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This document contains assessments that cover the period of Week 3 and Week 4 of teaching.
There are three major parts: short questions (not assessed), long questions (not assessed), and
your homework (assessed). Your homework will be assessed by your tutor and the marks are
returned to you approximately one week after the deadline. The solutions to (all) questions will
be circulated around the time when the marks are returned.

If you have questions on this assessment, use the opportunity in the tutorial to ask your tutor
(the week commencing 20th February 2023). Your tutor will be able to discuss the solution to
(non-assessed) questions. For the (assessed) homework, your tutor will not be able to give you
the solution, of course. However, they may clarify the questions if they are not clear to you.

Short questions

S1. Let X1, . . . , Xn be independently and identically distributed random variables, with common
expectation µ and variance σ2. Give a short proof of the fact that the average X̄ = 1

n

∑n
i=1Xi

is an unbiased estimator for µ.
(This question appeared in May 2018 exam, with slight modification)

S2. Following question S1, give a short proof that the variance of X̄ is given by σ2

n .

Long questions

L1. Using the central limit theorem, show that, for large n, the binomial distribution B(n, p)
approximates a normal distribution. Determine the mean and variance of this normal dis-
tribution.
Hint: Recall that the binomial random variable is a sum of i.i.d. Bernoulli random variables.

L2. The probability that a baby is a girl is around 0.485. Using the result from (1) and the
table overleaf, find the approximate probability, that a group of 100 randomly chosen babies
contains at least 50 girls. Also find the probability for at least 500 girls in a group of n = 1000
babies. Why are the probabilities different? What happens for n→∞?

L3. Let X1, . . . , X10 ∼ N (0, 1). Determine the probabilities P (X1 > 0.5), P (X̄ > 0.5) and
P
(
E(X1) > 0.5

)
.
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Homework questions (assessed)

Your solutions to these questions contribute towards your final mark for the module. Submit your
answer to Gradescope via Minerva (under ”Submit My Work” link on the left tab) by Wednesday,
1st March, 12noon.

a) Clearly mark your solution with your name, your student ID, and your tutor’s name.

b) Submit your work with signed academic integrity form in a single pdf file. For this purpose,
there are some online resources that would combine pdf documents into a single pdf file.

c) Write clearly and legibly, and leave margins for the marker to write comments in.

d) Write complete sentences, including correct punctuation.

e) Explain how you obtained your solution. Just giving the final answer is not enough, all
intermediate steps are also required.

Exercise 4. A certain species of plant always has either three or five leaves. The number is
random, with P (3 leaves) = 0.4 and P (5 leaves) = 0.6. Each plant has a flower which, randomly,
is either open or closed, with probabilities P (open) = 0.8 and P (closed) = 0.2. A botanist collects
1000 randomly chosen plants from this species and finds the following distribution of traits:

open closed
3 leaves N3,open N3,closed

5 leaves N5,open N5,closed

a) Assuming the two traits are independent, determine the expectations of the counts N3,open,
N3,closed, N5,open, and N5,closed in the table.

b) Determine an approximate value for the probability P (N3,open > 340).

Exercise 5. Assume that we have observed the following values from a normal distribution with
known variance σ2 = 1 and unknown mean µ.

1.23 -0.67 1.16 1.67 -0.24 2.99 0.02 1.17 0.27 1.21.

Test the hypothesis H0 : µ = 0 against the alternative H1 : µ 6= 0 at significance level α = 5%.

Exercise 6. Let θ > 0 and X ∼ U [0, θ], i.e. X is uniformly distributed on the interval [0, θ].

a) As a function of θ, determine P (X ≤ 1).

b) Assume that θ is unknown, but we can observe X. For given θ0, we want to test the
hypothesis H0 : θ ≥ θ0 against the alternative H1 : θ < θ0. Consider the test which rejects
H0, if and only if X < c. How should we choose c, as a function of θ0 and α, to get a test
with significance level α? Carefully justify your answer.
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The table gives

Φ(x) =
1√
2π

∫ x

−∞
e−

1
2 t

2

dt

and this corresponds to the shaded area in the
figure to the right. Φ(x) is the probability that
a random variable, normally distributed with
zero mean and unit variance, will be less than
or equal to x.

x

Φ(x)

x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x)

0.00 0.5000 0.50 0.6915 1.00 0.8413 1.50 0.9332 2.00 0.9772 2.50 0.9938
0.05 0.5199 0.55 0.7088 1.05 0.8531 1.55 0.9394 2.05 0.9798 2.55 0.9946
0.10 0.5398 0.60 0.7257 1.10 0.8643 1.60 0.9452 2.10 0.9821 2.60 0.9953
0.15 0.5596 0.65 0.7422 1.15 0.8749 1.65 0.9505 2.15 0.9842 2.65 0.9960
0.20 0.5793 0.70 0.7580 1.20 0.8849 1.70 0.9554 2.20 0.9861 2.70 0.9965

0.25 0.5987 0.75 0.7734 1.25 0.8944 1.75 0.9599 2.25 0.9878 2.75 0.9970
0.30 0.6179 0.80 0.7881 1.30 0.9032 1.80 0.9641 2.30 0.9893 2.80 0.9974
0.35 0.6368 0.85 0.8023 1.35 0.9115 1.85 0.9678 2.35 0.9906 2.85 0.9978
0.40 0.6554 0.90 0.8159 1.40 0.9192 1.90 0.9713 2.40 0.9918 2.90 0.9981
0.45 0.6736 0.95 0.8289 1.45 0.9265 1.95 0.9744 2.45 0.9929 2.95 0.9984

0.50 0.6915 1.00 0.8413 1.50 0.9332 2.00 0.9772 2.50 0.9938 3.00 0.9987
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