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This document contains assessments that cover the period of Week 5 and Week 6 of teaching.
There are three major parts: short questions (not assessed), long questions (not assessed), and
your homework (assessed). Your homework will be assessed by your tutor and the marks are
returned to you approximately one week after the deadline. The solutions to (all) questions will
be circulated around the time when the marks are returned.

If you have questions on this assessment, use the opportunity in the tutorial to ask your tutor
(the week commencing 6th March 2023). Your tutor will be able to discuss the solution to (non-
assessed) questions. For the (assessed) homework, your tutor will not be able to give you the
solution, of course. However, they may clarify the questions if they are not clear to you.

Short questions

S1. Let θ̂ = θ̂(X1, X2, . . . , Xn) be an estimator for a parameter θ ∈ R. Give a short proof that

the mean squared error of θ̂ satisfies

MSE(θ̂) = Var(θ̂) + bias(θ̂)2.

S2. Assume that x1, . . . , x10 ∈ R satisfy
∑10
i=1 xi = 3 and

∑10
i=1 x

2
i = 10. What is the sample

standard deviation of x1, . . . , x10?
(This question appeared as is in May 2018 exam)

S3. Let X1, . . . , Xn ∼ N (µ, σ2) be independent random variables. What is the distribution of
the sum

∑n
i=1Xi?

(This question appeared as is in May 2018 exam)

Long questions

L1. The test statistic for the z-test is |z|, where

z =
1√
n

n∑
i=1

xi − µ0

σ
=
√
n
x̄− µ0

σ

Discuss how z can be found, if data is given in binned form, e.g. if we have

range 0–1 1–2 2–3 3–4 4–5
count 17 83 127 55 20.

Assuming σ2 = 1, perform a z-test for the hypothesis H0 : µ = 2.2.

L2. In lectures we have considered one-sided z-tests. Assume that we have observed samples
x1, . . . , xnx

and y1, . . . , yny
, which we can describe using the model X1, . . . , Xnx

∼ N (µx, σ
2
x)

i.i.d. and Y1, . . . , Yny
∼ N (µy, σ

2
y) i.i.d., where the variances σ2

x and σ2
y are known. Following

the same steps we used for other variants of the z-test, derive tests for the hypotheses
H0 : µx ≤ µy and H0 : µx ≥ µy, respectively.
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L3. The following table lists (1− α)-quantiles of N (0, 1), commonly used in hypothesis tests:

α 10% 5% 2.5% 1%
qα 1.282 1.645 1.960 2.326

These values were obtained using the qnorm() function in R. Test the following hypotheses
at 5% level, assuming that the data are normally distributed with the given variances:

i) σ2 = 4, n = 16, x̄ = 2.9, H0 : µ = 2.

ii) σ2 = 4, n = 16, x̄ = 2.9, H0 : µ ≤ 2.

iii) σ2
x = 2, nx = 10, x̄ = −0.3
σ2
y = 3, ny = 20, ȳ = 0.2
H0 : µx = µy.

iv) σ2
x = 2, nx = 10, x̄ = −0.3
σ2
y = 3, ny = 20, ȳ = 0.2
H0 : µx ≤ µy.

Homework questions (assessed)

Your solutions to these questions contribute towards your final mark for the module. Submit your
answer to Gradescope via Minerva (under ”Submit My Work” link on the left tab) by Wednesday,
15th March, 12noon.

a) Clearly mark your solution with your name, your student ID, and your tutor’s name.

b) Submit your work with signed academic integrity form in a single pdf file. For this purpose,
there are some online resources that would combine pdf documents into a single pdf file.

c) Write clearly and legibly, and leave margins for the marker to write comments in.

d) Write complete sentences, including correct punctuation.

e) Explain how you obtained your solution. Just giving the final answer is not enough, all
intermediate steps are also required.

Exercise 12. Let X,Y, Z ∼ N (0, 1) be independent. Determine the distribution, expectation
and variance of the following random variables:

a) X + Y + Z

b) X2 + Y 2 + Z2

Exercise 13. Let X1, . . . , Xn ∼ N (µx, σ
2) i.i.d. and Y1, . . . , Yn ∼ N (µy, σ

2) i.i.d. with known σ2.
We assume that for each i the random variables Xi and Yi are correlated, with Corr(Xi, Yi) = 1/2.
Define Di = Xi − Yi for all i ∈ {1, . . . , n}. Finally, let X̄, Ȳ and D̄ be the averages of the Xi, Yi
and Di, respectively.

a) Show that Cov(Xi, Yi) = σ2/2.

b) Determine E(Di) and Var(Di).

c) Consider the test for H0 : µx = µy which uses the test statistic

Z =
√
n
D̄

σ
.

and which rejects H0, if and only if |Z| > 1.96. Show that P (type I error) = 5%.

d) In two or three sentences, discuss the differences between the test from part (c) on the one
hand, and the non-paired test for comparing the means of two populations on the other
hand.

2



Exercise 14. LetX1, X2, X3 be independent Bernoulli trials, i.e. theXi are i.i.d. random variables
with P (Xi = 1) = p and P (Xi = 0) = 1−p. We want to make inference about p, from observations
x1, x2, x3 ∈ {0, 1}.
Assume we already know that either p = 0.3 or p = 0.8, and other values of p are not possible.
In this case we want to decide whether the hypothesis H0 : p = 0.3 or the alternative H1 : p = 0.8
is more likely. Consider the test which rejects H0 if and only if s :=

∑3
i=1 xi ≥ 2. For this test,

determine the probabilities of type I and type II errors.
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