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Chapter 1

Introduction

Galois Theory has its orgins in the study of roots of polynomials. It is not
concerned with finding the roots, which can be done using the Newton-Raphson
Method (see also here for an analysis of various techniques used in computing);
rather, Galois Theory is interested in the form that the roots can take.

In particular, we can ask which polynomials are solvable by radicals: given a
polynomial f = X" +a; X" '+ .-+ +a,_1X +a, € Q[X], we say f is solvable
by radicals if we can express a root of f using only the coefficients a; and the
field operations +, —, x, <, together with extraction of r-th roots v/ . Is there a
general formula giving the roots of all polynomials of degree n? Such a general
formula exists if n < 4, but not if n > 5.

For a quadratic equation f = X2 + 2pX + ¢, one learns in school to complete
the square and write f = (X +p)? +¢— p?, from which we see that the roots are
—p =+ +/p? — q. This was essentially known to the Babylonians (ca. 1600BC).

In the sixteenth century, more complicated formulae were found for the cubic,
by Ferro and Fontana (nicknamed Tartaglia because of his stutter), and then
for the quartic, by Ferrari. These methods were published by Cardano, Ferrari’s
mentor, in his Ars Magna (1545).

In 1770, Lagrange unified these methods for n < 4 using Lagrange resolvents.
Starting from a quartic, one obtains an auxiliary equation which is a cubic,
and applying the procedure once more yields a quadratic. The method fails for
quintic equations, though, since the auxiliary equation then has degree six.

The idea behind Lagrange resolvents is to use slight modifications (involving
roots of unity) of the symmetric functions. Consider Q[X1, ..., X,], the ring of
polynomials in n variables. We let the symmetric group S, act on the set
of indeterminates X; via o(X;) := X,;). This extends to a Q-linear ring
isomorphism of Q[X71,...,X,]. For example, if n = 3 and 0 = (1 2), then
o(X3—-4X1X3) = X?—4X,X3. A polynomial g is called symmetric if 0(g) = ¢
for all permutations o.


http://en.wikipedia.org/wiki/Newton%27 s_method
http://en.wikipedia.org/wiki/Newton%27 s_method
http://ilab.usc.edu/wiki/index.php/Fast_Square_Root

The elementary symmetric functions are defined to be
e = ZX“ €y = ZXin7 €3 — Z XinXk, ey e, = HXZ
i i<j i<j<k i
Observe that these are indeed symmetric functions.

Now consider a polynomial f = X" +a; X" 1+ +a,_1X +a, € Q[X]. Over
the complex numbers, this factorises as f = (X — ;) -+ (X — ), say, where
the «; are the roots of f. Expanding f, we see that

alz—Zai, @zZaiaj, ey anZ(—l)nHOLi.
i i<j i
We observe that _

a; = (—1)191'(&1).

That is, the coefficients of f are given (up to sign) by the elementary symmetric
functions, evaluated at the point (X1,...,X,) = (a1,..., ).

A more interesting symmetric function is given by the discriminant. Consider
i<j
We observe that o(d) = sgn(o)d. It follows that
A=42=(-1)®) [Tx: - x))
i#]
is a symmetric function. Evaluating this at the roots a; of f, we obtain the
discriminant A(f).

The next theorem will be proved later in the course.

Theorem 1.1 (Fundamental Theorem of Symmetric Functions). Every sym-
metric function in the X; can be written as a polynomial in the elementary
symmetric functions e;.

In particular, any symmetric function of the roots can be expressed in terms of
the coefficients of the polynomial.

1.1 The Quadratic

Consider f = X2+ 2pX + q. Over C we can write this as f = (X — a)(X — f).
Thus
eg=a+08=-2p, e=af=q.

We know that every symmetric function of «, 3 can be expressed in terms of
e1, ey. For example,

2+ 8% =(a+P)?—2a8=e? —2e, =4p* — 2.



6 := a — 3 is not symmetric, since it changes sign when we swap «, 3. The
discriminant is symmetric, and we have

A=6=(a—p)* =a®+ % =200 = €] — ey = 4(p* — q).

To find the roots of f, we first complete the square by applying the linear change
of variables Y = X + p. This is an example of a Tschirnhaus transformation
(Tschirnhaus, 1683). This yields the equation g = Y2 + g — p2. The roots of g

are clearly £1/p2 — ¢ = £3V/A, so the roots of f are o, f = —p £ /p? — ¢q.

1.2 The Cubic

Consider f = X3 4+ aX? + bX + C. By applying the linear change of variables
Y = X + a/3 (another Tschirnhaus transformation, also called completing the
cube), we reduce to solving a polynomial with no X? term. Thus we may assume
that our polynomial is of the form f = X3 + 3pX 4 2¢. Over C we can write
this as f = (X — a)(X — 8)(X — ), so that

ei=a+8+7=0, ex=af+py+ya=3p, e3=aly=-2q

Again, any function symmetric in «, 3, can be expressed in terms of e, eo, e3.
For example!

A+ 4y =el —2e, = —6p
o4 33+ 43 :e‘% — Jejey + 3e3 = —6q.

We again define § := (o — 3)(a —v)(8 — ) and the discriminant A := §2. This
is symmetric, and in fact we have the expression

A = ele? — deles — el + 18ejeqre3 — 27e2 = —108(p® + ¢°).

To find the roots «, 3,y of f, we can make the substitution X = Y —pY ~!. This
yields f = Y2 +2¢—p3Y ~3, and hence gives the polynomial g = Y°+2qY3 —p?,

1One way we can find such formulae is as follows. Consider a® + 33 + ~43. This is homo-
geneous of degree 3, and the only such symmetric functions are e?, ejegz,e3. Thus

@+ 8%+ 73 = el + pejes + ves

for some rational numbers A, i, v. We can find these by specialisation:

(a,8,7) (e1,e2,e3) o 4 B3 447
(1,0,0)  (1,0,0) A=1
(1,1,0) (2,1,0) S\ +2u =2
(1,1,1)  (3,3,1) 20A+9%u+v=3

Thus (A, pu,v) = (1,-3,3).



a quadratic in Y3. Thus we can take

Y =\ g+ VPP + ¢

and

X=Y-py'= i/—qu PP+ + {/—q— VR 42
In fact, just as there are two square roots of a number, related by +1, there

are three cube roots of a number, related via 1,w,w?, where w = €27/3 =
(—144v/3)/2, so w® = 1. Thus the three roots of f are given by

a=Y —pY !, B=wY —pY !, 4 =uw?Y —puY L

One should note that this method is not always useful. This is clearly perceived
when we already know one solution. For example, consider the polynomial

f=X3-15X — 4.

This has an integer root 4, whereas the method described above yields (p, q) =
(=5,-2), so

Y=g+ VP TP =2+ v T2l = V2T ILL

Only knowing that (2 + i) = 2 + 11i can we substitute in ¥ = 2 + i and
—pY ! =2 — 4, and hence obtain a =Y — pY ! = 4.

1.3 The Quartic

Finally, consider the quartic f = X* 4+ aX? + bX? + cX + d. By applying the
Tschirnhaus transformation Y = X + a/4, we may assume that f has no X3
term. Thus we may assume that f = X* 4+ bX2 + cX + d. Note that

e =0, es=b, e3=—c e4=d.

To find the roots of f, suppose we can express f as a product of two quadratics.
Using that f has no X2 term, we can write

F=X"4+bX’+cX +d= (X2 —mX +p) (X2 +mX +q),
and comparing coefficients gives
b+m®=p+gq, c¢/m=p—q, d=pq.
We can eliminate p, ¢ via

(b+m?)? = (¢/m)*> = (p+q)* — (p—q)* = 4pqg = 4d.



This gives the cubic in m?

g =m"+2bm* + (b* — 4d)m? — b,

which we can solve by the previous method.

Taking the square root, we can find m, and then we can find p and ¢ via
p=b+m?+c/m, q=b+m?—c/m.

We note that the two possible square roots of m? just swap the two quadratics
in (X2 —m+p)(X2+m+gq).

1.4 The General Polynomial

Almost 300 years later, Ruffini (1799) and Abel (1824) proved that there is no
general formula to express the root of a quintic in terms of radicals. This did
not mean, however, that given a particular quintic, there was no such formula.
In fact, formulae obviously exist for certain polynomials, for example those of
the form X" — a, which have the root 1/a. It could even have been true that
for each quintic over Q some such formula could be found. The Abel-Ruffini
Theorem just shows that no single formula can work for every such quintic.

Evariste Galois (1832) went much further. He showed how to associate to each
polynomial a subgroup of the symmetric group which completely determines
whether or not this polynomial has a solution by radicals: if and only if the
group itself is solvable. Indeed, this is the origin of the term solvable group.
The group associated to the polynomial f is called the Galois group in his
honour, and written Gal(f).

Theorem 1.2 (Galois). The polynomial f is solvable by radicals if and only if
the group Gal(f) is solvable.

We also have the following result.

Theorem 1.3. Let f be an irreducible polynomial of degree n. Then Gal(f)
s a transitive subgroup of the symmetry group S,. Moreover, there erists an
irreducible polynomial f over Q such that Gal(f) = S,.

Since there are quintic polynomials over @ whose Galois group is the full sym-
metric group S, and since this group is not solvable, there exist quintics over
@ which are not solvable in radicals. In fact, it is relatively easy to construct
such examples.

From a more modern veiwpoint, we replace the study of a polynomial by the
study of the field extension generated by its roots. For example, if f € Q[X] is a
polynomial with rational coefficients, and having roots ag, ..., a, € C, then we
can consider the subfield K of C generated by the «; (equivalently the smallest



subfield of C containing each «;). The Galois group Gal(f) equals the group of
all field automorphisms of K.

In fact, the Galois group describes the internal structure of K. More precisely,
there is a order preserving bijection between the poset of subfields of K and the
poset of subgroups of Gal(f). This is called the Galois Correspondence, and
is one of the main results of this course. As a consequence, we see that there
are only finitely many subfields of K, a fact which is far from obvious.

This passing between subgroups and subfields is an important and extremely
useful observation. One should remark that group theory was in its infancy at
that time, and in fact the abstract notion of a group had yet to be given. Galois
was one of the first to appreciate the fundamental importance of groups, and
nowadays this idea of studying an object by first understanding its symmetries
is prevalent in modern mathematics and physics.

Let us discuss our approach to proving Galois’ Theorem. Recall that a poly-
nomial f is solvable by radicals if we can express a root of f in terms of
+,—, %, +,v . More generally, we say that a field extension K/Q is a rad-
ical extension if there exists a chain of subfields

Q:KQCKlC"'CKnZK

such that K, is formed from K; by extracting an r;-th root of an element in
K;. In other words, we adjoin an element A; such that \;* € K;. We observe
that if K/Q is radical, then every element of K can be obtained by repeated
use of +, —, X, =+, v/ .

The Galois correspondence furnishes us with a bijection between towers of field
extensions L/K/Q and subgroups {1} < Gal(L/K) < Gal(L/Q). Recall that a
finite group G is solvable if there exists a chain of subgroups

{1} =Gy <---<G1 <Gy =G

such that G; <G;_1 is a normal subgroup and the factor group G;_1/G; is cyclic
of order r;. Moreover, subgroups of solvable groups are solvable, and if N < G
is normal, then G is solvable if and only if both N and G/N are solvable.

We would like to say that if L/K is formed by adjoining an r-th root, then
Gal(L/K) is a cyclic group of order r. Unfortunately this is not true in general,
and we need to make an extra assumption: namely, we require that we have
enough primitive roots of unity in the base field K. Since the only roots of unity
in Q are £1, we have to apply a few tricks to prove the theorem.

1.5 Examples.

Let us illustrate this fundamental idea of passing from roots of polynomials to
fields to automorphisms in some simple examples.

Consider the polynomial f = X2 + 1 € R[X]. The roots of f in C are +i, and
the smallest subfield of C containing ¢ and R is C itself. In other words we can



construct C from R by ‘adding in’ a solution i to the equation X2 +1 = 0.
Note that C is a two dimensional real vector space with basis {1,i}. Complex
conjugation is a field automorphism of C of order 2 which fixes R and, apart
from the identity, is the only such. Also, complex conjugation permutes the two
roots ¢, —i of f. In a certain sense, this symmetry exists because, from the point
of view of R, we cannot tell which root is which.

The same happens with Q(v/2) = {a + bv/2 : a,b € Q} C R. From the point of
view of Q we cannot tell the difference between v2 and —\/i, and we have a
field automorphism of Q(\/ﬁ) induced by v2 — —v/2.

Now consider Q(\B/i) C R. This has no non-trivial automorphisms since \75 is
the only real root of the polynomial X3 — 2. This is why we need to consider
the field generated by all the roots of a polynomial f in order to have the Galois
correspondence.



Chapter 2

Background Material

2.1 Rings, Ideals and Homomorphisms

We will only consider commutative, unital rings.

An integral domain is a non-trivial ring R with no zero-divisors, i.e. ab=10
implies a = 0 or b = 0. Equivalently, R has cancellation, so that if ax = bx
with  # 0, then a = .

If R is an integral domain, then we can form the quotient field, or field of
fractions, Quot(R) of R. Its elements are written z/y for x,y € R and y # 0,
where x/y = 2’ /y’ if xy’ = 2’y. The ring structure is given via

efy+a'fy =y +2'y) /s (e/y)@)yY) = (a2))/ ()
We identify R with the subring {z/1: z € R} of Quot(R).

If A and B are subsets of a ring R, we write

A+B:={a+b:ac Abe B} and AB:={ab:ac A,bec B}.

An ideal I < R is an additive subgroup closed under multiplication by elements
of R; that is, RI C I. Since I is an additive subgroup of R, we have the
factor group R/I whose elements are the additive cosets @ = a + I. This is
again an abelian group with zero 0 = I. We define a multiplication on R/I via
(a+I)(b+1):= (ab)+ I, or a-b:= ab. Then R/I is again a ring, with unit 1,
called the factor ring of R by I.

Examples.
1. Quot(Z) = Q.
2. If R is an integral domain, then R is a subring of Quot(R) but not an
ideal.

3. nZ is an ideal of Z, so that Z/nZ is again a ring.



4. {0} and R are ideals of R.

5. Let I < R. Write I[X] for the set of polynomials in R[X], all of whose
coefficients lie in I. Then I[X] < R[X].

6. Let S be a subset of a ring R. We write (S) for the smallest ideal containing
S. Its elements are finite R-linear combinations of elements of S. If S =
{a1,...,a,} is finite, we also write (S) = (a1,...,an) = Ra; + -+ - + Ray,.

Let R and S be two rings. A (unital) ring homomorphism f: S — R is
a map preserving addition, multiplication and units; in other words, f is an
additive group homomorphism such that f(1g) = 1g and f(ab) = f(a)f(b) for
all a,b € S. The ring homomorphism f is a ring isomorphism if there exists
a ring homomorphism ¢g: R — S such that fg = idg and gf = idg, which is if
and only if f is bijective.

The kernel of f is Ker(f) :={a € S : f(a) =0 € R}; it is an ideal of S. The
image of f is Im(f) := {f(a) € R:a € S}; it is a subring of R.

Lemma 2.1. 1. If S < R is a subring, then the inclusion tg: S — R is an
injective ring homomorphism.

2. If I < R be an ideal, then the canonical map wy: R — R/I, a — a+1, is
a surjective ring homomorphism.

Theorem 2.2 (Isomorphism Theorems). 1. Let f: S — R be a ring homo-
morphism and I < S an ideal. If I C Ker(f), then there exists a unique
ring homomorphism f: S/I — R such that f = fry. In particular, there
exists a ring isomorphism

S5/ Ker(f) =1Im(f), a+Ker(f)— f(a).

2. Let I < R. There exists a bijection between ideals of R containing I and
ideals of R/I. If I C J < R, then there is a ring isomorphism

(R/I)/(J/T) = R/ J.

3. Let S < R be a subring and I < R an ideal. Then S+ 1 is a subring of R.
Moreover, I<(S+1) and (SNI)<S, and there exists a ring isomorphism

(S+I)/I=8/(SNI).
Examples.

1. Let I < R, so that I[X] < R[X]. There is a ring homomorphism R[X] —
(R/I)[X], aX™ — aX™. This is surjective with kernel I[X]. Thus there
exists a ring isomorphism R[X]/I[X] = (R/I)[X].



2. Let S C R be a subring and o € R. There exists a ring homomorphism
evy: S[X] — R, X — a, called evaluation at a. If f € R[X], we write
f(a) for evo(f). The image of ev, is denoted S[a], and is the smallest
subring of R containing S and «.

Let I < R. We call T

proper if I # R.
trivial if I = {0}.
maximal if [ is proper, and I C J < R implies J =1 or J = R.
prime ifxzy el impliesxeloryel.
principal if there exists « € I such that I = (z) = Rx = {rz : r € R}.

Proposition 2.3. Let R be a ring and I << R an ideal of R. Then

1) R/I is a field if and only if I is mazimal.

1)" R is a field if and only if (0) and R are the only ideals of R.

2) R is an integral domain if and only if (0) is prime.

3

(1)
(1)
(2) R/I is an integral domain if and only if I is prime.
(2)
(3) I mazximal implies I prime.

3)

3)" R a field implies R an integral domain.

Lemma 2.4. Let K be a field and R a non-trivial ring. Then every ring ho-
momorphism f: K — R is injective.

Proof. Ker(f) is an ideal of K, so either (0) or K itself. If Ker(f) = (0), then
f is injective. If Ker(f) = K, then 1z = f(1x) = Og, so that R is trivial. O

2.2 Division and Factorisation

In a ring R, we say that a divides b, written alb, if there exists © € R such
that b = ax. Equivalently, b € (a), or (b) C (a). Note that 1 divides every other
element, and each element divides 0

If R is an integral domain, then alb and b|a if and only if there exists a unit
u € R* such that b = au. For, there exist u,v € R such that b = au and a = bv.
If b = 0 then a = 0. Otherwise, since b = buv and R is an integral domain, we
can cancel b to get uv = 1, so u,v € R* are units.

A principal ideal domain is an integral domain R for which every ideal is
generated by a single element, so of the form (a) for some a € R.

Proposition 2.5. Let K be a field. Then the polynomial ring K[X] is a prin-
cipal ideal domain.

10



Proof. Let I < K[X] be a non-zero ideal, and let g € I be chosen such that
deg(g) > 0 is minimal. Let f € I. By the division algorithm, there exist
polynomials ¢, r such that f = qg+r and deg(g) > deg(r). Now, r = f—qg € I,
so the minimality of g gives deg(r) = —oo; i.e. 7 = 0. Therefore g divides f, so
f € (g). It follows that I = (g) is principal. O

We call a non-constant polynomial f € K[X] irreducible if, whenever f = gh,
either g € K or h € K. We call f monic provided its leading coefficient is 1.

Proposition 2.6. A prime ideal of K[X] is either (0) or of the form (f) with
f € K[X] monic and irreducible. Conversely, if f € K[X] is monic and irre-
ducible, then (f) is a maximal ideal.

Proof. Since K[X] is an integral domain, (0) is a prime ideal. Let I <K [X] be a
non-zero prime ideal. Since K[X] is a principal ideal domain, I = (f) for some
f. Moreover, we may assume that f is monic (and hence uniquely determined
by I). To see that f is irreducible, suppose f = gh. Then gh € (f), and since
(f) is prime we may assume h € (f). Thus h = uf for some u, so f = gh = fgu.
Cancelling f gives gu = 1, so g € K* is a unit. Thus f is irreducible.

Now let f be monic and irreducible. Take g € K[X] such that § # 0 in
K[X]/(f). Since K[X] is a principal ideal domain, (f,g) = (d) for some d,
and there exist polynomials x,y such that fx + gy = d. Now, d is the greatest
common divisor of f and g, and since f is irreducible, we have either d = 1 or
d=f. If d = f, then f divides g, so that g € (f) and g = 0, a contradiction.
Thus d = 1, and from fz + gy = 1 we deduce gy = 1, so that g is invertible.
Therefore K[X]/(f) is a field, so (f) is maximal. O

Theorem 2.7. Every polynomial f € K[X] can be written as f = afi--- fn,
where a € K and f; € K[X] are monic and irreducible. Moreover, such an
expression is unique up to the ordering of the f;.

Proof. Let f € K[X] be non-zero. We can write f = af, where a € K and f
is monic. If f is not irreducible, then there exists some expression f = gh with
g, h non-constant polynomials. Then 0 < deg(g),deg(h) < deg(f). Moreover,
by examining leading coefficients, we may assume that both g and h are monic.
By induction on degree, we can express both g and h as a product of monic
irreducible polynomials, hence we can write f in the desired form.

Suppose now that f =afi--- fm, = bg1 - - gn, where a,b € K and f;,g; € K[X]
are monic and irreducible. By Proposition 2.6, K[X]/(f1) is a field. Also,
bg1 -+ Gn = f =0 in K[X]/(f1), so that g; = 0 for some i. After reordering, we
may assume that g3 = 0. Thus g; € (f1), the kernel, so g; = uf; for some u.
Since ¢; is irreducible and f; ¢ K, we must have u € K. Finally, since f; and

g1 are monic, we must have u = 1, so that f; = ¢;.

Since K[X] is an integral domain, we may cancel terms to deduce afs - fp, =
bga - -+ gn, so by induction (and relabelling) we have m = n, f; = g; for all i,
and a = b. O

11



Lemma 2.8. Let o € K. Then the kernel of the evaluation map ev,: K[X] —
K is the ideal (X — ). In particular, a is a root of a polynomial [ if and only
if X —« divides f, and f has at most deg(f) distinct roots in K.

Proof. Let I = Ker(evy). Then (X — «) C I, and (X — «) is a maximal ideal
by Proposition 2.6. Since I is a proper ideal, we must have I = (X — «).

Now, « is a root of a polynomial f if and only if 0 = f(a) = ev,(f), which is if
and only if f € Ker(ev,) = (X — «), which is if and only if X — « divides f.

Let a be a root of f, so f = (X —a)f1. If 8 # « is another root of f, then
0= f(B) =(B—a)f1(B), and since a # 8 we must have f1(3) = 0. Therefore
B is aroot of f1, so f1 = (X — B)f2, and f = (X — a)(X — ) f. It follows that
f has at most deg(f) distinct roots in K. O

2.3 Irreducibility of Polynomials

We call f = apX?+ -+ +ag_1X + aq € Z[X] primitive if gcd(a;) = 1. In
particular, all monic polynomials are primitive.

Lemma 2.9 (Gauss’ Lemma). If f € Z[X] is primitive, then it is irreducible
over Z if and only if it is irreducible over Q.

Lemma 2.10 (Eisenstein’s Criterion). Let f = ag X%+ +a4_1X +aq € Z[X]
be primitive. Suppose that there exists a prime p such that pla; fori=1,...,d,
but ptag and p? { aq. Then f is irreducible.

Lemma 2.11 (Rational Root Test). Let f = aoX™ + - -+ a, € Z[X]. If
a=p/q € Q is aroot of f such that ged(p,q) =1, then pla, and glag.

In general, it is difficult to determine whether a given polynomial is irreducible
or not, and to find its decomposition into irreducible factors. One can compare
this to the problem of determining whether a given number is prime, and to
finding its prime factorisation.

Let K be a field and f € K[X]. Clearly if deg(f) = 1, then f is irreducible.
Also, if deg(f) = 2 or 3, then f is irreducible if and only if it has no linear
factor, which is if and only if it has no root in K. If deg(f) = 4, though, it
could have a decomposition into two irreducible quadratic polynomials.

Suppose K = Q. Clearing denominators, we may assume f € Z[X] is primitive.
By Gauss’ Lemma, f is irreducible over Q if and only if it is irreducible over Z.
Moreover, by the Rational Root Test, we know the possible rational roots of f.
In particular, if f is monic, then any rational root is in fact integral.

For higher degrees, we can also use Eisenstein’s Criterion. This is particularly
useful if we combine it with a linear change of variables Y = X — a.

Another powerful method is reduction modulo a prime p. We write [, for the
field Z/pZ. Consider the surjective ring homomorphism Z[X] — F,[X], f ~ f.
Clearly if f = gh € Z[X], then f = gh € F,[X]. Thus if f is irreducible over

12



F,, for some prime p, then f itself must be irreducible over Z. Now, it is a finite
problem to find a factorisation over F,, so we can use a computer. However,
this problem grows exponentially in the degree of the polynomial. (Reference?)
Variations of this idea can also be applied. For example, suppose that we are
given f € Z[X] of degree 4. Using the Rational Root Test, we may assume
that f has no linear factors, so that if f = gh has a proper factorisation, then
deg(g) = deg(h) = 2. Now suppose that f € F,[X] factors as f = rs with 7, s
irreducible, deg(r) = 1, deg(s) = 3. This is incompatible with any factorisation
f = gh with deg(g) = deg(h) = 2, so f must itself be irreducible.

Examples.
1. f = X? -2 € Z[X]. Eisenstein tells us that f is irreducible over Z, so

by Gauss’ Lemma, f is irreducible over Q. In other words, v/2 is not a
rational number.

2. f = %XE’ + %X‘l + X3 + % Clearing denominators we have g = 9f =
2X5 +15X% +9X3 + 3. We can use Eisenstein’s Criterion with p = 3 to
deduce that g, and hence f, is irreducible.

3. f = X3 —7X?2 +3X +3. The only possible rational roots are +1,+3.
Checking, we see that f = (X—1)(X2—-6X —3) as a product of irreducibles.

4. f = X*+15X3 + 7. Working over Fy, we have ff X%+ X3 4+ 1. This
has no linear factor, since neither 0,1 are roots of f over Fy. Suppose
f=(X*+aX +b)(X*+cX +d)
= X'+ (a+e) X+ (b+ac+d)X?+ (ad + be) X + bd.
From the constant term we see that b = d = 1. Therefore the the coeffi-

cient of X gives a +c = 0, whereas the coefficient of X 3givesa+c=1,a
contradiction. So f is irreducible over Fo, whence f is irreducible over Z.

5. Consider f = X* 4 1 and its factorisations over various finite fields:

p f f

2 (X+1)* 7 (XP43X+1)(X?-3X+1)
3 (XP+X-1)(X2-X-1) 11 (X +3X—1)(X2—3X—1)
5 (X2+2)(X2-2) 13 (X2 +5)(X2—5)

Either f is irreducible or else the product of two irreducible quadratics,
but the above data give no further information. However, if we consider
Y = X — 1, then we obtain (Y + 1)* +1 = Y4 +4Y3 + 6Y? + 4Y + 2.
Applying Eisenstein with p = 2, we see that f is irreducible.

[Since (X*—1)f = X8 —1, the roots of f are eighth roots of unity. In fact
they are precisely the primitive eighth roots of unity, of which there are
four, corresponding to the four numbers 1 < r < 8 which are prime to 8.
We will discuss roots of unity later, as an application of Galois Theory.]
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Chapter 3

Field Extensions

Let L be a field and K C L a subfield. We write L/K and call L a field extension
of K. We observe that L is naturally a K-vector space, using the given addition
and multiplication in L. We denote its dimension by [L : K], and call this
the degree of the extension. We say that L/K is a finite field extension if
[L: K] < 0. Clearly L = K if and only if [L : K| = 1.

If L/ K is a field extension, an intermediate field is a subfield E of L containing
K,so L/E/K is a tower of field extensions.

Theorem 3.1 (Tower Law). Let L/K/k be a tower of field extensions. Then
L/k is a field extension and

[L:k]=[L:K]|K : kK]
In particular, L/k is finite if and only if both L/K and K/k are finite.

Proof. Let {a;}icr be a K-basis of L and {f;},cs a k-basis of K. Then the set
of products {c;3;}( jjerxs is a k-basis of L.

Linear Independence: Suppose that Z” AijoiB; = 0, where \;; € k, almost all
zero. Set p; := Zj Xi;B; € K, so almost all y; are zero. Then ), p;a; = 0, so
w; = 0 for all 4. Thus Zj AijB; = 0 for all 7, so A;; = 0 for all 4, 5.

Spanning: Let # € L. We can write § = ) . p;«;, where p; € K, almost
all zero. Now write u; = Zj AijBj, where )\;; € k, almost all zero. Then

0= Zi,j )\ijaiﬁj. O

Let L/K be a field extension and S C L. We write K[S] for the smallest subring
of L containing K and S, and K (S) for the smallest subfield of L containing K
and S. Since L is a field, K[S] is an integral domain, so K(S) = Quot(K[S]).

This definition makes sense, since if M; C L are subrings containing both K
and S, then their intersection (), M; C L is again a subring ontaining both K

and S. Hence we can define K[S] to be the intersection of all subrings of L
containing K and S. Similarly for K (S) = Quot(K[S]).

14



If L = K(9) for some finite subset S, then we call L/K finitely generated. If
L = K (), then we call L/K simple.

We observe that for a field extension L/K, if S C L and « € L, then K(S U
{a}) = K(S)(«). For, a subfield of L contains K, S and « if and only if it
contains K(S) and a.

Now suppose that E, F are two subfields of L. The compositum EF of FE
and F' in L is the smallest subfield of L containing both E and F. Thus EF =
E(F) = F(F) in the above notation.

We remark that in all of the above constructions, we need the ambient field L.
This is philosophically a problem since we are interested in roots of polynomials,
in which case we begin with f € K[X] and want to construct a field extension
in which f has a root, or even better a field extension of K which contains all
the roots of f.

3.1 The Minimal Polynomial

Let L/K be a field extension and o € L. Recall that we have the evaluation
homomorphism ev,: K[X] — L, X — «. This sends a polynomial f € K[X]
to f(a).

The element « is called algebraic over K if there exists a non-zero polynomial
f € K[X] such that f(a) =0in L. Otherwise « is called transcendental.

The next theorem is essentially equivalent to Proposition 2.6.

Theorem 3.2. Let L/K be a field extension and o« € L. Then there are two
possibilities:

1. (i) « algebraic over K.
(ii) Ker(eva) = (ma i) for some monic irreducible polynomial me k.
(iii) Kla] = K(a).
(iv) [K(a): K] = deg(mq k) < oo.

2. (i) a transcendental over K.
(i1) evy injective.

(ii1) Kla] # K(a).
(iv) [K(a): K] = oc.

Proof. Consider evy,: K[X] — L. This has image K[a], which is an integral
domain since it is a subring of the field L. Therefore I := Ker(ev,,) is a prime
ideal. By Proposition 2.6, either I = (0) and ev, is injective, or else I =
(mq ) for some monic irreducible polynomial m, k, uniquely determined by
I (equivalently «), and I is maximal, whence K|[a] = K(«) is a field.

In summary, if the kernel is zero, then K[a] & K[X] is not a field, so K[a] #
K(a); [K(o) : K] > [K[a] : K] = o0; « is transcendental.
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Otherwise, if the kernel is non-zero, then it is generated by some monic ir-

reducible polynomial m, k; Kla] = K(a) is a field; o is algebraic. To see
that [K(a) : K] = deg(mq,x) < oo, we observe that the elements a” for
0 <7 < deg(mq i) form a K-basis of K[a]. O

For L/K and « € L algebraic over K, we call the monic irreducible polynomial
Mq,x € K[X] the minimal polynomial of a over K. It is uniquely determined
by a and K.

Corollary 3.3. Let K be a field.

1. K(X) := Quot(K[X]) is a simple extension of K and X is transcendental
over K.

2. Let f € K[X] be monic and irreducible, and set L := K[X]/(f), a ==
X +(f) € L. Then L = K(«) is a finite simple extension of K, [L : K] =
deg(f), and mo Kk = f.

Proof. For (1) we just need to recall that K(X) = Quot(K[X]). Therefore
K[X] — K(X).

For (2) we first note that K[X]/(f) is a field by Proposition 2.6, and contains K
as a subfield. (More precisely, we may identify K with its image in K[X]/(f).)

Now the evaluation map ev, is just the canonical ring homomorphism K[X] —
K[X]/(f) = L, so in particular has kernel (f). O

This gives us a way of constructing field extensions of a given field K without
reference to another field. In particular, we have the following result, solving
the first part of our philosophical problem discussed earlier.

Corollary 3.4 (Kronecker). Let f € K[X] be non-constant. Then there exists
a field extension L/K in which f has a root. Moreover, [L : K] < deg(f).

Proof. Let g be a monic irreducible factor of f in K[X]. Consider the field
extension L = K[X]/(g) of K, and set a := X + (g). As in the previous
corollary, o has minimal polynomial g, so « is a root of g, hence a root of f.
Note that [L : K] = deg(g) < deg(f). O

Examples.
1. C/R and i € C. Then m;/g = X%+ 1.
2. C/Q and v/2 € C. Then m 50 = X2 -2
3. C/R and v2 € R. Then m 5,5 = X — V2.

4. C/Q and ¢ = exp(27i/5) € C. Then m¢jg = X* + X? + X2 + X + 1.

5. m,e € R are transcendental over Q (hard).
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In fact, Hilbert’s Seventh Problem, from his address to the ICM in 1900, posed
the following problem:
If a and b are algebraic, with a # 0,1 and b irrational, then is a’
necessarily transcendental?
This was proved in 1934, independently by Gelfond and Schneider. For example,

the number \/5\/5 is transcendental (but note that (v2)¥2)V2 = 2 is again
rational).

Remark. The definition of a compositum of two fields requires an ambient
field. If E and F are field extensions of K, we could instead consider the tensor
product F @k F and take a maximal ideal I. Then E ®k F/I is again a field
and we have embeddings F, F — E®g F/I. The problem is that this definition
depends on the choice of I. For example, if

E=F=Q[X]/(X®-2)=Q(V2),

then

Eox F=2Q[X,Y]/(X?-2,X3-Y3)

=~ QIX,Y]/(X? —2,(X - Y)(X?+ XY +Y?)).
We have maximal ideals
I=(X*-2,X-Y) and J=(X*-2X>+XY +Y?),

and

E ok F/I=Q[X]/(X® -2) = Q(V2),

E®k F/J=Q[X,Z]/(X? -2, 2>+ Z+1) 2 Q(V2,w).

Here we have made the substitution Z = Y/X and written w for a primitive
cube root of unity. In particular,

[E®x F/I:Q] =3 and [E®x F/J:Q|=6,

so the fields are non-isomorphic.

3.2 The Norm and Trace

Let L/K be a finite field extension and o € L. Then multiplication by «
induces a K-linear endomorphism A of L. The Cayley-Hamilton Theorem says
that every endomorphism satisfies its own characteristic equation y4(X) =
det(X — A) € K[X]; that is, xa(A) is the zero-map on L. We observe that
A"(B) =a"B for all 8 € L, so that x4(A) acts on L as multiplication by x4 («).
Therefore « is a root of the polynomial y 4(X).

Note that the characteristic polynomial x4(X) is a monic polynomial and is
independent of the choice of basis, so depends only on o and L/K. We denote
it by Xé K and call it the field equation of oo/ K with respect to L.
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Theorem 3.5. Let L/k be a finite field extension and let « € L. Then

k(a)

Xajk = Ma/k and Xi/k = (ma/k)[L:k(a)].

Proof. Suppose first that L = k(«). Since « is a root of the polynomial Xi/k’
we know that m,, divides Xi Ik Since they are both monic polynomials of
degree [k(a) : k], they must be equal. This proves the first result.

Now let K = k(«) (or more generally any subfield of L containing k(«)). Let
{ui}s be a K-basis of L and {v,}, a k-basis of K. Then {uv,}(;p) is a k-basis
of L. Let A: L — L and B: K — K be the k-linear maps corresponding to
multiplication by «. Let B = (b,,) be the matrix with respect to {v,} and
A = (aip;q) the matrix with respect to {u;v,}. Then

Z QipjqliVp = QUjVg = UjOVg = Z bpqt;Vp.
i,p P

Hence a;pjq = 0ijbpg, 50 A can be written in block-diagonal form, with [L : K]
copies of B on the diagonal. This proves the second statement. O

Remark. A different proof can be constructed using the following general result
from linear algebra: if V' is a k-vector space, A: V' — V a k-linear endomorphism
of V and U < V asubspace such that A(U) C U, then A induces endomorphisms
B:U — U and C: V/U — V/U. Choosing a basis for U and extending to a
basis for V., we can write the matrix for A in block form, with the matrices for
B and C on the diagonal, and zero in the bottom left corner. Thus x4 = xBXc-

Let L/K be a finite field extension, @ € L and A the K-linear automorphism
of L induced by multiplication by «. We define the norm of « in L/K to be
NE(a) := det(A) and the trace of a in L/K to be Trk(a) := Tr(A).

Proposition 3.6. Let L/K be a finite field extension and o, 3 € L. Then

1. N{;: L* — K* is a group homomorphism between multiplicative groups.
In particular, NE(af) = NE(a)NE(B).

2. Trf(: L — K is a group homomorphism between additive groups. In par-
ticular, Trk (o + 8) = Trk (o) + Trk (3).

Proof. Let A and B be the K-linear automorphisms of L induced by multipli-
cation by « and  respectively. Then AB corresponds to multiplication by g,
SO

NE(ap) = det(AB) = det(A) det(B) = Ng(a)NE(B).

If @ € L is non-zero, then A is invertible, so that Nk (a) = det(A) # 0. If
a =1, then A =idy, so that NE(1) = 1. This shows that Nk: L* — K* is a
group homomorphism.

Similarly, A + B corresponds to multiplication by « + (3, so
Trl (o + ) = Tr(A + B) = Tr(A) + Tr(B) = Trk (o) + TrE(8).
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If @ = 0, then A = 0 so Trk(0) = 0. Thus Trk: L — K is a group homomor-
phism. O

Theorem 3.7. Let L/K/k be finite field extensions. Then

NE=NEoNE and Trf = Tel o Trk.

A proof of this is outlined in the exercises, although we will provide a different
proof later on using Galois Theory in the special case when L/k is separable.

3.3 Algebraic Field Extensions

A field extension L/K is called algebraic if each element o € L is algebraic
over K.

Lemma 3.8. All finite field extensions are algebraic. Conversely, a field exten-
sion L/K is finite if and only if it is finitely generated by algebraic elements.

Proof. Let L/K be finite and let & € L. Then [K(«) : K] is finite by the Tower
Law, so « is algebraic over K by Theorem 3.2. Hence L/K is algebraic. It is
clearly finitely generated, for example by the elements of a K-basis of L.

Conversely, suppose that L = K(aq, ..., a,) with each «; algebraic over K. Set
L' := L(ay,...,an-1), so L = L'(a,). By induction, [L’ : K] is finite. Also,
since «, is algebraic over K, it is a fortiori algebraic over L', so [L' : L] is finite
by Theorem 3.2. Hence [L : K] = [L : L'|[L' : K] is finite by the Tower Law. O

Theorem 3.9. Let L/K be a field extension and write LA8/K for the subset of
L consisting of those elements which are algebraic over K. Then L¥&/K js g
subfield of L, and is an algebraic field extension of K.

Proof. We need to show that if a, § € L8/ and 8 # 0, then o+ 3, a3, o/ €
L8/ Since a, 3 are algebraic over K, K(a,3)/K is finite, hence algebraic,
by Lemma 3.8. Thus a + 3, a8, a/0 € K(«, 3) are all algebraic over K. O

Theorem 3.10. 1. Let L/K/k be field extensions. Then L/k is algebraic if
and only if both L/K and K/k are algebraic. Similarly for finite instead
of algebraic.

2. Let E, F be two intermediate fields of L/K. Then E/K algebraic implies
EF/F algebraic. Similarly for finite instead of algebraic.

3. Let E,F be two intermediate fields of L/K. Then both E/K and F/K
algebraic implies both EF/K and ENF/K algebraic. Similarly for finite
instead of algebraic.
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We usually draw the following pictures of these field extensions.

L

/

K

L
K and /
| e
k

Proof. (1) The result for finite field extensions follows immediately from the
Tower Law, since [L: k] = [L : K][K : k.
Let L/k be algebraic. Then clearly both L/K and K/k are algebraic. Con-
versely, suppose that L/K and K/k are algebraic. Given a € L, we know that
it is algebraic over K, so has a minimal polynomial mq/ = X+ aq_1 X% +
-+ 4 ag € K[X]. Hence « is algebraic over the subfield K’ = k(ao,...,aq4—1)
of K. Since K/k is algebraic, each a; is algebraic over k, so K’/k is finite by
Lemma 3.8. Thus K’'(«)/k is finite by the Tower Law, so « is algebraic over k.
(2) Let E/K be algebraic and consider (EF)8/F. This is a subfield of EF
containing F'. Moreover, since each element of F is algebraic over K, it is a
fortiori algebraic over F. Therefore (EF )alg/ F also contains F, hence equals
EF.
Now suppose that E/K is finite, so algebraic and finitely generated. Write
E = K(a1,...,a,). Then EF = F(ay,...,q,) is finitely generated and also
algebraic from above. Thus EF/F is finite by Lemma 3.8.

(3) This is immediate from (1) and (2). O
It is not true that FF/F algebraic implies E/K algebraic. For example, let

E = F = K(X) be simple transcendental over K. Then FF = F, so EF/F is
finite of degree 1, but E/K is transcendental.
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Chapter 4

Field Embeddings

The modern approach to Galois Theory involves replacing the roots of a poly-
nomial by the field they generate, and replacing the symmetries of the roots by
the automorphisms of the field. One reason for this is that a field has much
more structure than just the set of roots of a polynomial, since we can apply
all the field operations like addition and multiplication. This approach is also
more general, since one can study arbitrary field extensions.

In the previous chapter we looked at field extensions and showed how to con-
struct a field extension in which a given polynomial has a root. We now turn our
attention to homomorphisms between fields, and in particular automorphisms
of a field.

As a motivating example, let f € R[X] be a non-constant polynomial. Then
all the roots of f lie in the field of complex numbers. Moreover, we have a
natural field automorphism of C given by complex conjugation. We observe
that complex conjugation induces a permutation of the set of roots of f. For, if
z€Cisaroot of f=aoX" 4+ -+ apn_1X +a, € R[X], so that f(z) =0, then

f(Z) =aoZ" + - +an1Z+ay
=apz" + -+ an_1zZ+a, = f(z) =0.

Let K, L' be fields. Recall that a field homomorphism ¢: K — L’ preserves the
addition and multiplication, and the elements 0 and 1. Furthermore, all field
homomorphisms are injective, or embeddings, and a field homomorphism is
an isomorphism if and only if it is bijective. Thus, if we set K’ := ((K), then
K' is a subfield of L' and ¢: K = K’ is a field isomorphism.

Let o: L — L' be a field embedding. If K C L is a subfield, then o restricts
to a field embedding ¢ := o|x: K — L’. Conversely, if .: K — L’ is a field
embedding, then an extension of ¢ to L is a field embedding o: L — L’ such
that o|x = ¢. In other words, o(x) = «(z) for all z € K.

As a special case, if L and L’ are two field extensions of K, then o: L —
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L’ is called a K-embedding if o|x = id, so o extends the identity on K.
For example, complex conjugation is an R-automorphism of C. Note that a
K-embedding is automatically an injective map of K-vector spaces, so [L :
K] < [L': K]. In particular, for finite field extensions, a K-embedding o is an
isomorphism if and only if [L: K] = [L' : K].

We shall frequently make use of the following observation. Let 1: K = K’ be

~

a field isomorphism. Then we can extend ¢ to a ring isomorphism ¢: K[X] —
K'[X] via X — X. Note that f € K[X] is monic (respectively irreducible) if
and only if +(f) € K'[X] is monic (respectively irreducible).

4.1 Artin’s Extension Theorem

Lemma 4.1. Let L/K be a field extension and o: L — L’ a field embedding.
Set K' := o(K). If « € L is a root of a polynomial f € K[X], then o(«) € L’
is a root of o(f) € K'[X].

Proof. Let f =apX" + -+ ap—1X + a, € K[X]. Then

0=o(f(@)) = a(ag)o ()" +---+o(an) = o(f)(o(a)).
Thus o(a) € L' is a root of o(f) € K'[X]. O

The next result tells us when we can extend a given embedding to a larger field.

Theorem 4.2 (Artin’s Extension Theorem). Let L/K and L'/K’ be field ex-
tensions and 1: K = K' an isomorphism. Let o € L be algebraic over K and
o' € L' be algebraic over K'.

We can extend v to an isomorphism o: K(a) — K'(&') such that o(a) = o' if
and only if mys /0 = t(Ma /K ).

We usually think of this theorem using the following diagram.

L r

o

K(a) ——K'(d)
| |
K

K/

Proof. For simplicity write m = mq/x € K[X] and m’ = my /g € K'[X].

Suppose first that ¢ can be extended to an isomorphism o: K(a) = K'()
such that o(a) = o’. Then the previous lemma tells us that o’ is a root of
o(m) = «(m). Thus m’ divides ¢(m), and since both polynomials are monic and
irreducible, we must have m’ = (m).
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Conversely, suppose m’ = 1(m). Extend ¢ to an isomorphism ¢: K[X] = K'[X]
via X — X. We know that ev, induces a K-isomorphism K[X]/(mq, k) —

K (), and that evy induces a K'-isomorphism K'[X]/(mq k) — K'(/).
Since m’ = «(m), the isomorphism ¢: K[X] = K’[X] induces an isomorphism
of fields 7: K[X]/(m) = K'[X]/(m’), and clearly ¢ extends ;. Now define
0= evy oloev,l. Pictorially:

- K’ K’
Thus ¢: K(a) = K’(a’) is an isomorphism extending ¢ and o(a) = /. O

If a € L is algebraic, then the roots of m,,/k in L are called the K-conjugates
of ain L.

One should remember that, although we take o € L to begin with, we are
looking for all the different K-embeddings of K(«) into L. It may be better to
think of these as distinct embeddings of K[X]/(mq/k) into L.

Corollary 4.3. Let L/K be a field extension and o € L algebraic over K. Then
there is a bijection

{K -embeddings K (a) — L} «<— {roots of mq k in L}.
In particular, there are at most deg(mg k) = [K () : K] such K-embeddings.

Proof. By Artin’s Extension Theorem, if o: K(«) — L is a K-embedding, then
o' :=o(a) is aroot of my g in L. Conversely, if o/ € L is a root of m,/x, then

there exists a K-embedding o: K(a) — L such that o(a) = /. O

We observe that we have precisely [K(«) : L] K-embeddings K (a) — L if and
only if my g = (X —a1) -+ (X — aq) € L[X] splits into distinct linear factors
over L (with @ = ay, say). In the next chapters we shall discuss the conditions
under which m,, /x splits into linear factors, and when these factors are distinct.

Corollary 4.4. Let L/K and L'/ K be field extensions with L/K finite. Then
the number of K-embeddings L — L' is at most [L : K].

Proof. Since L/K is finite, we can write L = K(«;,...,q,) with each «; alge-

braic over K. Set M := K(oy,...,0n_1),80 L = M(a,). Let m be the minimal
polynomial of a,, over M, so [L : M| = deg(m).
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Each K-embedding L — L’ restricts to a K-embedding M — L’. By induction,
we know that there are at most [M : K| K-embeddings ¢: M — L', and by
Artin’s Extension Theorem, each such ¢ may be extended in at most deg(m) =
[L : M] ways to a K-embedding L — L’ (corresponding to the distinct roots of
t(m) in L"). Thus there are at most [L : M][M : K] = [L : K] K-embeddings
L— L. O

We end with a nice result concerning automorphisms of algebraic extensions.

Proposition 4.5. Let L/K be algebraic and o: L — L a K-embedding. Then
o is an automorphism of L.

Proof. We recall that the K-embedding o: L — L is an automorphism if and
only if it is bijective. Now, we know that o is injective, so we just need to show
that it is also surjective.

Let a € L have minimal polynomial m := m, . Let o = a1,...,a, be the
roots of m in L and write F' = K(aq,...,a,). Then F/K is finitely generated
and algebraic, so finite by Lemma 3.8.

Since o maps each root of m to a root of m, o(F) C F. Thus o(F) is an
intermediate field of F//K. Moreover, since o: F' — o(F) is bijective, it is an
isomorphism. In particular, [F : K] = [0(F) : K|, so [F : o(F)] = 1 by the
Tower Law. Hence o(F) = F, so a € o(L) and o is surjective as required. O

4.2 Examples

Artin’s Extension Theorem is actually very easy to use.
1. Let /2 € C. Then m 50 = X2 —2. This has roots +v/2 in C. We therefore
have two embeddings Q(v/2) — C extending the identity of Q. These are given

by V2 — /2 (the identity) and V2 = —/2.

2. Let w = exp(2mi/3) = (-1 +iv3) € C. Then w? = exp(4mi/3) =
$(~=1—iy3) and my, )9 = X* + X + 1. We have two embeddings Q(w) — C
extending the identity on Q. These are given by w — w (the identity) and
w — w? (complex conjugation).

3. Let @ = v/2 € R. Then Ma/Q = X3 — 2. This has a unique root in R, so
there is only the identity map Q(«) — R. On the other hand, X3 — 2 has roots
a,wa, w?a in C, so we have three embeddings Q(a) — C. These are given by
a— a, a — wa and a — w?a. Note that Q(a) # Q(wa), since Q C R but
wa € C\ R. In fact, all three fields Q(«r), Q(wa), Q(w?a) are distinct, and the

intersection of any two is just Q.

4. Let g = V2 e R, so that 8% = V2. Then mg/g = X% — 2 and this factors as

(X2 —/2)(X? +V/2) over Q(v/2). Since 3,i ¢ Q(v/2), these polynomials are
irreducible. Hence m o /5 = X 2_ /.
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Recall that there are two embeddings Q(\/ﬁ) — R, namely id: v2 — /2 and
o V21— —V2.

We now apply Artin’s Extension Theorem to compute extensions of id and o
to Q(B). Since id(mg g z)) = X2 — /2, there are two extensions of id to
Q(B) — R, namely id:  — § and 0: § — —fB. On the other hand, since
U(mﬁ/Q(\@)) = X2 4+ /2, which has no real roots, there are no extensions of o

to Q(8) — R.

There are, however, two extensions of o to Q(8) — C given by ¢: 8 — i and

¢: B — —if.

5. We can also compute all embeddings Q(a,w) — C, where o = V2 and
w = exp(2mi/3) as above. We begin by noting that [Q(«,w) : Q] = 6. For, we
know that [Q(w) : Q] = 2 and that [Q(«) : Q] = 3. Tt follows from the Tower
Law that both 2 and 3, and hence 6, divide [Q(a,w) : @]. On the other hand,
we know that a is a root of X3 — 2 over Q(w), so [Q(a,w) : Q(w)] < 3, whence
[Q(a,w) : Q] <6.

In particular, we note that X3 — 2 is the minimal polynomial of o over Q(w).
We have already computed all embeddings Q(w) — C, namely id and complex
conjugation 7: w +— w?. Clearly both id and 7 fix the minimal polynomial
X3 —2 of , and since this polynomial has three distinct roots in C, we see that
there are three extensions of id to Q(a,w) — C and three extensions of 7 to
Q(a,w) — C. Hence there are precisely six embeddings Q(«,w) — C.

We illustrate these embeddings in a table showing their actions on o, w.

id o o2 T oT o
W W W w W w W W we w? W — w?

o= o= wo ou—>w2a a— o= Wo a»—>w2a

Note that 7 still denotes complex conjugation. Also, the images of each of
these embeddings is contained in Q(«,w), so that all six embeddings induce
automorphisms of Q(«,w). In particular, we may compose them, and in fact
we have used this when labelling the automorphisms. For example,

?(w) =0o(Ww) =w), o*a)=o0c(c(a))=oc(wa)=ocw)r(a)=w- wa=wa.

Similarly,

To(w) = T(w) =w?, 710(a) = T(wa) = 7(W)T(a) = Wia,

we have that 7o = o?7. Since we also have ¢® = id = tau?, we deduce that

the set of all such embeddings forms a group isomorphic to S3. Note that

93] = 6 = [Q(e,w) : Q.
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4.3 Linear Independence of Characters

A character of a group G in an arbitrary field K is a group homomorphism
x: G — K*. The trivial character is the homomorphism x(g) = 1 for all
g € G. (Such a character is called an irreducible character of degree one in
courses on representations of groups.)

If x1,...,xn are characters of G and Aq,...,\, € K, then we can form the
linear combination A;x1 + -+ 4+ ApXn, which sends g € G to >, Aixi(g). We
say that the y; are linearly independent over K if, whenever \; € K satisfy
A1x1+ -+ Auxn =0, then \; = 0 for all 4.

Let L/K and M/K be field extensions. Then each K-embedding L — M yields
a character of the multiplicative group L* in M.

Theorem 4.6 (Dedekind). Let K be a field, G a group and X1, ..., Xn distinct
characters G — K*. Then the x; are linearly independent over K.

Proof. Suppose we have a non-trivial expression Y., \ix; = 0 with \; € K.
Assume further that such an expression has a minimum number of non-zero
coefficients A;. Relabelling if necessary, we may assume that A, # 0, and
dividing through, we may assume that A\, = —1.

We therefore have an expression x,, = Z?;ll AiXi, and this has the same number
of non-zero coefficients as our original expression. Observe that A; # 0 for some
i < n. For otherwise we would have x,, = 0, but x,(1) = 1, a contradiction.
Hence, after relabelling, we may assume that Ay # 0.

Now, since x1 and X, are distinct, there exists g € G such that x1(g) # xn(9).
Set w; := xn(g) — xi(g9) and consider the linear expression Z?:_ll Aipti ;. For
each h € G we have

S () = 3 Axno)xalh) — 3 Aoxa(@) ()
=1 i=1 =1

= xn(9) z_: Aixi(h) — z_: Xixi(gh)
= Xn(9)xn(h) = xn(gh) =0,

using that characters are multiplicative. Hence we have obtained a new equation
of linear dependence Z?:_ll Aittix; = 0. This has fewer terms than the original
equation, so by our minimality assumption each coefficient must be zero. On
the other hand, uq # 0, a contradiction.

We deduce that \; = 0 for all 7, so that the o; are linearly independent. O
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Chapter 5

Splitting Fields and Normal
Extensions

Let L/K be a field extension. We say that a polynomial f € K[X] splits over
L if there exist ¢ € K and a; € L such that f = ¢[[,(X — a;) € L[X]. More
generally, if S C K[X] is a set of polynomials, then S splits over L if each
polynomial f € S splits over L.

Let L/K be a field extension and S C K[X]. We call L/K a splitting field
extension for S if S splits over L, but S does not split over any proper inter-
mediate field I’ (ie. K C L' C L).

Theorem 5.1 (Existence and Uniqueness of Splitting Fields). Let f € K[X]
be a non-constant polynomial. Then there exists a splitting field extension L/K
for f. Moreover, [L : K| < deg(f)!.

If 1: K = K' is an isomorphism and if L' /K’ is a splitting field for u(f), then
we can extend v to an isomorphism o: L = L'.

Proof. We prove by induction on n := deg(f) that there exists an extension
M/K of degree at most n! over which f splits. If n = 1 there is nothing to
prove, so suppose n > 2. Using Corollary 3.4, we first construct a field K'/K
with [K’ : K] < n in which f has a root, say c. Then f = (X — a)g € K'[X]
and deg(g) = n — 1. By induction, there exists an extension M /K’ with [M :
K'] < (n— 1)! over which g splits. Hence f splits over M and [M : K] < nl.
Now write f =[], (X — ;) € M[X] and set L := K(ay,...,a,). Then L is
a splitting field for f. For, f clearly splits over L, and if f splits over some field
L' with M/L'/K, then L’ must contain each «;, so L C L'. Since M/L/K we
have [L : K] < n! by the Tower Law.

Suppose that t: K = K’ is an isomorphism and that L'/K’ is a splitting field
extension for f':=(f). Write L' = K'(a],..., o) with f' = [[,(X —]) €
L'[X]. We wish to extend ¢ to an isomorphism o: L = L'. We again do this
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by induction on n := deg(f).

Consider K (ay,) C L and let m = m,, /x be its minimal polynomial. Since a,
is a root of f, m divides f. Therefore m’ := «(m) divides f’ and since f’ splits
in L', so does m’. Relabelling if necessary, we may assume that o/, is a root of
m’ in L’. By Artin’s Extension Theorem, we can extend ¢ to an isomorphism
it K(an) = K'(a) via a,, — o).

Define g = f/(X — a) € K(an)[X] and ¢ := f//(X — a}) € K'(a})[X],
so that ¢’ = i(g) and deg(g) = n — 1. Also, L/K(a,) is a splitting field
for g, and L'/K'(c,) is a splitting field for ¢’. By induction we can extend
i: K(an,) = K'(c!) to an isomorphism o: L = L’. Then o is of course an
extension of ¢, so we are done. O

We observe that if f € K[X] splits in M/K with roots a1, ..., a,, then the
splitting field extension of f in M is L = K(ay, ..., a,), the subfield generated
by the roots of f in M.

Corollary 5.2. Let S C K[X] be a finite subset. Then there exists a splitting
field extension for S over K, and this is unique up to isomorphism.

Proof. It S = {f1,..., fn}, then L/K is a splitting field extension for S if and
only if it is a splitting field extension for f = f1--- f,. O

A much harder result is that splitting field extensions exist and are unique up
to isomorphism for arbitrary subsets S C K[X]. This follows from the existence
of the algebraic closure of a field. See Appendix C.

5.1 Normal Extensions

An algebraic extension L/K is called normal provided that every irreducible
polynomial f € K[X] which has a root in L, splits over L. Equivalently, L/K
is normal if for every a € L, its minimal polynomial m,/x splits over L.

We begin by relating normal extensions to the seemingly weaker condition of
splitting field extensions.

Theorem 5.3. Let L/K be finite. Then L/K is normal if and only if it is the
splitting field of some monic polynomial f € K[X].

Proof. Let L/K be finite and normal. Since L/K is finite, it is algebraic and
finitely generated, say L = K(aq,...,a,). Let m; € K[X] be the minimal
polynomial of a; over K. Each m; has a root in L, namely «;. Since L/K is
normal, each m; splits over L. Write m = my ---m,, a monic polynomial in
K[X] which splits over L. Then L/K is a splitting field of m. For, if m splits
over an intermediate field L', then each a; € L', so L' = L.

Conversely, suppose that L/K is the splitting field extension for some monic
polynomial f € K[X]. Let g € K[X] be irreducible. We wish to show that, if g

28



has a root in L, then g splits over L. To this end, let M/L be the splitting field
extension of g.

We observe that if E is an intermediate field of M/K, then the composite EL is
the splitting field of f over E. For, let a7, ...,a, € M be the roots of f. Then
L = K(ay,...,q,) is the splitting field of f over K, and F(«1,...,a,) = EL
is the splitting field of f over E.

In particular, if 5 € M is a root of g, then L(8) is the splitting field of f over
K(B).

Now let v € M be another root of g. We claim that there exists a K-isomorphism
L(B) = L(y) with 3+ =, and hence [L(3) : K] = [L(7) : K].

By Artin’s Extension Theorem there exists a K-isomorphism ¢: K(3) — K(v)
with ¢(8) = . Clearly «(f) = f. So, since L(3)/K(5) and L(vy)/K(v) are
splitting fields of f, Theorem 5.1 says that we can extend ¢ to a K-isomorphism
L(B) = L(7). This proves the claim.

To see that L/K is normal, suppose that 3 € L, so that g has a root in L. Then
L(B) = L, so the Tower Law gives

[L: K] = [L(B) : K] = [L(v) : K] = [L(7) : L][L: K].

Thus [L(y) : L] =1, so L(y) = L. Hence each root v € M of g actually lies in
L, so g splits over L. O

One has to be careful here since the property of being a normal extension is not
transitive; that is, we can have M/L/K with both M/L and L/K normal, but
M /K not normal. For example, K = Q, L = Q(v/2) and M = Q(+/2). Then
L/Q is the splitting field of X2 — 2 and M/L is the splitting field of X? — /2.
However, M/Q is not normal. For, the minimal polynomial of V2 over Q is
m := X*—2, which decomposes as (X — v/2)(X + v/2)(X? ++/2) over M. Since
M C R but the roots of X2 + /2 are complex, we see that m has a root in M,
but does not split over M. Hence M/Q is not normal.

For this reason, we make the following definition. Let L/K be algebraic. A
field extension M/L is called a normal closure of L/K if M/K is normal, but
M'/K is not normal for any proper intermediate field M’ of M/L. (Note the
relevant base fields.)

Theorem 5.4 (Existence and Uniqueness of Normal Closures). Let L/K be
finite. Then there exists a normal closure M/L of L/K, and it is unique up to
isomorphism. Moreover, [M : L] is finite.

Proof. Since L/K is finite, we can write L = K(a1,...,q,) with each a; al-
gebraic over K. Let m; € K[X] be the minimal polynomial of «; and set
m:=my - my,. We will show that M/L is a normal closure of L/K if and only
if it is a splitting field of m. It will follow immediately from Theorem 5.1 that
[M : L] is finite and M/L is unique up to isomorphism.

Let M/L be the splitting field of m. We claim that M /K is the splitting field
of m, hence normal by Theorem 5.3. Clearly m splits over M, so let M’ c M
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be the splitting field of m over K. Clearly each o; € M’, so L C M’. Therefore
M'/L is a splitting field for m, so M’ = M.
To see that M/L is a normal closure, suppose we have M/M'/L with M'/K

normal. Then a; € M’ for each i, so each m; splits over M’. Thus m splits over
M’, so that M’ = M. Thus M/L is a normal closure of L/K.

Conversely, let N/L be a normal closure of L/K. Then each m; must split over
N, so m splits over N. Let N’ C N be the splitting field of m over L. As above,
N'/L is also a normal closure of L/K, so N’ = N. O

The next theorem will play a central role.

Theorem 5.5. Let M/L/K be field extensions with M/K finite and normal.
Then any K-embedding L — M can be extended to a K -automorphism of M.

Proof. By Theorem 5.3 M/K is the splitting field of some f € K[X]. Then
clearly M/L is the also the splitting field of f. Given a K-embedding ¢: L — M,
set L' := +(L). Note that ¢«(f) = f, so M/L’ is also the splitting field of f.
Therefore, by Theorem 5.1, we can extend ¢ to a K-automorphism of M. O

A sort of converse is given by the following.

Proposition 5.6. Let M/L/K be field extensions with L/ K normal. Then any
K-embedding o: M — M restricts to a K-automorphism of L.

Proof. Since L/K is normal, it is algebraic. Let o € L. Then o () is also a root
of mq by Artin’s Extension Theorem, hence lies in L. Thus o restricts to a
K-embedding o|r,: L — L. This is a K-automorphism by Proposition 4.5. O

We also have the following nice result.

Proposition 5.7. Let M/L/K be field extensions with L/K finite and M /K
normal. Let o1,...,0, be the distinct K-embeddings L — M. Then the com-
positum of the fields o;(L) is a normal closure of L/ K.

Proof. Let N C M be the normal closure of L/K. Clearly, if 0: L — M is a
K-embedding and if « € L, then a and o(«) are K-conjugates, so o(a) € N.
Hence each o(L) is contained in N.

Conversely, we saw in the proof of Theorem 5.4 that if L = K(aq,...,a,), then
N/K is generated by the K-conjugates of the a;. Let §; be a conjugate of ;. By
Artin’s Extension Theorem there exists a K-isomorphism ¢: K (o) = K(f3;)
sending «; — ;. We claim that we can extend ¢ to a K-embedding o: L — M.
For, applying Theorem 5.5, we can extend ¢ to a K-automorphism & of N. This
restricts to a K-embedding o := &|: L — M. It follows that 3; € o(L), and
hence that N is contained in the composite of all such o(L). O

30



To return to one of our standard examples, let a = v2 € R and K = Q(«).
Then there are three embeddings K — C given by a — «, a — wa and o —

w?a. Therefore the normal closure of K/Q is precisely Q(a, wa, w?a) = Q(a, w).

The next theorem is the analogue for normal extensions of Theorem 3.10. Recall
that the property of being normal is not transitive, so (1) is necessarily weaker,
and (3) is no longer a consequence of (1) and (2).

Theorem 5.8. 1. Let L/K/k be field extensions. Then L/k normal implies
L/K normal.

2. Let E,F be two intermediate fields of L/K. Then E/K normal implies
EF/F normal.

3. Let E,F be two intermediate fields of L/K. Then both E/K and F/K
normal implies both EF/K and EN F/K normal.

Proof. (1) Since L/k is normal, it is algebraic, so L/K is also algebraic by
Theorem 3.10. To show that L/K is normal, we therefore need to show that for
all @ € L, m i splits over L. We know, however, that m,, /g divides mqy in
K[X], and since mq j, splits over L (since L/k is normal), so too does mq k-

(2) Since E/K is normal, it is algebraic, so FF/F is algebraic by Theorem
3.10. We again need to show that for all a € EF, m,p splits over EF. Write
a=2x1y1 + -+ xy- with x; € E and y; € F. Using Theorem 5.4, let £y C F
be the normal closure of K (z1,...,2,)/K. Then Ey/K is finite and normal, so
the splitting field of some f € K[X] by Theorem 5.3. We can therefore write
Ey=K(f1,...,0s), where the (3; are the roots of f.

Now consider the compositum EoF = F(81,...,0s). This is the splitting field
over I of f, so is normal by Theorem 5.3. Since o € EoF, we have that mq
splits over EoF, and hence also over EF. Thus EF/F is normal.

(3) We proceed as in the previous part. Let o = z1y; + -+ - + @y, € EF, where
x; € E and y; € F. Let Ey C E be the normal closure of K(x1,...,2,)/K
and similarly Fy C F the normal closure of K(y1,...,y-)/K. Then Ey/K is
the splitting field of some f € K[X], say Eyg = K(01,...,08s), where the §;
are the roots of f Similarly Fy/K is the splitting field of some g € K[X], say
Fy = K(71,.-.,7:), where the 7; are the roots of g.

Now consider the compositum EoFy = K(B1,...,08s,71,-..,7). This is the
splitting field over K of the polynomial fg, hence is normal. Since a € EyFy,
we have that m, /g splits over EyFp, and hence also over EF. Thus FF/K is
normal.

To see that £N F//K is normal, take o € E N F. Since E/k is normal, mg,x
splits over E. Similarly, since F'//K is normal, m,/k splits over F. Thus the
roots of m /i all lie in N F, so myy splits over EN F. Thus EN F/K is
normal. O
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Chapter 6

Separable Extensions

In this chapter we discuss when a polynomial has distinct roots in a splitting
field.

Let f € K[X]. We call f separable over K if each irreducible factor of f
has distinct roots in some splitting field extension L/K for f. Since splitting
field extensions are unique up to isomorphism, this definition depends only on
f and K. More generally, if L/K is a field extension and « € L is algebraic
over K, then we say that « is separable over K if m,,x € K[X] is a separable
polynomial. We call an algebraic extension L/K separable if each o € L is
separable over K.

6.1 The Frobenius Homomorphism

In order to characterise separable polynomials, we will need some results on
fields of positive characteristic. In particular, we need to introduce the Frobenius
homomorphism.

Let K be a field of characteristic p > 0. Consider the map Fr: K — K, x — 2P,
called the Frobenius homomorphism.

Lemma 6.1. The Frobenius homomorphism is a homomorphism of fields. In
particular, it is injective.

Proof. We need to check that
(z+yP =a?+y", (ay)P=2Py’, 0P=0 and 17 =1.

The last three are obvious, so we just need to check that (x + y)P = aP + yP.
Using the binomial formula, we have

s =3 (e

r=0
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Since (P) = p!/r!(p —r)! and plp! but p 17! for 0 < r < p, we deduce that p|(?)
for 0 < r < p. Since char(K) = p, we get (z + y)? = 2P + yP as required. O
Note that, by induction, (z1 + -+ x,)P =2 + - + 2b.

Lemma 6.2. Each field endomorphism of a finite field is an automorphism. In
particular, this holds for the Frobenius homomorphism.

Proof. Each field endomorphism f: K — K is necessarily injective. If K is
finite as a set, then f must also be surjective, hence an automorphism. O

As usual, we may extend the Frobenius homomorphism to the polynomial ring
KX if f=aoX" 4+ +an—1X +an, then Fr(f) =ab X" +---+al_ X +aP.

Lemma 6.3. Let f € K[X]. Then Fr(f)(X?) = f(X)P.

Proof. Write f = agX™ 4+ -+ + ap_1X + a,. Since non-trivial multinomial
coeflicients are divisible by p we have

[(X)P =ab XP" + - 4 abl _ XP 4 ab = Fr(f)(XP). O

6.2 Separability

We now give a criterion for when a polynomial is separable.

Theorem 6.4. Let f € K[X] be irreducible. Then the following are equivalent.

1. f is inseparable over K.

2. ged(f, f') #1 in K[X].

3./ =0.

4. char(K) =p >0 and f(X) = g(XP) for some irreducible g € K[X].

Proof. (1) = (2) Let f be inseparable over K and let L/K be its splitting field
extension. Then f has a repeated root over L, say f = (X — «a)?h(X) € L[X].
Therefore f/ = (X — a)[2h(X) + (X — a)h/(X)] € L[X]. Thus X — « divides
both f and f’ over L. Now let g = ged(f, f') € K[X], and write g = rf + sf’
for polynomials r,s € K[X]. Then g(a) = r(a)f(a) + s(a)f' (o) = 0 in L, so
that (X — a)|g in L[X], whence deg(g) > 1.

(2) = (3) Since f is irreducible, if ged(f, f') # 1, then it must equal f. Therefore
f1f but deg(f) > deg(f’). This can only happen if f' = 0.

(3) = (4) Write f =3, a, X" € K[X]. Then f' =3 na, X" ! =0, so that
na, = 0 € K for all n. If char(K) = 0, then a, = 0 for all n > 1, so that
f = ap € K is constant, contradicting the assumption that f is irreducible.
Thus char(K) = p > 0 and a, = 0 unless p|n, so that f(X) = ¢g(XP) with
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g=>,a,X" € K[X]. To see that g is irreducible, suppose that g = hihy €
K[X]. Then f(X) = g(XP) = h1(XP)ha(XP) € K[X]. Since f is irreducible,
deg(h;) = 0 for some i. Hence g is irreducible.

(4) = (1). Let char(K) =p > 0 and f(X) = g(X?) € K[X]. Let L/K be the
splitting field extension for f. If & € L is a root of f, then 0 = f(a) = g(a?).
Hence a? is a root of g, so (X —aP)|g(X), which implies that (X? — aP) divides
g(XP?) = f(X). Since char(L) = p, XP —a? = (X — a)? € L[X]. Therefore
(X —a)P|f(X), so f is inseparable. O

We call a field K perfect if every irreducible polynomial f € K[X] is separable.
We observe that all fields of characteristic 0 are separable. Also, all algebraically
closed fields are perfect (since all irreducible polynomials are linear). We shall
see below that all finite fields are perfect as well.

Corollary 6.5. Let f € K[X] be irreducible with char(K) = p > 0. Then there
exists a unique v > 0 and a unique separable irreducible g € K[X] such that
F(X) = g(x7").

In particular, given an algebraic extension L/K and o € L, there exists r such
that a?" is separable over K.

Proof. Existence: If f is separable, then setting r = 0 and g = f, we are
done. If f is inseparable, then we can write f(X) = g(XP) for some irreducible
g € K[X]. Since deg(g) = deg(f)/p, we are done by induction on degree.

Uniqueness: Let f(X) = g(X?") = h(X?") with g,h € K[X] separable and
irreducible and 7 > s. Then h(X) = g(X?" ") € K[X] and since h is separable,
r = s by Theorem 6.4. Thus g = h.

For the last statement, let f = m, k. If a is inseparable over K, then f(X) =
g(XP) with g irreducible, and monic since f is monic. Observe that g(af) =
f(a) =0,s80 g = Mar/k is the minimal polynomial of o over K. The result
follows by induction. O

Lemma 6.6. Let L/K be algebraic with char(K) =p > 0. Then fora € L
1. « is separable over K if and only if [K(«) : K(a?)] = 1.
2. « is inseparable over K if and only if [K(«) : K(o®)] = p.

Proof. If a is inseparable over K, then mq /g (X) = mar/x(XP), as in the
previous proof. Hence

[K(a): K] deg(ma/k)

[K(Oz) : K(Oép)] = [K(ap) . K] B deg(map/K)

Conversely, let a be separable over K. Then a fortiori « is separable over
K (aP). Set m to be the minimal polynomial of a over K (a?). Now, « is clearly
a root of X? — o € K(aP)[X], so m|(X? — aP). Since XP —a? = (X — a)P
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over K(a), by Lemma 6.3, we deduce that m = (X — a)" for some r over
K (a) by unique factorisation. Since m is separable, we must have r = 1, so
[K(a) : K(aP)] = deg(m) = 1. O

Proposition 6.7. All finite fields are perfect.

Proof. Let K be a finite field of characteristic p > 0, and let L/K be algebraic.
For a € L, we wish to show that oo € K(a?), and hence that o is separable over
K by Lemma 6.6.

Consider K (aP). This is a finite extension of K, so is again a finite field. By
Lemma 6.2 we know that the Frobenius map is an automorphism of K (a?), and
hence there exists v € K (aP) such that a? = Fr(y) = 4?. Thus, over L, we have
that 0 = a? — P = (a — 7)P, hence a« = v € K(aP) as required. O

On the other hand, inseparable extensions do exist.

Proposition 6.8. Let k be a field of characteristic p > 0, L = k(z) a simple
transcendental extension of k and K = k(aP). Then L/K is inseparable.

Proof. Clearly L = K(z) and x is a root of the polynomial X? — 2P € K[X].
Thus L/K is simple algebraic. To see that L/K is inseparable, we can either
show that XP — zP is irreducible over K, or else that z ¢ K, using Lemma 6.6.

Suppose that z € K. Then there exist polynomials f,¢g € k[X] such that
x = f(aP)/g(xP). Thus zg(zP) = f(aP), and since x is transcendental over k,
this yields the polynomial identity X g(X?) = f(X?). In particular, pdeg(f) =
1+ pdeg(g), a contradiction.

Alternatively, set y := 2P and note that y is transcendental over k. Consider
m = XP —y € k(y)[X]. By Gauss’ Lemma, m is irreducible in k(y)[X] if
and only it is irreducible in k[y][X] = k[y, X], if and only if it is irreducible in
E(X)[y]. Since m is linear in y, it is irreducible in k(X)[y], so we are done. O

The next theorem is an analogue for separability of Theorem 3.9.

Theorem 6.9. Let L/K be a field extension and write L/ for the subset of
L consisting of those elements which are separable over K. Then L*P/K s q
subfield of L, and is a separable field extension of K.

Proof. This is trivial when char(K) = 0, so suppose char(K) = p > 0. The
main idea is to show that for «, 8 € L algebraic over K, we have

K(a?,07) = K(a,8) if and ounly if «, 3 are separable over K.
This follows from the Tower Law and Lemma 6.6, once we have proved that
K(87): K] < [K(8): K] and [K(a?,3%) : K(3")] < [K(a,8) : K(8))
The first is Lemma 6.6. For the second, let m € K(5)[X] denote the minimal

polynomial of « over K(3). Applying the Frobenius homomorphism, we have
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Fr(m) € K(BP)[X]. Also, since Fr(m)(X?) = m(X)?, we have 0 = m(a)? =
Fr(m)(a®), so the minimal polynomial of a? over K (5P) divides Fr(m)(X), so
has degree at most deg(m).

Now let «, 3 € L*P/K with 3 # 0, and let v denote any one of o + (3, aB,a/pb.
Using the above, we have

K(B,7) = K(a,8) = K(a”, 8*) = K(8,77).
Thus ~ is also separable over K. O

An important property is that normal closures of separable extensions are them-
selves separable.

Theorem 6.10. Let L/K be a finite, separable extension, and let M /L be its
normal closure. Then M/K is again finite and separable.

In particular, if f € K[X] is a separable polynomial, then its spitting field L/ K
18 finite, separable and normal.

Proof. Let L = K(a1,...,a,). Let m; € K[X] be the minimal polynomial of
a;, and set m :=myq - --m,,. Then, as in Theorem 5.4, M /K is the spitting field
of m, so finite. Now, since each m; is separable over K, m is separable over K.
Since M is generated over K by the roots of m, M/K is separable by Theorem
6.9. O

The following is the analogue for separable extensions of Theorems 3.10 and 5.8.

Theorem 6.11. 1. Let L/K/k be field extensions. Then L/k is separable if
and only if both L/K and K/k are separable.

2. Let E,F be two intermediate fields L/K. Then E/K separable implies
EF/F separable.

3. Let E, F be two intermediate fields L/K. Then both E/K and F/K sep-
arable implies both EF/K and ENF/K separable.

Proof. (1) If char(K) = 0, then there is nothing to prove, so assume char(K) =
p > 0. Clearly if L/k is separable, then both L/K and K/k are separable, so
suppose that both L/K and K/k are separable, hence algebraic. Then L/k is
algebraic by Theorem 3.10. Let o € L.

On the one hand, « is separable over K, so each o is separable over K by
Theorem 6.9. Therefore K (a) = K(a®") by repeated use of Lemma 6.6. On the
other hand, there exists r such that o?" is separable over k by Corollary 6.5,
whence K (apT) /k is separable by Theorem 6.9, so « is separable over k.

(2) Consider (EF)*P/F. This obviously contains every element of F, and since
F/K is separable, it must contain every element of E. Hence (EF)*P/F = EF.

(3) This is immediate from (1) and (2). O
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Chapter 7

Galois Extensions

Let L/K be an algebraic field extension. We define the Galois group Gal(L/K)
of L/K to be the set of K-automorphisms of L under composition:

Gal(L/K):={o: L = L:o(z) =z for all x € K}.
We remark that this is a group under composition. For

o if 0,7 € Gal(L/K), then or: L — L, z — o(7(z)) is again an auto-
morphism of L, and if 2 € K, then o(7(z)) = o(z) = =z, so it is a
K-automorphism of L.

e composition of automorphisms is associative.
e the identity id: L — L is the identity element of Gal(L/K).

e each K-automorphism has an inverse, which is again a K-automorphism.

Note that by Proposition 4.5, since L/K is algebraic, each K-endomorphism of
L is necessarily a K-automorphism.

Conversely, let G be any group of automorphisms of a field L. We define the
fixed field LY of G to be the set of elements of L fixed by each automorphism
in G:

LC¢ :={zxeL:o(x)=2xforalloc € G}

We remark that this is a subfield of L. For
e (0) =0 and o(1) = 1 since o is a field homomorphism, so 0,1 € LE.

e ifz,y € LE then o(z+y) = o(z)+0(y) = x+y and o(zy) = o(x)o(y) =
xy, so x +y,zy € LE.

e similarly if 0 # z € LY, then 0(—2) = —z and o(1/x) = 1/z, 50 —x,1/x €
LC.
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Observe that K C LEE/K) and if F is a subfield of L/K, then Gal(L/F) <
Gal(L/K).
We say that L/K is a Galois extension if there exists some finite group G

of automorphisms of L such that K = LY. It necessarily follows that G is a
subgroup of Gal(L/K), and hence that K = LG*(L/K),

Warning.

It is not true in general that for a field extension L/K we have K = LG2(L/K)
For example, let L = Q(+/2) and K = Q. Then we have already seen (using
Artin’s Extension Theorem), that there are no non-trivial K-automorphisms of
L. Thus Gal(L/K) = {id}, so LE(E/K) — [,

Examples.

1. The field extension C/R is Galois, with Galois group Gal(C/R) = {id, o},
where o(z) = Z is complex conjugation.

2. The extension Q(v/2)/Q is Galois, with Galois group Gal(Q(v/2)/Q) =
{id, o'}, where o(a + bv/2) = a — by/2 for a,b € Q.

3. More generally, let L/K be a field extension of degree 2 with char(K) # 2.
Then L/K is Galois. For, take & € L\ K. Then « has minimal polynomial
of degree 2. Completing the square, we may assume that a® € K, so o
has minimal polynomial X2 — o?. This is separable, since char(K) # 2,
with roots +ca. The field L has K-basis {1, a}, and Gal(L/K) = {id, o},
where o(a + ba) = a — ba for a,b € K.

4. In Section 4.2 we computed the Galois group of Q(a,w)/Q, where o =
V2 € R and w = exp(2mi/3). We showed that the Galois group is iso-
morphic to the symmetry group Ss, with generators ¢ and 7. Since T
corresponded to complex conjugation, the fixed field must be real, so con-
tained in Q(«). This has degree 3 over Q, so the fixed field is either Q or
Q(«) by the Tower Law. Since « is not fixed by o, the fixed field is Q.
Hence Q(o,w)/Q is Galois.

The following theorem can be interpreted as saying that Galois extensions are
those having the maximum possible number of symmetries.

Theorem 7.1. Let L/K be Galois with respect to the finite group G. Then
|G| =[L: K] and G = Gal(L/K).

Proof. We will first show that [L : K] < |G|. The proof is similar to that of
Theorem 4.6, showing the linear independence of characters.

Let G = {o1,...,0,}. Suppose [L : K] > n, so there exist z1,...,2,41 € L,
linearly independent over K. Forming the n x (n + 1)-matrix (o;(z;)) with
entries in L, we see that this has non-zero kernel. In other words, there exist
A,y Ant1 € L not all zero such that Zj Ajor(x;) = 0 for all r. We take
such a vector ()\;) having a minimal number of non-zero terms. Relabelling if
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necessary, we may assume that \,;1 # 0, and dividing through, we may assume
that \,11 = —1. Thus, for all r,

0-7'(xn+1) - )\IUT'(xl) + -+ Ano'r(xn)-

Now, since o, = id for some r, and since the z; are linearly independent over K,
we must have \; € L\ K for some i < n. Relabelling, we may assume that ¢ = 1.
Since K = L%, \; is not fixed by G, so there exists s such that o,(\;) # A1.
Applying o, to the previous expression, we obtain

Jso—r(xn+1) = Us()\l)o—sar(xl) +---+ Us(An)Uso—r(fEn)

for all r. Moreover, since G is a group, left multiplication in G by o is bijective.
In other words, we have 040, = 0} for some t, and every o; arises in such a way.
Therefore, for all r,

O—T(In-&-l) = O'S(>\1)O'r($1) + -+ Crs()\n)o—r(zn)-
Subtracting this from our original expression yields
0= (>\1 - Us(Al))Ur(xl) +- (/\n - Us(An))Ur(xn)

for all . Thus the vector (A\; — os(A;)) also lies in the kernel. Moreover,
this element is non-zero, since Ay # o04(A\1), but has fewer non-zero terms,
contradicting our minimality assumption.

We deduce that [L : K] < |G|. In particular, L/K is finite. Since G fixes every
element in K, each o, is a K-automorphism of L, so G < Gal(L/K). We can
now use Corollary 4.4 with L = L' to deduce that | Gal(L/K)| < [L : K]. Hence
|G| =[L: K]=|Gal(L/K)|, and G = Gal(L/K). O
The next theorem relates Galois extensions with all that we have done so far.

Theorem 7.2. A field extension L/K is Galois if and only if it is finite, sepa-
rable and normal.

In particular, if f € K[X] is separable, then its splitting field L/ K is Galois.

Let f € K[X] be separable and let L/K be the splitting field of f. We sometimes
write Gal(f) for Gal(L/K).

Proof. Let L/K be Galois and set G := Gal(L/K). By Theorem 7.1 we have
[L: K] = |G| so that L/K is finite.
Now let o € L, and set

G’ :=Stabg(a) = {o:0(a) = a} < G.
Let {o1,...,0n,} be a complete set of left coset representatives of G’ in G. Then

Orbg(a) ={o(a) : 0 € G} = {o1(a),...,on()}.
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In particular, given o € G we have {oo;(a)} = {0:(a)}.

Consider the polynomial

FX) =]][(X —0i(@)) = X" + a1 X" + -+ 4 ay, € L[X].

i
Given o € G we have

o(f) = [](X = oos(e)) = [J(X = os(a)) = f.

i A

Therefore, for each i, o(a;) = a; for all ¢ € G, whence a; € L¢ = K. Thus
f € K[X]. Moreover, by construction, f is separable over K and splits over L.
Now, a € Orbg(«), so o = o;(«a) for some i. Hence « is a root of f. It follows
that m, i divides f, so mq,k is separable over K and splits over L. This holds
for all @ € L, so L/K is separable and normal.

Conversely let L/K be finite, separable and normal. By Corollary 4.4 we know
that |Gal(L/K)| < [L : K], so that G := Gal(L/K) is a finite group.

Let o € L\ K. Then its minimal polynomial m,k has degree at least two, and
by assumption is separable and splits over L. Thus it has another root 5 # «
in L. By Artin’s Extension Theorem, there exists a K-embedding ¢: K (o) — L
sending a — (. Furthermore, Theorem 5.5 implies that ¢ extends to a K-
automorphism o of L. Thus ¢ € G and o(a) = 8 # «a, so a ¢ LY. Therefore G
has fixed field precisely K, so L/K is Galois.

If f € K[X] is separable, then its splitting field L/K is finite, separable and
normal by Theorem 6.10, hence Galois. O

One part of the proof is worth emphasising.

Corollary 7.3. Let L/K be Galois. If a and 8 are K-conjugates in L, then
there exists o € Gal(L/K) such that o(a) = 3.

7.1 The Galois Correspondence

Theorem 7.4 (Fundamental Theorem of Galois Theory). Let L/K be Galois
with Galois group Gal(L/K). Then there is a bijection between the subgroups
of G and the set of intermediate fields of L/ K. This bijection is given as

0: H<Gw— L"  ¢: Frs Gal(L/F) < Gal(L/K).

Proof. The maps are well-defined, since if F' is an intermediate field, then
Gal(L/F) < Gal(L/K), and if H < Gal(L/K), then L is an intermediate
field of /K.

To see that ¢ = id, let H < Gal(L/K). Then H is a finite group, so L/L* is
Galois by definition, hence H = Gal(L/L*) by Theorem 7.1.
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To see that ¢ = id, let F' be an intermediate field of L/K. Then L/F is finite,
separable and normal by Theorems 3.10, 5.8 and 6.11, so is Galois by Theorem
7.2. Hence F = LG2I(L/F),

If H is a subgroup of Gal(L/K), then L/L is Galois, so H = Gal(L/L") by
Theorem 7.1. Also, since H fixes each element of K, we have K C L. Thus
L is an intermediate field of L/K.

This shows that our two maps are well-defined. Moreover, since LE¢2(L/F) =
and Gal(L/L™) = H, we see that these maps are mutually inverse.

If E C F are intermediate fields of L/K, then clearly Gal(L/F) < Gal(L/E).
Conversely, if H < H’ are subgroups of Gal(L/K), then each element of L’
is fixed by H, so L' ¢ LH. Thus the maps above reverse inclusions between
subgroups and intermediate fields. O

Let L/K be Galois. We often use the following terminology. If F is an interme-
diate field, then Gal(L/F) is the subgroup associated to F. If H < Gal(L/K)
is a subgroup, then L is the intermediate field belonging to H.

Theorem 7.5 (Galois Correspondence). Let L/K be Galois. Let F,Fy,Fy be
intermediate fields with associated groups H, Hy, Hy. Then

1. |H|=[L:F).
2. F1 C Fy if and only if H D Hs.

3. The intersection Fy N Fy has associated subgroup (Hy, Hs), the smallest
subgroup of Gal(L/K) containing both Hy and Hs.

4. The composite F1Fy has associated group H1 N Hs.
5. Given o € Gal(L/K), o(F) has associated subgroup c Ho 1.

6. F/K is Galois if and only if it is normal, which is if and only if H <
Gal(L/K) is a normal subgroup. In this case, Gal(F/K) = Gal(L/K)/H.

In particular, this shows that the two maps
H < Gal(L/K)— L¥ and F v~ Gal(L/F)

induce an order-reversing bijection between the lattice of subgroups of Gal(L/K)
and the lattice of intermediate fields of L/ K.

Note that property (6) is the reason for the term normal subgroup.

Proof. (1) This follows from Theorem 7.1, noting that H = Gal(L/F).
(2) This is contained in Theorem 7.4.

(3) Clearly Fy N Fy C Fj, so that H; < Gal(L/Fy N Fy), hence (Hy, Hy) <
Gal(L/Fy N Fy). On the other hand, H; < (Hy, Hs), so that L{HLH) B
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whence L{T1:H2) ¢ FyNF,. Applying (2) yields the reverse inclusion Gal(L/F;N
Fy) < (Hy, Ha).

(4) This is similar to (3). We have F; C FyF», so that Gal(L/FyFy) < H;,

hence Gal(L/F,Fy) < Hy N Hy. Conversely, H; N Hy < H;, so F; ¢ LTiNHz,

whence FyFy ¢ L#1"Hz - Applying (2) yields the reverse inclusion H; N Hy <

Gal(L/Fng)

(5) Let 7 € H and € L. Then (070 %) (o(z)) = o7(z), so o(z) is fixed by
Uif and only if « is fixed by 7. Thus LoH? " = o(L") = o(F).

(6) Since L/K is finite and separable, the same is true of F/K. Thus F/K is
Galois if and only if it is normal.

Suppose F'/K is normal. If 0 € Gal(L/K), then o(F) = F by Proposition 5.6,
so (5) implies cHo~! = H. Thus H < Gal(L/K) is a normal subgroup.

Conversely, if H is a normal subgroup, then for all ¢ € Gal(L/K) we have
oHo™! = H, and hence from (5) that o(F) = F. Thus each o € Gal(L/K) re-
stricts to an automorphism of F'. Now let o, 8 € L be conjugates. By Corollary
7.3 there exists 0 € Gal(L/K) such that o(a) = 8. So, if « € F, then § € F
too. Hence F/K is normal.

Consider the group homomorphism
Gal(L/K) — Gal(F/K), o+ o|p.

This has kernel {o € Gal(L/K) : o|p = id} = Gal(L/F) = H. On the other
hand, if ¢ € Gal(F/K), then we can extend this to o € Gal(L/K) by Theorem
5.5. Hence the map is also surjective. O

We have the following two pictures representing properties (3) and (4) above.
L {1}

F1F2 H, ﬂ H,

\ \
Galois
- »
/ correspondence /
\
F1 F2 <H1 5 H2>

K G

The following is the analogue for Galois extensions of Theorems 3.10, 5.8 and
6.11. Given groups G, G’ and H, and group homomorphisms 6: G — H and
0': G’ — H, we define the fibred product to be

GxuG :={(9,9)eGxG :0(9g)=0(¢)e H} <G xG.
Theorem 7.6. 1. Let L/K/k be field extensions. Then L/k Galois implies
L/K Galois, in which case Gal(L/K) < Gal(L/k).
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2. Let E,F be two intermediate fields of L/K. Then E/K Galois implies
EF/F Galois, in which case we have a group isomorphism

Gal(EF/F) = Gal(E/ENF), o o|g.

3. Let E,F be two intermediate fields of L/K. Then both E/K and F/K
Galois implies both EF/K and ENF/K Galois, in which case we have a
group isomorphism

Gal(EF/K) :—> Gal(E/K) XGal(EﬂF/K) Gal(F/K), o — (O’|E,O'|F).

Proof. (1) This is contained in Theorem 7.4.

(2) Since E/K is finite, separable and normal, so is EF/F by Theorems 3.10,
5.8 and 6.11. Thus EF/F is Galois. Let 0 € Gal(EF/F). Then o(F) = E by
Proposition 5.6, and o|gnr = id. We therefore have a group homomorphism
Gal(EF/F) —» Gal(E/ENF), 0 — o|g.

If o|g = id, then o acts as the identity on all elements of F and all elements
of F, hence on all elements of EF. Thus o = id in Gal(EF/F), so the group
homomorphism is injective. Conversely, if x € FE is fixed by all elements in
the image, then it is fixed by all elements of Gal(EF/F), so lies in F. Thus
x € EN F and the map is surjective.

(3) Since E/K and F/K are both finite, separable and normal, so are both
EF/K and ENF/K by Theorems 3.10, 5.8 and 6.11. Thus EF/K and ENF/K
are both Galois. Let 0: Gal(EF/K) — Gal(E/K) x Gal(F/K) be the group
homomorphism sending o to (o|g,o|r). To see that € is injective, suppose that
0(o0) = (idg,idp). Then o fixes each element of E and F, hence fixes each
element of EF, so 0 =idgp.

Now, since E N F/K is Galois, we have a surjective group homomorphism
Gal(E/K) » Gal(ENF/K), 7T~ T|gnr

by Theorem 7.5 (6). Moreover, if 0 € Gal(EF/K), then it is clear that
(0|g)|EnF = olenr. Analogous results hold for F instead of E. Therefore,
since 0(0) = (o|g,0|r), we deduce that 0(c) € H := Gal(E/K) Xqa(BnF/K)
Gal(F/K).

The proof of the surjectivity of 6 is somewhat indirect. (Alternatively one can
prove this by counting arguments.) By (2), we know that Gal(EF/E N F) =
Gal(E/E N F). Hence the image of § contains Gal(E/E N F) x {id}. Similarly
for F, so it contains Gal(E/E N F) x Gal(F/E N F). This proves that

Gal(EF/ENF) = Gal(E/E N F) x Gal(F/EN F).

Now, suppose that (01,02) € H, and let 7 = 0;|gnr be their common image
in Gal(E N F/K). By Theorem 5.5 there exists 7 € Gal(EF/K) extending 7.
Let 0(7) = (11,72) € H. Then (017, ', 097, ') is an element of the subgroup
Gal(E/ENF)x Gal(F/ENF) of H. From what we showed above, there exists
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p € Gal(EF/K) such that 0(p) = (o177 ', 0275 '). Therefore, setting o := p7,
we have that 0(c) = (01, 02) as required. Thus 6 is surjective. O

Corollary 7.7. Let L/K be a field extension, E, F intermediate fields and
suppose that E/K is Galois. Then [EF : F] dwides [E : K].

Proof. We have [EF : F| = |Gal(EF/F)| = | Gal(E/E N F)|, and this divides
| Gal(E/K)| = [E : K] by Lagrange’s Theorem. O

By induction, we can also prove the following corollary.

Corollary 7.8. Let L/K be a field extension.

1. Let F1,...,F, be intermediate fields of L/K with F;/K Galois and F; N
(Fy---Fi—_1) = K for all i. Then the composite F ---F, is Galois over
K with Galois group isomorphic to the product [];_, Gal(F;/K).

2. If L/K is Galois with Galois group Gal(L/K) = [[i_, G;, then letting
F; be the intermediate subfield belonging to the subgroup Hi# G;, we
have that F;/K is Galois with Galois group G;, L = Fy---F,, and F; N
(Fy---Fi_1) = K for alli.

7.2 The Primitive Element Theorem

Recall that L/K is simple if there exists some « € L such that L = K(«). We
call such an « a primitive element for L/K. We now give a criterion showing
when a finite field extension is simple, and show that this always holds for finite
separable extensions.

Theorem 7.9 (Primitive Element). Let L/K a finite extension. Then L/K s
simple if and only if L/K has only finitely many intermediate fields.

Proof for K infinite. Suppose that L/K has only finitely many intermediate
fields. We show that, given «, 8 € L, there exists A € K such that K(«, ) =
K(a+ M\3). We write 0y for a + A\G.

Since L/K has only finitely many intermediate fields, but K is infinite, there
exists A # pu € K such that K(0) = K(6,). Thus both

7(9,\—%

8= and QZM

A— L w—A

lie in K (0y), so that K(a, 3) = K(0,).
By induction, given aq,...,a, € L, there exist Aa,..., A, € K such that

K(ag,...,an) = K(ag + Aaag + -+ + Apa).

Since L/K is finite, it is finitely generated and hence simple.
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Conversely, let L = K(c) be simple and write m = m,,x € K[X]. We claim
that there is a injection from the intermediate fields of L/K to the divisors of
m over L.

Given a subfield F', we have L = F(«). If f € F[X] is the minimal polynomial
of o over F'| then f divides m over F' and hence also over L. This determines
a map ¢ from intermediate fields F of L/K to divisors f of m over L.

Given a factor f of m over L, let F be the subfield of L/K generated by the
coefficients of f. This determines a map @ from divisors f of m over L to
intermediate fields F' of L/K.

We now show that ¢ is a left inverse for ¢, whence ¢ is injective. Let F' be an
intermediate field of L/K and let f be the minimal polynomial of « over F.
Then ¢(F) = F’ is the intermediate field of L/K generated by the coefficients
of f. Since f € F[X], we must have F’ C F. On the other hand, the minimal
polynomial of « over F’ must equal f, so that [L : F] = deg(f) = [L : F’]. Since
F’ C F, we have equality F/ = F. O

If K is a finite field, then we can use a completely different proof, based on the
following lemma.

Lemma 7.10. Let G be a finite group such that, for all m > 1, there are at
most m elements x € G such that x™ = 1. Then G is cyclic.

In particular, if G is a finite subgroup of the multiplicative group K> of some
field K, then G is cyclic. If K is a finite field, then K* is a cyclic group.

Proof. Let G be a finite group of order n. Write 6(d) for the number of elements
of G of order d. Using Lagrange’s Theorem we have n =3}, 0(d).

If G is cyclic, then there exists a unique subgroup of order d for d|n. Thus
0(d) = ¢(d), where ¢ is Euler’s totient (or phi) function:

d(d):=|{1 <r <d:ged(r,d) =1}

Suppose now that G satisfies our condition and let d|n. If 8(d) # 0, then there
exists some element g € G of order d. Consider the cyclic group {g) < G.
This has d elements, all of which satisfy 2% = 1. Hence there can be no other
elements in G with 2¢ = 1. Hence 6(r) = ¢(r) for all r|d. It follows that, given
d|n, either 0(d) = ¢(d) or 6(d) = 0. Since

D 0(d)=n=">6(d),

d|n d|n

we deduce that 6(d) = ¢(d) for all d|n. In particular, 8(n) = ¢(n) > 1, so that
G is cyclic.

If K is a field, then there are at most m solutions to the equation X™ =1 in
K. Thus each finite subgroup of K* is cyclic. If K is a finite field, then K*
itself is a finite group, so cyclic. O
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We can now prove the Primitive Element Theorem for finite fields.

Proof for K finite. Since K is a finite field and L/K is a finite field extension,
L is also a finite field. There are only finitely many subsets of L, so only finitely
many subfields of L. On the other hand, if « is a generator for the multiplicative
group L, then clearly L = K(«). O

An important corollary of the Primitive Element Theorem is that all finite
separable extensions are simple.

Theorem 7.11. Let L/K be finite and separable. Then L/K is simple.

Proof. Let L/K be finite and separable, and let M/L be its normal closure.
Then by Theorem 6.10, M/K is finite, separable and normal, hence Galois by
Theorem 7.2. By the Fundamental Theorem of Galois Theory, there is a bijec-
tion between the intermediate fields of M/K and the subgroups of Gal(M/K).
Since Gal(M/K) is a finite group, it has only finitely many subgroups, so there
are only finitely many intermediate fields of M /K. In particular, L/K has only
finitely many intermediate fields. Hence L/K is primitive, by the Primitive
Element Theorem. O

It is illuminating to find an example of a finite field extension L/K which has
infinitely many intermediate fields. This must be an inseparable extension, but
of course there are many examples of inseparable extensions which are simple.

Another nice consequence of the Primitive Element Theorem is the following.

Proposition 7.12. Let L/K be Galois with Galois group G. Then L @ g L =
LIFK] a5 K-algebras.

Proof. Since L/K is Galois, we can use the Primitive Element Theorem to write
L = K(a). Set f:=mq/k,s0 L = K[X]/(f). Now, since L = K(«) is simple,
the elements o () for o € G are all distinct. These are precisely the roots of f,
by Artin’s Extension Theorem, so over L we can write

f= H (X —o(a)).

oeG

Using the Chinese Remainder Theorem, we have

Lok L=LeK[X]/(f)=LX]/(f) =[] LIX]/(X - o(a)) = LKL
ceG

The isomorphism L ®x L — LIFK] is given explicitly by z ® y — (ma(y))aec.

46


http://en.wikipedia.org/wiki/Chinese_remainder_theorem#Statement_for_principal_ideal_domains

7.3 Transitivity

We now show that each Galois group can be considered as a transitive sub-
groups of some symmmetric group S,,. Recall that a subgroup G < S, is called
transitive if, given 1 < i,j < n, there exists ¢ € G such that o(i) = j.

Proposition 7.13. Let L/K be the splitting field of a separable polynomial f €
K[X]. Let {ai,...,a,} be the roots of f in L. Then the map Gal(L/K) — S,
induced by o(a;) = az(;) 15 an injective group homomorphism .

If f is irreducible, then the image of Gal(L/K) is a transitive subgroup of Sy,.

Proof. Each ¢ € Gal(L/K) induces a permutation & of the roots of f. Clearly
id = id, and

A57(i) = o7() = O—(a?(i)) = QF7(i),
so that o7 = 67. Therefore we have a group homomorphism Gal(L/K) — S,,
o +— &. To see that this is injective, suppose o(a;) = «; for all i. Then, since
L=K(ay,...,a,) is generated by the roots of f, we must have that o = id.

Now suppose that f is irreducible, so that the a; are all conjugates. By Corollary
7.3, given ¢ and j there exists o € Gal(L/K) such that o(a;) = a;. Hence the
image of Gal(L/K) is a transitive subgroup of S,,. O

We recall some results above transitive groups.
Lemma 7.14. Let G be a transitive subgroup of S, for some prime p. If G

contains a transposition, then G = Sp.

Proof. Since G is transitive, |Orbg(1)| = p, so p divides |G| by the Orbit-
Stabiliser Theorem. Then G contains a p-cycle by Cauchy’s Theorem. Suppose
G also contains a transposition. By relabelling, we may assume that G contains
(12 --- p)and (1r). By taking the (r—1)-st power of the p-cycle, we may further
assume that r = 2. By repeatedly conjugating the transposition, we see that
G contains (1 2),(2 3),...,(p—1 p). It is well-known that these transpositions
generate Sp,. O

For convenience, we recall the following classification.
Proposition 7.15. 1. S5 has no proper transitive subgroups.
2. A3 2 Z/3Z is the unique proper, transitive subgroup of Ss.
3. The proper, transitive subgroups of Sy up to conjugation are
Ay, Ds, ((1234)) 2 Z/47Z,
V = {id, (12)(34), (13)(24), (14)(23)} = (Z./27.)*.

V is the Klein four-group (Kleinsche Vierergruppe); Dsg is the dihedral
group with 8 elements, or symmetry group of a square, given for example

as ((1234),V)
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7.4 Norm and Trace Revisited

In this section we relate the minimal polynomial and the field equation of an
element « to its conjugates o(«). This is often easier to work with than the
original definition.

We begin with a useful observation, which generalises Theorem 7.5 (6). Let
L/K be finite, with normal closure M /L. Let £ denote the set of K-embeddings
L — M. Welet Gal(M/K) act (on theleft) on Eviao-7: L — M, z +— o(1(x)).
Note that o -id = o].

Proposition 7.16. Gal(M/K) acts transitively on &, and the stabiliser of id €
& equals Gal(M/L). In particular, the map Gal(M/K) — &, 0 — o|r induces
a natural bijection between the cosets of Gal(M/L) in Gal(M/K) and £.

Proof. Let 7 € £. By Theorem 5.5, we can extend 7 to o € Gal(M/K). In
particular, o -id = |y = 7, so Gal(M/K) acts transitively on €. Clearly
o-id = id if and only if o € Gal(M/L), so by the Orbit-Stabiliser Theorem the
map o +— o -id = ol induces a bijection between the cosets of Gal(M/L) in
Gal(M/K) and & as required. O

We observe that the number || of distinct K-embeddings L — M equals the
index of Gal(M/L) in Gal(M/K). If L/K is separable, then M/K is Galois, so
|€] = [L : K] by the Fundamental Theorem of Galois Theory. This proves the
next corollary.

Corollary 7.17. Let L/K be finite and separable, with normal closure M/L.
Then there are precisely [L : K| distinct K-embeddings L — M.

[In fact, this has a converse: L/K is separable if and only if there are precisely
[L : K] distinct K-emebddings L. — M. This leads some authors define L/K
to be separable if there are [L : K| distinct K-embeddings L — M ]

Proposition 7.18. Let L/K be finite and separable, with normal closure M /L.
Let 01, ...,0, be the distinct K-embeddings L — M. Then for a € L we have

Xé/K = (X —o1(@) -+ (X = on(e)).

In particular,

NE(a) :Haj(a) and Trf((a):zaj(a).

Proof. Let M/K be Galois, say with Galois group G := Gal(M/K). For an
intermediate field L let o1,...,0, be the distinct K-embeddings L — M. We
know that n = [L : K] by Corollary 7.17. For o € L define

n

fof/K = H (X — ai(a)).

i=1
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We wish to show that fof/K = Xi/K for all L and all « € L.

We observe that
Ve =1] (X -a(),
oceG

whereas by Artin’s Extension Theorem

K(a
fa/([() =Ma/K>
since the distinct K-embeddings K(a) — M are in bijection with the roots of
ma/K.

For o € L we can apply Proposition 7.16 to deduce that (%K = ( oe/K)[M:L].

For, the value of o(a) depends only on the restriction o|;. In particular, for

)[M:K(Oé)] M

L = K(«) we have f(%K = (ma/K » 80 fo e = XQ/I/K by Theorem 3.5.

From this it follows that

)[M:L] L )[ML]

(Xé/K = Xy/K = zi\/;K = ( a/K

Therefore x~ K= fcf/ 5 by unique factorisation in L[X].

By definition, if Xé/K = X" —a; X" ' 4.+ (=1)"ay, then Trk (a) = a; and
NE(a) = ay,. O

Note that, by Proposition 7.16, »~; 0j() and [ [ o;(v) are fixed by Gal(M/K),
so these elements really do lie in K. Also, we may write Trf( => ;0jasa linear
combination of the characters o;.

As promised, we can now prove transitivity of norm and trace for separable
extensions.

Theorem 7.19. Let L/K/k be finite, separable extensions. Then for a € L we
have
Ny (@) = Nif (Ng(e)  Trg(a) = Ty (T (a)).

Proof. Let M/L be the normal closure of L/K and consider the chain of sub-
groups Gal(M/L) < Gal(M/K) < Gal(M/k). Let o; be coset representatives
of Gal(M/L) in Gal(M/K), and let 7; be coset representatives of Gal(M/K) in
Gal(M/k). Thus 1 <i<[K :k]and 1 < j<[L: K].

We claim that the 7;0; are coset representatives for Gal(M /L) in Gal(M/k).
[This is actually quite general, applying to all finite groups.] For, suppose
7,05 = T,0s. We know that o; Gal(M/L) C Gal(M/K). Since the 7; Gal(M/K)
are distinct inside Gal(M/k), we must therefore have ¢ = r. Then since the
o; Gal(M/L) are distinct in Gal(M/K), we must have j = s. Therefore the
7,05 represent distinct cosets. Since there are [L : K][K : k] = [L : K| of them,
we are done.
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Now, using Proposition 7.18, we can write

NE (@) = [T [T os@) = [Trlos(e) = [T(ron) (@) = N,

2]

and similarly for Tr.
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Chapter 8

Calculating (GGalois Groups

8.1 Example 1.

Let us begin with our favourite example f = X3 — 2 € Q[X]. Let L = Q(a,w)
be the splitting field of f over Q, where o = v/2 and w = exp(2mi/3). Then
Gal(f) = Symy, as worked out in Chapter 3. This has generators o and 7, where
o(a) = wa and o(w) = w, and 7 is complex conjugation, so that 7(a) = a and
7(w) = w?. Moreover, o + w is a primitive element for L/Q. For, it takes the
following six values under Gal(f):

idla+w)=a+w Ta+w)=a+w?
ola+w) =wa+w or(a 4 w) = wa + w?
o?la+w) =w?a+tw *r(a+w) = wla +w?

It follows that the minimal polynomial of o+ w over Q is the product of the six
linear factors with these roots. We calculate that

(X — (a+w)(X — (wa+w)(X — (Wia +w))
= (X —w)® —a? = X% - 3wX? 4+ 3w?X - 3.

Thus
Matw = X° +3X° +6X* +3X% 49X +9.

We now consider the Galois correspondence between the subgroups and inter-
mediate fields. We illustrate this by drawing the respective lattices.

o1



{1} L= Q(avw)

We have labelled the edges to indicate the index of the subgroup, respectively
the degree of the field extension.

To compute the subgroup lattice is relatively easy, so how do we compute the
corresponding fixed field? As an example, consider A3 = (o) and denote its
fixed field by K. Then w € K, and since |A3| = 3 = [L : Q(w)], we must have
that K = Q(w).

We also observe that o(r)o~! = (67071) = (027), so that the fixed field of
(0%7) equals Q(o(a)) = Q(wa).

We observe that Ajs is the only proper normal subgroup of S3, and Q(w)/Q is
the only normal extension. It is the splitting field extension of X% 4+ X + 1.

8.2 Example 2.

Our next example is Q(v/2,v/3)/Q. We know that this is a field extension of
degree 4, and is normal since it is the splitting field extension of f = (X2 —
2)(X? — 3) over Q. We calculate the Galois group using Artin’s Extension
Theorem. We let L = Q(v2,V/3) and K, = Q(\/p) for p = 2,3. The minimal
polynomial of /p over Q is X2 —p.

We observe that K,/Q is Galois, with Galois group Z/2Z. Moreover, K5 N
K3 = Q and L = K3Kj3. Therefore we can apply Theorem 7.6 to deduce that
Gal(L/Q) = (Z/2Z)? = V, the Klein four-group. The Galois group is generated
by o and 7, where o(v/2) = —V/2, 0(\/3) =+/3 and T(\/?) =2, 7(v3) = —V/3.
We again draw the lattices of subgroups and intermediate fields. Note that all
inclusions of subgroups have index 2.

{1

/‘\ @/ Q(V6)
\\/ \\/
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We observe that v/2 + /3 is a primitive element for L/Q, since its conjugates
under V' are

VB+V3, VBV VE-VE —VE- V3.

It follows that the minimal polynomial of V2 + /3 over Q equals

my2+v3
= (X = (V24 V3)(X = (V24 V3))(X — (V2= V3))(X — (-V2 - V3))
=X*—10X%+1.

In this example, the Galois group is abelian, so all subgroups are normal.
More generally, if L = Q(,/p1,...,+/Pn) for distinct primes p;, then

Gal(L/Q) = (2/2Z)"™.
For, we use Corollary 7.8 with K; := Q(,/p;).

Note how easy this is, compared with Exercise 9.

8.3 Example 3.

Now consider f = X% — 2 € Q[X]. This has splitting field L = Q(«, i), where
o = V2. Set K = Q(«), and note that  has minimal polynomial f over Q. We
have four embeddings K — L, given by a — i"«a for 0 < r < 3. The minimal
polynomial of i over K must be X2 + 1, since [L : K] < 2 and L # K since
K C R. We therefore have two extensions of each ¢” to L, sending i — =i.
Thus

c'ra—ia, i—i and o'T:a—i"a, i+ —i,

where 7 is complex conjugation. Note that ¢ has order 4, 7 has order 2 and
7o = o37. Hence Gal(L/Q) = Dg, the dihedral group with 8 elements, or
symmetry group of the square. In fact, the four roots i"a of f in C form the
four vertices of a square, with diagonals along the real and imaginary axes. In
this picture, o is just the rotation anticlockwise by 7/2 and 7 is reflection in
the real axis.

—ix
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We again calculate the lattices of subgroups and intermediate fields. Again, all
inclusions of subgroups have index 2.

1}

NN w(.\g/
NV N

Most of these fixed fields are easy to find. For example, it is clear that L(?) =
Q(%) since one inclusion is obvious and [(¢)| = 4 = [L : Q(4)]. Similarly,
LT = Q(a). Using that (7)o~ = (o70™1) = (07), we see that

L0 = Q(o(a)) = Qia).
Next, Q(a) N Q(ia) = Q(a?). Again, one inclusion is obvious and we have
the correct degrees. Thus this is the intermediate field belonging to (7, 027) =
(02, 7). Tt now follows that the subfield belonging to (0?) must equal Q(a?,1).

It remains to calculate the intermediate fields E, F and G.

The subfield G is of degree 2 over Q, and after a little thought, we see that this
must be Q(ia?) = Q(iv/2). This has degree two over Q, and is quickly checked
to be fixed by G.

Consider o7. Viewing the four roots i"« of f as the points of a square in C, we
observe that o7 fixes the midpoint of the side connecting o with ia. Thus o1
fixes the point a(1 + 7). This is quickly checked:

or(a) =o(a) =ia, o7r(ia)=oc(—ia) = —ic(a) = a.

Thus E = L") contains Q(a(1 +4)). They are equal since they both have
degree 4 over Q (a(1+14) has the four distinct conjugates +a(1+14), £a(l—1)).
It follows that F' = o(F) = Q(a(—1+1)).

We now seem to have lost some symmetry in our diagram of intermediate fields.
We can reclaim this by applying some more thought to the fields £ and F. We
begin by noting that the primitive 8-th root of unity ¢ := exp(27i/8) can be
written as ¢ = %(1 +1i) = (1+1)/a? Thus L = Q(a, (). Furthermore, (? =i
and a? = ¢ + (71, s0 Q(a?,i) = Q(¢). Also, E is generated by a(1 + i) = o3¢,
hence also by (a3¢)? = 4a¢3. Thus E = Q(a(?), and similarly F = Q(a().
Observe that

=—(1+1i)/a*=-(=¢
Q) =1 -d)/a® =~ =(".

2
o
I
B\
=
+
=
~
2
£

[ V)
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We can therefore rewrite the lattice of intermediate fields as

L= Q(aa C)

7

Qa¢®) Qo) Q¢

I

aq)

The proper normal subgroups of Dg are
(@ 1), (o), (o%a7), (o).
The corresponding fixed fields are normal over Q

Q(a?), Q(i), Q(ia®), Q).
These are the splitting field extensions of the irreducible polynomials

X?2-2 X241, X%+2 X*+1.

8.4 Example 4.

Let a = \/(2 +/2)(3 4 v/3). We shall show that L = Q(«) is Galois over Q
and has Galois group Qg, the quaternion group.

Observe that o? = (2 4+ v/2)(3 + v3) = 6 + 3v/2 + 23 + V6. Thus Q(a?) C
Q(v/2,v/3), which is Galois over Q with Galois group V. Let 7,7 € V be such
that

5(V2) = -2 7(vV2) = V2
a(V3)=V3 7(V3) = —V3.

Thus V = {1,5,7,57}. Consider the four conjugates of o?, namely

6+3vV2+2V3+v6, 6—3V2+2V3—-6
6+3vV2—2V3-v6, 6—3V2—2V3+6.

Since {1,v/2,v/3,v/6} is a Q-basis for Q(v/2,v/3), we observe that these four
elements are all distinct. Thus o is a primitive element for Q(v/2,v/3). In
particular, Q(a?)/Q is Galois with Galois group V.

(
Clearly [Q(a) : Q(a?)] < 2, so to prove equality, we must show that o ¢
Q(a?) = Q(v/2,v3). Suppose for a contradiction that o € Q(v/2,v/3) and

99



consider a7(c). This must lie in the fixed field of (7), namely Q(v/2). On the
other hand

(a7())? = a®7(a®) = 2+ V2)(3+ V3) - (2+ V2)(3 - V3) = 6(2 + V2)*.

Thus

_(aT(a) \2 _ af(a)
6—(2+\/§), so that \/6—i2+ﬁ€(@(\/§).

This yields the required contradiction. Hence [Q(«) : Q] = 8.

We next show that Q(a)/Q is normal. The minimal polynomial of a over
Q(a?) = Q(v/2,V/3) is simply X2 — (2 +v/2)(3+/3). The eight Q-embeddings
Q(a) — C are found by extending each of the four Q-embeddings Q(a?) — C
as in Artin’s Extension Theorem. For example, we can extend the identity to
«a — *a. Similarly,

g(X2-(2+V2)(3+V3)) =X*-(2-V2)(3-V3).

Thus we can extend & to o — i\/(Q — \/5)(3 + \/§) We deduce that the eight
conjugates of a in C are

i\/(?i V2)(3 +/3),

where we can choose the signs independently of one another. Moreover, we can
now find the minimal polynomial of o over QQ, since this is the polynomial of
degree eight having precisely these roots. We calculate

mi=mgg = X° —24X° + 144X"* — 288X7 4 144.

Now,
VI 1 ieE
242 V212 \/(2+\@)(27\@) V2
Similarly
V3+v3  V3-3
3+v3 V6

Since Q(a?) = Q(v/2,v/3), we see that v/2,v/3,v6 € Q(c). Therefore

Je- VB +V3E) = a2 @

24v2 1+v2

a6 a2

\/(2+\/§)(3_\/§)_3+\/§_1+\/§
V- V2)(3-VE) = o2 _2v3

(1+v2)1+V3) «a
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and so each of the eight conjugates of a again lies in Q(«). Thus Q(«)/Q is the
splitting field extension of m, so is normal.

We have already calcluated the eight elements of the Galois group. We now
show that this is isomorphic to the quaternion group Qg. Define ¢ and 7 to be
the following extensions of & and 7T respectively:

ola) = \/(2— V2)(3+V3) = 1;17\@

av2
1+3

() := \/(2+ V2)(3—-V3) =

Then
0_2(0) — G(a) _ O‘/(1+\@) _
o(1++/2) 1-+2
TQ(a) _ T(a\/i) _ 20‘/(1 + \/g) —

N (14 \/g) o 1- V3
Hence 02 = 72 and 0* = 1. Also

(@) av2/(14V3) av2

To(a)

T 142 1442 (1+v2)(1+V3)
or(a) = o(av2) _ —av2/(1+v2) _ —a/2
o(1+/3) 1+V3 (1+v2)(1+V3)
Thus 70 = o37. It follows from the discussion below that Gal(Q(a)/Q) = Qs.

We recall that the quaternions are given as

H:={a+bi+cj+dk:i*=5*>=k*=ijk=—1, a,bcdcQ}.

Note that ij = —ijk? = k. Similarly jk = i and ki = j. On the other hand,
ji = j%k = —k, so that ij # ji. Thus H is a non-commutative ring. (Discovered
by Hamilton. See webpages...)

The quaternion group Qg is given as the multiplicative subgroup
Qs = {£1, +i, +j, £k} C H.
It has the following presentation:
Qs=(o,7:0>=7%0"=1,70 = 037).

The subgroup Z = (0?) is central, so normal, and the quotient group Qg/Z is
isomorphic to the Klein four-group V & (Z/27)2.

Using this, we see that the subgroups of Qg containing Z are in bijection with
the subgroups of V. This yields the subgroups (o), (7) and (o7), each of which
is isomorphic to Z/4Z. Tt is now clear that these, together with Z, are the only
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proper subgroups of Qs. [Let G < Qg be a proper subgroup and take 1 # g € G.
Then either g2 = 02, or g2 = 1, in which case g = 02. Hence 02 € G and G
must be one of the subgroups in our list.]

We now draw the lattices of subgroups and intermediate fields. Again, all indices
equal 2, so are omitted.

{1} Q(e)

(0?) Q(v2,V3)

O NI

(r) ) o vy ) Q(VE)

AN NP

Qs Q

o
B

Since 0%(a) = —a, we have 02(a?) = o?. Thus the field belonging to (0?) is

just Q(a?) = Q(v/2,v/3). The rest follows immediately, using the identification
of the Galois group of Q(v/2,v/3) over Q with the quotient group Qg/(c?).

All subgroups are normal, so all intermediate fields are normal over Q.

8.5 Example 5.

Consider the polynomial f = X° — 4X + 2 € Q[X], irreducible by Eisenstein’s
Criterion. Now, f has at least three real roots, since f(—2) = —22 <0, f(0) =
2>0, f(1) = =1 < 0and f(2) = 26 > 0. On the other hand, it has at most
three real roots since f' = 5X* — 4, so f has only two turning points. Thus
f has precisely three real roots, and so two complex roots, which must form a
conjugate pair. Hence Gal(f) is a transitive subgroup of Symy and contains a
transposition, corresponding to complex conjugation. Hence Gal(f) = Symy by
Lemma 7.14.

In fact, for all n, there exists an irreducible polynomial f € Q[X] of degree n
such that Gal(f) = Sym,,. On the other hand, since each finite group G of
order n is isomorphic to a subgroup of Sym,,, there exists a Galois extension
L/Q and an intermediate field K such that Gal(L/K) = G. Tt is an open
problem whether we can take K = Q.

This leads to the Inverse Galois Problem: Given a field K, which finite groups
can be realised as Gal(L/K) for some Galois extension L/K?

1. Every finite group is realisable over C(z), the function field in one variable
over C.

2. All symmetric groups and alternating groups are realisable over Q.
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3. Every cyclic group is realisable over Q. More generally, every solvable
group is realisable over Q.

4. All but possibly one of the 26 sporadic finite simple groups is realisable
over Q. In particular, the Monster group is realisable over Q.
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Chapter 9

Radical Extensions

We now come back to our motivating question of whether we can express the
roots of an irreducible polynomial as radical expressions in the coefficients of the
polynomial. We shall begin by studying two special case — cyclotomic exten-
sions, given by adjoining a primitive n-th root of unity, and cyclic extensions,
given by adjoining an arbitrary n-th under the assumption that the base field
already contains a primitive n-th root of unity. Both of these cases are relatively
easy to study, and have far reaching generalisations to abelian Kummer theory
and class field theory.

We then come back to an arbitrary base field (of characteristic zero), and show
that a Galois extension is contained in a radical extension if and only if its
Galois group is a soluble group. The main difficulty in the proof is that the
base field does not contain enough roots of unity. We therefore have to adjoin
these in order to make our deductions.

In this chapter, all fields will be of characteristic zero unless explicitly stated
otherwise.

9.1 Cyclotomic Extensions

Recall that ( € K is called a primitive n-th root of unity if (" = 1 but
¢?#1forall 1 <d < n. For example, we could take ( = exp(2mi/n) € C.
Recall also Euler’s phi function

d(n)=H{1<r<n:ged(r,n) =1}.
Let ¢ € K be a primitive n-th root of unity. We make the following observations.
1. The n numbers " for 1 < r < n are all distinct. For, if (" = (® with

1<r<s<mn,then (*" =1 and 1 < s —r < n, contradicting the fact
that ¢ was a primitive n-th root of unity.

60



2. The set p, := {¢" : 1 <r < n}is agroup under multiplication, isomorphic
to the additive group Z/nZ. For, it is cyclic, generated by ¢, and has order
n.

3. If 1 < r < n, then (" is a primitive n/d-th root of unity, where d =
ged(r,n). For, the same holds in Z/nZ.

4. py, contains ug for all dn. In particular, if £ is an n/d-th root of unity,
then & = ¢9° for some 1 < s < n/d.

We define the n-th cyclotomic polynomial as

o,(X)= ] x-¢= JI &-9.

1<r<n £ primitive n-th
ged(r,n)=1 root of unity

We therefore have the factorisation

xr—1= ] x=¢)=]]2ux).

1<r<n d|n

Theorem 9.1. ®,,(X) € Z[X] is irreducible of degree ¢(n).

If ¢ € C is a primitive n-th root of unity, then Q(¢)/Q is Galois with Galois
group isomorphic to (Z/nZ)*, where o,(¢) := (" for r € (Z/nZ)*. In particu-
lar, it is abelian.

Proof. We recall from Gauss’ Lemma that if f,g € Q[X] are monic and fg €
Z[X], then both f, g € Z[X].

Clearly ®,,(X) is monic for all n and ®;(X) = X —1. By induction, each ®4(X)
with d < n has integer coefficients. Since ®,,(X) = (X" = 1)/ [y, 4<n Pa(X),
it has rational coefficients. Hence ®,,(X) € Z[X] by Gauss’ Lemma.

Now let f € Q[X] be the minimal polynomial of ¢, a primitive n-th root of
unity. We claim that if £ is any root of f, then so is &P for all primes p t n. It
will follow that ¢" is a root of f for all 1 < r < n with ged(r,n) = 1. Hence
®,,(X) = f is irreducible.

Since ¢ is a root of X™ — 1, we can write X™ — 1 = f(X)g(X). Then g =
(X™—1)/f is monic with rational coefficients. By Gauss’ Lemma, f, g € Z[X].
Let £ be a root of f, p a prime not dividing n and assume for contradiction
that &P is not a root of f. Then & must be a root of g(X), so that £ is a
root of g(XP). Since f is the minimal polynomial of £, it divides g(X?). Hence
g(XP) = f(X)h(X). By Gauss’ Lemma, h € Z[X] and is monic.

Now reduce coefficients modulo p. Denote by f, g and h the images of f, g and
h in F,[X]. By Lemma 6.3, g(X)? = g(X?) = f(X)h(X). Thus ged(f,g) # 1.
Since X™ — 1 = f(X)g(X), we see that X™ — 1 has repeated roots. It follows
that X™ —1 and its derivative nX"~! have a common divisor which, since p { n,
clearly cannot happen. This proves the claim.
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We have shown that ®,(X) is the minimal polynomial of { over Q. Thus
[Q(C) : Q] = deg(®,,) = ¢(n). Since all n-th roots of unity (primitive or not)
are powers of ¢, we see that Q(¢)/Q is the splitting field extension of ®,, (or
equivalently of X™ — 1). Hence Q(¢)/Q is Galois.

Let G = Gal(Q(¢)/Q). Then |G| = ¢(n). Let o0 € G. Since ¢ is a primitive
element for Q(¢)/Q, o is completely determined by o(¢). Thus by Artin’s
Extension Theorem, the elements of G correspond to the roots of ®,,, so

G=A{or:1<r<mnged(rn) =1}, 0.(¢) ="

Cousider the bijection (Z/nZ)* — G, r + o,. Since 1 — o1 = id and 0,.04(¢) =
0,(¢)* = ¢"*, this map is a group isomorphism. O

Corollary 9.2. Let L/K be a finite field extension and let { € L be a primitive
n-th root of unity. Then K(¢)/K is Galois and Gal(K (¢)/K) — (Z/nZ)*.

Proof. Since K is of characteristic zero, it contains Q. Thus K(¢) is the com-
positum of Q(¢) and K. By Theorem 7.6, K({)/K is Galois with Gal(K (¢)/K)
isomorphic to a subgroup of Gal(Q(¢)/Q) = (Z/nZ)*. O

9.2 Cyclic Extensions

We now study the equation X™ — a € K[X] under the assumption that K
contains a primitive n-th root of unity. We will show that L/K is Galois with
cyclic Galois group of order dividing n if and only if L/K is the splitting field
of some X" —a € K[X].

Theorem 9.3 (Hilbert’s Theorem 90). Let L/K be Galois with Galois group
Gal(L/K) = Z/nZ. Let o be a generator for Gal(L/K). Then for 3 € L we
have NE(B) =1 if and only if there exists a € L such that 8 = o(a)/a.

Proof. Suppose that 8 = o(a)/a. Then since ¢™ = id we have by Proposition
7.18 that

NE8) = Bo(8) - o 1(8) = LT | M) _ o"(a)

a o) anHa) @
This proves one direction. Note also that o(a) = «f, so by induction
o'(a) = a(Bo(B)---o"1(B)).

Using that NE(8) = 1, set

A= 0'(8)- 0" (B) =
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so that A\g = NE(B) =1, \; = 871, A\, = N5 (B)~! =1 and \;o'(a) = a. Thus

n—1

Z o' (@) = na # 0.
i=0

Now, to prove the converse, suppose that NZ(3) = 1. As above, define \; :=
o' (B) - o™ 1(B). By Theorem 4.6, the o for 0 < i < n are linearly independent
over L. Hence there exists v € L such that

n—1
o= Z o' () # 0.
i=0

Since o(A;) = Aiy10™(B) = BAir1 and A,0™(y) = v = A7y, we have

n—1

n—1
o(a) = a(M)o" () =B Nipaot () = aB.
1=0

Il
=]

Therefore 8 = o(a)/« as required. O
As an application, let d € Q be a non-square. Then Q(v/d)/Q is a Galois

extension with Galois group Z/27Z, generated by o(a — bv/d) = a 4+ bv/d. The
norm of an element § = z + yv/d is

N(B) = (¢ +yVd) (@ —yVd) = 2* — dy.
Thus, the solutions of 22 — dy? = 1 are all of the form

2 2 2
2
a+bvVd (a+bVd) a® + db n ab Vi

d: pm— —_ .
= +yVd o_bvd  a2—d® a2 —db® ' a2 — b2

If d is a positive integer, we obtain all solutions to Pell’s Equation

a® + db? 2ab
a? —db?’ a2 — db?

2?—dyP=1 & (x,y):( ) for a,b € Q.

We immediately see that if (a,b) is a solution, then so is (a? + db?, 2ab).

Note that this gives rational solutions, not integral solutions. For that, the best
method is to use convergents to the continued fraction expression for v/d. By
Dirichlet’s Theorem, if € is the first such solution, then all other solutions are
of the form +€™ for n € Z.

On the other hand, if d = —1, then Q(¢) is the field of Gaussian numbers and

a? —b%>  2ab

m,m) for a,bEQ.

P?ry’=1 & (2= (
Hence all Pythagorean triples can be written in the form

1
=22 o (v,9,2) = —(a® —b*2ab,a®> +b*) for a,b,c € Q.
c
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With a little extra work, one obtains that all integer solutions can be written
in the form

2+t =22 o (2,9,2) = (a* — %, 2ab,a® +b*) for a,b € Z.
Theorem 9.4. Let K contain a primitive n-th root of unity (.

1. If L/K is Galois with Gal(L/K) = Z/nZ, then L/K is the splitting field
extension of some X" —a € K[X].

2. Conversely, let f = X" —a € K[X], let L/K be its splitting field extension
and let a € L be a root of f. Then L = K(«) and has cyclic Galois group
of order d := [K(a) : K|. Moreover, d divides n and a® € K.

Proof. (1) Let o be a generator for Gal(L/K). Clearly N(¢) = ("™ = 1, so
by Hilbert’s Theorem 90, there exists o € L such that o(a) = a, whence
o'(a) = a(® for all i. These elements are all distinct, so o has precisely n
conjugates. Hence « is a primitive element for L/K and L/K is the splitting
field extension of m, k. Finally, by Proposition 7.18, we have

Mo K = (X - a) (X - J(a)) (X — J"fl(a))
(X—oz)(X—ozﬁ) ---(X—oz(”_l)

a™((X/a) = 1) ((X/a) =€) -+~ ((X/a) = (")
oM((X/a)" —1) = X" —a™.

(2) Since a € L is a root of f, so is a¢® for each i. Hence all roots of f lie
in K(a), so L = K(a). Let d = [K(«) : K] and let G = Gal(K(a)/K).
Let 0 € G. Then o(a) is again a root of f, so o(a) = a¢’ for some i. If
7(a) = a¢?, then o7(a) = o(al?) = a7, This determines an injective group
homomorphism G — Z/nZ, where o +— i such that o(a) = a¢’. Thus G is
isomorphic to a subgroup of a cyclic group, so is itself cyclic. Since |G| = d, we
have G & Z/dZ, and that d = |G| divides n = |Z/nZ|. Thus G is generated by
o where o(a) = a¢™?. Note that ¢*/? is a primitive d-th root of unity. As in
the proof of (1) for d instead of n, we see that the minimal polynomial of a over
K is X4 —at e K[X]. O

9.3 Radical Extensions

A field extension L/ K is called radical if there exists a tower L = K,/ -+ /Ky =
K such that each K; = K;_1(«;) is simple and with o} ‘ € K;_; for some positive
integer r;. We call such a tower a radical tower for L/ K. Note that all radical
extensions are necessarily finite.

Let L = K,,/--- /Ky = K be a radical tower for L/K, where K; = K;_1(a;)
with o' € K;_1. Let r =lem(r,...,7,). Then of € K;_ for all 4, so we may
assume that at each stage we have adjoined an r-th root for some common r.
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We shall call such an r an exponent of the radical extension L/K. (N.B. This
is non-standard terminology, but useful.) If L/K is radical of exponent r, then
it is also radical of exponent ¢ for all multiples ¢ of 7.

Theorem 9.5. 1. Let L/K/k be field extensions. If both L/K and K/k are
radical (of exponents r and s), then L/k is radical (of exponent lem(r, s)).

2. Let L/K be a field extension and E,F two intermediate fields. Then
E/K radical (of exponent r) implies EF/F radical (of exponent r). In
particular, if L/K/k are field extensions, then L/k radical implies L/ K
radical.

Proof. (1) Let L/K and K/k be radical of exponents r and s. Then they
are both radical of exponent ¢ := lem(r,s). Let L = K,,/--- /Ky = K and
K =ky/ - /ko = k be radical towers of exponent ¢. Juxtaposing these yields
a radical tower for L/k of exponent t.

(2) Let E = K,/ - /Ko = K be a radical tower of exponent r. Define F; :=
FK; to be the compositum. We have K; = K;_1(«a;) for some a; with of €
K;_1. Therefore

F;, =FK, = FKi_l(Oéi) = E_l(ai) and Oz;ﬁ e K,_1 CF;_1.

Since F,, = EF and Fy = F we have that EF = F,,/--- /Fy = F is a radical
tower of exponent r.

For the second part we have L/k is radical, so L = LK is radical over K. [

Warning

If L/k is radical and K an intermediate field, then K /k is not in general radical.
However, for most of the time it is usually sufficient to ask that, given K/k, there
exists L/K such that L/k is radical.

Theorem 9.6. Let L/ K be finite, with normal closure M /L. Then L/K radical
implies M /K radical.

Proof. Let o1,...,0., be the distinct K-embeddings . — M. Then M equals
the compositum o (L) - - - 0, (L). Moreover, if L = K,,/--- /Ky = K is a radical
tower of exponent r, then so too is 0;(L) = 0,(K,)/---/0;j(K¢) = K. For,
writing K; = Ki_l(Oéi) with o € K,;_1, then O'j(Ki) = O'j(Ki_l)(O'j(Oéi)) with
oj(a;)" = oj(af) € 0;(K;-1).

Using Theorem 9.5 we have that o1(L)o2(L) is radical over o(L), and since
o2(L)/K is radical we deduce that o1(L)o2(L)/K is radical. By induction,
each compositum oq(L)---0,(L) is radical over K, so in particular M/K is
radical. O

As motivation for the next section we make the following observations.

Let L/K be normal and radical, say with radical tower L = K,,/--- /Ky = K.
Note that L/K; is Galois for all i (all extensions are separable since we are in
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characteristic zero). Set G; := Gal(L/Kj;), so that we have a chain of subgroups
{1} =G, <--- <Gy = Gal(L/K).

Proposition 9.7. Let L/K be normal and radical. Let L = K, /- - /Ky = K
be a radical tower of exponent r and set G; := Gal(L/K;). If K contains a
primitive r-th root of unity, then each K;/K; 1 is Galois with cyclic Galois
group, hence each G; < G;_1 is normal with cyclic quotient.

Proof. By the Galois correspondence, K;/K;_ is Galois if and only if G; <G;_4
is normal, in which case Gal(K;/K;_1) 2 G;—1/G;.

Since L = K, /--- /Ky = K is a radical tower of exponent r, we can write
K; = K;_1(o;) for some «; with of € K;_1. Since K contains a primitive r-th
root of unity, so too does K;_1. Thus by Theorem 9.4, K;/K;_; is Galois with
cyclic Galois group (of order dividing r). O

Proposition 9.8 (Vandermonde-Gauss). Let ¢ be a primitive n-th root of unity.
Then K (C) is contained in a radical extension of K.

Proof. Since K (() is the compositum of K and Q(¢), it is enough to prove that
Q(¢) is contained in a radical extension of Q, by Theorem 9.5. If n = ab with a, b
coprime, then ¢® is a primitive b-th root of unity and ¢® is a primitive a-th root
of unity. Moreover, by Euclid’s Algorithm, there exist z, y such that ax+by = 1.
Hence ¢ = ((%)(¢%)Y, so that Q(¢) = Q(¢%,¢%). Again by Theorem 9.5, it is
enough to prove that both Q(¢%) and Q(¢?) are contained in radical extensions.
This reduces to the case when n = p® is a prime power. If ¢ > 2, then ( is a
root of XP — (P and Q(¢)/Q(¢P) has degree ¢(p®)/d(p®~!) = p by the Tower
Law. Thus Q(¢)/Q(¢P) is Galois with Galois group Z/pZ, and since Q(¢?)
contains a primitive p-th root of unity, namely ¢*"~ ', we have that Q(¢)/Q(¢P)
is radical by Theorem 9.4. Hence by Theorem 9.5, if Q(¢P) is contained in a
radical extension, then so is Q(().

We have therefore reduced the problem to showing that Q(¢) is contained in a
radical extension whenever ( is a primitive p-th root of unity for some prime p.

In this case, let 8 be a primitive (p — 1)-st root of unity. Then (6 is a primitive
p(p — 1)-st root of unity, so that Q(¢f) is a field extension of Q(f) of degree
o(p(p—1))/d(p—1) = ¢(p) = p— 1 by the Tower Law. It follows from Corollary
9.2 that Q(¢0)/Q(0) is Galois with Galois group Z,; = Z/(p — 1)Z. Since 0 is
a primitive (p — 1)-st root of unity, we can apply Theorem 9.4 to deduce that
Q(¢0)/Q(h) is a radical extension. By induction, Q(6) is contained in a radical
extension, whence Q(¢#) is contained in a radical extension by Theorem 9.5, so
Q(() is contained in a radical extension as required. O

The point of this result is that if ¢ is a primitive p-th root of unity, we should

not allow ¢ = /1 to be our radical expression: for one thing, Q(¢)/Q has degree
¢(p) = p — 1, which is less than the exponent p used. This result is also more
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in keeping with such expressions as

_1tv-3
2 b

exp(2mi/3) =

exp(2mi/4) = V1,

B ey
1 :

exp(2mi/5) =

The latter comes from writing
P5(X) = X+ X+ X2+ X +1 = XA X2+ X1+ X 14+ X72) = X2 (u® +u—1),

where u ;= X+X ! corresponding to 2 cos(27i/5) = exp(2mi/5)+exp(—27i/5).
We can solve the quadratic for u to get

—1+5
2

2cos(2mi/5) = u = =1/®, where ® is the Golden Ratio.

We now solve for exp(2mi/5), since this is a root of the quadratic X? —uX +1,
getting

ut+vVut—4  —-1+V54+/-10-2V5
2 B 4 '

exp(2mi/5) =

Similar tricks only work for n < 11, but in 1771 Vandermonde found the ex-
pression

5exp(2mi/11) =
\5/%(89+25\/5+5f—45\/5) + f/%(89+25f—5¢a+45\/5)
+\5/1z1(89—25\/5+5\/&+45\/5) + 7%(89—25\/5—5\@—45\/5),

where

a=-5+2V5 and B=-5-2V5.

9.4 Solvable Groups

Given a finite group G, a chain of subgroups {1} = G,, < --- < Gy = G is
called a subnormal series if G; < G;4; for all . The factor groups G;/G;t1
are called the subquotients of the subnormal series. A chain is called a normal
series if each G; is a normal subgroup of G. (Some authors call a subnormal
series a normal series, but then have no name for a normal series.)

A finite group G is called solvable provided there exists a subnormal series
for G such that all subquotients are cyclic. We observe that a simple group is
solvable if and only if it is cyclic of prime order.
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The interest in such groups arises from Proposition 9.7, which states that if L/K
is normal and radical, and if K contains enough roots of unity, then Gal(L/K) is
a solvable group. A more general version of this result will be given in the next
section, where we also prove a partial converse. Hence Gal(L/K) is solvable if
and only if we can ‘solve’ the field extension L/K using radical expressions.

Proposition 9.9. Let G be a finite group and H < G a subgroup. Let {1} =
G, <+ <Gy = G be a subnormal series for G. Setting H; := H N G;, then
{1} =H, <---<Hy = H is a subnormal series for H. Moreover, H;/H;11 <
Gi/Giy1.

In particular, if each G;/Gixr1 is abelian (respectively cyclic), then so is each
H;/H; 1. Hence G solvable implies H is solvable.

Proof. We have H; < G;, Gi41 < G; and H;y1 = H; N G;41, so by the Third
Isomorphism Theorem, H; 1 < H; and H;/H;41 = (H;Giy1)/Giv1 < Gi/Git1.

For the second part, we observe that subgroups of abelian (respectively cyclic)
groups are again abelian (respectively cyclic). O

Proposition 9.10. Let G be a finite group and H < G a normal subgroup. Let
{1} = G, <--- <Gy = G be a subnormal series for G. Setting G; == (G;H)/H,
then {1} = G, <--- <1 Gy = G/H is a subnormal series for G/H. Moreover,
Gi/Git1 —~ Gi/Git1.

In particular, if each G;/Giy1 is abelian (respectively cyclic), then so is each
Gi/Giy1. Hence G solvable implies G/H is solvable.

Proof. Set H; :== H N G;. Then both G;;1, H; < G; are normal subgroups, so
also G;11H; < G;. By the Second Isomorphism Theorem, we have

Gi/(Gi1H;) = (Gi/Hi) /(Giy1 Hi/ Hi),
whereas by the Third Isomorphism Theorem we have
Gi/H; = (G;H)/H = G,.
Combining these gives an epimorphism
GiH —» G;/H; - G;/(Git1H;), ghw— g(Git1H;).

This therefore has kernel G;41H, so Gi41H < GZH is ainormal subgroup. By
the Secong Isomorphism Theorem we now have G;+1 < G; and

Gi/Giy1 = (GiH)/(Gip1H) = G /(Giy1 Hy).
Finally, by the First Isomorphism Theorem, we have an epimorphism
Gi/Git1 — Gi/(Git1H;) =2 Gi/Gia

as required. The second part follows as in the previous proposition. O
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Theorem 9.11. Let H < G be finite groups. Then G solvable implies H
solvable. Moreover, if H<1G, then G is solvable if and only if both H and G/H
are solvable.

Proof. Using the propositions above, it only remains to prove that H and G/H
both solvable implies G is solvable.

Let {1} = H, <--- < Hy,, = H be a subnormal series for H and let {1} =
G < -+ <Gy = G/H be a subnormal series for G/H. Define G; := H; for
m < i <nand G; := 7 YG;) for 0 < i < m, where 7: G — G/H is the
canonical epimorphism. Since 7~%(G,,,) = H, this definition is consistent. Also,
ﬂ'il(éo) =G.

Then {1} = G,,<---<1Gy = G is a subnormal series for G. Moreover, G;/G; 1 =
H;/H;yy for m < i < nand G;/Giy1 = G;/Giyq for 0 < i < m. The first of
these is clear, and the second follows from the Second Isomorphism Theorem.
In particular, if each H;/H; 1 and G; /G4 is abelian (respectively cyclic), then
so is each G;/G;41. It follows that if both H and G/H are solvable, then so is
G. O

We say that a chain of subgroups {1} = G, < --- < G|, = G is a refinement
of a chain {1} = G,,, <--- < Gy = G provided that each G; occurs as some G;-.

Corollary 9.12. A group is solvable if and only if it has a subnormal series
whose subquotients are all cyclic of prime order, which is if and only if it has a
subnormal series whose subquotients are all abelian.

Proof. All finite abelian groups are direct products of cyclic groups, and all
cyclic groups have a normal series whose subquotients are cyclic of prime order.
Thus, given a subnormal series with abelian subquotients, we can refine it to a
subnormal series whose subquotients are cyclic of prime order. O

Theorem 9.13. Let p be a prime and G a finite p-group, so having p" elements
for some r. Then there exists a normal series {1} = 2° < Z' <--- < 2" =G,
where Z'T |71 = Z(G/Z?) is the centre of G/Z'. In particular, G is solvable
(in fact nilpotent).

Proof. We let G act on itself by conjugation. The orbits of size one are given
by the elements of the centre Z = Z(G) = Z! of G, and note that |Z| > 1 since
1 € Z. Let X be a set of representatives for the conjugacy classes of size at least
2. For z € X let G, = Stabg(z) be the stabiliser of z, so the orbit of x has size
[G : G;] > 1. Since G is a p-group, we see that p divides each [G : G.|. Now,
|G| = |Z] 4+ > ,ex|G : G, so p divides |Z|. In particular, G’ has non-trivial
centre. Since Z <1 G and G/Z is again a p-group we are done by induction. O

More generally, we have the following famous theorem. John Thompson was
recently awarded the Abel Prize for this and other work on finite groups.
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Theorem 9.14 (Feit-Thompson). Every finite group of odd order is solvable.
In particular, if G is a finite simple group, then either G is cyclic of prime order
or else |G| is even.

We shall need the following result, concerning the solvablility of the symmetric
and alternating groups.

Theorem 9.15. The alternating group A, is solvable if n < 4 and simple if
n > 5. In particular, the symmetric group S, is solvable if and only if n < 4.

Proof. For n = 4 we have the normal series {1} <V < A4 < Sy, where V =
{id, (12)(34), (13)(24), (14)(23)} = (Z/27Z)?. Since each quotient is abelian, we
have the result. Moreover, since S;/V = S5, we also obtain that S is solvable.
On the other hand, if n > 5, then A, is simple but not cyclic, so not solvable.
(This was on the third exercise sheet.) Since A, <1.5,, the full symmetric group
S, is not solvable for n > 5. O

9.5 Solvable Galois Extensions

We now come to one of the highlights of Galois Theory.

Theorem 9.16. Let L/K be finite and normal. Then Gal(L/K) is solvable if
and only if there exists a finite extension M /L with M /K normal and radical.

Proof. Let L/K be Galois and let M /L be a field extension such that M/K is
Galois and radical of exponent r. Let ¢ be a primitive r-th root of unity (in a
splitting field of X" — 1 over M). We observe that M (¢) is the compositum of
M and K(().

Since M/K and K(¢)/K are both Galois, M(¢)/K is Galois by Theorem 7.6.
Moreover, Theorem 9.5 implies that M (¢)/K(¢) is radical of exponent r, and
since ¢ is a primitive r-th root of unity, we must have that Gal(M(¢)/K())
is solvable, Proposition 9.7. Since this is a normal subgroup of Gal(M (¢)/K)
with quotient the abelian group Gal(K(¢)/K) (Corollary 9.2), we deduce from
Theorem 9.11 that Gal(M(¢)/K) is a solvable group.

Now, L/K is Galois, and by Theorem 7.5 we have an epimorphism of groups
Gal(M(¢)/K) — Gal(L/K). Therefore Gal(L/K) is solvable by Theorem 9.11.

Conversely, let G = Gal(L/K) be solvable group of order r = [L : K], and
let {1} = G, <--- << Gy = G be a subnormal series for G with cyclic sub-
quotients. Let K; be the intermediate field of L/K belonging to G;, so that
L=K,/ --/Ky= K is a tower of field extensions. Then K;/K;_; is Galois
with Galois group G;_1/G; cyclic of order dividing r.

Now let M be the splitting field extension of X" — 1 over L and let { € M be a
primitive r-th root of unity. Note that M is the compositum of L and K (), so
M/K is Galois by Theorem 7.6.
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Set M; := K;({), so that we have a tower M = M, /--- /My = K({). By
Theorem 7.6 again, Mi/Mifl is Galois and Gal(Mi/Mi,l) < Gal(Ki/Ki,l),
so that the Galois group is cyclic of order dividing . By Theorem 9.4, M; =
M;_1(a;) with of € M;_1. Hence M = M,,/--- /My = K(() is a radical tower
of exponent r.

Finally, since K(¢)/K is radical by Proposition 9.8, we deduce from Theorem
9.5 that M/K is normal and radical. 0

We say that an irreducible polynomial f € K[X] is solvable by radicals if
there exists a radical extension M/K containing a root of f. Since the normal
closure of a radical extension is again radical, Theorem 9.6, it is equivalent to
assume that there exists a radical Galois extension M /K containing a root of f.
In this case, M contains all roots of f, so contains the splitting field extension
L of f over K.

We remark once again that L/K will not be radical in general.

Theorem 9.17 (Galois). An irreducible polynomial f is solvable by radicals if
and only if Gal(f) is a solvable group.

Proof. Let f € K[X] be irreducible and let L/K be its splitting field extension,
so that Gal(f) = Gal(L/K). Then f is solvable by radicals if and only if there
exists a finite extension M/L with M /K normal and radical, which by Theorem
9.16 is if and only if Gal(L/K) is solvable. O

Corollary 9.18. A general quintic is not solvable by radicals.

Proof. We saw in Example 6 of the previous chapter that f = X® —4X 4+ 2 ¢
Q[X] is irreducible and has Galois group Ss. Therefore Gal(f) is not solvable,
so f is not solvable by radicals. O
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Chapter 10

Explicit Formulae for
Cubics and Quartics

In this chapter we apply the above considerations to the cubic and quartic
polynomials, and in so doing obtain radical expressions for roots of cubics and
quartics. In particular, we recover Cardano’s formula from the introduction,
and motivate the constructions involved. The formula for the quartic is due to
Ferrari, a student of Cardano.

10.1 Solving the Cubic

Let f = X3 —e; X% +e3X —e3 € K[X] be irreducible and let a; for i = 1,2, 3 be
the roots of f in its splitting field extension L. Thus the e; arethe elementary
symmetric functions

e =a1 t+taxta3, €=+ a3+ azey, €3 = qia20s.

The Galois group G of f is a subgroup of S3, and we have the subnormal series
{1} < A3 <S5 with cyclic subquotients. In fact, A3 = Z/3Z and S3/A3 = 7 /27Z.

In order to solve the cubic, we first adjoin primitive square and cube roots of
unity (since 2 and 3 are the orders of the cyclic subquotients). Since —1 € K,
it is enough to adjoin a primitive cube root of unity w. So, from now on we
assume that w € K.

We define

0= H(ai —aj) = (afag + a3az + ajar) — (1 ad + aad + azad),
i<j

so that the discriminant of f is

A(f) = efes — deles — el + 18e eze3 — 27e3.
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We have already observed that an element of G fixes § if and only if it is an
even permutation. Thus Gal(L/K(d)) = G N As.

Since Gal(L/K(8)) = As and w € K, we know that there exists some u € L
such that u? € K(§). In fact, by Theorem 9.4, this element u must satisfy
u/o(u) = w, where o = (123): a; — ;41 is a generator for As. The obvious
choice is to consider u = a; + was + w?agz, for then o(u) = w?u, so that
u/o(u) = w.

It remains to calculate u3, which we know from the introduction equals
(@3 403 +ad) +6araza3+3w(aias +adaz +aiar) +3w?(a1ad +azai +aza?).
Using that
(aFas + a3as + a3ar) + (a1a3 + azas + azal) = ejey — 3es,
we can write
u® = (e} — 3ejey + 9e3) + %w(eleg —3e3+0) + %wz(eleg —3e3 —0)

_ w39 27 3 2
=ej] — e+ He3+ H(w—w)d

= %(/\ + 3(0‘) - WQ)(S)’ where \ = 28:15 — 9eqeq + 27e3.

Note that w — w? = /=3. Similarly, we can form the sum v = a7 + w?as +was
and see that
v =1\ = 3(w—w?)d), uv=-e]—3en.

We can now solve for «; using the three expressions
e = g o, U= E w ey, v= E WD,

In this way we recover the formula given in the introduction: we have
o =3(er+u+v), az=j(e +wlu+w), az= 2(e1 +wu + wv),
and u3 and v® are the roots of the resolvent quadratic
g:= X2 AX +L(0\?+27A), X:=2e} - 9eje; + 27e;.

[This is essentially the same formula, but we have not assumed that e; = 0 and
we have that the u in the introduction is one third of the u here.]

We also have the following criterion for the Galois group of an irreducible cubic
f € K[X].

VA Gal(f)
not in K S
in K A3
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10.2 Solving the Quartic

We now carry out a similar analysis for an irreducible quartic polynomial f =
X*—e; X%+ e X% —e3X +e4 € K[X]. Let L be a splitting field extension and
let a; for i = 1,2,3,4 be the roots of f in L. Let G < Sy be the Galois group
of f.

Recall that Sy is a solvable group. In fact, we have the normal series {id} <7 <
V < Ay <S4 whose subquotients are cyclic of order 2,2, 3,2 respectively. Here
we have written T for the subgroup generated by (12)(34), although we could
have used any of the non-trivial elements in V. Since the cyclic subquotients
are of orders 2 and 3, it is again enough to adjoin a primitive cube root of unity
w.

We have

6= (al — 042)(0&1 — 043)(@1 - 044)(042 — 053)(042 — 044)(043 — 044)

3 2 2 3
= Z A1) ¥ (2)Xa(3) — Z Qo (1) X (2) Vg (3)
oEA, ogEA,

and since o € G fixes ¢ if and only if o is even, we see that the group associated
to K(6) is GN Ag.

We next want to calculate the fixed field of G N'V. This will be a Galois
extension of K (§) with Galois group a subgroup of A4/V = Z/3Z. Since V =
{id, (12)(34), (13)(24), (14)(23)}, we are led to consider the elements

a= (a1 +a)(as+ay), b= (a1+asz)las+as), c=(a1+ aq)(as+ as).
We observe that
a+b+c=2ey, ab+bc+ca= e% + eje3 —4dey, abc= —e% — e%e4 + ejeses
so that a, b, c are the roots of the resolvent cubic
g:=X>—2e,X? + (e5 +ejes —de,) X + (€3 + efe;, — ejeqes).

This has coefficients in K, and so K (a, b, ¢) is the splitting field extension for g,
hence is Galois.

We also observe that

a—b= (a1 —az)(as— ay),
b—c=—(a1 —az)(as — aa),
a—c=—(ar —a3)(as — ),

so that

H(ai —aj) = (a—Db)(a—c)(b—c).

1<j
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Thus f and g have the same discriminant A. Since the roots of f are distinct,
A # 0, so the roots of g must also be distinct. Note however that g may not be
irreducible.

We can now calculate the subgroup associated to K (a, b, ¢). For, since a, b, ¢ are
all distinct, o € G fixes a if and only if ¢ is one of the elements

id, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)

(which form the elements of a group of type Dg). Doing this for b and ¢ as well,
we deduce that the group associated to K(a,b,c) is precisely GNV.

We remark that K(a,b,c)/K is Galois with Galois group Gal(g) = G/(GNV).
This is naturally a subgroup of S3 = S4/V.

Moreover, since f and ¢ have the same discriminant, we can substitute the
coefficients of g into the formula for the discriminant of a cubic to obtain the
formula for the discriminant of a quartic:

A(f) = e2edes — dedes — desel — deledes — Gelesey + 16esey
+ 18¢e3eqezes + 18elege§ — 27efed — 27e§ — 80eje3ezeq — 128e3e2

+ 144efege] + 144eqezes — 192e1ese] + 256¢5.

We already know how to solve the cubic g: we consider
2es =a+b+c, u=a+wb+w?, v=a+w?b+wec.

Then
u? =LA+ 3(w—w?)d),

where as before

A=2(a+b+c)®—9(a+Db+c)(ab+ bc+ ca) + 27abe
= 16e§ — 1862(8% +eje; —4dey) +27(ejeze3 — e% - efe4)

= 2eg + 27e§ + 27e%e4 — T2e5e4 — 9e;es0e3.

(Note that we used the symmetric functions in the elements a, b, ¢ in the formula
for \.)

We next want to calculate the fixed field of G NT. This is an extension of
K(a,b,c) of degree at most 2. We will show that this always equals L :=
K(a,b,c,a1 +as, aras). Let H be the subgroup associated to L. It is clear that
(GNT) < H < (GNV), so the result follows if we can show that H < (GNT).
Suppose therefore that o € H. Since a; + az = a1 + «; implies j = 2, and
similarly a1 + s = a; + as implies ¢ = 1, we see that a; + as # ag + ay implies

€ ((12),(34)) NV = T. Similarly for ayas. Therefore, if ¢ ¢ GNT, then we
must have both a; + as = az + a4 =: 0 and ayas = azay =: ¢. Hence we have
four distinct roots of the quadratic X2 — X + ¢, a contradiction.
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We note that a; 4+ a2 and as + oy are the roots of the quadratic X2 — e X +a,
whereas o and agay are the roots of the quadratic X2 — (ea—a)X +e4. Also,
a1 +as = az+ay implies e; = 2(a; +az) and a = (o +as)? = ie% € K. Thus,
provided that g has no root in K, we have L = K(a,b, ¢, a1 + a3). Otherwise
we may assume that g has a root @ € K. Then a3 + ag = a3 + a4 if and only if
e? = 4a, and ajag = azay if and only if (e3 — a)? = 4e4. Thus we can always
write either L = K(a,b,c,a1 + ag) or L = K(a,b, ¢, a1as).

In particular, to obtain L from K (a,b, c), we only need to adjoin either a square
root of €% — 4a or a square root of (ex — a)? — 4ey.

Finally, to obtain a7 and as, we can solve the quadratic
X2 - (Oq + O[Q)X + a1

by adjoining a square root of (a1 + ag)? — daas.

We remark that ajas and aq 4+ as are related by the formula
863 — 48192 +e‘f = 7(2(0&1 +042) 781) (80410&2 +4(a 782) — e (2(0&1 +Ot2) — el)) .

This expression seems to be new — at least I couldn’t find it in the standard
literature. One can easily check it in the simple case when e; = 0. For, making
the substitution —ay = a7 + a9 + a3 one obtains

a— €y = —Q10p — Q304 = —Q1 Qg + 13 + agig + a%
and
€3 = 7(0(1 + 042)(@1042 + ajaz + agas + Oé%) = 7(0&1 + 042)(2051012 +a— 62).

The general formula follows after applying the Tschirnhaus transformation Y =
X +a/4.

A different approach, the standard method for solving a quartic and yielding
simpler formulae, involves finding expressions for a; + a3 and a; + a4 as well
as for a; + as. We thus solve the three quadratics

X?2—e1X+a, X’ —eX+b X?’—-—eX+ec

We may choose square roots such that

p= e%—4a:2(oz1+oz2)—e1z(a1+a2)—(a3+a4)
q= ef—4b:2(oz1+oz3)—e1=(a1+a3)—(a2+a4)

r=1/ef —dc=2(a1 +aq) —e; = (a1 + aq) — (a2 + ag),
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which gives us the compatibility condition

pqr = \/e%—éla\/e%—élb el —4c

3 3 3 3
= (o + a5 + a3 + o) + 2(a1asas + agasay + ajasay + asasay)

2 2 2 2 2 2
— (afae + afas + ajay + agas + agay + azay)
2 2 2 2 2 2
— (@105 + a3 + a0 + apas + aso + azag)
3
= (e} — 3e1ea + 3e3) + 2e3 — (e1e2 — 3es)

= 863 — 48182 + ei’.
Having this, we can now solve for a;, since
200 +e1 = (a1 + az) + (o1 + a3) + (1 + ) = 3(3e1 +p+q+7).

Note that with this method we have to solve one extra quadratic, and also
have to introduce a compatibility condition, both of which are avoided using
the previous method following the theory. On the other hand, the formulae are
easier. We also observe the connection between the two methods, since

p=2(a1+az) —e,
qr = —(80[10[2 +4(a—e3) — e (2(@1 + ag) — el)).

In summary, given a quartic
f=X"—e1X? +esX? —e3X +e, € K[X],
where K contains a primitive cube root of unity, we form the resolvent cubic
_ 3 2 2 2 2
g=X"—2eX" + (e5+eje; —4dey) X + (e5 + efey — ejeqzes)

having roots a, b,c. We then take square roots

p:,/e%—éla, q:\/e%—llb7 r= 8%740

with signs chosen such that
pqr = 8es — 4dejes + eil)’.
The roots of f are then given by

(e1—p+q—r)
(e1—p—q+r).

(e1+p+q+r) az =
(e1+p—q—r) ay =

a1 =

W= s =

1

1
Qo = i
It is also possible to give simple criteria for determining the Galois group of
a quartic f (following Kappe and Warren). Note that we only need the third
column to distinguish between Dg and Z/47. In these two cases g has a root in
K, which we may assume to be a.
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VA g€ K[X] +/(ex—a)?—4des, /€3 —4a Gal(f)

not in K irreducible Sy

not in K root a not both in K(v/A) Ds

not in K root a both in K (v/A) Z]AZ
in K irreducible Ay
in K splits v

Recall that the fixed field of G N Ay is K(v/A) and the fixed field of G NV is
K(a,b,c), the splitting field of g. The degree of K(a,b,c)/K equals the index
of GNV in G.

If VA € K, then G is a subgroup of A4, so either A4 or V. If G = Ay, then
[K(a,b,c): K] =3, so that g is irreducible. If G =V, then K(a,b,c¢) = K and
g splits over K. We observe that g splits over K if and only if g has a root in
K

Otherwise, if VA ¢ K, then G is one of Sy, Dg or Z/4Z. If G = S, then
[K(a,b,c) : K] = 6 and g is irreducible over K (in fact, Gal(g) = S3.) If
G =Dgor G=7/47Z, then GNV =GN Ay. (GN A4 equals V if G = Dg and
is isomorphic to Z/27Z if G = Z/4Z). Thus K(a,b,c¢) = K(v/A) and g has a
root in K, which we may assume to be a. N.B. Making this choice means that
G contains the 4-cycle (1324).

To distinguish between Dg and Z/4Z, set
hi=(X?—e X +a)(X?— (e —a)X +ey).

This has roots a1 + as, asg + a4, ajas, asay. As above, the splitting field of A
over K(a,b,c) = K(v/A) is precisely the fixed field of G NT. Now, if G = Ds,
then GNT =T #V = GNV. Thus h does not split over K (v/A). On the other
hand, if G = Z/4Z, then GNT =T = G NV, so h does split over K (v/A).

We remark that the standard analysis is based on the fact that, provided that
VA ¢ K and g has a root in K, we have G = Dy if and only if f is irreducible
over K(v/A). Checking the irreducibility of a quartic, however, is non-trivial.
Our method only requires one to check whether e? —4a and (ez —a)? — 4e,4 have
square roots in K (v/A), a much easier problem.

As a special case, we note that if f = X* + esX? + ¢4 € K[X] is irreducible,
with roots +a, =0, then

1. Gal(f) 2 V if and only if e4 is a square in K if and only if a8 € K;

2. Gal(f) = Z/AZ if and only if e4(e3 — 4ey) is a square in K if and only if
ap € K(a?)\ K;

3. Gal(f) = Dg if and only if neither e4, e4(€3 — 4ey) are squares in K if and
only if a3 ¢ K(a?).
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For, A = 16e4(e3 — 4e4)?, so A is a square if and only if ey is a square. Also,
g=X(X?—2e;X + (e} — 4e4)), so has roots 0 and e, + 2,/e;. In particular,
we can always take a = 0 € K, so the possible Galois groups are V', Dg and
Z/AZ. Note that e — 4a = 0 always has a square root in K.

Now, G =V if and only if /e, € K. On the other hand, suppose that \/e; ¢
K. Then ej — 4e4 is a square in K(y/€4) if and only if es(e3 — 4eq) is a
square in K. For, writing e3 — des = (z + yy/e1)? with z,y € K, we see that
2zy\/e; = (€3 — 4eq) — 22 — y’e, € K. Hence zy = 0, so either z = 0 and
es(e2 — dey) = y?e?, or else y = 0 and e3 — 4e; = 2. In this latter case, we
would have the factorisation f = (X2 + £ (ez+))(X?+ 3(e2 —x)), so f would
not be irreducible.

The statements involving the roots follow from the expressions
€2 = —(CE2+,62), €4 :C¥2ﬁ2, 93_494 = (CVQ—ﬁ2)2.
Another nice exercise is to use this criterion to study the polynomial f = X%+

pX + p € Z[X] for p a prime. This has Galois group Sy if p # 3,5, has Galois
group Ds if p = 3 and has Galois group Z/4Z if p = 5.
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Chapter 11

Applications

11.1 Symmetric Functions

Let L = k(z1,...,2z,) with each x; transcendental over k(x1,...,2_1). In
other words, we have a tower L = k,,/---/ko = k such that k; = k;_1(z;) is
a simple transcendental field extension. (We say that the x; are algebraically
independent, since they satisfy no algebraic relation. C.f. linear independence.)
Let S, act on L as k-automorphisms, where o(x;) := ;). We define the
elementary symmetric functions to be

e, = Z Tiy Ty, = Z Hxi, 1<r<n.

G <<y Ic{1,...,n} i€l
[ I|l=r
We now observe that S,, acts on the set of subsets I C {1,...,n} of size r.

Hence o(e,) = e, for all o € S,, so that e, € L. Define K := k(ey,...,e,).

Theorem 11.1 (Fundamental Theorem of Symmetric Functions). L/K is Ga-
lois with Galois group Sy,. In particular, any rational function in the x; which
is invariant under S, can be expressed as a rational function of the e;.
Moreover, any polynomial in the x; which is invariant under S,, can be expressed
as a polynomial in the e;, so k[xy,...,x,]%" = kle, ..., e,)].

Proof. Since S, is a finite group, L/L" is a Galois extension. This gives an
epimorphism S,, — Gal(L/L">"), which is injective, so an isomorphism. For, if
o acts as the identity on L, then o(z;) = z; for all 4, so o(i) = i for all 7, whence
o = id. Therefore [L : L%*] =|S,| = n! and S,, = Gal(L/L"").

We showed above that K C L, so [L : K] > n!. Conversely, consider the
polynomial

F=][(X-z)=X"-e X" " +eX" 2~ + (=1)"e, € K[X].
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This has degree n and roots x; for 1 < ¢ < n. Thus the splitting field extension of
F over K is precisely K (z1,...,2,) = L. By Theorem 5.1, we have [L : K| < nl.
Hence [L : K] = n! and L = K, proving the first statement.

We now want to prove that L has K-basis given by the following set of monomials
M= {zft - a8 0 0 < a; < i}. We begin by showing that we can write any
polynomial f € k[zy,...,x,] as a sum of elements of the form z{* - - - z% g with
g € kler,...,e,] and 0 < a; < i for all &. We introduce the polynomials

Fi(X) = (X —21) - (X =) = F(X)/(X = @ip1) - (X = ),

so that F; has degree i and coefficients involving only ey, ..., e, and ;4 1, ..., 2.

For example, if n = 3, then

Fs=F=(X—2))(X —22)(X —23) = X? —e; X? + e2X —e3
3

X —z3) X% — (e1 — 23)X + (ez — €123 + 73)

F2 = (X —LL’l)(X —1'2) =

Fy

Flz(X—xl):m

:X—<el—$2—$3).

Since 1 is a root of F; and deg(F}) = 1, we can replace all occurrences in f of
x1 using ey, ..., e, and xa,...,2,. In fact, we know that F} = X — ey + (z2 +
-+ +x,), and we are replacing z1 with e; — (z2 + -+ + x,,).

Since x5 is a root of Fy and deg(F») = 2, we can replace all occurrences in f of
xd for d > 2 by a linear polynomial in x5 with coefficients from ey, ..., e, and
x3,...,%,. By induction, using that deg(F;) = i and x; is a root of F;, we can
replace all occurrences of z¢ for d > i by a polynomial of degree at most i — 1 in
x; with coefficients from eq,...,e, and x;11,...,z,. In this way, we can write
any polynomial in the stated form.

Now, if f = f1/f2 € L with f1, f2 € k[{w;}], then setting g2 = [[,cq,\ (13 0(/2)
we see that gofs is symmetric and fig2 € k[{x;}] can be written as a k[{e;}]-
linear combination of the elements from M. Since f = f1g2/f292, we see that
M is a spanning set. Since |[M| = n! it must also be a basis.

Finally, if f € k[{z;}] is symmetric, then we can write it as a k[{e;}]-linear
combination of the elements from M. Since M is a K-basis, we must have that

f € kl{ei}]- O
As an example, if n = 3 and f = x%z3 + 23. We will be using the substitutions

1 =€ — 22— I3
2 _ + + o 2
Ty = —€2 (S €e1x3 ToX3 T3

Jig =e3 —eyrs3 + elxg,
found using Fi, F5 and F5. We first replace all occurrences of 1 to get

2 2, .2 2
[ =elrs — 2ejxow3 — 2123 + T3w3 + 2w0x3 + 25 + 5.

81



We next replace all occurrences of 23 to get
f=—eies+ (el —ex)zy + 2eixs — 2e110w3 — 3€105 + xox3 + T
Finally we replace all occurrences of x3 to get
f=(es—ejer) + (ef — ex)ry + (2e7 — ex)x3 — 2€1 w073 — 20175 + To73.

We have therefore expressed f as a linear combination of the elements of M =
{1, 29, x3, 223, 23, 923}, with coefficients in the polynomial ring kle1, e, es].

Another classical problem involves the field L = k(z) with = transcendental over
k. Consider the following six k-automorphisms of L:

It is not hard to see that these six transformations form a group isomorphic

t0 Sy, For, if o(f(z)) = f(1 - 1), then o2(f(@)) = f(1 - =1r) = f(Ls)

and 03 = id. Similarly, we can let 7(f(z)) = f(%). Then 7% = id and 70 =

ot f(z) = f(35)-

Theorem 11.2. L/L°* is a Galois extension with Galois group Sz and fized
2 3

field LS = k(J), where J = &=t

z2(x—1)2

Proof. Since S is a finite group, we know that L/L%® is Galois with Galois
group S, hence [L : L°%] = |S3] = 6. On the other hand, it is not hard to
check that the function J = % lies in L%. (We only need to check that
o(J)=J=1(J).)

Set K = k(J) € L®. Then L = K(x) and z is a root of the polynomial
X%3(X —1)? — (X% - X +1)3J € K[X], of degree 6. Thus [L : K] < 6. Since
[L:L5]=6and K C L, it follows that L% = K. O

In other words, the set of functions f for which
fl@)=f(3) = f1-2) = f(335) = f(551) = f(32)
is precisely the field k(J) of functions in J.

This function J can be found in the study of elliptic curves. The Legendre
normal form of an elliptic curve F is Y2 = X (X —1)(X — \) with A € C\ {0, 1},
and two ellpitic curves F, E’ are isomorphic if and only if the numbers A, ' lie in
the same Ss-orbit. Therefore, given an elliptic curve E, we define J(E) := J(\),
and this parameterises the isomorphism classes of elliptic curves. (It is common
to define j(E) := 28J(E) and declare this to be the j-invariant of the elliptic
curve F.)

Another instance where the J-invariant occurs is in the cross-ratio. Recall that
the cross-ratio of four complex numbers (21, 22, w1, wy) may be defined as

(21 — w1)(22 — wa)
(21 — w2)(z2 — w1)

€ CU {o0}.

[21, 223 w1, wo] 1=
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However, different permutations may give different values. In fact, the symmetry
group Sy acts on the quadruple (z1, 22, wy, we) by place-permutation. Since

[21, z2; w1, Wa] = [22, 215 We, w1] = [w1, We; 21, 22] = [Wa, W1; 22, 21]

we see that the subgroup V acts trivially. Now V <S4 is a normal subgroup,

and the factor group is isomorphic to S3. If we define A := [21, 22; w1, wo], then
1 1
[21,w1;22,w2]:1—x and  [z1, 22; Wy, w1] :X'

This induces an action of S3 on the Riemann sphere P!C = CU {oco}, analogous
to the action of Symg on C(X). More precisely, o(A) := 1 — § and 7()) == 1.
In fact, viewing C(X) as the function field of P'C, these two actions of Symg

are dual to one another.
The Mobius group PGL2(C) acts on P'C via

a b az+b
(C d) (2) = o rd
This action is 3-transitive, since it can take any three distinct points to any
other three distinct points. The action also preserves the cross-ratio of any four
points. In particular, given any four distinct points (21, 22, w1, ws), there exists a
unique Mdébius transformation M taking these four points to (A, 1,0, 00), where
A = [z1, 22; w1, we]. In fact, we take M (x) := [x, 29; w1, ws]. This is used in the
proof of the former result concerning elliptic curves.

For more interesting facts about cubics, elliptic curves and S3, try here.

11.2 Finite Fields

A finite field is a field with only finitely many elements. Examples include the
fields F,, := Z/pZ for each prime number p. We begin with an easy lemma.

Lemma 11.3. Let F be a finite field with q elements. Then
1. char(F) =p >0 and F has prime subfield F,,;
2. q=p" where n = [F :F,];
8. F* is a cyclic group of order ¢ — 1.

Proof. The first part is clear, as is the second using a basis for F' over F,. The
third part was proved in Lemma 7.10. O

Let F' be a finite field with ¢ = p™ elements. Recall from Lemma 6.2 that the
Frobenius homomorphism Fr(z) = 2? is a field automorphism of F'. Moreover,
since it fixes 1, it fixes every element of the prime subfield F,. Thus Fr €
Gal(F/F,).
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Lemma 11.4. Let F be a finite extension of F, and let Fr be the Frobenius
homomorphism.

1. Forx € F, Fr"(z) = z if and only if x is a root of XP" — X.

2. The polynomial XP" — X is separable and has p™ distinct roots in its
splitting field extension.

3. Let G = (Fr) < Gal(F/Fp). Then G is a finite cyclic group with fized field
F,.

Proof. (1) This is clear, since Fr"(z) = zP".

(2) Suppose (X — z)?|f over its splitting field. Then X — z divides f' = —1, a
contradiction. Thus f has p™ distinct roots in its splitting field extension.

(3) The Frobenius homomorphism is an automorphism of the finite set F, hence
has finite order. Thus G = (Fr) is a finite cyclic group. We know that Fr fixes
Fp,. On the other hand, = € F' is fixed by Fr if and only it is a root of X? — X,

which has at most p distinct roots in F'. Thus the fixed field of Fr is precisely
F,. O

Theorem 11.5. Let p be a prime and n a positive integer. Then there exists a
finite field F' with p™ elements.
If F is any finite field with p™ elements, then

1. F/F, is Galois with cyclic Galois group generated by Fr.

2. Each element of F is a root of X" — X. Thus F is the splitting field
extension of XP" — X, so is unique up to isomorphism.

3. F/F, has an intermediate field E with p" elements if and only if r|n, in
which case E is the fized field of Fr". In particular, F/E is Galois of
degree n/r and with Galois group generated by Fr".

Proof. Let F be the splitting field extension of X?" — X over F,,. Since this poly-
nomial is separable, F' is a Galois extension of F),. Consider Fr" € Gal(F/F,).
By the Lemma, this has fixed field the set of roots of X?" — X in F, so equals F.
Thus each element of F is a root of X?" — X and F has precisely p” elements.

Now let F' be any finite field with p™ elements.
(1) By the lemma, G := (Fr) is a finite subgroup of Gal(F/F,) with fixed field
F,. Hence by Theorem 7.2, F/F, is Galois with Galois group G.

(2) Since |Gal(F/F,)| = [F : Fy] = n, we see that Fr has order n. Thus
Fr"(z) = z for all z € F, so each element of F is a root of X" — X. Since F
has p" elements and there are p™ distinct roots of X?" — X, we see that F is
the splitting field of X?" — X.

(3) By the Galois Correspondence, the intermediate fields correspond to the
subgroups of Gal(F/F,) = (Fr). These are of the form Fr" for r|n. Since (Fr")
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has index r in the Galois group, its fixed field E has degree r over F,. Thus E
has p" elements, so F/E is Galois of degree n/r. O

We write F, for the finite field with ¢ elements. If ¢ = p", then we write
Fr, := Fr", so that Fr,(z) = 2. Thus the Galois group of F,-/IF, is generated
by Fr,.

Corollary 11.6. Every finite extension of a finite field is Galois. If f € Fy[X]
is irreducible of degree n, then Fy[X]/(f) = Fyn and the roots of f are of the
form a? for 0 <r <n.

Proof. Let f € F4[X] be monic and irreducible of degree n. Then F,[X]/(f)
is a degree n extension of IFy, hence isomorphic to Fyn». Since Fyn is a Galois
extension of IFy, we have that f is separable and splits completely in Fg». The
Galois group is generated by Fr,, and this acts transitively on the roots of f by
Proposition 7.13. Since f has n roots and Fr, has order n, the Frobenius map
permutes the roots of f cyclically. O

Proposition 11.7. Let q be a prime power. Over IFy we have the factorisation

x"-x= I] +*
f monic,irred
deg(f)In

Proof. We know that X?" — X factorises over Fn as the product [Lacr,. (X—a),
and so has no repeated roots.

Let o € Fyn, say with minimal polynomial m over F,. Since a is a root of
X" — X € F,[X], we see that m divides XP" — X. Also, the subfield F,(a) of
F» must be of the form Fg- for some r|n, so the minimal polynomial m of «
over F, has degree r dividing n.

Conversely, let f be any monic irreducible polynomial of degree r for rjn. We
know that Fy[X]/(f) = F4r, which is a subfield of Fyn. Since f splits in
F,[X]/(f), it splits in F . Hence every root of f is also a root of X?" — X, so
that f divides X?" — X.

This shows that the irreducible factors of X?" — X over I, are precisely the
monic irreducible polynomials of degree dividing n. Since everything is monic,
we have the result. O

This result is a generalistaion of Wilson’s Theorem.

For, consider the polynomial X? — X. We have seen that the roots of this are
precisely the elements of F,,, so that

XP-X=XX+1DX+2)---X+p-1).
Equating coefficients of X we deduce Wilson’s Theorem, that

(p—1)!'=—1mod p.
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Define 4(g) to be the number of monic irreducible polynomials of degree d over
F,. We can use the previous proposition to obtain a formula for ¢4(¢). This
formula involves the Mébius function u(n), defined as follows:

(n) (=1)" if n=p; - p, is a product of distinct primes;
n) =
a 0 if d?|n for some d > 2.

We immediately see that p(1) = 1, that p(mn) = p(m)u(n) provided m and n
are coprime (i.e. p is a multiplicative function) and that for a prime p,

1 if r =0;
pp") =< -1 ifr=1;
0 if r > 2.

The Mobius function satisfies the formula
1 ifn=1;
d) = '
;“( ) {0 ifn>2,

from which it follows that if we have functions f,, and g, for all positive integers
n, then

fn = ng if and only if g, = ZU(%)fd'

d|n d|n

Proposition 11.8.
1
n - - d n/d.
pnla) = dE n(d)q

Proof. We have from the proposition that

x"-x=11 I +~

d|n f monic,irred

deg(f)=d

Comparing degrees, we deduce that
¢" = dealq).
d|n

Inverting this formula (with f,,(¢) = ¢™ and ¢,(¢) = ne.(q)), we obtain that

nn(q) = Zu(%)qd = wd)g"
d|n

d|n

as required. O
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Examples. We know that ¢1(q) = ¢, and the irreducible polynomials of degree
1 over F, are just the linear polynomials X — o for o € F,.

Next, we have

1 1

©2(q) = §(q2 —q), ¢s3(q) = g(q3 —q), ¢a(q) = i(q4 —q%).

We can compute the irreducible polynomials over Fo or 3, using the Sieve of
Erastothenes, but taking irreducible polynomials over a finite field instead of
prime numbers in the integers. (That these methods work is due to the fact
that both K[X] and Z are principal ideal domains.)

We have the following irreducible polynomials over F.

X2+ X+1
X34 X+1, XP+X241
X* 4 X+4+1, X*+X34+1, X'+ X34+X24+X+1

Over F3 we have three irreducible quadratics.
X241, X?’4+X-1, X?’-X-1

Try and find the 8 irreducible cubics and the eighteen irreducible quartics your-
selves.

11.3 The Normal Basis Theorem

The Normal Basis Theorem is due to Hensel (1888) in the case of finite fields,
and Noether (1932) and Deuring (1933) for general Galois extensions. It states
that for a Galois extension L/K, there is a K-basis of L given by a single orbit
{o(0) : 0 € Gal(L/K)} of the Galois group.

This basis has applications to cryptography, since it is easy to manipulate and
is computationally very efficient.

Theorem 11.9 (Normal Basis). Let L/K be Galois. Then there exists an
element 0 € L such that the set {o(0) : 0 € Gal(L/K)} is a K-basis for L,
called a normal basis.

We shall split the proof into two cases: when the field is infinite, or when the
Galois group is cyclic (which includes all finite fields).

11.3.1 Proof for infinite fields

Recall that, for an irreducible polynomial f € K[X] with roots aq,...,a,, we

have the discriminant A(f) := (—1)(2) [1iz(a; — ;). We can generalise this
notion as follows.
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Let L/K be a Galois extension with Galois group G = {o1,...,0,}. For
{ai,...,a,} C L we define

Aag,...,ap) = det (Trf((aiaj)) e K.
We observe that we can rewrite this as follows. Set
A= (ai(aj)) S Mn(L)

Then
AtA = (Zai(aiaj)) = (TI‘%((O@O(J‘)) € Mn(K),

using that
TI‘%% = Z Tj,
i

as shown in Proposition 7.18. Therefore
Ay, ..., o) = det(A)2.

This definition generalises the discriminant for f. For, let L/K be the splitting
field of f and let aq,...,a, be the roots of f in L. We may assume that the
Galois group acts via 0;(a;) = ;. Therefore, using the subset {1, a1, ...,a} '},
we obtain as above that

A= (ai(a{_l)) = (ag_l).
This is a Van der Monde matrix, so

det(A) = [J(ai = a;), whence A(L,as,...,07 ") = det(4)* = A(f).

i>j

Proposition 11.10. Let L/K be Galois. Then {a1,...,a,} is a K-basis for
L if and only if Alaq,...,an) #0.

Proof. Let Gal(L/K) = {o0;} and set A := (0;(;)) as before. Then A is non-
singular if and only if A(ay,...,a,) # 0.

Suppose first that A is singular. Then there exists A\; € L such that ()\;)A =0,
or in other words, Y . A\;0;(a;) = 0 for all j. If the a; were a K-basis, then
for any 6 € L we could write 6 = 3 pja;. Then >, \ioy(0) = 0, so that
>; Aio; = 0, contradicting the Linear Independence of Characters. Hence the
«; do not form a K-basis of L.

Conversely, suppose that A is non-singular. Then the «; are linearly independent
over K. For, if Zj Aja; = 0 for some \; € K, then applying o; yields that
>_;j0i(aj)A; = 0 for all i. Therefore A(A;) = 0. Since A is non-singular, we
deduce that A\; = 0 for all 4. O
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We can now prove the Normal Basis Theorem for infinite fields.

Let L/K be Galois with Galois group Gal(L/K) = {o;}. By the Primitive
Element Theorem, we can write L = K(«). Set f € K[X] to be the minimal
polynomial of a. Over L we have f = [],(X — 0;(«)), by Proposition 7.18. For
convenience we assume that o3 = id and a; = «, and write a; = 0;(«).

The idea is now to use the Chinese Remainder Theorem to obtain
LIX)/(f)y=L", Xw— (a1,...,0) wheren:=deg(f)=][L:K].

In particular, we have a complete set of pairwise orthogonal idempotents in L™
given by e; having 1 in place ¢ and 0 elsewhere.

X —a,
gi = Ha- _ajg
g#

Then clearly g;(a;) = 0 for ¢ # j and g¢;(c;) =1 (so that g; — e; € L™). Note
also that 0;(¢g1) = g;. Furthermore, if ¢ # j, then each o is a root of gh;g;, so
f divides g;g; in L[X] (corresponding to e;e; = 0 for i # j in L™). Finally, we
have the polynomial identity ). g; =1 in L[X] (corresponding to 1 =", e; in
L™). For, the left hand side is a polynomial of degree at most n — 1, and takes
the value 1 at each «y; therefore it is identically 1.

More explicitly, set

Thus, in L[X], we have g;g; = 0 mod f for i # j, and g; = 3, gig; = g5 mod f.
From this we obtain that, in K[X], we have Trﬁ(gigj) =0 mod f for i # j and
Trf((giz) = Trk (¢;) = 1 mod f. This yields the polynomial identity

A(g;) = det (Trf (gig;)) = 1 mod f,

since the off-diagonal entries vanish, and the diagonal entries are all 1.

We can now define a polynomial h € K[X] via h(X) = A(g;). As a polynomial,
this is non-zero, since it is congruent to 1 modulo f. Since K is an infinite field,
there exists some A € K such that A(\) # 0 (and h(\) = A(g;(N))). Setting
0 := g1(\), we have g;(\) = 04(0), and hence A(c;(0)) = h(A) # 0. By the
previous Proposition, we deduce that {o;(f)} is a normal basis for L/K.

As a 51mple example, consider Q(i)/Q. Then f = X?+1, and g1 = 5 (X + 1)
and go = 5+ (X — 7). Hence

1 1 1
Tr(g?) = —ZTI‘(XQ +2iX —1) = —5()(2 —1)=1- 5t

Similarly
1 1
Tr(g3) =1—5f and Tr(gig) = 5 f,
so that
+

The result then says that {g1(\), g2(A)} = {Ql(
and only if A # 0.

, 22( — 1)} is a Q-basis if
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11.3.2 Proof for cyclic Galois groups

Let 0 € Gal(L/K) be a generator for the Galois group. We observe that any
normal basis for L/K is of the form {0,0(0),...,0" ()}, where n = [L : K].
Recall that L is a K-vector space of dimension n and that o is a K-linear endo-
morphism of L. In particular, we can talk about the characteristic polynomial
x of o, and also its minimal polynomial m. Clearly ¢™ = 1, so that the minimal
polynomial m divides X™ — 1. On the other hand, by the Linear Independence
of Characters, we know that 1,0,...,0" ! are linearly independent, so that o
does not satisfy any polynomial relation of degree less then n. Since [L : K] =n
we deduce that m =y = X™ — 1.

The normal basis theorem therefore follows from the a general result in linear
algebra. Let V be a K-vector space of dimension n and let S € Endg (V).
A cyclic vector for S is a vector v € V such that {v,S(v), - ,5" " 1(v)} is a
K-basis of V.

Theorem 11.11. The endomorphism S has a cyclic vector if and only if its
minimal polynomial equals its characteristic polynomial.

The proof of this is essentially a special case of the rational normal form for
matrices. (The rational normal form is a generalisation of the Jordan normal
form which works for arbitrary fields, not just algebraically closed fields.) Our
approach will be via polynomials.

Let x = pi* ---pi* be the characteristic polynomial of S, where p; € K[X] are
pairwise coprime, monic irreducible polynomials. Again, the Chinese Remainder
Theorem tells us that

KIX]/(x) = K[X]/(pr") > - x K[X]/(ps*)-

We again have a complete set of pairwise orthogonal idempotents e; having 1
in the i-th factor and 0 elsewhere.

Explicitly, set
o= TTy = mimr
J#i
Then ged(fi,...,fs) = 1, so there exist g; with >, g;f; = 1. We observe
that x divides fif; for i # j. Hence f; = Y, gifif; = g;f; mod (x), so that
(gifi)? = gif; mod (x). In summary,

P, = qg.f;, RPJ = 0 mod (x) for i # 7, JSZ2 = P, mod (x)-

(Thus P, —e;.)
Set P; := P;(S) = g;(S) f:(S). By the Cayley-Hamilton Theorem, we know that
x(S)=0on V. Thus

P?=P, PPj=0fori#j, and Y P=id

K3

90



Using this we can write

V=@V where V;=Im(P).

For, we know that v = ), P;(v). On the other hand, if P;(v) = Pj(w) for some
v,w € V and some i # j, then Pj(w) = P?(w) = P;P;(v) = 0. This shows that
the sum is direct.

Note that V; = Ker(p;(S)™), so that the V; are generalised eigenspaces. For,
if v = Pj(w) € V;, then since p;*f; = x, we have p;(S)"P, = 0, so v €
Ker(p;(S)™). Conversely, if p;(5)" (v) = 0, then writing v = >_. P;(v) and
using that p;* divides f; for ¢ # j, we see that P;j(v) = 0 for all j # i. Hence
v=PF;(v) € V.

Next we note that each V; is S-invariant; i.e. if v € V;, then S(v) € V;. For,
P,S = SP;, which follows from the fact that P; = ¢;(5)f;(S) is a polyno-
mial in S. Therefore S can be represented as a block diagonal matrix S =
diag(Sy,...,Ss), where S; represents the induced action of S on V;.

We can now reduce to the case when V = V; for some i. For, if v; € V; is a
cyclic vector for S; for each ¢, then v =) . v; € V is a cyclic vector for S. To
see this, we just note that v; = P;(v) € W := Span{v, S(v), S?(v),...}. Thus
Vi < W for each i, whence W = V. Also, the characteristic polynomial y; of S;
on V; is just p;’, whereas if the minimal polynomial of S equals m = pj* - - - p%s
with 1 < a; < r;, then the minimal polynomial m; of S; equals m; = p{*. So
m = x if and only if a; = r; for all 4, which is if and only if m; = x; for all 4.

Therefore it is enough to prove the result when xy = p” for some monic irreducible
polynomial p.

Suppose first that m # x. Then for each vector v € V the subspace W :=
Span{v, S(v), S%(v),...} has dimension at most deg(m) < deg(x) = dim V.
Therefore V' cannot have a cyclic vector. (As a trivial example, think of S = id,
which has minimal polynomial X — 1 and characteristic polynomial (X — 1)".
If n > 2, then S does not have a cyclic vector.)

Now suppose that m = y, and consider p"~!. By definition, p(S)"~! # 0, so
there exists v € V such that p(S)"~(v) # 0. We claim that such a vector
is a cyclic vector for S. Again, set W := Span{v, S(v), S?(v),...}. We know
that W < V is an S-invariant subspace. It follows from the First Isomorphism
Theorem that S induces an action on the quotient V/W. In particular, we can
represent S as an upper-triangular block matrix

5= <%1 ?) , where S =S|y € Endg (W), 5= € Endg(V/W).
2

Therefore x = x1Xx2, where x; is the characteristic polynomial of S;. (We
have already mentioned this fact in the Remark following Theorem 3.5 about
the norm and trace.) Since y = p” is a power of an irreducible polynomial, we
deduce that y; = p® for some 1 < a < r. By the Cayley-Hamilton Theorem once
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more, we know that p(S)® = 0 on W, whereas by construction p(S)"~*(v) # 0.
Thus a > 7, so that a = r and dim W = deg(p") = dimV, so that V. = W.

This completes the proof of Theorem 11.11, and hence the proof of the Normal
Basis Theorem when the Galois group is cyclic.
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Appendix A

Background

This is a summary of background material from Introductory Group Theory
(MATH 1022) and Rings, Fields and Polynomials (MATH 2032), together with
some topics which could (should) have been included.

A.1 Groups

A group (G, -, e) is a set G together with a group law -: G x G — G and an
element e € G satisfying the following axioms:

Associativity a-(b-c)=(a-b)-cforall a,b,c€G.
Unit a-e=a=c-aforallaecd.
Inverses Vae G 3a'eGsuchthata-al=e=a""!"a.

We often write ab instead of a - b.

A group is called abelian, or commutative, if ab = ba for all a,b € G. In
this case we sometimes write the group law additively, a + b, in which case the
inverse of a is —a and the unit is 0.

The order |G| of G is the number (possibly infinite) of elements of G as a set.
A subgroup H < G is a subset H C G such that

Non-empty ec H.
Closure ab~!' e H for all a,b€ H.

It follows that - restricts to a group law H x H — H and that (H, -, e) is again
a group.

A left coset of H is a subset of the form aH := {ah : h € H} for some a € G.
The index [G : H] of H in G is the number of distinct left (or right) cosets.

Theorem A.1 (Lagrange). Let H < G be a subgroup. Then any two left cosets
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of H are either disjoint or equal, and each such left coset is in bijection with H
itself. In particular, |G : H] = |G|/|H]|.

Let S C G be a subset of G. The smallest subgroup of G containing S is denoted
(S), called the group generated by S. The elements of (S) are finite products
of elements from SUS™!, where S=! := {a~!:a € S}. A group is called cyclic
if it is generated by a single element. The order of an element a is the order of
the subgroup (a). Each cyclic group is abelian.

A subgroup N < G is called normal if aNa~! = N (or equivalently aN = Na)
holds for all a € G. We write N <<G. In this case we define a multiplication on
the set G/N of cosets of N via (aN)(bN) := (ab)N. We sometimes write @ for
the coset alN. Then (G/N,-,€) is again a group, called the factor group of G
by N.

Each subgroup of an abelian group is normal, and each factor group is again
abelian.

Examples.

1. The integers under addition form an abelian group (Z, 4, 0). This is cyclic,
generated by either 1 or —1. For each n € Z we have the cyclic subgroup
(ny=nZ=4{--,-n,0,n,2n,---}. The factor group Z/nZ has elements

0,1,....,n— 1L

2. The non-zero complex numbers C* := C \ {0} under multiplication form
an abelian group (C*,- 1). For each n we have the cyclic subgroup pu,, :=
(exp(2mi/n)) = {exp(2mik/n) : k € Z}.

3. The set of symmetries of a geometric figure form a group with respect to
composition. The subset of all rotations forms a normal subgroup. This
fits nicely with the idea that conjugation g — aga™! can be thought of as
a change of point of view.

Let G and H be two groups. A group homomorphism f: H — G is a map
such that f(ab) = f(a)f(b) for all a,b € H. Note that f(ey) = ec sends the
unit of H to the unit of G. We call f a group isomorphism if there exists a
group homomorphism ¢g: G — H such that fg = idg and ¢gf = idy, which is if
and only if f is bijective.

The kernel of f is Ker(f) := {a € H : f(a) = eg}; it is a normal subgroup of
H. The image of f is Im(f) := {f(a) € G:a € H}; it is a subgroup of G.

Lemma A.2. 1. If H < G is a subgroup, then the inclusion map tgy: H —
G is an injective group homomorphism.

2. If N < G is a normal subgroup, then the canonical map wn: G — G/N,
a— alN, is a surjective group homomorphism.

Theorem A.3 (Isomorphism Theorems). 1. Let f: H — G be a group ho-
momorphism and N < H a normal subgroup of H. If N C Ker(f),
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then there exists a unique group homomorphism f: H/N — G such that
f = fnn. In particular, there is a group isomorphism

H/Ker(f) = Im(f), aKer(f) — f(a).

2. Let N < G. There exists a bijection between normal subgroups of G con-
taining N and normal subgroups of G/N. If N C M <1 G, then there is a
group tsomorphism

(G/N)/(M/N) = G/M.

3. Let H<G and N < G. Then
HN :={hn:he€ Hnec N}

s a subgroup of G. Moreover, N <<HN and H NN < H, and there exists
a group isomorphism

(HN)/N 2 H/(HNN).

Example.

Let n € Z and consider the function f: Z — C*, k — exp(2mik/n). This
is a group homomorphism with kernel nZ and image pu,,. Thus there exists a
group isomorphism Z/nZ = u,,. Note that the group law on the left is written
additively, whereas it is written multiplicatively on the right.

Let X be a set. The symmetry group Sym(X) of X is the set of all bijections
of X, with multiplication the usual composition of functions. In particular,
when X = {1,2,...,n} we write S,, for its symmetry group, also called the
permutation group or symmetric group.

A k-cycle in S, is a permutation of the form o = (a1 as -+ aj), denoting the
function

a; — a;41 for 1 <i <k, ag+ ap, all other elements fixed.

A 2-cycle is also called a transposition. Every element of S,, can be written
as a product of disjoint cycles, and every cycle can be written as a product of
transpositions. In fact, it is enough to take transpositions of the form (i i + 1).
There is a group homomorphism sgn: S,, — s = {£1}, called the sign map,
sending each k-cycle to (—1)*~1. The kernel of the sign map is a normal sub-
group of S, denoted A,, and called the alternating group.

We say that a subgroup G < 5, is transitive if for all 1 <, 5 < n there exists
some o € G such that o(i) = j.

A.2 Rings

A commutative, unital ring (R, +,-,0, 1) is a set R together with two operations
+: Rx R — R (addition) and -: R x R — R (multiplication) together with two
elements 0,1 € R satisfying the following axioms:
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Addition (R,+,0) is an abelian group
Multiplication Multiplication is commutative, associative and has unit 1
Distributivity a- (b+¢)=a-b+a-c

We will only consider commutative, unital rings, and we shall simply call them
rings.

Examples.

1. The integers Z, the rational numbers Q, the real numbers R and the
complex numbers C are all rings.

2. If R is a ring, then we can form the polynomial ring R[X]. Its elements
are the polynomials f(X) = a, X" + -+ + a1 X + ap with coefficients
a; € R, on which we have the usual addition and multiplication. We write
deg(f) = max{n : a, # 0} if f # 0, and set deg(0) := —oc.

3. More generally, if {X;} is a (possibly infinite) set of indeterminates, then
R[{X;}] is a ring whose elements are finite R-linear combinations of mono-
mials, where each monomial is a finite product of powers of the X;. We
have R[{X1,..., X, }] & R[X4][X2] - - [Xn]-

4. If 0 =1 in R, then R = {0}, called the trivial ring. For all other rings
we have 0 # 1.

We write R* := {a € R:3b € R with ab = 1} for the set of units of a ring R.
Note that (R*,-,1) is an abelian group.
A field is a non-trivial ring K with inverses, i.e. such that K* = K \ {0}.

An integral domain is a non-trivial ring R with no zero-divisors, i.e. ab=10
implies a = 0 or b = 0. Equivalently, R has cancellation, so that if ax = bx
with « # 0, then a = b.

Examples.
1. Q, R and C are all fields, and all fields are integral domains.

2. Z is an integral domain but not a field.

3. If R is an integral domain, then so is the polynomial ring R[{X;}]. By
considering degrees of polynomials we obtain that the units of R[{X;}] are
just the units of R.

4. CxC with component-wise addition and multiplication is a ring, with zero
(0,0) and unit (1,1), but is not an integral domain, since (1,0)(0,1) =
(0,0).

If R is an integral domain, then we can form the quotient field, or field of

fractions, Quot(R) of R. We first define an equivalence relation on Rx (R\{0})
by (z,y) ~ («/,y) if zy’ = 2’y. We denote the equivalence class of (z,y) by
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x/y. Thus z/y = a’'/y" if and only if zy’ = a’y. The set of all equivalence
classes is denoted by Quot(R). The ring structure is given via

a/b+x/y = (ay +bx)/by, (a/b)(x/y):= (ax)/(by),

which is quickly checked to be well-defined. We identify R with the subring
{z/1: 2 € R} of Quot(R). In particular, the unit is 1/1 and the zero is 0/1.

If A and B are subsets of a ring R, we write

A+B:={a+b:acAbe B} and AB:={ab:a€ A bec B}.

A (unital) subring S < R is an additive subgroup closed under multiplication
and containing 1. Then (5, 4+,-,0,1) is again a ring. If S is a subset of R, then
it is a subring if and only if 1 € S and S + S, 5% C S. The prime subring of
R is the smallest subring of R.

An ideal I < R is an additive subgroup closed under multiplication by elements
of R; that is, RI C I. Since I is an additive subgroup of R, we have the
factor group R/I whose elements are the additive cosets a = a + I. This is
again an abelian group with zero 0 = I. We define a multiplication on R/I via
(a+I)(b+1):=(ab)+1,o0r a-b:=ab. Then R/I is again a ring, with unit T,
called the factor ring of R by I.

Examples.

1. Quot(Z) = Q. If R is an integral domain, then R is a subring of Quot(R).
2. {0} and R are ideals of R.

3. nZ is an ideal of Z, so that Z/nZ is again a ring.

4

. Let I < R. Write I[X] for the set of polynomials in R[X], all of whose
coefficients lie in I. Then I[X] < R[X].

5. Let S be asubset of aring R. We write () for the smallest ideal containing
S. Its elements are finite R-linear combinations of elements of S. If S =
{a1,...,a,} is finite, we also write (S) = (a1,...,a,) = Ray + -+ -+ Ray,.

Let R and S be two rings. A (unital) ring homomorphism f: S — R is
a map preserving addition, multiplication and units; in other words, f is an
additive group homomorphism such that f(1ls) = 1g and f(ab) = f(a)f(b) for
alla,b € S. We call f aring isomorphism if there exists a ring homomorphism
g: R — S such that fg = idg and gf = idg, which is if and only if f is bijective.
The kernel of f is Ker(f) := {a € S : f(a) =0 € R}; it is an ideal of S. The
image of f is Im(f) := {f(a) € R:a € S}; it is a subring of R.

Lemma A 4. 1. If S < R be a subring, then the inclusion tg: S — R is an
imjective ring homomorphism.

2. If I < R be an ideal, then the canonical map wy: R — R/I, a — a+ 1, is
a surjective ring homomorphism.
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Theorem A.5 (Isomorphism Theorems). 1. Let f: S — R be a ring homo-
morphism and I .S an ideal. If I C Ker(f), then there exists a unique
ring homomorphism f: S/I — R such that f = frr. In particular, there
exists a Ting isomorphism

S5/ Ker(f) = Im(f), a+Ker(f)— f(a).

2. Let I < R. There exists a bijection between ideals of R containing I and
ideals of R/I. If I C J < R, then there is a ring isomorphism

(R/I)/(J/I) = R/J.

3. Let S < R be a subring and I < R an ideal. Then S+ 1 is a subring of R.
Moreover, I<1(S+1) and (SNI)<S, and there exists a ring isomorphism

(S+1)/IT=S/(SNI).
Examples.

1. Let I < R, so that I[X] < R[X]. There is a ring homomorphism R[X] —
(R/I)[X], aX™ — aX™. This is surjective with kernel I[X]. Thus there
exists a ring isomorphism R[X]/I[X] = (R/I)[X].

2. Let S C R be a subring and a € R. There exists a ring homomorphism
evy: S[X] — R, X — «, called evaluation at a. If f € R[X], we write
fa) for ev,(f). The image of ev, is denoted S[], and is the smallest
subring of R containing S and a.

Let I < R. We call T

proper if I # R.
trivial if I = {0}.
maximal if I is proper, and I C J < R implies J =1 or J = R.
prime ifzy e I impliesx el oryel.
principal if there exists « € I such that [ = (z) = Rx = {ra : r € R}.

Proposition A.6. Let R be a ring and I < R an ideal of R. Then
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Lemma A.7. Let K be a field and R a non-trivial ring. Then every ring
homomorphism f: K — R is injective.

Proof. Ker(f) is an ideal of K, so either (0) or K itself. If Ker(f) = (0), then
f is injective. If Ker(f) = K, then 1p = f(1x) = Og, so that R is trivial. O

A.3 Division and Factorisation

In a ring R, we say that a divides b, written alb, if there exists © € R such
that b = az. Equivalently, b € (a), or (b) C (a). Note that 1 divides every other
element, and each element divides 0.

If R is an integral domain, then alb and b|a if and only if there exists a unit
u € R* such that b = au. For, there exist u,v € R such that b = au and
a =bv. If b =0 then a = 0. Otherwise, since b = buv, we have uv = 1, so that
u,v € R* are units.

A principal ideal domain is an integral domain R for which every ideal is
generated by a single element, so of the form (a) for some a € R.

Proposition A.8. The ring of integers Z is a principal ideal domain. In fact,
the ideal generated by two integers a and b equals the ideal generated by their
greatest common divisor d.

Proof. Let I <<Z be a non-zero ideal, and let b > 0 be minimal such that b € I.
Let a € I. By the Euclidean Algorithm, there exist integers ¢, with b > r > 0
such that a = gb + r. Now, r = a — gb € I, so the minimality of b gives r = 0.
Therefore b divides a, so a € (b). It follows that I = (b) is principal. O

Let R be a non-trivial ring. Then there exists a unique ring homomorphism
f:Z — R. We define the characteristic of R to be char(R) := n where
Ker(f) = (n) and n > 0.

Proposition A.9. Let K be a field. Then the polynomial ring K[X] is a prin-
cipal ideal domain.

Proof. The argument is entirely analogous to that of the previous proposition.
Let I << K[X] be a non-zero ideal, and let g € I be chosen such that deg(g) > 0 is
minimal. Let f € I. By the division algorithm, there exist polynomials ¢, r such
that f = qg + r and deg(g) > deg(r). Now, r = f — qg € I, so the minimality
of g gives deg(r) = —oo; i.e. 7 = 0. Therefore g divides f, so f € (g). It follows
that I = (g) is principal. O

Let R be an integral domain and a € R a non-zero non-unit. We call a
prime if a|zy implies a|z or aly.

irreducible if a = zy implies z is a unit or y is a unit.
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Proposition A.10. Let R be an integral domain and x € R a non-zero non-
unit.

1. x is prime if and only if (x) is a prime ideal.
2. x prime implies x irreducible.

8. If R is a principal ideal domain, then x irreducible implies x prime. More-
over, (x) is mazimal.

Proof. (1) Let x be prime and suppose that ab € (x). Then z|ab, whence z|a
or z|b. In other words, a € (z) or b € (z), so that (z) is a prime ideal. The
converse is similar.

(2) Let « be prime and suppose that 2 = ab. Without loss of generality z|a, so
that @ = xy for some y. Now = = ab = xyb, whence 1 = yb and b is a unit.
Thus =z is irreducible.

(3) Let R be a principal ideal domain and let z be irreducible. Suppose that
ab € (z), say ab = xy. We need to show that a € (z) or b € (z). The ideal
(a,x) = (d) is principal, say d = ar + xs. Since d|z we have x = de for some e.
Thus either e is a unit, in which case a € (d) = (z) and we are done, or else d
is a unit and we may assume that d = 1. Then ab = xy and 1 = ar + zs, so

b=b(ar + xs) = abr + xbs = zyr + xbs = x(yr + bs).

Hence b € (x) as required.

Suppose now that z is prime and consider (z) C (y) C R. Since y|z, we have
x = ay for some a € R. Since x is irreducible, either @ is a unit, in which case
(x) = (y), or else y is a unit, in which case (y) = R. Thus (z) is maximal. O

An integral domain R is called a unique factorisation domain if

1. each non-zero non-unit a € R can be written as a product of irreducibles
a =21 Ty, and

2. this expression is essentially unique, so that if a = z1---x,, and a =
Y1+ Yn with each x; and y; irreducible, then m = n and (after re-
ordering) (z;) = (y;). Equivalently, there exist units u; € R* such that
y; = u;x; for all 4.

Lemma A.11. Let R be a unique factorisation domain. Then x € R is irre-
ducible if and only if x is prime.

Proof. We already know that prime implies irreducible, so let x be irreducible
and suppose that ab € (x), hence ab = xy for some y € R. Since x is irreducible
and factorisations are unique,  must occur in the factorisation of either a or b,
whence a € () or b € (). O

Theorem A.12. Every principal ideal domain is a unique factorisation domain.
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Proof. Let R be a principal ideal domain. We first show that every non-zero
non-unit can be expressed as a product of irreducible elements.

Suppose we have an increasing sequence of ideals I1 C Is C ---. Then the union
I :=J, I; is again an ideal. Now, each ideal in R is principal, so we can write
I; = (a;) and I = (a). Now, a € |J, I;, so a € I; for some i. Therefore I C I;,
so I =1, = I;;; = ---. [This says that every increasing sequence of ideals
stabilises, so that R is Noetherian.]

Now, suppose for contradiction that a; € R cannot be written as a product of
irreducibles. Since a; is not irreducible, we can write a; = aga), with both ay
and a), non-zero non-units. If both ay and af can be expressed as a product
of irreducibles, then the same would be true of a;, so we may assume that as
cannot be written as a product of irreducibles. Repeating the argument yields
an increasing sequence of ideals (a;) C (az) C ---. Also, by construction,
(a;—1) # (a;), since a;—1 = a;a} and a} is not a unit. Therefore this sequence of
ideals does not stabilise, contradicting the above result.

To see that this expression is unique, let a = x1 -+ -2, = y1 - - -y, With each x;
and y; irreducible. Since (x1) is a prime ideal (in fact maximal), R/(x1) is an
integral domain (in fact a field) and ¢1--- 9y, = @ = 0 in R/(x1). Thus, after
re-ordering, y1 = 0. Hence y; € (1), say y1 = xiu1. Since both 7 and y; are
irreducible, u; must be a unit. Therefore (z1) = (y1) and 3« T, = U1Y2 - * Yn-
Since 5 := uyy2 is irreducible and (y5) = (y2), the result follows by induction
on m+n. O

[In fact, if R is a Noetherian integral domain, then R is a unique factorisation
domain if and only if all irreducible elements are prime. The proof is the same,
but using the Noetherian property to deduce that the ascending chain of ideals
stabilises.]

Lemma A.13. Let o € K. Then the kernel of the evaluation map ev,: K[X] —
K is the ideal (X — ). In particular, a is a root of a polynomial f if and only
if X —« divides f, and f has at most deg(f) distinct roots in K.

Proof. Let I = Ker(evy). Then (X —a) C I, and (X — «) is a maximal ideal
by Lemma A.10. Since I is a proper ideal, we must have I = (X — «).

Now, « is a root of a polynomial f if and only if 0 = f(a) = ev,(f), which is if
and only if f € Ker(ev,) = (X — «), which is if and only if X — « divides f.

If aq,...,a, are distinct roots of f, then each X — «; divides f, and since
K[X] is a unique factorisation domain, we must have that [[,(X — «a;) divides
f. Hence deg(f) > n. O

Let R be a unique factorisation domain. We define a greatest common divi-
sor of two elements a,b € R to be an element d = ged(a,b) € R such that

1. d is a divisor of a and b, i.e. d|a and d|b, and

2. if e is another divisor of a and b, then e|d.
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Proposition A.14. Let R be a unique factorisation domain. For a,b € R, the
greatest common divisor ged(a,b) exists and is unique up to a unit of R.

Proof. Write ab = upj' ---ps~ with v a unit and the p; distinct irreducible
elements, so (p;) # (p;) for ¢ # j. Then we can write a = «’'p]™ ---p** and
b=u"p* - pi for some units u’, u”. Observe that s; = m; +n; and v = v'u”.
Define d := pi' - - pir where t; := min(m;, n;). Clearly d is a divisor of a and b.
Now let e be a divisor of a an/d b. /Then e is a divisor of ab, so by unique
factorisation is of the form vpil .- py for some unit v and some t;. Since e
divides a we have t; < m;, and since e divides b we have t; < n;. Thus t; <,
for all 7, whence e is a divisor of d. O

Let R be a unique factorisation domain and consider a non-zero polynomial
f=a, X"+ -4+ a9 € R[X]. We define the content cont(f) of f to be the
greatest common divisor of the coefficients a;. We call f primitive if cont(f)
is a unit. Note that, if 0 # d € R, then cont(df) = d - cont(f).

More generally, let K = Quot(R) and let 0 # f € K[X]. By clearing denom-
inators, there exists 0 # d € R such that df € R[X]. We therefore define
cont(f) := cont(df)/d € K. To see that this is well-defined (up to a unit of R)
let 0 #£ d' € R* also satisfy d'f € R[X]. Then

d" - cont(df) = cont(dd'f) = d - cont(d'f),

so that cont(df)/d = cont(d'f)/d’. It follows as before that if d € K* and
f € K[X], then cont(df) = d - cont(f).

Lemma A.15. Let R be a unique factorisation domain with quotient field K.
Then for f € K[X] we have

1. f/cont(f) € R[X] and is primitive. Conversely, if ¢ € K* is such that
f/c € R[X] is primitive, then ¢ = cont(f) (up to a unit of R).

2. cont(f) € R if and only if f € R[X].

Proof. (1) If f € R[X], then it is clear from the definitions that f/cont(f) €
R[X] is primitive. If f € K[X], take 0 # d € R such that df € R[X]. Then
f/cont(f) = df /cont(df) € R[X] is primitive. Finally, let ¢ € K* be such that
f/c € R[X] is primitive. Then 1 = cont(f/c) = cont(f)/c, so that ¢ = cont(f).

(2) If ¢ := cont(f) € R, then f =c- f/c € R[X]. The converse is clear. O

Lemma A.16 (Gauss’ Lemma). Let R be a unique factorisation domain with
quotient field K.

1. If f,g € K[X], then cont(fg) = cont(f)cont(g).
2. If f € R[X] is irreducible over R, then it is irreducible over K.

3. The converse holds provided that f is primitive.
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Proof. (1) Write f = ¢f’ and g = dg’ with f', ¢’ € R[X] primitive and ¢,d € K*.
Then fg = cdf’y’, so if we can show that f’¢g’ is primitive, then cont(fg) = ed =
cont(f)cont(g) as required.

Let p € R be prime and consider the factor ring R[X]/pR[X] = (R/pR)[X].
Since R/pR is an integral domain, so is (R/pR)[X]. If p|cont(f’g’), then f/¢’ =0
in (R/pR)[X]. Since f’g’ = f’- ¢, we must have that either f' = 0 or ¢’ = 0,
whence p|cont(f’) or p|cont(g’). Since both f’ and ¢’ are primitive, this cannot
happen. Therefore cont(f’¢’) is not divisible by any irreducible element of R,
hence is a unit. Thus f’¢’ is primitive.

(2) We prove the contrapositive. Suppose f = gh € K[X]. Since cont(f) =
cont(gh) = cont(g)cont(h) by (1), we can factorise f over R as

J = cont(f) - (g/cont(g)) - (h/cont(h)).

(3) Let f € R[X] be primitive and suppose that f is irreducible over K. Let
f = gh be a factorisation over R. Since cont(f) = 1, we see that cont(g) and
cont(h) are units in R, so g and h are primitive. Since f is irreducible over K we
may assume without loss of generality that g is a unit in K[X], so deg(g) = 0.
Therefore g = cont(g) € R* is a unit, so f is irreducible over R. O

Theorem A.17. Let R be a unique factorisation domain. Then the polynomial
ring R[X] is again a unique factorisation domain. The units of R[X] are the
units of R. The irreducible elements of R[X] are the irreducible elements of R
together with the primitive irreducible polynomials.

Proof. We have already observed that when R is an integral domain then so is
R[X], and the units of R[X] are just the units of R. By considering degrees it is
clear that each irreducible in R remains irreducible in R[X]. Finally, by Gauss’
Lemma, a primitive polynomial f € R[X] is irreducible over R if and only if it
is irreducible over K = Quot(R)

Let f € R[X]. Since K[X] is a principal ideal domain, it is a unique factorisation
domain, so we can write f = g1 ---g, with each g; irreducible in K[X]. Set
¢; :=cont(g;) and f; := g;/c; € R[X], so f; is primitive and irreducible over R.
Then f =cfy--- fr where c = ¢y --- ¢, = cont(f) by Gauss’ Lemma. Since R is
a unique factorisation domain, we can write ¢ as a product of irreducibles in R.
Thus each polynomial can be written as a product of irreducible elements.

To see that this expression is unique, suppose that f = cg;---g, and f =
dhy - - - hs with ¢,d € R\{0} and g;, h; € R[X] primitive irreducible polynomials.
In the principal ideal domain K[X] we have that ¢,d € K* and, after reordering,
r = s and ¢g; = u;h; for some u; € K*. Since g; and h; are primitive, u; =
cont(g;) € R*. Setting u := uj - - - u, € R*, we have that

dhy - hy = cgy - gr = cuhy - hy.

Since R[X] is an integral domain, d = cu. Since R is a unique factorisation
domain, we are done. O
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Examples.

1. Z,Z[X], Z[X,Y] are all unique factorisation domains, but only Z is a prin-
cipal ideal domain. For example, the ideal (2, X) < Z[X] is not principal.

2. K, K[X], K[X,Y] for K a field are all unique factorisation domains, but
only K and K[X] are principal ideal domains. For example, (X,Y) <
K[X,Y] is not principal.

3. Z[v/-2] is a principal ideal domain, in fact a Euclidean domain (there
is a version of the Euclidean Algorithm). The units of Z[v/—2] are the
elements a + by/—2 such that a? + 2b% = 1, so just +1.

4. Z[v/—5] is not a unique factorisation domain, since 1+ +/—5 is irreducible
but not prime.

5. Let R be a unique factorisation domain. A polynomial f € R[X] is called
monic if its leading coefficient is 1. All monic polynomials are primitive.

Theorem A.18 (Eisenstein’s Criterion). Let R be a unique factorisation do-
main and let f = agX?+ -+ aqg_1X + ag € R[X] be primitive. Suppose that
there exists a prime p € R such that pla; for 1 <i <d, but ptag and p* { aq.
Then f is irreducible.

Proof. Suppose that f = gh for some g, h € R[X] non-units. Write g = bo X" +
---+b.and h = ¢gX°* +---+c¢s, so that d = r + s, ag = bgcg and ag =
brcs. Moreover, since f is primitive, g and h must be non-constant, so r,s >
1. Consider gh = f = apX¢ € (R/pR)[X]. Since (R/pR)[X] is a unique
factorisation domain, it follows that § = by X" and h = ¢o X, so p|b; for all 1 <
i <rand plc; for all 1 < j < s. In particular, pQ|brcS = ag4, a contradiction. [

Theorem A.19 (Rational Root Test). Let R be a unique factorisation domain,
K = Quot(R) and f = agX? +---+aq € R[X]. Ifa =p/q € K is a root of f
such that ged(p, q) = 1, then glag and plaq.

Proof. We have the equality
0=q"f(p/q) = aop” + a1p? g + -+ + ag-1pg™ " + aaq”.

Thus plagq? and g|agp®. By unique factorisation, using that ged(p, q) = 1, we
deduce that plag and g|ag. O

This theorem is often used in the following form.

Corollary A.20. Let f = X" 4+ a,_ 1 X" '+ -+ ap € R[X] be a monic
polynomial. Then any root a € K of f actually lies in R and is a divisor of ag.
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Appendix B

Zorn’s Lemma and
Applications

This chapter is non-examinable.

A partially ordered set, or poset, (5, <) is a set with a relation < satisfying

Reflexivity a < a for all a.
Antisymmetry a <band b < aimply a ="5.
Transitivity a <band b < cimply a <c.

The poset (S, <) is totally ordered if, for all a,b € S, either a < b or b < a.
A maximal element of S is an element a € S such that if a < b, then a = b.
If (S, <) is a poset, then a chain in S is a non-empty subset which is totally
ordered by <. If C C S is a subset, then an upper bound for C is an element
a € S such that ¢ < a for all c € C.

Zorn’s Lemma. Let (5, <) be a non-empty poset in which every chain has an
upper bound. Then S has a maximal element.

Zorn’s Lemma is logically equivalent in Zermelo-Fraenkel Set Theory to the
Axiom of Choice, which says that if S; are sets, then the product [], S; is
non-empty. In other words, we can make an infinite number of arbitrary choices.
We often use Zorn’s Lemma when proving statements for infinte sets when we
would have used induction for finite sets.

Typical examples are the following three results, the first of which uses the
Axiom of Choice; the latter two, Zorn’s Lemma.

Theorem B.1. FEvery surjective map between sets has a right inverse.
Proof. Let f: X — Y be a surjective map between two sets. A right inverse g

of fisamap g: Y — X such that fg = idy. Therefore, to construct g, we need
to choose an element in the fibre f~!(y) C X for each element y € Y. Thus,
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if Y is infinite, we need to make an infinite number of arbitrary choices, hence
require the Axiom of Choice. O

Theorem B.2. FEvery vector space has a basis.

Proof. Let S be the collection of linearly independent subsets of a non-zero
vector space V over a field K. This is non-empty, since each non-zero vector
is linearly independent. We endow S with the partial order C coming from
inclusion.

Let C = {B;} be a chain in S. Then C has an upper bound, namely the union
B =, B;. For, consider a finite linear relation Zj Ajb; = 0 with A; € K and
b; € B. Since there are only finitely many b; in this relation, they all lie in
some B;, so are linearly independent. Thus A\; = 0 for all j and B is linearly
independent.

Zorn’s Lemma implies that S has a maximal element B. We claim that B is a
spanning set for V', and thus a basis. For, if not, then there exists some v € V
which cannot be written as a finite linear combination of elements of B. Thus
BuU{v} is a linearly independent set, which contradicts the maximality of B. O

Theorem B.3. FEvery proper ideal of a ring is contained in a mazximal ideal.

Proof. Let R be a ring. Let S be the set of proper ideals of R, ordered by
inclusion C. This is non-empty, since (0) < R. Let C' = {I;} be a chain in S.
Then I = |J, I; is an upper bound for C. We need to check that I is a proper
ideal. It is an ideal, since if x,y € I, then x,y € I; for some i. Hence x + y
and rx for r € R are both contained in I; C I. To see that I is proper, suppose
otherwise. Then we can write 1 = >, r;z; as a finite linear combination with
r; € R and z; € I. Since there are only finitely many x; in this relation, they
all lie in some I;. Hence 1 € I;, a contradiction since I; was assumed to be
proper. Hence I <1 R is proper.

Zorn’s Lemma implies that S has a maximal element I, which is necessarily a
maximal ideal. O

One should remark that, although generally assumed to hold, Zorn’s Lemma,
or equivalently the Axiom of Choice, also yield several ‘paradoxes’, for example
the Banach-Tarski Paradox.

For some nice quotations on the Axiom of Choice, visit here.
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Appendix C

Algebraically Closed Fields

This chapter is non-examinable, and is included only for completeness.

A field L is called algebraically closed if every non-constant polynomial f has a
root in L. In other words, the only irreducible polynomials are those of degree
one.

Proposition C.1 (Existence of Algebraically Closed Fields). Let K be a field.
Then there exists an extension L/K with L algebraically closed.

Proof. Set Ky := K. We define K, inductively such that K,,+1/K, is a field
extension and every polynomial in K,[X] has a root in K,;1. We proceed as
follows. For each non-constant polynomial f we take an indeterminate X, (in
fact it suffices to take monic irreducible polynomials). We form the polynomial
ring R := K,[{X; : f € K,[X]\ K,}] and consider the ideal I generated by
f(Xy).

We claim that I is a proper ideal. If not, then there exists an expression
g fi(Xp)+- -+ gnfu(Xy,) =1 for some distinct polynomials f;. The product
g1 - gn uses only finitely many variables, which we denote X1, ..., X,, with the
convention that X; = Xy, for 1 <i <n. Thus > 1, ¢;(X1,...,Xm)fi(X;) = 1.
Let E/K, be a finite extension in which each f; has a root, say f;(c;) = 0.
Set a; = 0 for n < i < m. Then, on substituting «; for X; we obtain 1 =
Y. gi(ar, ... am) fi(e;) = 0in E, a contradiction. Thus I is a proper ideal and
the claim is proved.

By Zorn’s Lemma (see Appendix B), every proper ideal is contained in a max-
imal ideal, so we can take I C M with M < R,, maximal. We define K, 1 :=
R/M. The composition K, — R — K11 is non-zero, so K,,11/K, is a field ex-
tension. Moreover, by construction, every non-constant polynomial f € K, [X]
has a root in K41, namely the element Xy + M.

In this way we obtain a chain of fields

KoCcKiCKyC---

107



Let L be the union of the K,,. Then L is a field, since if o, 8 € L, then o, 8 € K,
for some n, hence a+ (3, o and o/ for B # 0 all lie in K, hence lie in L. The
field axioms with respect to this addition and multiplication are easily checked.
Finally, if f € L[X] is a polynomial, then all the coefficients of f lie in some
K, hence f has a root in K1, hence has a root in L. O

In fact, every polynomial over K splits already over K;. For, let f € K[X] be
irreducible, let M/K; be its splitting field extension over Ki, and let L C M
be the splitting field extension of f over K.

Suppose first that char K = 0. Then L/K is separable, so simple by the Prim-
itive Element Theorem. Hence L = K(«) for some a. Let m be the minimal
polynomial of o over K. Then m has a root o’ in K; by construction, and
L=K(a)=K(«') C K;. Since f splits over L, we see that f splits over K.
Now suppose that char K = p > 0. From our discussion on separability, we
know that f(X) = g(X?") for some 7, where p = char K and g € K[X] is
separable and irreducible. Let G be the Galois group of L/K and let E be the
fixed field of G. We note that F = K if and only L/K is separable, which is if
and only if f = g, or equivalently » = 0. Then L/FE is Galois, so simple by the
Primitive Element Theorem, say with L = E(«). On the other hand, for each
element § € FE we have 8" € K for some s, so that 3 is purely inseparable over
K with minimal polynomial X?* — 37",

To prove this, let mg be the minimal polynomial of 3 over K, and let 8’ be any
other root of mg in L. Thus one has a K-embedding K (8) — L sending 5 — (.
Since L/K is normal, this extends to an automorphism of L, so lies in G. We
know, however, that G fixes every element of F, so in particular fixes 8. Thus
B = B and mg has a unique root. By our discussion on separable polynomials,
mg(X) = ng(XP") for some s, where ns is separable and irreducible. Since mg
has the unique root 3, we must have that ng is linear, whence s = degmg and
mp = XP — B as required.

Let fB1,..., B, be generators for E/K. Then L = K(a,f1,...,0,). Let m be
the minimal polynomial of o over K, and let m; be the minimal polynomial of
0B; over K. Now each m; has a root in K7, and since §; is the only root of m;,
we have §; € K;. In particular, E C K;. Similarly, m has a root o’ € K1, and
so L = E(a) = E(a’) C Ky. Thus f splits over K.

Now, it is clear that K;/K is algebraic, and similarly K5/K; is algebraic, so
that K3/K is also algebraic. Let f € K;[X] be an irreducible polynomial, and
let o € K3 be aroot of f. Since « is algebraic over K, it has minimal polynomial
m € K[X], which we have just shown splits over K;. Thus a € K, so that
K5 = K;. Therefore K; is algebraically closed. Since K;/K is algebraic, we
deduce that K;/K is an algebraic closure of K.

Theorem C.2. Let L/K be algebraic and v: K — M an embedding with M
algebraically closed. Then we can extend ¢ to an embedding o: L — M.

Proof. We wish to extend ¢ to an embedding o: L. — M. We again appeal to
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Zorn’s Lemma.

Let S denote the set of all pairs (F,7) such that L/F/K and 7: FF — M
is an embedding extending ¢. We endow S with a partial order by setting
(E,p) < (F,7)if F/E and 7 extends p. Clearly S is non-empty, since it contains
(K, ). Moreover, every chain has an upper bound. For, if {(F;,7;)} is a totally
ordered subset, then F' := J; F; is a subfield of L containing K, and we can
define 7: F' — M by setting 7(«) = 7;(«) for any i such that o € F;. Then
(F,T) is an upper bound for the chain {(F;, 7;)}.

By Zorn’s Lemma, S contains a maximal element (F, o). We claim that F = L.
Otherwise, let & € L\ F'. Then « is algebraic over F', say with minimal polyno-
mial m. Now o(m) € o(F)[X] has aroot &' € M since M is algebraically closed.
Therefore, by Artin’s Extension Theorem, we can extend ¢ to an embedding
7: F(a) > M via a — o'. Thus (F,0) < (F(«),7), contradicting the maxi-
mality of (F,o). Therefore F = L and there exists an embedding o: L — M
extending ¢. O

Theorem C.3 (Existence and Uniqueness of Algebraic Closure). Let K be a
field. Then there exists a field extension L/K such that L/K is algebraic and
L is algebraically closed. Moreover, L is unique up to isomorphism. We call L
the algebraic closure of K and denote it by K.

Proof. Let M/K be a field extension with M algebraically closed. Let L =
M?2/K he the subfield of those elements algebraic over K. We already know
that L/K is algebraic, and we claim that L is algebraically closed.

Let f € L[X] be a non-constant polynomial. Since M is algebraically closed,
f has a root & € M. Since « satisfies a polynomial f € L[X], it is algebraic
over L. Since L/K is algebraic, Theorem 3.10 tells us that L(«)/K is algebraic,
whence « is algebraic over K. Thus o € L and L is algebraically closed.

Suppose now that ¢: K — K’ is an isomorphism and that L/K and L'/K' are
algebraic with both L and L’ algebraically closed. We wish to show that we can
extend ¢ to an isomorphism 7: L — L’. By the theorem, we have an embedding
i: L — L extending ¢ and an embedding o: L' — L extending :~!. Consider
ol: L — L. This is an extension of :™'¢ = id: K — K, so by Proposition
4.5 it is an automorphism. Similarly to: L' — L’ is an automorphism, so that
r: L — M is an isomorphism. O

We can apply this to the rational numbers to obtain the following result.

Corollary C.4. The algebraic closure Q of Q is isomorphic to the subfield
C?18/Q of C.

Still to be done: We similarly obtain the splitting field extension of any subset
S C K[X]. For S finite this is in the main text. For S = K[X] this gives the
algebraic closure. In this way, many results in the text extend from finite to
algberaic.
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