = +h " (log N)* =
(49) i = £ (log N)¥, By s= L
Then
Xi,Nv —an _
(4.10) lim P{ < :17} =exp(—e™¥), z€R.
N—o00 bN

Since BN/dN — 0, the limit (4.10) readily implies the following LLN:

XN P
(4.11) h‘—(logN)i —+1 (N — ).
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4.2. Limit distribution of the exponential maximum. We shall now see
that when a nonlinear (power) scaling is switched on, eX s e/ the limit law for

the maximum changes dramatically. Denote by My y = My n(t) := e!Xk.N the
tX AN

nonincreasing order statistics of the sample {e'*}:\ ;. In particular, My n(t) =
max{e*Xi i =1,...,N}. For all A € (0,0) denote
(4.12) B(t) = eFtm®),

where 7 (t) is defined by equation (2.10) (cf. (3.3)).
In this section, we obtain the limit distribution of M n(¢).

Theorem 4.3. For all A > 0, as t — oo, My n(t)/B(t) converges in distribu-
tion to the Fréchet law ®, (see (1.9)).

Proor. Using (2.1), (2.11), and (4.12), for > 0 we have
log =
52 o)
=P{Xiy < £n.} = (P{X < £ )"
=(1- e*h("f))N = exp(fNe*h("zi) (1+ 0(1))).

(413)  PULx (0 < 2B()) = P{ Xy <

Furthermore, recalling (3.1) and (2.10) we obtain, as ¢t — oo,

_ + _ =+ S =+ _ —
Ne M)  ArHo(t)—h(nz) — h(ni)—h(ng) _, g—algz _ .-«

)

according to Lemma 2.2. Returning to (4.13) we get
tlim P{Mi n(t) <zB(t)} = exp(—2~ %),
and the theorem is proved. ([

Remark 4.4. The probability law ®,, known as the Fréchet distribution,
represents one of the three types of possible weak limits for maxima of i.i.d. random
variables (see [11, Theorem 2.4.1]). However, the known general theorems about
convergence to @, are not directly applicable in our case.

In view of (4.12), Theorem 4.3 implies the following LLN for log M; n:

logMin(t) » 44 (t — 00).
tn1 (1)

Remark 4.5. In contrast with a similar log-LLN for Sy (¢) (see (3.10)), the
limit (4.14) does not involve any “phase transitions.”

(4.14)

Remark 4.6. Comparing (4.14) and (3.10), we note that in the case 0 < A < g

log M1 N(t) P
— 2 51 —
log S (1) (¢ = eo),

which indicates that the contribution of the maximal term M; n(t) to the sum
Sn(t) is logarithmically equivalent to the whole sum. In the opposite case where
A > Aq, the limit of the left-hand side in (4.15) can be shown to be strictly less than
1, so that M; n(t) is negligible as compared to Sy (¢). This observation is supported
by the LLN being valid for A > A\; (see Theorem 3.2), and is further evidenced by
Theorem 5.11 characterizing the limit distribution of the ratio Sy (¢)/Mi n(t) in
the case A < Aq.

(4.15)
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Remark 4.7. Note that log M y = tX; n, so (4.14) amounts to

7X1’N(t) L — 00
(4.16) DA (),

which is of course consistent with (4.11); indeed, by (2.3), (2.10), (3.1) and the
UCT we have

m(t)* ~h(h(m()F)) = h~ (AHo(1)) ~ h™ (log N),
and so 71 (t) ~ b~ (log N)* (cf. (4.11) and (4.16)).
4.3. Joint asymptotic behavior of exponential order statistics. Recall

that My n = e!Xx.~ denotes the kth order statistic (arranged in the nonincreasing

order) of the exponential sample {e!X:} Y .

Theorem 4.8. For all A > 0 and each k € N,

k—1 :
. M, n () _oa -
7=0
PRrROOF. We have
(4.18) P{M}C,N S Q?B(t)} = P{Xk’]\] S :t’l’]w}

(cf. (4.13)). The distribution of the kth order statistic Xy, y is given by the following
known formula (see [11, Section 2.8, eq. (135)]):

k—1
N . .
Pl <=3 ()= P,
=0 \J
where F'(u) is the common distribution function of the random variables X;:
F(u) :=P{X <u} =1—e hFu"),

Setting u = £n,(¢), similarly to the proof of Theorem 4.3 we obtain

kot N + + i
P{Xn < £0.(t)} = ( ‘>e—jh(nx)(1 _ o—hni ))N—]

=0 \J
k=1 .
NI o+
~(1- e*h(nf))N Z 2 o—ihm7)
i
=0 7"
+ oy + +
h(ni7)—h(n;) J(h(ny)—h(ng))
~ exp(—e"n @ )2763 1 =)
=07’
and (4.17) follows by Lemma 2.2. O

One can also derive the limiting form of the joint distribution for a finite number
of upper extremes. For instance, let us prove the following assertion.
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Theorem 4.9. For any integers r < s and all real x,y > 0,

. M’I"N MsN
4.1 lim P — < — <
(4.19)  lim {B(t) 0 y)}
r—1s—1 —a] —a)k—j

v " Zx — i if x >,

_ J=0k=j
r—1

k
e Y
DY

il
j=0 J:

if v <uy.

Proor. For z <y the inequality M, y < x implies M n <y, so that
P{M, n <zB(t),Msy <yB(t)} =P{M, n <zB(t)},
and (4.19) follows by Theorem 4.17. For x > y, similarly to (4.18) we obtain
P{M, n < zB(t), Msy <yB(t)} =P{X, v < £1,(t), Xs.n < £ny(t)}.

The joint distribution of the order statistics X, y and X5y (with r < s, u > v) is
given by (cf. [9, Section 2.2])

P{XT,Ngu X, N <o}

NI

N=J)

[ = F)V[F(u) = F(o)] " [F(w)] "

H
= OM'

Taking u = :i:nm( = =£n,(t), similarly as above we arrive at (4.19). O

This theorem can be extended to the case of any given number of upper ex-
tremes. But it is more instructive to characterize the limit distribution of extreme
values in a different way. Let us consider the random measure py on (0,00) (corre-
sponding to the empirical extremal process) which counts the order statistics My, n
“from the right”:

(4.20) wun (z, 00) Z Lom, w>eB@))s x > 0.
k=1

The following theorem reveals a Poisson asymptotic structure of uy as t — oo.

Theorem 4.10. In the sense of convergence of all finite-dimensional distribu-
tions, the measure py converges to a Poisson random measure on (0,00) with the
mean measure v(x,00) = x~*. That is, for any x1 > -+ > x, > 0 and any integers
My, .e..,My >0

: N i o QD™ A
(4.21) tlgrolOP{HN(Az) =m,i=1,...,n} —gTi!e )

where A; := (x4, 2-1], To := 00, and v(A;) = z; ¢

—a

Remark 4.11. The same answer was established by Weissman [23] for the
counting measure of extremes in the case of i.i.d. random variables in the domain
of attraction of the Fréchet distribution ®,. Analogous results were also obtained
in [23] for the cases of attraction to the Weibull distribution ¥, and the Gumbel

distribution A (see also [9, Section 9.4]).
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PrROOF OF THEOREM 4.10. By (4.20), the condition pux(A;) = m,; means that
the interval (£7,,, +7,, , ] contains exactly m; terms from the sample {X7,..., Xy }.
Hence, putting m,,+1 := N —my — - - - —m,, by the multinomial formula we obtain

P{/,LN(AZ) = mi,i == 17 e ,n}
— NI f[ [F(£0,_,) — F(£n,,)]™ [F(£n,, )|+

mz' mn+1!

n [e—h(n*) *h(nfi,l)]mz‘ (1_efh(nfn))m"+1

ml' mn+1!

~ NMLttmy H
=1

no k() —h(nf) R —h(ng,_ )qma
0 e V] - exp{ (1) h(E )
mi!

=1

Using that h(n) — h(nf) — —alogz; (see Lemma 2.2), we arrive at (4.21). [

5. Sums of random exponentials via order statistics

5.1. Some representations of extreme values. In this section, we record a
few (basically well known) representations in distribution for extreme values M}, n
and hence for the sum Sy(f). These representations are expressed in terms of
auxiliary sequences of i.i.d. random variables with either exponential or uniform
distribution. In particular, they will be used to study the asymptotic behavior of
Sn(t) in the case 0 < A < A;. The advantage of such an approach (usually called
the “method of common probability space”) is that the random variables of interest
will have a limit with probability one, rather than just in distribution.

Consider the random variable Z := +h~(£)*, where ¢ has the unit exponential
distribution, that is, P{{ > 2} = e~ (z > 0). A key observation is that Z 4x.
Indeed, since h is right-continuous, we can use the property (2.4) to obtain

P{Z <} =P{£h" ()" <a} =P{h~(¢) < +a™}
= P{¢ < h(+a%)} =1 — e "EH) Z PLX < 1),

according to (2.1). Furthermore, if &,...,&y are i.i.d. random variables with unit
exponential distribution, then the random variables Z; := +h~(&;)T are also inde-
pendent and hence the random vector (Z;)¥ | has the same distribution as (X;) ;.
In particular, the joint distribution of the order statistics =,y > .-+ > EnnN
coincides with that of the order statistics X1y > ... > Xy n. We also note
that since the function +h(2)® is nondecreasing in its domain, the order statis-
tics Zg, v can be represented through the underlying exponential order statistics
Gon>->E&vnas By =+h " (&n)T (k=1,...,N).

Furthermore, let us recall the following representation in distribution of the
exponential order statistics (see [9, Section 2.7]).
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Lemma 5.1. For each k =1,..., N, the distribution of the kth order statistic
&k, N coincides with the distribution of the random variable

N C
(5.1) Ten = 7
i=k

where ((;) is an auxiliary sequence of i.i.d. random variables, each having the unit

exponential distribution. Moreover, (§1,n,---,&N,N) 4 (Ty Ny, ToN)-

As aresult, the joint distribution of the order statistics My ny = etXk.~ coincides

with the joint distribution of the random variables eth™ (Tk.¥ ), Hence, the sum

Sn(t) = N etXi = SN tXkN has the same distribution as the sum

N
(5.2) D et Tn)

k=1

with Ty n given by (5.1). It is convenient to rewrite Tj n as

Gi i+1 N+1
(5.3) Tk7N—Z<—og — ) +log——.

i=k

Lemma 5.2. The series

(5.4) i(i _1og“;1)

=1

converges with probability one.

PROOF. Let us represent the series (5.4) as

o BB o)

i=1

and show that both series on the right are convergent. Recalling that (; are expo-
nentially distributed with mean 1, we have E[(¢; — 1)/i] = 0 and

yov(47) R -2 o

Since ((;) are independent, this implies a.s.-convergence of the series Y. (¢; —1)/1
(see [17, Chapter IX, Section 2, Lemma 8]). Further, note that

1 1
——log(l+~)=0(i""? )
; og( + z) (z ) (i — 0),
hence the last series in (5.5) converges. O

Remark 5.3. A similar approach was used by Hall [14] to obtain a canonical
representation for limiting extreme values in the i.i.d. scheme, following the idea
suggested by Rényi [18] (see also [19, Chapter VIII, Section 9]]). LePage et al. [16]
have used the same approach to study convergence to a stable law in the classical
situation of i.i.d. random variables.
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Lemma 5.2 implies that for each & > 1 the sum of the series
oo .
Gi i+
5.6 Zy = = —
(5:6) =3 (§ s

is finite with probability one. It is not difficult to find the (joint) distribution of
Zy.

Lemma 5.4. Let us set 7 := ke™%* (k=1,2,...). Then (1x) 4 (oK), where
oy =+ -+(}, and (}) is a sequence of independent exponential random variables
with mean 1. In particular, i, has the gamma distribution with mean k.

Remark 5.5. The random variables (73 ) are distributed as a sequence of arrival
times of a Poisson process with unit rate.

PROOF OF LEMMA 5.4. According to the definitions (5.6) and (5.1), we have

Z = lim i 9—10 iy lim (T n —logN) +logk
k= : i g E =y k,N g gh.

Hence,
— o Zrtlogk _ ; Tk, N
(5.7) T =€ = I&glm(Ne ).

Recall that by Lemma 5.1, the random variable T}, x has the same distribution
as the kth (decreasing) order statistic & ny of N independent exponential random
variables (¢;), (with mean 1). From this, one could derive the distribution of 7,
using the known limit results for the exponential order statistics (see [11, Exam-
ple 1.3.1 for k =1 and Theorem 2.8.1 for k& > 1]).

However, a more neat proof is possible that requires almost no calculations and
simultaneously allows one to establish independence of the successive differences

Thr1 — Tk- Namely, observe that the random variables U; := e (i = 1,...,N)

are independent and uniformly distributed in [0,1]. Therefore, (e=*+~)N 4

(Ug,N)2_1, where Uj y < -+ < Un,n are the order statistics of (U;)Y ;. In turn, it
is well known (see [10, Chapter III, §3]) that

d o o
(5.8) (ULN,...,UN,N)=< e, )
ON+1 ON+1

where o, are described in the lemma. Returning to (5.7), the distribution of the
vector (71,...,7y) for each k > 1 can be computed as the weak limit

N N

(“ﬁm,%)$whw%>wﬂmx

ON+1 ON+1

where we used that, due to the Law of Large Numbers, on41/N 2. ([

5.2. Preparatory estimates. The main goal of this section is to establish
a suitable uniform upper bound (with probability one) for the terms of the sum
(5.2)) (see Lemma 5.7 below), which will allow us to pass to the limit in (5.2) as
t — oo.

Lemma 5.6. For each fixed k > 1, with probability one,

. exp{Eth— (Tkw)i}
(5:9) i, B()

— k—l/ozeZk/oz7
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where B(t) is given by (3.3) and Zy, is defined in (5.6).

ProOF. Note that a number sequence (a,) has a limit ¢ € R if and only if for
each ¢ # a,

(5.10) lim 1<.(a,) = 1<.(a),

where 1<.(-) denotes the indicator function of the interval (—oo, ¢]. Let us fix ¢ > 0

and consider the “level” inequality

exp{:l:thH (TkJ\/)i}
B(1) -

which, in view of notations (2.10), (3.3) amounts to h™ (T n) < 7.(t)*. Further-
more, due to the property (2.4) the last inequality can be rewritten as

(5.11)

¢,

(5.12) Tin < hine(H)®).

Our next step is to use equation (2.10) and represent inequality (5.12) as
(5.13) Tyn —log N < h(ne(t)*) — h(m (£)™) + AHo(t) — log N.
According to (5.3) and (5.6), the left-hand side of (5.13) amounts to

N .
; 1 N+1
(5.14) E <i—logl—:) +1ogT+—logk—>Zk—logk (N — o0),
i=k

while on the right, using Lemma 2.2 and the scaling relation (3.1), we have
h(ne(t)) = h(m (H)¥) + AHo(t) —log N — aloge  (t — 00).

Therefore, in the limit ¢ — oo, N — o0, inequality (5.13) takes the form Z,—logk <
alog ¢, or equivalently, k~/®eZk/® < ¢. Comparing this inequality with (5.11) and
applying (5.10), we obtain (5.9). O

Let us note that if >, a; is a convergent series, then its partial sums Y .-, a; are
uniformly bounded. Indeed, set s, := 2?21 a;, so := 0, then s* := sup,, s, < +00,
s, 1= inf, s, > —oo and ’Z?:k ai’ = |sn—8p—1| < 8" —s. < oo for all nand k < n.

Therefore, since by Lemma 5.2 the series (5.4)) is convergent, there exists a
proper random variable Z* such that, with probability one,

Alyee i+1
(5.15) E (,Z—log - ) <Z* forall Nand1 <k <N.
=\ i

Using (5.3) it follows that with probability one for all N and 1 <k < N

N+1
(5.16) Ty < Z* +log ; .

Lemma 5.7. Let B(t) be given by (3.3). Then for any & > a and each & > 0,
with probability one for all large enough t and uniformly in k < N

exp(:ﬁ:thH(Tk N)i) “1/& Z* +¢€
1 : <cp:= .
(5.17) 0 <c:=k exp o
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PROOF. Similarly to (5.11), we can rewrite (5.17) in the form Ty, x < h(n,, (£)F)
(cf. (5.12)). Furthermore, on account of (5.16) it suffices to check that

(5.18) Z* —logk +log(N + 1) < h(ne,()), k=1,...,N.
Note that with probability one, the ratio
t zZ* log k
(519) %k(t) = T’Ck( ) = + € :F — Og
m(t) atni(t) ot (t)

is ultimately bounded above and separated from 0, uniformly in & < N. Indeed,
s ()T < 5 (H)F — 1 as t — 0o. On the other hand, using (2.12) and (3.1), we get

a\* 1\ *
s (D)5 2 ey (1) — (1 F ) > (1 F ) >0,
aQ o
since & > «. Hence, we can apply Lemma 2.1 and, using the elementary inequality
2P —1>px—-1) (p>1lorp<0)
(see [13, Theorem 41]) and also relations (2.10), (2.12) and (5.19), obtain
(520)  h(iz) = h(i5) ~ h(55) (5.2 = 1) > Foh(ni) (e — 1)

+
1 1
:Qh(”l)(zwg_o“jgk)Nz*+g_o“jgk,
atny a

uniformly in £ < N. We also note that by (2.10) and (3.1),
(5.21) log(N +1) = h(ni) + o(1) (t — o).

Estimates (5.20), (5.21) imply that inequality (5.18) will be proved once we check
that

Z* —logk +o(1) < <Z* te— alzgk> (1+o(1)),
where all 0o(1) are uniform in & < N. Rearranging, this is reduced to the inequality
0<e+ (1 - g + 0(1)> log k + o(1),
which holds as t — oo, since € > 0, 1 — a/a& > 0 and logk > 0. ([l

5.3. Convergence of the representations of sums. We are now in a po-
sition to prove the following result.

Theorem 5.8. Assume that 0 < a < 1. Then, ast — oo,

N o0
(522) ﬁ Zeith‘—(Tk,N)i as. V., = Z kfl/ank/oz’
k=1 k=1

where the last series converges with probability one.

PROOF. Denote v (t) := (1/B(t))ei”f(T’“\’)i for k < N(t) and vi(t) := 0
otherwise. By Lemma 5.6, vy (t) 225 k~1/@e?x/® as t — co. Let us pick some
e > 0 and for a given a € (0,1) choose a number & such that o < & < 1. Then,
according to Lemma 5.7 (see (5.17)), with probability one for all ¢ large enough we
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have vy (t) < vf := k~1/&e(Z"+9)/a | =12 ... Since 1/a > 1, the series 3, v} is
convergent, so the Lebesgue dominated convergence theorem yields

N 9] 9]
—Btt) z:ei”f(Tk,z\r)i = ka(t) 25, Zkil/”‘ez’“/a =V, (t— o00),
k=1 k=1 k=1

also implying a.s.-convergence of the limiting series. (]

Remark 5.9. The representation of the limit (5.22) can be rewritten as
(5.23) V=S 71"
k=1

)

where (73,) are defined in Lemma 5.4. Note that convergence of the series (5.23) is
obvious, since a.s. 7, ~ k as k — oo (by the strong LLN) and 3°, k~1/* < oo.

Recalling that Sy (t) has the same distribution as the sum (5.2), from Theo-
rem 5.8 it follows that the distribution of Sy (¢)/B(t) weakly converges, as t — oo,
to the distribution of the random variable V,,. Comparing this result with Theo-
rem 3.1, we arrive at the following assertion.

Theorem 5.10. For 0 < o < 1, the random variable V,, defined in (5.22) has
the stable distribution F, with characteristic function ¢, given by formula (3.5).

This theorem can be viewed as a series representation of the stable distribution
Fo (with 0 < @ < 1 and 8 = 1). However, being rewritten in the form (5.23) this
representation amounts to one of the known formulas (cf. [21, Theorem 1.4.5]).

Theorem 5.11. For o € (0,1), the ratio Sn(t)/Mi n(t) has a proper limit
distribution, which can be represented via the random variable

e’} k
1 .
24 L i=e Ay, =1 § —f§ 2
(5.24) %% e Vi + exp( " i)’

k=1 =1

where (¢;) is a sequence of independent exponential random variables with mean 1
involved in the representation (5.6).

PROOF. As stated after Lemma 5.1, the joint distribution of M; y(t) = etX1.¥
and Sy (t) = chvzl e!Xr.N coincides with that of the pair

N

exp{®th™ (Tyn)*}, Y exp{th™ (T n)*}.
k=1

In particular,
Sn(t) a4 Yoaoy exp{Eth (Tin)*}
M n(t) exp{Eth—(T1 n)*}

Dividing both the numerator and denominator by the function B(t) defined in
(3.3) and applying Lemma 5.6 (with k£ = 1) and Theorem 5.8, we deduce that the
right-hand side of (5.25) with probability one converges to

(5.25)

(5.26) Vaele/o‘ =1+ Z L~ Vag—(Z1=2x)/a
k=2
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From (5.6) it follows that for k > 2

k—1 . k—1
Gi i+1 Gi
5.27 YA/ :E = —log—— | = = —logk.
( ) 1 k i—1(i Ogi ‘ i 0og

Hence, (5.26) is reduced to the expression
k—1

1—|—§:exp<—1 Y C’)
a‘= i)’
k=2 =1

= K3

which is the same as the right-hand part of (5.24). O

Remark 5.12. The random variable (5.24) can be represented as (cf. (5.23))

0o - 1/a
5.28 Wa = - )
(5.28) ;()

where (73,) are defined in Lemma 5.4.
Theorem 5.13. The random variable Wy, defined in (5.24) has the character-
istic function given by
_ eiu
1-— afol(e““” — 1) da/zott

(5.29) Jfa(u)

Remark 5.14. Remembering that W, has emerged in Theorem 5.11 in re-
lation to the limit of Sy (t)/Mi n(t), it is worthwhile to compare Theorem 5.13
with the analogous result by Darling [8, Theorem 5.1]; see also Arov and Bobrov
[1, Corollary 4], stating that if (Y;) is a sequence of i.i.d. random variables with
distribution belonging to the domain of attraction of a stable law with exponent
0 < a <1, then for Sy :=Y1 + -+ Yy and My n := max{Y7,...,Yn} the ratio
SN /Mi n has the limit distribution with characteristic function (5.29).

PrROOF OF THEOREM 5.13. Using the observation in Remark 5.14, we will
prove the theorem’s statement indirectly, via establishing a representation anal-
ogous to (5.24) for the limit of the ratio Sy/M;y . Clearly, it suffices to do this
with a suitable choice of random variables Y;. Let us set V; = efi/ @ where (&;) is
an i.i.d. sequence of exponentially distributed random variables with mean 1. Note
that Y; > 1 and

P{Y; >z} =P{& > aloga} = e @18 = g7% (2 > 1).

Hence (see [15, Theorem 2.6.1]), the distribution of ¥; is in the domain of attraction
of a stable law F,, (with 8 = 1) and

SN efi/a .. 4 efn/a
Ni/a Ni/a — Fa (N —o0).
Passing to the order statistics {1,y > --- > &y, n, in a way similar to the above
we represent the sum Sy as

N N
Sy = Zeﬁk,N/Oé d ZeTk,N/OC
)

k=1 k=1




20 L. V. BOGACHEV

where T}, n are given by (5.1). Analogously to (5.13) and (5.14), we obtain

N

o0
(5.30) Z\i]ja 4 D elTion—logN)jor 22, N " p=t/apZ/a =, (N — o0),
k=1 k=1

where a term-by-term passing to the limit can be justified as before, using (5.16).
Similarly, one shows that

(5.31) ]]\\741}1;] 4 o(Tin—logN)for 25, (Zi/e (N _, o).
Hence, dividing (5.30) by (5.31) we obtain (cf. (5.24))
SN 4 _zy
— e VY, = W,.
M N
Comparing this with the result by Darling [8] mentioned above, we conclude that
W, has distribution with the characteristic function (5.29). O

Remark 5.15. It would be interesting to derive formula (5.29), or otherwise
characterize the distribution of W, directly from representation (5.24) (or (5.28)).

The following result, being an immediate consequence of Theorem 5.13, is of
interest due to the striking simplicity of the answer.
Corollary 5.16. For 0 < a < 1, the expected value of W, is given by
1
S l-a
Proor. Differentiate formula (5.29) at u = 0. O

(5.32) E[W.]

Remark 5.17. In the Appendix, we will give three alternative proofs of iden-
tity (5.32) based on representations (5.24) or (5.28).

Remark 5.18. Taking the expectation of W, using (5.24) (see (A.1) below)
and comparing with (5.32), we arrive at the following curious identity:

co k 1 —1 o
STI(1+4) =12 ©<a<.
, o l1-«a
k=1i=1
The next assertion highlights an increasingly overwhelming role played by the
maximal term M; n(t) in the sum Sy (t) as a tends to zero.

Proposition 5.19. With probability one, W, — 1 as a — 0+.

PROOF. As we know, the series (5.24) is a.s.-convergent for all 0 < o < 1. Since
(; > 0, its terms are nondecreasing functions of «, so that for 0 < a < g < 1 each
one is dominated by the respective value with a = ay. Moreover, with probability
one each term is o(1) as @ — 0+, so the Lebesgue dominated convergence theorem
implies that the series in (5.24) almost surely vanishes and hence W, — 1. (I

Using the series representation provided by Theorem 5.10, one can easily derive
a limit theorem for the stable distribution F, as its parameter « tends to zero.

Proposition 5.20. Let a random variable (, have the stable distribution F,
determined by (3.5), with parameters 0 < a <1 and 3 = 1. Then, as a — 0+, the
distribution of alog (., weakly converges to the double exponential distribution,

(5.33) 1iIl(’)l+P(Oé log(, < z) =exp(—e™®), zeR.
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PRrOOF. By Theorem 5.10, the random variable V,, has the distribution F,, so
it suffices to verify (5.33) for V,. From (5.24) and using Proposition 5.19 we have
alogVy = Z; +logW, 225 Z; as o — 0+4. To find the distribution of Z;, note

that according to the definition of 7 in Lemma 5.4, we have Z; = — log 71, where
71 has the exponential distribution with mean 1. Hence, P{Z; < 2} = P{r, >
e T} =exp(—e™ 7). O

Remark 5.21. The limit theorem (5.33) can be used to explore the limiting
case @« — 0+ of Shlather’s conjecture concerning random norms (see [3, §9; 6;
22]). A general result of this kind was proved purely analytically by Zolotarev
[24, Theorem 5; 25, Theorem 2.9.1].

We conclude this section by stating a series representation theorem for the limit
in the case A\; < A < A2, analogous to Theorem 5.8.

Theorem 5.22. (a) For Ay < A < A,
N oo Zy]a _ Zy /o
1 +th™ (T n)E Hth ™ (T N)ETY 2 et E[e ]
B 2= Bl D=2
(b) For A = A,
1

N
Z j:tff(Tk,N)i _ E[ej:thH(Tk,N)il
k=1

B(t) {Tk.Nghmli)}])

o0 eZk/a_E[ Zi/a l{Zk<logk}]

&Z kl/a

k=1

Here the limiting series converge with probability one.

This theorem can be proved along the same lines as in the case 0 < \ <
A1 above. However, the proof is technically more involved and will be presented
elsewhere.

Appendix A. Direct proofs of Corollary 5.16
A.1. A proof using representation (5.24). From (5.24) it follows

(A1) —1+ZHE [em¢ /)] +ZH0¢ T

k=1i=1 k=1i=1

Note that the right-hand side of (A.1) coincides with the hypergeometric function

[12, #9.100]
k—1

H (a+19)(b+1)

s oo+

taken at the values a =1, b =1, ¢c = 1 + a~!, 2 = 1. Furthermore, it is known

[12, #9.122(1)] that for z = 1 one has

I'(c)T(c—a—10)

I(c—a)l'(c—0)

For the above specific values of the parameters this yields

F(l+a HT(a=t —1)
T(a1)?

F(a,b;c;z) :=1 +sz
k

F(a,b;c;1) = (c>a+b).

(A.2) F(l,1;1+a%1) =
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Using that I'(1 + z) = zI'(z), we obtain

F(l + a_l)F(Oé_l _ 1) — a—lr(a—l) . OI:EC:Zl)l = Fia:la)zv

so substituting this into (A.2) we get (5.32).

A.2. A proof using representation (5.28). The proof above may not seem
quite satisfactory, as it relies heavily on the ‘external’ analytic aid from tables of
formulas. Here we give a simpler, self-contained proof based on another representa-
tion of W, given by equation (5.28). Namely, using Lemma 5.4 and relation (5.8)

we deduce from (5.28) that W, < 1+ ey Ull/ka, where Uj j is the minimum

of independent random variables Uy,...,U; with uniform distribution on [0, 1].
Therefore,
(A.3) —1+ZE U]

Note that P{U; > 2} = (1 — 2)* (0 <z < 1), and hence

1
E[Ull/ka] :/0 2V ok(1 — )" da.

Substituting this expression into (A.3), we obtain

1
1
E[W,] =1+/ V”Zk x)" 1dx—1+/ e/ dy = ——,
0
and (5.32) follows.

A.3. Yet another proof. Finally, following an elegant idea of S. A. Molchanov
(private communication), we give an elementary proof of identity (5.32) proceeding
directly from representation (A.1). For 0 < a < 1, set

1 7

= — = (122
“ %= o1 G2

Ay _Haz (k> 1).

It is easy to check that for all k > 1,
k

H _1+Z 1_[(1z l—ak+1) Ak_Ak—i-l-

i=1

It follows that the series on the right-hand side of (A.1) is reduced to

L+ (Ax = Agr) = 14 lim (4 = Ay) =1+ Ay,
k=1
since A,, — 0 as n — oco. But
1
l1+A=14a = ——,
-«
and formula (5.32) is proved.
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Remark A.1. The different proofs of relation (5.32) given above, being of
interest in their own right, may be useful for a direct proof of Theorem 5.13 (cf.
Remark 5.14).
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