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1. (a) Solve the Initial Value Problem

xy(1 + x2)
dy

dx
− y2 = 1 with y(1) = 1.

(b) Find the general solution of the ODE:
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dx
=

y

x
− y2

x2

(c) Solve the Initial Value Problem

dy

dx
+

3

x
y =

e2x

x3
with y(1) = 1.

2. (a) (i) A radioactive substance decays at a rate proportional to the amount of the
substance present. If k > 0 is the constant of proportionality, write down the differential
equation satisfied by x(t), the amount of substance present at time t.

(ii) At time t = 0, the amount of substance present is x0. Show that at any later
time t,

x(t) = x0e
−kt

(iii) Define the half-life Th of the substance, and obtain an expression for Th in terms
of k. Find the time (expressed in terms of Th) at which 80% of the original quantity remains.

(b) Find the solution of the following Initial Value Problem:

dΘ

dt
= −k(Θ− A) with Θ(t0) = Θ0

where A and k are constants. Explain how this equation can be used to model how a hot
object cools down.
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3. (a) Find the general solution of the following ODE:

y′′ − y′ − 2y = ex − e−x

(b) Solve the following Boundary Value Problem

y′′ + 4y = sin x with y(0) = 0 and y(π
4
) = 0.

(c) Find the general solution of the following ODE:

y′′ + 6y′ + 13y = 13x2 − x + 22

4. (a) Solve the following Initial Value Problem

y′′ + 4y′ + 4y = 4x + e2x with y(0) = 0 and y′(0) = 0.

(b) Given that y = ex is one solution of the differential equation

(1 + x)y′′ − (2x + 3)y′ + (x + 2)y = 0

find the general solution of

(1 + x)y′′ − (2x + 3)y′ + (x + 2)y = ex(1 + x)2

5. (a) Write down the differentials dF of the following functions F (x, y):

(i) x3 − 3xy2 (ii) y2ex + sin(x + y) (iii) log(x2 + y2)− 2xy

(b) Write down the conditions under which a function F (x, y) has a stationary point, and
the conditions under which the stationary point is a maximum, minimum or saddle point.

(c) Find and classify the stationary points of

F (x, y) = y(x2 + y2 − 1)

END

2


