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In this paper, we obtain a central limit theorem for
the Plancherel measure on the ensemble of partitions of
asymptotically growing integers. It is proved that local
fluctuations of the corresponding Young diagrams are
asymptotically normal both in the bulk and near the
edges of the limiting “spectrum” of partitions. The
results of this work answer a question of Logan and
Shepp (1977) and significantly complement Kerov’s
theorem (1993) on the convergence of integral fluctua-
tions to a generalized Gaussian process.

1. INTRODUCTION

A 

 

partition

 

 of a positive integer 

 

n

 

 is any integer
sequence 

 

λ 

 

=

 

 

 

{

 

λ
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, …}

 

 such that 
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 + 
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 +

 

 

 

… = 

 

n

 

 (notation: 

 

λ

 

 

 

�

 

 

 

n

 

). Every partition 

 

λ

 

 

 

�

 

 

 

n

 

can be represented geometrically by the so-called

 

Young diagram

 

 consisting of 

 

n

 

 unit squares (cells) in
consecutive columns containing 

 

λ

 

1

 

, 

 

λ

 

2

 

, …

 

 cells, respec-
tively.

On the set 

 

�

 

n

 

 := {

 

λ

 

 

 

�

 

 

 

n

 

}

 

 of all partitions of a given

 

n

 

, consider the Plancherel measure

where 

 

d

 

λ

 

 is the number of 

 

standard tableaux

 

 of a given
shape 

 

λ

 

, i.e., all possible arrangements of the numbers
1, 

 

…, 

 

n

 

 in the cells of the Young diagram 

 

λ

 

 such that the

 

1

 

The article was translated by the authors.

Pn λ( ) := 
dλ

2

n!
-----, λ �n,∈

 

numbers increase in each row (from left to right) and in
each column (from bottom to top).

Note that 

 

P

 

n

 

 is a probability measure due to the

Burnside identity 

 

 = 

 

n

 

!

 

 [5, 6]. The Plancherel

measure is related in a natural way to the representation
theory of the symmetric group [6] but also arises in
some combinatorial and probabilistic problems (see
[5]). For example, the distribution of the largest term

 

λ

 

1

 

 = max{

 

λ

 

i

 

 

 

∈ λ 

 

�

 

 

 

n

 

}

 

 under the measure 

 

P

 

n

 

 coincides
with the distribution of the length of the longest
increasing subsequence contained in a random (uni-
formly distributed) permutation of order 

 

n

 

 (see [3, 5]).

The upper boundary of the Young diagram corre-
sponding to the partition 

 

λ ∈ 

 

�

 

n

 

 can be viewed as the
graph of a stepwise (left-continuous) function

 

(1)

 

where 

 

⎡

 

x

 

⎤

 

 := min{

 

m

 

 

 

∈ 

 

�

 

: 

 

m

 

 

 

≥

 

 

 

x

 

}

 

 is the ceiling integer
part of 

 

x

 

. Logan and Shepp [10] and, independently,
Vershik and Kerov [1] have discovered that, as 

 

n

 

 → ∞

 

,
a typical Young diagram, suitably scaled, has a limit
shape determined by some function 

 

y

 

 = 

 

ω

 

(

 

x

 

)

 

. This
means that, for the overwhelming majority of partitions

 

λ ∈ 

 

�

 

n

 

 (with respect to the Plancherel measure 

 

P

 

n

 

), the
boundary of their scaled Young diagrams is contained
in an arbitrarily small vicinity of the graph 

 

y

 

 = 

 

ω

 

(

 

x

 

)

 

.
More specifically, consider the function 

 

y

 

 = 

 

ω

 

(

 

x

 

), 

 

x

 

 

 

≥

 

 

 

0

 

,
defined for 

 

x

 

 

 

∈ 

 

[0, 2] by the parametric equations

 

(2)

dλ
2

λ �n∈
∑

λ x( ) := 
λ1, x 0=

λ x , x 0,>⎩
⎨
⎧

x
2
π
--- θsin θ θcos–( ), y x 2 θ,cos+= =

0 θ π≤ ≤
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and continued as zero for x > 2. Then the random pro-
cess

(3)

satisfies the following law of large numbers [1]:

In particular, for x = 0, this implies a law of large num-
bers for the maximal term λ1:

Remark 1. Due to the invariance of the Plancherel
measure under the transposition of Young diagrams
λ ↔ λ' (when the columns of λ become rows of the
transposed diagram λ' and vice versa), the same law of
large numbers holds for , i.e., for the number of
terms in a partition λ.

2. FLUCTUATIONS OF YOUNG DIAGRAMS

A natural question about the limit distribution of
∆n(x) was posed by Logan and Shepp [10]. Kerov [9]
gave a partial answer by establishing the asymptotic
normality of integral fluctuations with respect to a suit-
able class of test functions (i.e., in the sense of general-
ized convergence). More precisely, in the coordinates
u = x – y, v = x + y, the boundary of the Young diagram
is represented by a piecewise linear (continuous) func-

tion (u) and the limit shape takes the form (see [1])

Then, according to [9], the random process

converges in distribution (without any further normal-

ization!) to a generalized Gaussian process (u), u ∈
[–2, 2] defined by the formal random series

where {Xk} are independent random variables with
standard normal distribution �(0, 1).

However, a localized version of the central limit the-
orem (i.e., for fluctuations at a given point) has not been
known as yet. On the one hand, the existence of such a
theorem would seem quite natural, at least in the bulk

∆n x( ) := λ nx( ) nω x( ), x 0≥–

ε∀ 0 Pn
1

n
------- ∆n x( )

x 0≥
sup ε>

⎩ ⎭
⎨ ⎬
⎧ ⎫

n ∞→
lim> 0.=

ε∀ 0 Pn

λ1

n
------- 2– ε>

⎩ ⎭
⎨ ⎬
⎧ ⎫

n ∞→
lim> 0.=

λ1'

λ̃

Ω u( ) := 
2
π
--- u

u
2
--- 4 u2–+arcsin⎝ ⎠

⎛ ⎞ , u 2≤

u , u 2.≥⎩
⎪
⎨
⎪
⎧

∆̃n u( ) := λ̃ nu( ) nΩ u( ), u �∈–

∆̃

∆̃ 2 θcos( ) 2
π
---

Xk kθ( )sin

k
-------------------------, θ

k 2=

∞

∑ 0 π,[ ],∈=

of the partition “spectrum,”2 i.e., for λi ∈ λ � n such that

 ~ x ∈ (0, 2). On the other hand, Kerov’s result on the

generalized convergence cast some doubt on the validity
of the usual convergence. The main aim of the present
work is to obtain such a theorem (see Section 3).

Note that the asymptotic behavior of fluctuations at
the upper edge of the limiting spectrum (corresponding
to x = 0) is different from a Gaussian distribution. As
was shown in [3] for λ1 and in [4, 8, 11] for any λk with
fixed index k ∈ �,

(4)

where Fk(·) is the distribution function of the kth order
statistic in the Airy ensemble, which was discovered
earlier in connection with the limit distribution of the
largest eigenvalues for random matrices from the Gaus-
sian unitary ensemble (GUE) (see [13]). In particular,
the function F1(·) determines the Tracy–Widom distri-
bution.

From the point of view of Kerov’s limit theorem, the
extreme values λ1, λ2, … might present a danger, since,
according to formula (4), fluctuations of the process
∆n(x) in the zone of size O(n– 1/2) near the edge x = 0 are
quite large (on the order of n1/6). In fact, this theorem
shows that the edge of the spectrum does not make any
significant contribution to the integral fluctuations. Let
us stress, however, that the situation in the bulk of the
spectrum (i.e., for 0 < x < 2) remained unclear.

3. MAIN RESULTS

Note that the value of θ in Eqs. (2) that corresponds
to the coordinates x and y = ω(x) is given by

Recall that ∆n(x) is defined by formula (3). The follow-
ing theorem is the main result of this paper.

Theorem 1. Suppose that xn ∈ (0, 2) and

(5)

Then the distribution of the random variable ∆n(xn)
with respect to the Plancherel measure Pn is asymptot-
ically normal, namely,

(6)

2 We use the term “spectrum” informally to refer to the variety of
partition’s terms {λi ∈ λ} (cf. [2], where this term is used in a
general context of combinatorial structures characterized by their
components).

i

n
-------

Pn

λk 2 n–

n1/6
--------------------- z≤

⎩ ⎭
⎨ ⎬
⎧ ⎫

n ∞→
lim Fk z( ), z �,∈=

θ x( ) ω x( ) x–
2

--------------------.arccos=

n θ xn( )sin
6

n ∞→
lim ∞.=

2θ xn( )∆n xn( )

n θ xn( )sin
6( )ln

----------------------------------------- � 0 1,( ) n ∞→( ).d
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Theorem 1 embraces several particular cases corre-
sponding to the location of the points xn in the bulk of
the spectrum or near its edges.

Corollary 1. Let xn → x ∈ (0, 2) as n → ∞. Then

(7)

If xn → 0 and n → ∞ as n → ∞, then

(8)

Finally, if xn → 2 and n(2 – xn)3 → ∞ as n → ∞, then

(9)

Indeed, if xn → x ∈ (0, 2), then θ(xn) → θ(x) ∈ (0, π)
and condition (5) is automatically satisfied. Further-

more, Eqs. (2) imply that θ(xn) ~  as xn → 0;

therefore, relation (6) is reduced to (8). Similarly, for
xn → 2, due to (2), we have π – θ(xn) ~ (2 – xn)1/2, and
(9) follows from (6).

Remark 2. Results similar to Corollary 1 were
obtained in [7] for eigenvalues of random matrices in
the GUE.

4. POISSONIZATION

The proof of Theorem 1 is based on a standard pois-

sonization technique (see, e.g., [3]). Let � :=  be

the set of partitions of all positive integers (formally, �0
contains only the “empty” partition of zero). For any

λ ∈ �, we set |λ| :=  and define the measure Pt

(t > 0) as

(10)

Formula (10) defines a probability measure on �, since
for λ ∈ �n we have |λ| = n and, hence,

We first prove the poissonized version of Theorem 1
obtained by replacing the measure Pn by Pt and the
parameter n by t.

2θ x( )∆n xn( )
nln

------------------------------ � 0 1,( ).d

xn
2

12πxn( )1/3∆n xn( )

nxn
2( )ln

----------------------------------------- � 0 1,( ).d

2π∆n xn( )

n 2 xn–( )3( )ln
-------------------------------------- � 0 1,( ).d

3πxn

2
------------⎝ ⎠

⎛ ⎞
1/3

�n
n 0=

∞

∪

λi

λi λ∈
∑

Pt λ( ) := e t– t λ dλ

λ !
--------⎝ ⎠

⎛ ⎞
2

, λ �.∈

Pt λ( )
λ �∈
∑ e t– tn

n!
-----

dλ
2

n!
-----

λ �n∈
∑

n 0=

∞

∑ e t– tn

n!
-----

n 0=

∞

∑ 1.= = =

Theorem 2. Suppose that xt ∈ (0, 2) and
tsin6θ(xt) → ∞ as t → ∞. Then, with respect to the mea-
sure Pt,

Theorem 1 can be derived from Theorem 2 by using
depoissonization (see, e.g., [3]). According to (10), Pt

can be viewed as the expectation of the random mea-
sure PN, where N is a Poisson random variable with
parameter t :

(11)

Since N has the mean t and the standard deviation ,
Eq. (11) suggests that the asymptotics of the probability
Pn(A) as n → ∞ can be recovered from that of Pt(A) as
t ~ n → ∞. More precisely, one can prove that Pn(A) ~
Pt(A) as t ~ n → ∞, provided that the variations of Pk(A)

are small in the zone k – n = O( ). In the context of
random partitions, such a result was obtained in [3].

5. SKETCH OF THE PROOF OF THEOREM 2

In view of (2), the statement of Theorem 2 is equiv-
alent to saying that for any z ∈ �,

(12)

where

and Φ(·) is the distribution function of the standard nor-
mal law �(0, 1). Let #Iz(t) be the number of points from

the random set �(λ) := λi – i) (λ ∈ �) contained in

the interval Iz(t) = [az(t), ∞). Recalling definition (1) of
the function λ(·) and taking into account that the
sequence {λi – i} is strictly decreasing, we can rewrite
relation (12) as

(13)

The key fact is that the correlation functions of the
random point process {λi – i} defined by

2θ xt( )∆t xt( )

t θ xt( )sin
6( )ln

--------------------------------------- � 0 1,( ) t ∞→( ).d

Pt A( ) E PN A( )( ) e t– tk

k!
----Pk A( ).

k 0=

∞

∑= =

t

n

Pt λ �: λ txt( ) txt–∈ az t( )<{ }
t ∞→
lim  = Φ z( ),

az t( ) := 2 t θ xt( )cos
z

2θ xt( )
--------------- t θ xt( )sin

6( )ln+

(
i 1=

∞

∪

Pt λ �: #Iz t( )∈ txt<{ }
t ∞→
lim Φ z( ).=

ρk
t x1 x2 … xk, , ,( ) := Pt λ �: x1 x2 … xk, , , � λ( )∈ ∈{ },

xi �, xi x j≠∈
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have a determinantal structure [4, 8]:

with a kernel J of the form

where Jm = Jm(2 ) is the Bessel function of integral
order m. Then, by Soshnikov’s theorem [12], the ran-
dom variable #Iz(t) satisfies the central limit theorem:

provided that Var(#Iz(t)) → ∞. Therefore, in order to
derive (13) from this relation, it remains to obtain the
asymptotics of the first two moments of the random
variable #Iz(t) under the measure Pt. The following
lemma is the main technical (and most difficult) part of
this work.

Lemma 1. As t → ∞,

The proof of the lemma is based on a direct asymp-
totic analysis of the expressions for E(#Iz(t)) and
Var(#Iz(t)). The calculations are quite laborious and rely
heavily on the asymptotics of the Bessel function

Jm(2 ) in various regions of variation of the parame-
ters.

6. CONCLUDING REMARKS

Condition (5) in Theorem 1 (see also Corollary 1)
means that the points xn must not approach the edges
x = 0 and x = 2 of the limit spectrum too closely. For

instance, (5) is violated if xn ~  (c > 0), which corre-

sponds to λ( xn) =  getting to the zone of the

extreme values λ1 ≥ λ2 ≥ …. In this case, the normaliz-
ing coefficient in (8) is on the order of n–1/6, which coin-
cides with the normalization in the limit law (4). More-

over, if xn =  (k = 1, 2, …), then

(14)

ρk
t x1 x2 … xk, , ,( ) det J xi x j; t,( )[ ]1 i≤ j k≤, ,=

k 1 2 …, ,=

J x y; t,( )
t JxJy 1+ Jx 1+ Jy–( )

x y–
--------------------------------------------------, x y≠

t Jx' Jx 1+ Jx 1+' Jx–( ), x y,=⎩
⎪
⎨
⎪
⎧

=

t

#Iz t( ) E #Iz t( )( )–

Var #Iz t( )( )
------------------------------------------- � 0 1,( ), t ∞,→d

E #Iz t( )( ) txt
z

2π
------ t θ xt( )sin

6( )ln– O 1( ),+=

Var #Iz t( )( )
t θ xt( )sin

6( )ln

4π2
---------------------------------- 1 o 1( )+( ).=

t

c

n
-------

n λ
nxn

k

n
-------

∆n xn( )
n1/6

----------------
λk 2 n–

n1/6
---------------------

3πk
2

---------⎝ ⎠
⎛ ⎞

2/3

o 1( ), n ∞.→+ +=

Therefore, the domain of asymptotically Gaussian fluc-
tuations, which is described by Theorem 1 and Corol-
lary 1, extends up to the domain of extreme values
where the limit distribution is characterized by the Airy
ensemble (see (4)).

Conversely, formally sending the parameter k to
infinity (i.e., moving away from the edge x = 0 inwards
the spectrum), in view of (8), it is natural to expect that
the limit distribution of random variable (14), which is
expressed in terms of the distribution function Fk (see
(4)), will converge to a Gaussian law.

Conjecture. Let a random variable ϒk have the dis-
tribution corresponding to the kth order statistic of the
Airy ensemble (see (4)). Then, as k → ∞,

(15)

Note that, for the opposite edge of the spectrum,
x = 2, similar arguments (using the invariance of the
Plancherel measure under the transposition of Young dia-
grams, see Remark 1) lead to the same limit relation (15).

To the best of our knowledge, this fact has not been
mentioned in the literature, and we intend to study this
issue in another paper.
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