Limit Laws for Norms of IID Samples with Weibull Tails
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We are concerned with the limit distribution Qfnorms Ry (t) = || X ||+ (of ordert) of
samplesXy = (Xi,...,Xy) of i.i.d. positive random variables, @ — oo, t — oc.

The problem was first considered by Schlatfrbut the case whergX;} belong to the
domain of attraction of Gumbel's double exponential law (in the sense of extreme value
theory) has largely remained open (even for an exponential distribution). In this paper, it
is assumed that the log-tail distribution functib) = —logP{X; > x} is regularly
varying at infinity with index0 < ¢ < co. We proceed from studying the limit distribution

of the sumsSy (t) = Zf\il X!, which is of interest in its own right. A proper growth scale

of N relative tot appears to be of the foriv ~ e**/2 (0 < a < 00). We show that there

are two critical pointspy; = 1 anday = 2, below which the law of large humbers and
the central limit theorem, respectively, break down. &o& 2, under a slightly stronger
condition of normalized regular variation 6f we prove that the limit laws fofy (¢) are
stable, with characteristic exponent (0,2) and skewness paramefee= 1. A complete
picture of the limit laws for the normBy (t) = Sy (t)'/* is then derived. In particular, our
results corroborate a conjecture in Ref. 10 regarding the “endpaints’co, o — 0.

KEY WORDS: Sums of independent random variables; weak limit theorems; central limit
theorem; infinitely divisible laws; stable lawisnorms.

1. INTRODUCTION

Let X, Xy, X5, ... be a sequence of i.i.d. positive random variables, and considé;-the
norms (of order > 0) of the random sampX y = (X,..., Xy):

N 1/t
Ry(t) == [ Xnlle = (Z Xf) - (1.1)

Our goal is to study the limiting distribution d?y (¢) as bothN andt tend to infinity.

Clearly, the asymptotic behavior &fy (¢) depends heavily on the relationship between
the parameterd/ andt. If, for instance, one letd/ tend to infinity witht fixed or growing
slowly enough, then, under appropriate moment conditions, the usual law of large numbers
(LLN) and the central limit theorem (CLT) should be valid. In contrast, if the growth rate
of N is small enough as compareditdhen the asymptotics dty(¢) is dominated by the
maximum of the samplé&;, ..., Xy. We shall see that when bofth andt tend to infinity,

a rich intermediate picture emerges made up of various limit regimes.
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One can also anticipate that results will depend on the structure of the upper distribution
tail of X. In this paper we will focus on a particular case wh&rés unbounded above and
has the upper tail of Weibull's form described heuristically by

P{X >z} ~ exp(—cz?) (r — +00), (1.2)

where0 < p < oo. More precisely, we assume that the log-tail distribution function
h(x) = —logP{X > z} is regularly varying with index € (0,00) asx — +oo. For
example, an exponential distribution is contained in this class athl.

The above problem is closely related to the limiting behavior of the partial sums

N
Sn(t) = X}, (1.3)

which is of interest in its own right. As we shall see, it is convenient to obtain the limit
of the sumsSy (¢) first, using well-elaborated classical techniques, and then derive results
for the normsRy(t) = Sy(t)'/* using an elementary “transfer” lemma (see Lemma 9.1
below).

Limits of norms of the form (1.1) were first considered in a recent paper by Schité&ther
with the aim to combine CLT with limit theorems in extreme value theory. Qualitatively
speaking, Schlather has demonstrated that under a suitable parametrization of the functional
relation between the norm ordeand the sample siz¥, there exists a “homotopy” for the
limit distributions of Ry (¢) extending from the CLT to a limit law for extreme values. The
situation where bothV andt tend to infinity arises in Ref. 10 in Theorem 2.2, where the
random variables(; are assumed to be bounded above and, in the sense of extreme value
theory, in the domain of attraction of the Weibull distributign (z) = exp (—(—z)%)

(o > 0, z < 0). In contrast, in Theorem 2.3 of Ref. 10, wheXe are unbounded and
belong to the domain of attraction of thegehet distributiord,, (z) = exp(—z~%) (a > 0,
x > 0), the norm ordet is supposed to be fixed.

Let us point out that for random variablés with Weibull tails of the form (1.2), the
distribution of the maximum of the samplé€;, ..., X can be shown to converge (un-
der a slightly more restrictive assumptionrarmalized regular variationsee below) to
Gumbel’'s double exponential distribution Note that in this case Schlather has obtained a
partial result and only for exponential random variables (see Ref. 10, Theorem 2.4, p. 867).
However, he has conjectured (see Ref. 10, p. 867) that in a general case of attraction to
A, a weak limit of the properly centered and normaliZeg(¢) does exist; moreover, the
endpoints of the parametric family of the limits should be represented by the normal dis-
tribution and the Gumbel distribution (heuristically, corresponding to the dsisest and
t > N, respectively).

The results obtained in the present paper do corroborate this conjecture. Moreover, we
find explicitly the full spectrum of the limiting laws for the underlying susg(¢) (and
hence forRy(t)). In particular, we show that non-Gaussian limitsof(¢) belong to a
certain family of stable lawsF, with characteristic exponent € (0,2) and skewness
parametep = 1.
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Another class of examples within such a setting is provided by Ben Arous, Bogachev
and Molcrlano(?v 4) who considered the sums (1.3) with exponential terms of the form
X = exp(X), whereX is either unbounded above and has a Weibull tail similar to (1.2),

P{X >z} ~exp (—cz?) (x — +00),
with index1 < ¢ < oo (case B or is bounded above (sa¥, < 0) and has a Fachet tail
P{X >z} ~ exp (—c(—2)79) (x — 0—), (1.4)
with 0 < ¢ < oo (case A. Note that if X satisfies (1.2) then
P{X >z} =P{log X >z} = P{X > ¢"} ~ exp (—ce®) (x — +00),

which formally corresponds to case B of Refs. 3, 4 with the “limiting” value cc.

As shown by Ben Aroust al.,® under the assumption of normalized regular variation
of h(-) the random exponentiaisp(X;) belong to the domain of attraction of the double
exponential distribution\ (in both cases A and B), and the implications for th@orms
Ry (t) are again in line with Schlather’s conjecture. Interestingly, the family of the limiting
distributions forSy(t) (and hence forRy(t)) appears to be exactly the same as in the
present paper. Such universality is quite remarkable and should be studied in more detail.

In conclusion of this Introduction, let us remark that, along with thboundectase
represented by (1.2), it may seem natural to considdsdtsrdedcounterpart (say, with
X < 1), where the upper tail is described (by analogy with (1.2)) as

P{X >z} ~exp(—c(l —x)79) (x — 1-).

However, it is not difficglt to see that in fact this amounts to case A of Refs. 3, 4. Indeed,
after the transformatioX’ = log X we would have (cf. (1.4))

P{X >z} =P{X > ¢} mexp(—c(l — *)79) = exp(—c(—x)79) (x — 0—).

The remainder of the paper is laid out as follows. In Section 2 we state our results
about the limit laws for sumSy () (Theorems 2.1, 2.2, 2.4, 2.5 and 2.6) and noftnst)
(Theorem 2.7). In Section 3 we specify the regularity assumption on the distribution tail
of X and formulate Kasahara’s Tauberian theorem. Theorems 2.1 and 2.2 (LLN and CLT
above the critical points) are proved in Section 4. In Section 5 we discuss the condition
of normalized regular variation. Section 6 deals with asymptotics of truncated moments,
and in Section 7 we establish weak convergencg\df) to a stable law (Theorem 2.4). In
Section 8 we prove Theorems 2.5 and 2.6 (LLN and CLT at the critical points), and Section
9 contains the proof of Theorem 2.7. Finally, a discussion of our results in the context of
Schlathe®? is included in Section 10. For illustration we also provide here more explicit
versions of our results in the simple case of the exponential distribution, which is of some
historical interest in the light of Ref. 10.
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2. STATEMENT OF THE RESULTS

We assume throughout that the log-tail distribution functién) = — log P{X > z}
is regularly varying at infinity with index € (0, co) (we writeh € R,; see Condition 3.1
below). It follows that the moment function

m(t) == EX' (2.1)

is well defined for alk > 0. Note that the expected value of the sd(¢) is given by
N
ESn(t) =Y EX! = Nmf(t),
=1

suggesting that the moment function(t) should be relevant to the appropriate scale for
the number of term&’ = N (t). However, Kasahara’s Tauberian theorem (see Ref. 7 and
Lemma 3.3 below) shows that(t) grows like (/918 while a suitable rate function
should be chosen as/¢. We will see that the values; = 1 anda, = 2 are critical with
respect to this scale, in that the LLN and CLT break down belevand ., respectively.
Moreover, it will be shown that plays the role of characteristic exponent in the limit laws.

The first two theorems state th&j (¢) satisfies LLN and CLT in their conventional
form, providing that the number of terndé in the sumSy (¢) grows fast enough (roughly
speaking,N > e'/? and N > e?!/¢, respectively). More precisely, set

a := lim inf QlofN . (2.2)

t—o00

Theorem 2.1. Suppose thatt € R, anda > 1. Set

* L SN(t) _ 1 Y t
O = Egv® = N ;X

Then
Su(t) 21 (t — o00).

Theorem 2.2. Suppose that € R, anda > 2. Then

Sn(t) —ESN(t)

VarSy(t) —NOD (t = o0),

whereN (0, 1) is the standard normal distribution.

Below the critical points, the rate of growth &f = N(¢) must be specified more
accurately. Namely, we will require the following
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Condition 2.3 (Scaling Assumption). The numbéf of terms in the sunby () satis-
fies the condition
lim N (t)e /e =1, (2.3)

t—o0

wherea > 0 is a parameter.

We also need to impose a slightly stronger condition on regularity of the log-tail dis-
tribution functionh —that of normalized regular variationh € NR, (see Condition 5.1
below). This property will be discussed in detail in Section 5; in particular, it ensures that
h is ultimately strictly increasing. Lef; (t) be the (unique) solution of the equation

oh(m(t)) = at. (2.4)

Theorem 2.4. Assume that € NR, and the scaling condition (2.3) is fulfilled. Sup-
pose thad < a < 2 and set

B(t) == m(t)", (2.5)
Nm(t) (1<a<?2),

A(t) :=< Nmy(t) (a=1), (2.6)
0 0<a<l),

wherem(t) is defined in (2.1) aneh, (¢) is a truncated moment function,
ml(t) = E[th{Xgm(t)}] . (27)

Then, ag — oo, Slt) — A()
n(t) — A(t) a
T—)Fa, (28)

whereF,, is a stable law with characteristic exponenaind skewness parameter= 1.
The characteristic functiog,, of the law.F,, is given by

exp{—F(l — a)ful* exp (—? Sgnu>} (0 £1),

Galu) = - (2.9)
exp{iu(l—'y)—§|u| (1+isgnu'%log|ul>} (=1),

wherey = 0.5772. .. is the Euler constant.

Remark. Forl < a < 2, we use the analytic continuation of the gamma function in
(2.9), given by the formul&(1 — o) =T'(2 — a)/(1 — «).

At the critical points,a = 1 anda = 2, the LLN and CLT, respectively, prove to be
valid; however, the normalizing constants require some truncation.
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Theorem 2.5. Under the hypotheses of Theorem 2.4det 1. Then

Sn(t)
Nom () — 1, (2.10)

wherem; (t) is given by (2.7).
Theorem 2.6. Under the hypotheses of Theorem 2.4 det 2. Then

Sn(t) — ESn(1)
Nmy(t)

L N(0,1),

wherems(t) is a truncated moment function of the “second order”,
mg(t) = E[XQtl{Xgm(t)}]. (211)
Limits for the normsRy (¢) follow from the corresponding results for the susis(t).

Theorem 2.7. Under the conditions of Theorems 22 ¢ 2) and 2.4 { < 2):
(a) Fora > 2,

tvV/Nm(t) [ Rn(t)
((N m(t))t

o - 1) LN (o)

wherem,, (t) = m(2t) for o > 2 andma(t) = may(t), and the functions:(-) andmy(-) are
given by (2.1) and (2.11), respectively.

(b) Forl < a < 2,

N (t) ( Ry (t)

m(t) \ (Nma(t)

wherem, (t) = m(t) for 1 < a < 2 andm(t) = my(t), with m4(-) given by (2.7).
(c)For0 < a < 1,

Ry (t)

()

wherelog F,, stands for the distribution dég 7, with Z,, having the lawF,.

d
)1/t—1>—>]:a (t — 00),

—1) L log Fa (t — 00),

3. REGULAR VARIATION AND KASAHARA'S TAUBERIAN THEOREM
Consider the log-tail distribution function

h(z) := —logP{X > x}, z € (0,00). (3.1)
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Condition 3.1 (Regularity Assumption). The functidnis regularly varying at infinity
with indexp € (0, 00) (we writeh € R,). That s, for every constamt > 0

lim Mre)

g = K°. (3.2)

The following result, known as theniform Convergence TheorefdCT), is a useful
extension of the definition of regular variation (see Ref. 2, Theorem 1.5.2, p. 22).

Lemma 3.2(UCT). If h € R, with ¢ > 0 then (3.2) holds uniformly in: on each
interval (0, x].

The link between the asymptotic behavior/gfr) and the moment functiom(t) is
characterized by a Tauberian theorem by KasaffaRecall that a quasi-inverse afcan
be defined by, (y) := inf{x : h(x) > y} (see Ref. 2, Sect. 1.5.7, p. 28). One can show
thath € R, ifand only if ~ € R, , (see Ref. 2, Theorem 1.5.12, p. 28).

Lemma 3.3(Kasahara’'s Tauberian theorem). lLett) be given by (2.1) and(z) by
(3.1). Themh € R, with 0 < p < oo if and only if
1 1+1
iﬁgﬁﬁu-bgh*@>_»__ié§£ (t — o0). (3.3)
A useful implication of this result is
Lemma 3.4. Suppose that € R,. Then for any constant > 0

lim 1log m(rt)
t—oo m(t)T

= Zlogr.
0

Proof. Applying formula (3.3) and recalling that™ € R, /, we obtain

log Z((g”) = rtlog };T%? + o(t) = rtlogr/? + o(t),
and the lemma follows. O

4. PROOF OF THEOREMS 2.1 AND 2.2
In this section, the parameteris defined by (2.2).
Proof of Theorem 2.1t suffices to check that for some> 1

lim E|Sj (1) - 1]" = 0. (4.1)
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By an inequality of von Bahr and Esseéhfor anyr ¢ [1, 2]

2 Xt "
E|Sy — 1" < El —+1) . 4.2
|SN | Nr—1 <m(t) + ) ( )
Furthermore, by the elementary inequality + 1)" < 271 (2" +1) (z > 0, r > 1),
which easily follows from Jensen'’s inequality appliedifo the right-hand side of (4.2) is
bounded from above by

2" Xt O(1) m(rt)
E 1) = . . 4.3
N'r—l (m(t)r + ) Nr—l m(t)r ( )
Using Lemma 3.4 and the hypothesis of the theorem, we obtain
_ m(rt) .. JdogN 1 m(rt)
fim sup 108 = gy — (7 Dtmint = i g los Ly
—1
_ r=la
0 0
4.4
(r—1la r (44)
<———+-(r—1)
0 0
_ _(r=1(a—-r) <0,
0
if 1 < r < «. This implies that the right-hand side of (4.3) tends to zeré as oo, and
(4.1) follows. O]
Proof of Theorem 2.2 First of all, note that by Lemma 3.4,
VarX" = m(2t) — m(t)* ~ m(2t) (t — o00), (4.5)

so one can replace the normalizatigdV Var X* by / Nm(2t) .
By the Lyapunov theorem (see, e.g., Ref. 9, Theorem 4.9, p. 126), it suffices to check
that for an appropriate > 1
EJX" —m(t)]*
Nr=tm(2t)"
Arguing as in the proof of Theorem 2.1, one can show that the left-hand side of (4.6) is
dominated by

— 0 (t — o0). (4.6)

22r—1 22r—1 m(2rt)
—_— 2rt £)*) ~ . .
N'=Tm(2t)" (m(2rt) +m(t)™) N1 m(2t)

Similarly to (4.4) we obtain

I 1 | m(2rt) (r—1a N 2r l
imsup - lo = — —logr
L oab o8 Nr=tm(2t)" 0 0 &

< (r=Da N 2r(r —1) _ (= 1D(a—2r) <0,
% 0 o
if 1 < r < «/2. Hence, the right-hand side of (4.7) vanishes in the limit oo, which

proves (4.6). O

4.7)
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5. NORMALIZED REGULAR VARIATION

As mentioned in Section 2, to characterize the limiting behavia$gft) in the zone
a < 2, we need slightly more regularity. From now on we impose the following

Condition 5.1 (Normalized Regularity Assumption). The log-tail distribution function
h is normalized regularly varyingt infinity, h € NR, (with 0 < p < o0). The latter
means that for every > 0 the functionh(x)/z2~¢ is ultimately increasing and the function
h(x)/xet* is ultimately decreasing (see Ref. 2, p. 24).

In particular, writingh(z) = x27¢ (h(z)/x27¢) with 0 < ¢ < p we see that(z) is
ultimately (strictly) increasing and therefore is invertible fdiarge enough.
The next lemma gives an important characterization of the ¢¥d@gs(cf. Ref. 2, p. 15).

Lemma 5.2. Let h be a positive (measurable) function. Theg NR, if and only if i
is absolutely continuous (and hence a.e. differentiable) and
xh'(x)
h(z)

—0  (z—00). (5.1)

Integration of (5.1) shows that the functibre NR, can be represented in the form

)
h(x) = h(0) +/ % (g + 5(u)) du, (5.2)
0
wheres(z) — 0 asz — oc.
The next lemma can be viewed as a refinement of the UCT (Lemma 3.2) for the case of

normalized regular variation.

Lemmab5.3. If h € NR, with p > 0 then, uniformly inx on each intervalx,, x,] C
(0, 00),
h(kx) — h(z) = h(z)(k? —1)(1 4+ o(1)) (x — 0).

Proof. Using the representation (5.2), after the substitutiea xy we have

h(kw) — h(x) _ [* h(zy)
h(x) _/1 h(x)y

(0 +e(zy)) dy. (5.3)

By Lemma 3.2, the integrand in (5.3) tendsotg !, asz — oo, uniformly iny € [k, k1].
Therefore, the integral (5.3) converges, uniformlyie [k, k1], t0 [{" 0y? ' dy = k¢ — 1.
O

ForT > 0, setn,(t) = 71/'n.(t), wheren, (t) is defined by

m(t) =h~"(at/o) (5.4)

and hence satisfies equation (2.4). The next lemma will play a crucial role.
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Lemma 5.4. Uniformly in 7 on each intervalr, 7] C (0, ),

lim [1(n7(t)) = h(m(t))] = clog 7.

t—o0

Proof. Note that

Ke(t) = ! (t — 00),

uniformly in 7 € [r, 1. Therefore, for all large enoughthe functions . (¢) is uniformly
bounded( < k¢ < k,(t) < K1 < co. Applying Lemma 5.3, in the limit — oo we obtain,
uniformly in 7,

at ologT

= alogT,

) = hm) ~ hlm)(n2 = 1) = %% (0 = 1) &

where we also used the identity (2.4). O

6. ASYMPTOTICS OF TRUNCATED MOMENTS
Throughout this section we assume that the hypotheses of Theorem 2.4 are satisfied.
Lemma 6.1. For anyr > 0 andp > 0,

(0%
eat/g

(Tp_a - 1)7 P ?é «,
E[X" (Lix<n oy — Lixemmy)] = P~ @ (6.1)
alog T, p=a.

A m (t)Pt

Proof. The caser = 1 is obvious. Suppose that> 1. Integration by parts yields

Nr nr
E[Xptl{m@(gm}] :/ xptd(l —e’h(x)) = —/ 2Pt de~ @)

m m

Nr
ptehtm) _ pptop i) / oh(@) gt

m
Using the substitution = 7, = '/t and identity (2.4) we obtain

e E[XP Ly x| = 1 - TPt o / M =hom) qyp - (6.2)
1

By Lemma 5.4h(n;) — h(n,) — —alogy ast — oo, uniformly iny € [1, 7]. Hence, the
right-hand side of (6.2) tends to

1 — 7_pefozlogﬂ' _|_/ efozlogy dyp —1— 7_;lafoz +p/ ypfafl dy,
1 1

and (6.1) follows. The cage< 7 < 1 is considered analogously. OJ
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Lemma 6.2. (i) For anyr > 0 and eaclp > «,

lim g =
. ) _
Sm m ()P [ {X<Tlr(t)}] P—a

e (6.3)

(i) For anyT > 0 and each < «,

i = g a
Sm m ()P [ {X>77r(t)}] T a-p

TP, (6.4)
Proof. In view of Lemma 6.1 it suffices to consider the case 1.
(i) Setd := e~ (@+d)/re with § > 0, then

nfpteat/g E[Xpt]-{Xgé’m}} < eat/gept _ efét/g — 0<1)

Further, similarly as in the proof of Lemma 6.1 (see (6.2)), integrating by parts and using
the substitutionr = n, and identity (2.4) we obtain

1
e E[XP gy cxony] = O(1) €72 — 1 +/ fely) dy?, (6.5)
0

where f;(y) := e"m=hm) 1, ... Noting thatd’ — 0 and using Lemma 5.4, it is easy
to see thatim, .., f;(y) = y~ for eachy > 0. We also note that,/n = y'/* € [0,1]
for y € [#',1], and so Lemma 5.3 implies that for any> 0, all ¢ large enough and all
y €[04, 1]

—ol
m) = h(n,) < hlm)(1 = 91+ ) < 22—

(1+¢)=—a(l+¢)logy.

It follows that f;(y) is bounded by the functiop—(!*2), which is integrable o0, 1] with
respect tody? if p > « ande is sufficiently small. Hence, by Lebesgue’s dominated
convergence theorem the limit of (6.5) equals

1
_1+/ yodyp =14 2= L
0 p-—a p-a

in accord with (6.3).
(i) We start by showing that for anyy > 1
lim /2 P E[ X" 1{x~95}] = 0. (6.6)

t—o00

Indeed, using thai — o < 0 we have
E[XP1(xs0my] < (0m) " EX = 00y m(at).
By Lemma 3.3 we have

h'(at) logo
m () 0

1
o log (eat/@nfatm(at)) = log + o(1). (6.7)
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Substituting (5.4) and using that' € R, /,, itis easy to see that the right-hand side of (6.7)
tends ta) ast — oco. Hence,
eat/gnl—pt E[Xptl{X>6n1}} — e—Ct(l—i—o(l)) _ 0(1)7

whereC' := (o — p)log 6 > 0, and (6.6) follows.
Similarly to (6.5), integration by parts gives

e E[XP 1y, cxcomy] = —07eMMTROM 1 4 / fily)dy”,  (6.8)
1

wheref,(y) := e"m=hm) 1 . 4y, Using Lemma 5.3 and the identity (2.4) we note that

h(im) — h{(Om) a

I — 22— 1) < —alogh,
M p (1)< malos
so the first term in (6.8) is estimated ly(@—P)tlogf(1+o(1) — 5(1). Next, noting that

6" — oo and using Lemma 5.4, we obtdiim, ... f;(y) = y~* for eachy > 1. Moreover,
similarly to the proof of part (i) one can show that the integral in (6.8) converges to

<o p
y tdyf = :
/1 a—p

The limit (6.4) now follows, and the proof is complete. O

In the case» = « not covered by Lemma 6.2, we obtain one crude estimate that will
nevertheless be sufficient for our purposes below.

Lemma 6.3. Ast — oo,
eat/g at
ba(t) == n(t)et E[X1x<my] — +oo.

Proof. For anys € (0, 1), using Lemma 6.1 we have

ba (t) Z Ufat eat/g E [Xat ]‘{776 <X<'r]1}] - —« lOg 57

hence
litm inf b, (t) > —alogd.
Settingd | 0, we obtainlim, ., b,(t) = +o0, as claimed. O

For convenience of reference, let us record a few more estimates for truncated moments.
Denote
ma(t) = E[X*1 g 0] (6.9)

and set
Xt

(Nmaq ()M

Y =Y(t):=

(6.10)
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From (6.10) it is seen that the inequallty(t) >  is equivalent taX > 7, .(t), where

Nor = Nar(t) = Tl/t(Nma(t))l/at.

Using the scaling condition (2.3) and Lemma 6.3, one can check that

- log b,
log 7ot = logm + it (1 + 0(1)).

Hence, for all sufficiently large

T, () > mu(t).
Lemma 6.4. For anyp such that) < p < a and eachr > 0

lim N E[Y(£)"1(5(y5r] = 0.

t—o0
Proof. Substituting (6.10) and using inequality (6.12) we have

_N
(Nmyg, )P/

(07

N E[Y/pl{‘br}] S a—p

E [Xptl{X>m}] ~

. b;P/Oé — 0

where we also used (2.3), (6.13) and Lemmas 6.2(ii) and 6.3.

Denote .
m(t)

Yo = Yalt) == (N (877

(6.11)

(6.12)

(t — o0),

(6.13)

(6.14)

so thatY” > y, if and only if X > n,. From (2.3) and Lemma 6.3 it follows that

Yo (t) ~ bo(t) > =0 (t — o00).
Lemma 6.5. Suppose thagt > 0. Then for anyr > 0

(6.15)

Proof. Picking a numbey such that) < ¢ < min{«, p}, the left-hand side of (6.15)

is estimated from above by

N7p=d

NP4 E[qu{ya<{/}] = —(Nma)q/oc

as was shown above (see (6.13)).

E[XT L xsny] =0,
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7. PROOF OF THEOREM 2.4

We first establish convergence to an infinitely divisible law. Denote

Xt

Y; =Yi(t) = B

i=1,2,... (7.1)

According to classical theorems (see, e.g., Ref. 8, Theorem 8, p. 81-82; cf. Theorem 7, p.
80-81), in order for the sum

530 = (0 - 50

1=1

to converge in distribution to an infinitely divisible law with characteristic function

¢(u) = exp {iau _ 022162 +/|| 0 (eiu:c _1_ 13‘_”;2) dL(ZL’)} , (7.2)

it is sufficient that the following three conditions be fulfilled:
1) In all points of its continuity, the functioh(-) satisfies

tlim NP{Y <=z}, =2<0,

L =
(@) —tlim NP{Y >z}, z>0.

2) The constant? is given by

o? = lim lim NVar[Yl{ygT}]

T—04 t—o0

3) For eachr > 0, the constant satisfies the identity

A Tt <

We will show that the distribution of%,(¢) does converge to a law determined by the
characteristic function,, given by (7.2) with

QT
1
L<x>={ v x<8’ 0’ =0, a={ 2cos @A
—T -, x > U. O (Oézl)

1) SinceY > 0, itis clear thatl(x) = 0 for z < 0. Forz > 0, using (7.1), (2.3) and
Lemma 5.4 we obtain

NP{Y >z} = NP{X > 2"/} ~ /2 P{X > n,}
— eh(m)fh(nl) N efalogac —
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2) Sinced < Var[Y 1<y < E[Y?1(y<.y], it suffices to prove that

lim lim NE[Y?1(y<y] =0.

T—0+4+ t—o00

Recalling (7.1) and (2.3) and using Lemma 6.2(i) witk- 2, we obtain, ag — oo,

«

T2, (7.5)

N E[Y2 1{y<7}] ~ 60‘”‘977{% E[thl{X@lf}} ~ 2 _

As 7 — 0+, the right-hand side of (7.5) tends to zero, sidce a > 0.
3) Let us show that

A NP 1),
(vl ) (e 0Ty e

One can then check that the function (7.6) satisfies the identity (7.3)wgiven by (7.4)
(see details in Ref. 4, Proposition 6.4).
If 0 < a < 1then, using (2.3) and Lemma 6.2(i) with= 1, we obtain

(67

e (7.7)

—

N
NE[YLyen] = 0 E[X" Txan] ~ 1

If 1 < a < 2then, similarly to (7.7), application of Lemma 6.2(ii) with= 1 yields

At N a u
NE[Yl{ygT}} — % = —n—i E[th{XN%}} ~ T ole

Finally, for « = 1 we obtain using condition (2.3) and Lemma 6.1 (with-= 1):

A(t
NE[Y1yen] - % = N (E[X" L] — E[X" L] ) — log
Formulas (7.4) readily imply thab, corresponds to a stable law with characteristic
exponent (see Ref. 6, Theorem 2.2.1, p. 39—-40). In fact, as shown in Ref. 4 (Theorem 6.2),
the functiong,, can be reduced to the canonical form (2.9), which completes the proof of
Theorem 2.4.

8. PROOF OF THEOREMS 2.5 AND 2.6

Proof of Theorem 2.5.The result follows from Theorem 2.4 (for = 1). Indeed, ac-
cording to (2.3), (2.5), (2.6) and Lemma 6.3 we have
A*(t) = Al) = N (t) " my(t) ~ by (t) — o (t — 0).
B(t)
Therefore, dividing (2.8) byl*(t) — oo we obtainSy(t)/A(t) = 1 + o0,(1) ast — oo,
which is in agreement with (2.10). O
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Proof of Theorem 2.6 Denote
Xt
\/ ng (t)

(cf. (6.10)). According to a classical CLT for sums with independent terms (see, e.g., Ref.
8, Theorem 18, p. 95), it suffices to check that for any 0 the following three conditions
are satisfied as— oo:

Y, = Y(t) = (8.1)

NP{Y(t) > 7} =0, (8.2)
N(E[Y (0?1 w0<n] — (Y Olywen])’) = 1 (83)
NE[Y(t)1y@sn] — 0. (8.4)

Firstly, note that conditions (8.2) and (8.4) are guaranteed by Lemma 6.47{(with
andp = 1, respectively). To check (8.3), let us first show that

(E[V1pyen])’ _ (E[X"Lxeny])’ -0  (t— ), (8.5)

E[Yzl{yg-r}] E[XZtl{X@m,r}]

wheren ; is defined in (6.11). Indeed, taking into account inequality (6.12) and Lemma
3.4 (withr = 2), the ratio in (8.5) is estimated from above by

(EX)’ m(t)?
E[XQtl{XQt}] ma(t)

Hence, condition (8.3) amounts to

— o t(2/0)logo(140(1)) _ o(1).

Noting that, according to (8.1), (6.14) and (6.9),

1
NE[Y21{Y<?J2}] - m_ E[thl{Xém}} =1,
2
we can rewrite (8.6) in the forny E[Y21{y2<y<7}] — 0. The latter is true by Lemma 6.5,
and (8.3) follows. O

9. PROOF OF THEOREM 2.7

First, let us prove a general “transfer” lemma.

Lemma9.1. Let{S(t), t > 0} be a family of positive random variables, such that for
some (non-negative) function§t) and B(t),

L F (- o0). (9.1)
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SetR(t) := S(t)Y/* and A*(t) := A(t)/B(t).
(a) If A*(t) — oo ast — oo, then

uﬁ@(iﬁh-&)ibf (t — 00).

(b) If A(t) = 0then

t(% - 1) L log F (t — o).

Proof. (a) Note thatS(¢) can be represented as

ﬂﬂzﬂﬂ0+i¥0, 9.2)

whence

R(t) = A(t)Y exp (% log(l + f;ig )) : (9.3)
The conditionA*(t) — oo implies thatS*(t)/A*(t) = o,(1), hence
exp <% log (1 + iiig )) = exp(ti*(gz) (1+ 0,,(1))) =1+ tik*(;t)) (1+0,(1)).
Substituting this into (9.3) yields

) (st~ 1) = SO+ o) o F (= 0)

(b) We haveS(t) = S*(t) B(t), whence

R(t log S*(t log S*(t
B(t()l)/t:exp< ; <)>:1+T(>(1+0p(1)).
Therefore,
R(t) .
which converges weakly tlog F. O

In view of Lemma 9.1, Theorem 2.7 will follow from the limit theorems for the sum
Sy (t) according as the functioA*(t) = A(t)/B(t) tends to infinity or zero as— oc.

(a) Fora > 2, the CLT is valid (see Theorems 2.2 and 2.6), so we have weak conver-
gence of the form (9.1) wittd(t) = Nm(t) and B(t) < /Nm(2t) (see (2.11), (4.5)).
Hence, for allv > 2

lim inf log A"(t) > lim inf

t—o00 t—o00

logN 1 m(t)?
— 4+ 1
< 2 2 B 20
:g_logQ > 1—1log2
20 0 0

> 0,



18 Bogachev

where we used (2.2) and Lemma 3.4 witk- 2. Therefore, A*(t) — oo, and application
of Lemma 9.1(a) proves part (a).

(b) If 1 < a < 2 then, according to Theorem 2.B(t) = n(t)* and A(t) is defined in
(2.6). Noting thatn(t) > m,(t) and using (2.3) and Lemma 6.3, we obtain

Nmy(t)
m(t)*

Hence, Lemma 9.1(a) applies and part (b) is proved.
(c) In the cas® < «a < 1, the assertion of the theorem readily follows from Lemma
9.1(b), since by Theorem 2.4 we haxét) = 0, so thatd*(¢t) = 0

A1) =

~ el ey (1) — oo (t — 00).

10. DISCUSSION AND AN EXAMPLE

In order to clarify the link with the setting in Ref. 10, let us show that under our con-
ditions, the random variablegX;}, in the sense of extreme value theory, belong to the
domain of attraction of Gumbel’s double exponential distribution

Proposition 10.1. Assume that € NR,. Let X; y := max{X},..., Xy} and set

— b Ylog N by = — N 10.1
ay (log N), N e N (10.1)
Then ¥
lim P{M < x} —exp(—e™®), zeR. (10.2)
N—oo bN

Proof. It is not difficult to verify available sufficient conditions for convergence of the
maximum'’s distribution to\ (see, e.g., Ref. 5, Theorem 2.1.3, p. 52). However, it is even
simpler to prove (10.2) directly. Indeed, settihg (=) := ay + xby we have

Xin — N N
bn

Note that, according to (10.1),
Ly(0) =ay = h '(log N) — +o0 (N — 00), (10.4)

sinceh!(z) € Ry,, and

bn 1
N 0 N .
ay olog N - (N = o)
Therefore,
L
fon () = ~(z) _an + zby 14 by 1 (N — o0). (10.5)

LN(O) an ayn
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Recalling (10.3), it is then easy to see that (10.2) is reduced to
MLy(z)) —logN — 2 (N — o). (10.6)
Furthermore, (10.4) implies( Ly (0)) = h(ax) = log N. Hence, (10.6) takes the form
WLy(x)) = h(Ln(0)) =z (N — o0). (10.7)
To show (10.7), we use (10.5) and apply Lemma 5.3 to obtain

(L (%)) = h(Ln(0)) ~ h(Ly(0)) (kn(2)® — 1)

bv \? b
zlogN(<1—|—I—N> —1>~logN'QxN::c,

an an

according to the choice ofy (see (10.1)). Thus, (10.7) is proved. O

As mentioned in the Introduction, in the case of attraction to the double exponential
distribution A, Schlatheft® only considered a concrete example of random varialiles
with the unit exponential distribution (therefore, fitting in the class of distributions (1.2)
with o = 1). Namely, in our notation he has shown (Ref. 10, Theorem 2.4, p. 867) that
under the scalingv = ¢ the limit distribution of Ry (¢) is Gaussian itx > 2 and non-
Gaussian iRlog?2 < a < 2.

Note that our results (see Theorem 2.7) showdhat 2 is indeed a critical point, in that
a Gaussian law breaks down for< 2. (However, the valuer = 21og 2 does not play any
special role.) Furthermore, it is not difficult to check that our results corroborate a general
conjecture in Ref. 10 (p. 867) asserting (in our terms) that in the case of attractigdhdoe
exist functionsu(t), b(t) such that, under an appropriate scaling cp(N), a(t)/b(t) =
p(N), the distribution of(Ry(t) — a(t))/b(t) weakly converges to a distribution which,
in turn, tends ta\ asc — +oo and, properly recentered and renormalizedM(@, 1) as
¢ — 0+. Comparing this conjecture with our Theorem 2.7, one can see that the role of
is played byl /«, so thatt — +oc is equivalent tax — 0+. As a result, normality in the
limit ¢ — 0+ (i.e.,a — +00) is obvious from Theorem 2.7(a).

To obtain the limit ag — +oo (i.e.,a — 0+), note that in Schlather’s terms Theorem
2.7(c) takes the form

Ry(t) — Bt)Yt 4
N;()t)l/t/gt) — alog Z, (t — o00),

whereZ,, has the distributiorf,.

Theorem 10.2. As a — 0+, the distribution ofx log Z,, converges to the double ex-
ponential distribution:

lir(r)lJr P{alog Z, < 2} = exp(—e "), r € R.
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Proof. By Zolotare¥*? (see Theorem 5, p. 447—448) we havepas 0+,

P{alog Z, < 2} = P{Z, < e/} ~ L ;ﬁ . ; b exp(—be™"), (10.8)
where, according to (2.9 = 1 andb = I'(1 — «) cos(mra/2) — 1. Hence, the right-hand
side of (10.8) tends texp(e~*) asa — 0. O

Remark. An analogous result was proved by Ben Aretisl ® (see Proposition 8.29,
p. 47) using a representation of the distributiBnvia exponential order statistics.

Example 10.3. Let us specify Theorem 2.7 in the case wh&rdas a unit exponential
distribution, that is,
P{X>z}=¢e", x> 0.

Thereforep = 1 andh(z) = z. The moment functiom:(¢) defined in (2.1) is given by
m(t) = / vle ™ dr =T (t+ 1),
0
and Stirling’s asymptotic formula yields

m(t) ~ V2t /2 et (t — o0).

Furthermore, from (5.4) it is seen that(t) = ot and

at 1
ma(t) = / e " dx ~ 5 Flat+1) ~ \/g (at)tH1/2 gt (10.9)
0
Hence, Theorem 2.7 implies the following result.

Proposition 10.4. Let X have the unit exponential distribution, and suppose that the
scaling condition (2.3) is fulfilled. Then
(a) fora > 2,

Ca'ﬂ'l/4 eat/Q 255/4 RN(t)
2 ((NF(t NG

- 1) L, N(0,1),

whereC,, = 1 for o > 2 andC, = v/2;

(b) for1 < a <2,
(a—1)t 43/2
2me t Ry(t) ) 4 E
( )1/t )

Cy ot N (t)
where ”
. m(t), l1<a<?2, B 1, 1<a<?2,
ma(t)‘{m(t), a=1, C@‘{z, a=1,

with m () given by (10.9);
(c) for0 < a < 1,
Ry(t) — at L, alog Fa.
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