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Chapter 1

Introduction

Galois Theory has its orgins in the study of roots of polynomials. It is not
concerned with finding the roots, which can be done using the Newton-Raphson
Method (see also here for an analysis of various techniques used in computing);
rather, Galois Theory is interested in the form that the roots can take.
In particular, we can ask which polynomials are solvable by radicals: given a
polynomial f = Xn + a1X

n−1 + · · ·+ an−1X + an ∈ Q[X], we say f is solvable
by radicals if we can express a root of f using only the coefficients ai and the
field operations +,−,×,÷, together with extraction of r-th roots r

√
. Is there a

general formula giving the roots of all polynomials of degree n? Such a general
formula exists if n ≤ 4, but not if n ≥ 5.
For a quadratic equation f = X2 + 2pX + q, one learns in school to complete
the square and write f = (X+p)2 +q−p2, from which we see that the roots are
−p±

√
p2 − q. This was essentially known to the Babylonians (ca. 1600BC).

In the sixteenth century, more complicated formulae were found for the cubic,
by Ferro and Fontana (nicknamed Tartaglia because of his stutter), and then
for the quartic, by Ferrari. These methods were published by Cardano, Ferrari’s
mentor, in his Ars Magna (1545).
In 1770, Lagrange unified these methods for n ≤ 4 using Lagrange resolvents.
Starting from a quartic, one obtains an auxiliary equation which is a cubic,
and applying the procedure once more yields a quadratic. The method fails for
quintic equations, though, since the auxiliary equation then has degree six.
The idea behind Lagrange resolvents is to use slight modifications (involving
roots of unity) of the symmetric functions. Consider Q[X1, . . . , Xn], the ring of
polynomials in n variables. We let the symmetric group Sn act on the set
of indeterminates Xi via σ(Xi) := Xσ(i). This extends to a Q-linear ring
isomorphism of Q[X1, . . . , Xn]. For example, if n = 3 and σ = (1 2), then
σ(X2

2−4X1X3) = X2
1−4X2X3. A polynomial g is called symmetric if σ(g) = g

for all permutations σ.
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The elementary symmetric functions are defined to be

e1 :=
∑

i

Xi, e2 :=
∑
i<j

XiXj , e3 :=
∑

i<j<k

XiXjXk, . . . , en :=
∏

i

Xi.

Observe that these are indeed symmetric functions.
Now consider a polynomial f = Xn +a1X

n−1 + · · ·+an−1X+an ∈ Q[X]. Over
the complex numbers, this factorises as f = (X − α1) · · · (X − αn), say, where
the αi are the roots of f . Expanding f , we see that

a1 = −
∑

i

αi, a2 =
∑
i<j

αiαj , . . . , an = (−1)n
∏

i

αi.

We observe that
ai = (−1)iei(α1).

That is, the coefficients of f are given (up to sign) by the elementary symmetric
functions, evaluated at the point (X1, . . . , Xn) = (α1, . . . , αn).
A more interesting symmetric function is given by the discriminant. Consider

δ :=
∏
i<j

(Xi −Xj).

We observe that σ(δ) = sgn(σ)δ. It follows that

∆ := δ2 = (−1)(
n
2)

∏
i 6=j

(Xi −Xj)

is a symmetric function. Evaluating this at the roots αi of f , we obtain the
discriminant ∆(f).
The next theorem will be proved later in the course.

Theorem 1.1 (Fundamental Theorem of Symmetric Functions). Every sym-
metric function in the Xi can be written as a polynomial in the elementary
symmetric functions ei.

In particular, any symmetric function of the roots can be expressed in terms of
the coefficients of the polynomial.

1.1 The Quadratic

Consider f = X2 + 2pX + q. Over C we can write this as f = (X − α)(X − β).
Thus

e1 = α+ β = −2p, e2 = αβ = q.

We know that every symmetric function of α, β can be expressed in terms of
e1, e2. For example,

α2 + β2 = (α+ β)2 − 2αβ = e2
1 − 2e2 = 4p2 − 2q.
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δ := α − β is not symmetric, since it changes sign when we swap α, β. The
discriminant is symmetric, and we have

∆ := δ2 = (α− β)2 = α2 + β2 − 2αβ = e2
1 − 4e2 = 4(p2 − q).

To find the roots of f , we first complete the square by applying the linear change
of variables Y = X + p. This is an example of a Tschirnhaus transformation
(Tschirnhaus, 1683). This yields the equation g = Y 2 + q − p2. The roots of g
are clearly ±

√
p2 − q = ± 1

2

√
∆, so the roots of f are α, β = −p±

√
p2 − q.

1.2 The Cubic

Consider f = X3 + aX2 + bX + C. By applying the linear change of variables
Y = X + a/3 (another Tschirnhaus transformation, also called completing the
cube), we reduce to solving a polynomial with noX2 term. Thus we may assume
that our polynomial is of the form f = X3 + 3pX + 2q. Over C we can write
this as f = (X − α)(X − β)(X − γ), so that

e1 = α+ β + γ = 0, e2 = αβ + βγ + γα = 3p, e3 = αβγ = −2q.

Again, any function symmetric in α, β, γ can be expressed in terms of e1, e2, e3.
For example1

α2 + β2 + γ2 = e2
1 − 2e2 = −6p

α3 + β3 + γ3 = e3
1 − 3e1e2 + 3e3 = −6q.

We again define δ := (α− β)(α− γ)(β − γ) and the discriminant ∆ := δ2. This
is symmetric, and in fact we have the expression

∆ = e2
1e

2
2 − 4e3

1e3 − 4e3
2 + 18e1e2e3 − 27e2

3 = −108(p3 + q2).

To find the roots α, β, γ of f , we can make the substitution X = Y −pY −1. This
yields f = Y 3+2q−p3Y −3, and hence gives the polynomial g = Y 6+2qY 3−p3,

1One way we can find such formulae is as follows. Consider α3 + β3 + γ3. This is homo-
geneous of degree 3, and the only such symmetric functions are e3

1, e1e2, e3. Thus

α3 + β3 + γ3 = λe3
1 + µe1e2 + νe3

for some rational numbers λ, µ, ν. We can find these by specialisation:

(α, β, γ) (e1, e2, e3) α3 + β3 + γ3

(1, 0, 0) (1, 0, 0) λ = 1

(1, 1, 0) (2, 1, 0) 8λ + 2µ = 2

(1, 1, 1) (3, 3, 1) 27λ + 9µ + ν = 3

Thus (λ, µ, ν) = (1,−3, 3).
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a quadratic in Y 3. Thus we can take

Y =
3
√
−q +

√
p3 + q2

and
X = Y − pY −1 =

3
√
−q +

√
p3 + q2 +

3
√
−q −

√
p3 + q2.

In fact, just as there are two square roots of a number, related by ±1, there
are three cube roots of a number, related via 1, ω, ω2, where ω = e2πi/3 =
(−1 + i

√
3)/2, so ω3 = 1. Thus the three roots of f are given by

α = Y − pY −1, β = ωY − pω2Y −1, γ = ω2Y − pωY −1.

One should note that this method is not always useful. This is clearly perceived
when we already know one solution. For example, consider the polynomial

f = X3 − 15X − 4.

This has an integer root 4, whereas the method described above yields (p, q) =
(−5,−2), so

Y =
3
√
−q +

√
p3 + q2 =

3
√

2 +
√
−121 = 3√2 + 11i.

Only knowing that (2 + i)3 = 2 + 11i can we substitute in Y = 2 + i and
−pY −1 = 2− i, and hence obtain α = Y − pY −1 = 4.

1.3 The Quartic

Finally, consider the quartic f = X4 + aX3 + bX2 + cX + d. By applying the
Tschirnhaus transformation Y = X + a/4, we may assume that f has no X3

term. Thus we may assume that f = X4 + bX2 + cX + d. Note that

e1 = 0, e2 = b, e3 = −c, e4 = d.

To find the roots of f , suppose we can express f as a product of two quadratics.
Using that f has no X3 term, we can write

f = X4 + bX2 + cX + d = (X2 −mX + p)(X2 +mX + q),

and comparing coefficients gives

b+m2 = p+ q, c/m = p− q, d = pq.

We can eliminate p, q via

(b+m2)2 − (c/m)2 = (p+ q)2 − (p− q)2 = 4pq = 4d.
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This gives the cubic in m2

g = m6 + 2bm4 + (b2 − 4d)m2 − b2,

which we can solve by the previous method.
Taking the square root, we can find m, and then we can find p and q via

p = b+m2 + c/m, q = b+m2 − c/m.

We note that the two possible square roots of m2 just swap the two quadratics
in (X2 −m+ p)(X2 +m+ q).

1.4 The General Polynomial

Almost 300 years later, Ruffini (1799) and Abel (1824) proved that there is no
general formula to express the root of a quintic in terms of radicals. This did
not mean, however, that given a particular quintic, there was no such formula.
In fact, formulae obviously exist for certain polynomials, for example those of
the form Xn − a, which have the root n

√
a. It could even have been true that

for each quintic over Q some such formula could be found. The Abel-Ruffini
Theorem just shows that no single formula can work for every such quintic.
Évariste Galois (1832) went much further. He showed how to associate to each
polynomial a subgroup of the symmetric group which completely determines
whether or not this polynomial has a solution by radicals: if and only if the
group itself is solvable. Indeed, this is the origin of the term solvable group.
The group associated to the polynomial f is called the Galois group in his
honour, and written Gal(f).

Theorem 1.2 (Galois). The polynomial f is solvable by radicals if and only if
the group Gal(f) is solvable.

We also have the following result.

Theorem 1.3. Let f be an irreducible polynomial of degree n. Then Gal(f)
is a transitive subgroup of the symmetry group Sn. Moreover, there exists an
irreducible polynomial f over Q such that Gal(f) = Sn.

Since there are quintic polynomials over Q whose Galois group is the full sym-
metric group S5, and since this group is not solvable, there exist quintics over
Q which are not solvable in radicals. In fact, it is relatively easy to construct
such examples.
From a more modern veiwpoint, we replace the study of a polynomial by the
study of the field extension generated by its roots. For example, if f ∈ Q[X] is a
polynomial with rational coefficients, and having roots α1, . . . , αn ∈ C, then we
can consider the subfield K of C generated by the αi (equivalently the smallest
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subfield of C containing each αi). The Galois group Gal(f) equals the group of
all field automorphisms of K.
In fact, the Galois group describes the internal structure of K. More precisely,
there is a order preserving bijection between the poset of subfields of K and the
poset of subgroups of Gal(f). This is called the Galois Correspondence, and
is one of the main results of this course. As a consequence, we see that there
are only finitely many subfields of K, a fact which is far from obvious.
This passing between subgroups and subfields is an important and extremely
useful observation. One should remark that group theory was in its infancy at
that time, and in fact the abstract notion of a group had yet to be given. Galois
was one of the first to appreciate the fundamental importance of groups, and
nowadays this idea of studying an object by first understanding its symmetries
is prevalent in modern mathematics and physics.
Let us discuss our approach to proving Galois’ Theorem. Recall that a poly-
nomial f is solvable by radicals if we can express a root of f in terms of
+,−,×,÷, r

√
. More generally, we say that a field extension K/Q is a rad-

ical extension if there exists a chain of subfields

Q = K0 ⊂ K1 ⊂ · · · ⊂ Kn = K

such that Ki+1 is formed from Ki by extracting an ri-th root of an element in
Ki. In other words, we adjoin an element λi such that λri

i ∈ Ki. We observe
that if K/Q is radical, then every element of K can be obtained by repeated
use of +,−,×,÷, r

√
.

The Galois correspondence furnishes us with a bijection between towers of field
extensions L/K/Q and subgroups {1} ≤ Gal(L/K) ≤ Gal(L/Q). Recall that a
finite group G is solvable if there exists a chain of subgroups

{1} = G0 ≤ · · · ≤ G1 ≤ G0 = G

such that GiCGi−1 is a normal subgroup and the factor group Gi−1/Gi is cyclic
of order ri. Moreover, subgroups of solvable groups are solvable, and if N CG
is normal, then G is solvable if and only if both N and G/N are solvable.
We would like to say that if L/K is formed by adjoining an r-th root, then
Gal(L/K) is a cyclic group of order r. Unfortunately this is not true in general,
and we need to make an extra assumption: namely, we require that we have
enough primitive roots of unity in the base field K. Since the only roots of unity
in Q are ±1, we have to apply a few tricks to prove the theorem.

1.5 Examples.

Let us illustrate this fundamental idea of passing from roots of polynomials to
fields to automorphisms in some simple examples.
Consider the polynomial f = X2 + 1 ∈ R[X]. The roots of f in C are ±i, and
the smallest subfield of C containing i and R is C itself. In other words we can
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construct C from R by ‘adding in’ a solution i to the equation X2 + 1 = 0.
Note that C is a two dimensional real vector space with basis {1, i}. Complex
conjugation is a field automorphism of C of order 2 which fixes R and, apart
from the identity, is the only such. Also, complex conjugation permutes the two
roots i,−i of f . In a certain sense, this symmetry exists because, from the point
of view of R, we cannot tell which root is which.
The same happens with Q(

√
2) = {a+ b

√
2 : a, b ∈ Q} ⊂ R. From the point of

view of Q we cannot tell the difference between
√

2 and −
√

2, and we have a
field automorphism of Q(

√
2) induced by

√
2 7→ −

√
2.

Now consider Q( 3√2) ⊂ R. This has no non-trivial automorphisms since 3√2 is
the only real root of the polynomial X3 − 2. This is why we need to consider
the field generated by all the roots of a polynomial f in order to have the Galois
correspondence.

7



Chapter 2

Background Material

2.1 Rings, Ideals and Homomorphisms

We will only consider commutative, unital rings.
An integral domain is a non-trivial ring R with no zero-divisors, i.e. ab = 0
implies a = 0 or b = 0. Equivalently, R has cancellation, so that if ax = bx
with x 6= 0, then a = b.
If R is an integral domain, then we can form the quotient field, or field of
fractions, Quot(R) of R. Its elements are written x/y for x, y ∈ R and y 6= 0,
where x/y = x′/y′ if xy′ = x′y. The ring structure is given via

x/y + x′/y′ := (xy′ + x′y)/yy′, (x/y)(x′/y′) := (xx′)/(yy′)

We identify R with the subring {x/1 : x ∈ R} of Quot(R).
If A and B are subsets of a ring R, we write

A+B := {a+ b : a ∈ A, b ∈ B} and AB := {ab : a ∈ A, b ∈ B}.

An ideal ICR is an additive subgroup closed under multiplication by elements
of R; that is, RI ⊂ I. Since I is an additive subgroup of R, we have the
factor group R/I whose elements are the additive cosets ā = a + I. This is
again an abelian group with zero 0̄ = I. We define a multiplication on R/I via
(a+ I)(b+ I) := (ab) + I, or ā · b̄ := ab. Then R/I is again a ring, with unit 1̄,
called the factor ring of R by I.
Examples.

1. Quot(Z) = Q.

2. If R is an integral domain, then R is a subring of Quot(R) but not an
ideal.

3. nZ is an ideal of Z, so that Z/nZ is again a ring.

8



4. {0} and R are ideals of R.

5. Let I C R. Write I[X] for the set of polynomials in R[X], all of whose
coefficients lie in I. Then I[X] CR[X].

6. Let S be a subset of a ringR. We write (S) for the smallest ideal containing
S. Its elements are finite R-linear combinations of elements of S. If S =
{a1, . . . , an} is finite, we also write (S) = (a1, . . . , an) = Ra1 + · · ·+Ran.

Let R and S be two rings. A (unital) ring homomorphism f : S → R is
a map preserving addition, multiplication and units; in other words, f is an
additive group homomorphism such that f(1S) = 1R and f(ab) = f(a)f(b) for
all a, b ∈ S. The ring homomorphism f is a ring isomorphism if there exists
a ring homomorphism g : R → S such that fg = idR and gf = idS , which is if
and only if f is bijective.
The kernel of f is Ker(f) := {a ∈ S : f(a) = 0 ∈ R}; it is an ideal of S. The
image of f is Im(f) := {f(a) ∈ R : a ∈ S}; it is a subring of R.

Lemma 2.1. 1. If S ≤ R is a subring, then the inclusion ιS : S ↪→ R is an
injective ring homomorphism.

2. If I CR be an ideal, then the canonical map πI : R � R/I, a 7→ a+ I, is
a surjective ring homomorphism.

Theorem 2.2 (Isomorphism Theorems). 1. Let f : S → R be a ring homo-
morphism and I C S an ideal. If I ⊂ Ker(f), then there exists a unique
ring homomorphism f̄ : S/I → R such that f = f̄πI . In particular, there
exists a ring isomorphism

S/Ker(f) ∼= Im(f), a+ Ker(f) 7→ f(a).

2. Let I C R. There exists a bijection between ideals of R containing I and
ideals of R/I. If I ⊂ J CR, then there is a ring isomorphism

(R/I)/(J/I) ∼= R/J.

3. Let S ≤ R be a subring and I CR an ideal. Then S+ I is a subring of R.
Moreover, IC (S+I) and (S∩I)CS, and there exists a ring isomorphism

(S + I)/I ∼= S/(S ∩ I).

Examples.

1. Let I C R, so that I[X] C R[X]. There is a ring homomorphism R[X]→
(R/I)[X], aXn 7→ āXn. This is surjective with kernel I[X]. Thus there
exists a ring isomorphism R[X]/I[X] ∼= (R/I)[X].
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2. Let S ⊂ R be a subring and α ∈ R. There exists a ring homomorphism
evα : S[X] → R, X 7→ α, called evaluation at α. If f ∈ R[X], we write
f(α) for evα(f). The image of evα is denoted S[α], and is the smallest
subring of R containing S and α.

Let I CR. We call I

proper if I 6= R.
trivial if I = {0}.

maximal if I is proper, and I ⊂ J CR implies J = I or J = R.
prime if xy ∈ I implies x ∈ I or y ∈ I.

principal if there exists x ∈ I such that I = (x) = Rx = {rx : r ∈ R}.

Proposition 2.3. Let R be a ring and I CR an ideal of R. Then

(1) R/I is a field if and only if I is maximal.

(1)′ R is a field if and only if (0) and R are the only ideals of R.

(2) R/I is an integral domain if and only if I is prime.

(2)′ R is an integral domain if and only if (0) is prime.

(3) I maximal implies I prime.

(3)′ R a field implies R an integral domain.

Lemma 2.4. Let K be a field and R a non-trivial ring. Then every ring ho-
momorphism f : K → R is injective.

Proof. Ker(f) is an ideal of K, so either (0) or K itself. If Ker(f) = (0), then
f is injective. If Ker(f) = K, then 1R = f(1K) = 0R, so that R is trivial.

2.2 Division and Factorisation

In a ring R, we say that a divides b, written a|b, if there exists x ∈ R such
that b = ax. Equivalently, b ∈ (a), or (b) ⊂ (a). Note that 1 divides every other
element, and each element divides 0.
If R is an integral domain, then a|b and b|a if and only if there exists a unit
u ∈ R× such that b = au. For, there exist u, v ∈ R such that b = au and a = bv.
If b = 0 then a = 0. Otherwise, since b = buv and R is an integral domain, we
can cancel b to get uv = 1, so u, v ∈ R× are units.
A principal ideal domain is an integral domain R for which every ideal is
generated by a single element, so of the form (a) for some a ∈ R.

Proposition 2.5. Let K be a field. Then the polynomial ring K[X] is a prin-
cipal ideal domain.
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Proof. Let I C K[X] be a non-zero ideal, and let g ∈ I be chosen such that
deg(g) ≥ 0 is minimal. Let f ∈ I. By the division algorithm, there exist
polynomials q, r such that f = qg+r and deg(g) > deg(r). Now, r = f−qg ∈ I,
so the minimality of g gives deg(r) = −∞; i.e. r = 0. Therefore g divides f , so
f ∈ (g). It follows that I = (g) is principal.

We call a non-constant polynomial f ∈ K[X] irreducible if, whenever f = gh,
either g ∈ K or h ∈ K. We call f monic provided its leading coefficient is 1.

Proposition 2.6. A prime ideal of K[X] is either (0) or of the form (f) with
f ∈ K[X] monic and irreducible. Conversely, if f ∈ K[X] is monic and irre-
ducible, then (f) is a maximal ideal.

Proof. Since K[X] is an integral domain, (0) is a prime ideal. Let ICK[X] be a
non-zero prime ideal. Since K[X] is a principal ideal domain, I = (f) for some
f . Moreover, we may assume that f is monic (and hence uniquely determined
by I). To see that f is irreducible, suppose f = gh. Then gh ∈ (f), and since
(f) is prime we may assume h ∈ (f). Thus h = uf for some u, so f = gh = fgu.
Cancelling f gives gu = 1, so g ∈ K× is a unit. Thus f is irreducible.
Now let f be monic and irreducible. Take g ∈ K[X] such that ḡ 6= 0 in
K[X]/(f). Since K[X] is a principal ideal domain, (f, g) = (d) for some d,
and there exist polynomials x, y such that fx+ gy = d. Now, d is the greatest
common divisor of f and g, and since f is irreducible, we have either d = 1 or
d = f . If d = f , then f divides g, so that g ∈ (f) and ḡ = 0, a contradiction.
Thus d = 1, and from fx + gy = 1 we deduce ḡȳ = 1̄, so that ḡ is invertible.
Therefore K[X]/(f) is a field, so (f) is maximal.

Theorem 2.7. Every polynomial f ∈ K[X] can be written as f = af1 · · · fn,
where a ∈ K and fi ∈ K[X] are monic and irreducible. Moreover, such an
expression is unique up to the ordering of the fi.

Proof. Let f ∈ K[X] be non-zero. We can write f = af̄ , where a ∈ K and f̄
is monic. If f̄ is not irreducible, then there exists some expression f̄ = gh with
g, h non-constant polynomials. Then 0 < deg(g),deg(h) < deg(f). Moreover,
by examining leading coefficients, we may assume that both g and h are monic.
By induction on degree, we can express both g and h as a product of monic
irreducible polynomials, hence we can write f in the desired form.
Suppose now that f = af1 · · · fm = bg1 · · · gn, where a, b ∈ K and fi, gj ∈ K[X]
are monic and irreducible. By Proposition 2.6, K[X]/(f1) is a field. Also,
b̄ḡ1 · · · ḡn = f̄ = 0 in K[X]/(f1), so that ḡi = 0 for some i. After reordering, we
may assume that ḡ1 = 0. Thus g1 ∈ (f1), the kernel, so g1 = uf1 for some u.
Since g1 is irreducible and f1 6∈ K, we must have u ∈ K. Finally, since f1 and
g1 are monic, we must have u = 1, so that f1 = g1.
Since K[X] is an integral domain, we may cancel terms to deduce af2 · · · fm =
bg2 · · · gn, so by induction (and relabelling) we have m = n, fi = gi for all i,
and a = b.

11



Lemma 2.8. Let α ∈ K. Then the kernel of the evaluation map evα : K[X]→
K is the ideal (X − α). In particular, α is a root of a polynomial f if and only
if X − α divides f , and f has at most deg(f) distinct roots in K.

Proof. Let I = Ker(evα). Then (X − α) ⊂ I, and (X − α) is a maximal ideal
by Proposition 2.6. Since I is a proper ideal, we must have I = (X − α).
Now, α is a root of a polynomial f if and only if 0 = f(α) = evα(f), which is if
and only if f ∈ Ker(evα) = (X − α), which is if and only if X − α divides f .
Let α be a root of f , so f = (X − α)f1. If β 6= α is another root of f , then
0 = f(β) = (β − α)f1(β), and since α 6= β we must have f1(β) = 0. Therefore
β is a root of f1, so f1 = (X − β)f2, and f = (X −α)(X − β)f2. It follows that
f has at most deg(f) distinct roots in K.

2.3 Irreducibility of Polynomials

We call f = a0X
d + · · · + ad−1X + ad ∈ Z[X] primitive if gcd(ai) = 1. In

particular, all monic polynomials are primitive.

Lemma 2.9 (Gauss’ Lemma). If f ∈ Z[X] is primitive, then it is irreducible
over Z if and only if it is irreducible over Q.

Lemma 2.10 (Eisenstein’s Criterion). Let f = a0X
d + · · ·+ad−1X+ad ∈ Z[X]

be primitive. Suppose that there exists a prime p such that p|ai for i = 1, . . . , d,
but p - a0 and p2 - ad. Then f is irreducible.

Lemma 2.11 (Rational Root Test). Let f = a0X
n + · · · + an ∈ Z[X]. If

α = p/q ∈ Q is a root of f such that gcd(p, q) = 1, then p|an and q|a0.

In general, it is difficult to determine whether a given polynomial is irreducible
or not, and to find its decomposition into irreducible factors. One can compare
this to the problem of determining whether a given number is prime, and to
finding its prime factorisation.
Let K be a field and f ∈ K[X]. Clearly if deg(f) = 1, then f is irreducible.
Also, if deg(f) = 2 or 3, then f is irreducible if and only if it has no linear
factor, which is if and only if it has no root in K. If deg(f) = 4, though, it
could have a decomposition into two irreducible quadratic polynomials.
Suppose K = Q. Clearing denominators, we may assume f ∈ Z[X] is primitive.
By Gauss’ Lemma, f is irreducible over Q if and only if it is irreducible over Z.
Moreover, by the Rational Root Test, we know the possible rational roots of f .
In particular, if f is monic, then any rational root is in fact integral.
For higher degrees, we can also use Eisenstein’s Criterion. This is particularly
useful if we combine it with a linear change of variables Y = X − a.
Another powerful method is reduction modulo a prime p. We write Fp for the
field Z/pZ. Consider the surjective ring homomorphism Z[X]→ Fp[X], f 7→ f̄ .
Clearly if f = gh ∈ Z[X], then f̄ = ḡh̄ ∈ Fp[X]. Thus if f̄ is irreducible over
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Fp for some prime p, then f itself must be irreducible over Z. Now, it is a finite
problem to find a factorisation over Fp, so we can use a computer. However,
this problem grows exponentially in the degree of the polynomial. (Reference?)
Variations of this idea can also be applied. For example, suppose that we are
given f ∈ Z[X] of degree 4. Using the Rational Root Test, we may assume
that f has no linear factors, so that if f = gh has a proper factorisation, then
deg(g) = deg(h) = 2. Now suppose that f̄ ∈ Fp[X] factors as f̄ = rs with r, s
irreducible, deg(r) = 1, deg(s) = 3. This is incompatible with any factorisation
f = gh with deg(g) = deg(h) = 2, so f must itself be irreducible.
Examples.

1. f = X2 − 2 ∈ Z[X]. Eisenstein tells us that f is irreducible over Z, so
by Gauss’ Lemma, f is irreducible over Q. In other words,

√
2 is not a

rational number.

2. f = 2
9X

5 + 5
3X

4 + X3 + 1
3 . Clearing denominators we have g = 9f =

2X5 + 15X4 + 9X3 + 3. We can use Eisenstein’s Criterion with p = 3 to
deduce that g, and hence f , is irreducible.

3. f = X3 − 7X2 + 3X + 3. The only possible rational roots are ±1,±3.
Checking, we see that f = (X−1)(X2−6X−3) as a product of irreducibles.

4. f = X4 + 15X3 + 7. Working over F2, we have f̄ = X4 +X3 + 1. This
has no linear factor, since neither 0, 1 are roots of f̄ over F2. Suppose

f̄ = (X2 + aX + b)(X2 + cX + d)

= X4 + (a+ c)X3 + (b+ ac+ d)X2 + (ad+ bc)X + bd.

From the constant term we see that b = d = 1. Therefore the the coeffi-
cient of X gives a+ c = 0, whereas the coefficient of X3 gives a+ c = 1, a
contradiction. So f̄ is irreducible over F2, whence f is irreducible over Z.

5. Consider f = X4 + 1 and its factorisations over various finite fields:

p f̄ p f̄

2 (X + 1)4 7 (X2 + 3X + 1)(X2 − 3X + 1)

3 (X2 +X − 1)(X2 −X − 1) 11 (X2 + 3X − 1)(X2 − 3X − 1)

5 (X2 + 2)(X2 − 2) 13 (X2 + 5)(X2 − 5)

Either f is irreducible or else the product of two irreducible quadratics,
but the above data give no further information. However, if we consider
Y = X − 1, then we obtain (Y + 1)4 + 1 = Y 4 + 4Y 3 + 6Y 2 + 4Y + 2.
Applying Eisenstein with p = 2, we see that f is irreducible.
[Since (X4−1)f = X8−1, the roots of f are eighth roots of unity. In fact
they are precisely the primitive eighth roots of unity, of which there are
four, corresponding to the four numbers 1 ≤ r < 8 which are prime to 8.
We will discuss roots of unity later, as an application of Galois Theory.]
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Chapter 3

Field Extensions

Let L be a field and K ⊂ L a subfield. We write L/K and call L a field extension
of K. We observe that L is naturally a K-vector space, using the given addition
and multiplication in L. We denote its dimension by [L : K], and call this
the degree of the extension. We say that L/K is a finite field extension if
[L : K] <∞. Clearly L = K if and only if [L : K] = 1.
If L/K is a field extension, an intermediate field is a subfield E of L containing
K, so L/E/K is a tower of field extensions.

Theorem 3.1 (Tower Law). Let L/K/k be a tower of field extensions. Then
L/k is a field extension and

[L : k] = [L : K][K : k].

In particular, L/k is finite if and only if both L/K and K/k are finite.

Proof. Let {αi}i∈I be a K-basis of L and {βj}j∈J a k-basis of K. Then the set
of products {αiβj}(i,j)∈I×J is a k-basis of L.
Linear Independence: Suppose that

∑
i,j λijαiβj = 0, where λij ∈ k, almost all

zero. Set µi :=
∑

j λijβj ∈ K, so almost all µi are zero. Then
∑

i µiαi = 0, so
µi = 0 for all i. Thus

∑
j λijβj = 0 for all i, so λij = 0 for all i, j.

Spanning: Let θ ∈ L. We can write θ =
∑

i µiαi, where µi ∈ K, almost
all zero. Now write µi =

∑
j λijβj , where λij ∈ k, almost all zero. Then

θ =
∑

i,j λijαiβj .

Let L/K be a field extension and S ⊂ L. We write K[S] for the smallest subring
of L containing K and S, and K(S) for the smallest subfield of L containing K
and S. Since L is a field, K[S] is an integral domain, so K(S) = Quot(K[S]).
This definition makes sense, since if Mi ⊂ L are subrings containing both K
and S, then their intersection

⋂
iMi ⊂ L is again a subring ontaining both K

and S. Hence we can define K[S] to be the intersection of all subrings of L
containing K and S. Similarly for K(S) = Quot(K[S]).
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If L = K(S) for some finite subset S, then we call L/K finitely generated. If
L = K(α), then we call L/K simple.
We observe that for a field extension L/K, if S ⊂ L and α ∈ L, then K(S ∪
{α}) = K(S)(α). For, a subfield of L contains K, S and α if and only if it
contains K(S) and α.
Now suppose that E,F are two subfields of L. The compositum EF of E
and F in L is the smallest subfield of L containing both E and F . Thus EF =
E(F ) = F (E) in the above notation.
We remark that in all of the above constructions, we need the ambient field L.
This is philosophically a problem since we are interested in roots of polynomials,
in which case we begin with f ∈ K[X] and want to construct a field extension
in which f has a root, or even better a field extension of K which contains all
the roots of f .

3.1 The Minimal Polynomial

Let L/K be a field extension and α ∈ L. Recall that we have the evaluation
homomorphism evα : K[X] → L, X 7→ α. This sends a polynomial f ∈ K[X]
to f(α).
The element α is called algebraic over K if there exists a non-zero polynomial
f ∈ K[X] such that f(α) = 0 in L. Otherwise α is called transcendental.
The next theorem is essentially equivalent to Proposition 2.6.

Theorem 3.2. Let L/K be a field extension and α ∈ L. Then there are two
possibilities:

1. (i) α algebraic over K.

(ii) Ker(evα) = (mα/K) for some monic irreducible polynomial mα/K .

(iii) K[α] = K(α).

(iv) [K(α) : K] = deg(mα/K) <∞.

2. (i) α transcendental over K.

(ii) evα injective.

(iii) K[α] 6= K(α).

(iv) [K(α) : K] =∞.

Proof. Consider evα : K[X] → L. This has image K[α], which is an integral
domain since it is a subring of the field L. Therefore I := Ker(evα) is a prime
ideal. By Proposition 2.6, either I = (0) and evα is injective, or else I =
(mα/K) for some monic irreducible polynomial mα/K , uniquely determined by
I (equivalently α), and I is maximal, whence K[α] = K(α) is a field.
In summary, if the kernel is zero, then K[α] ∼= K[X] is not a field, so K[α] 6=
K(α); [K(α) : K] ≥ [K[α] : K] =∞; α is transcendental.
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Otherwise, if the kernel is non-zero, then it is generated by some monic ir-
reducible polynomial mα/K ; K[α] = K(α) is a field; α is algebraic. To see
that [K(α) : K] = deg(mα/K) < ∞, we observe that the elements αr for
0 ≤ r < deg(mα/K) form a K-basis of K[α].

For L/K and α ∈ L algebraic over K, we call the monic irreducible polynomial
mα/K ∈ K[X] the minimal polynomial of α overK. It is uniquely determined
by α and K.

Corollary 3.3. Let K be a field.

1. K(X) := Quot(K[X]) is a simple extension of K and X is transcendental
over K.

2. Let f ∈ K[X] be monic and irreducible, and set L := K[X]/(f), α :=
X +(f) ∈ L. Then L = K(α) is a finite simple extension of K, [L : K] =
deg(f), and mα/K = f .

Proof. For (1) we just need to recall that K(X) = Quot(K[X]). Therefore
K[X] ↪→ K(X).
For (2) we first note that K[X]/(f) is a field by Proposition 2.6, and contains K
as a subfield. (More precisely, we may identify K with its image in K[X]/(f).)
Now the evaluation map evα is just the canonical ring homomorphism K[X]→
K[X]/(f) = L, so in particular has kernel (f).

This gives us a way of constructing field extensions of a given field K without
reference to another field. In particular, we have the following result, solving
the first part of our philosophical problem discussed earlier.

Corollary 3.4 (Kronecker). Let f ∈ K[X] be non-constant. Then there exists
a field extension L/K in which f has a root. Moreover, [L : K] ≤ deg(f).

Proof. Let g be a monic irreducible factor of f in K[X]. Consider the field
extension L = K[X]/(g) of K, and set α := X + (g). As in the previous
corollary, α has minimal polynomial g, so α is a root of g, hence a root of f .
Note that [L : K] = deg(g) ≤ deg(f).

Examples.

1. C/R and i ∈ C. Then mi/R = X2 + 1.

2. C/Q and
√

2 ∈ C. Then m√
2/Q = X2 − 2.

3. C/R and
√

2 ∈ R. Then m√
2/R = X −

√
2.

4. C/Q and ζ = exp(2πi/5) ∈ C. Then mζ/Q = X4 +X3 +X2 +X + 1.

5. π, e ∈ R are transcendental over Q (hard).
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In fact, Hilbert’s Seventh Problem, from his address to the ICM in 1900, posed
the following problem:

If a and b are algebraic, with a 6= 0, 1 and b irrational, then is ab

necessarily transcendental?

This was proved in 1934, independently by Gelfond and Schneider. For example,

the number
√

2
√

2
is transcendental (but note that (

√
2)
√

2)
√

2 = 2 is again
rational).
Remark. The definition of a compositum of two fields requires an ambient
field. If E and F are field extensions of K, we could instead consider the tensor
product E ⊗K F and take a maximal ideal I. Then E ⊗K F/I is again a field
and we have embeddings E,F → E⊗K F/I. The problem is that this definition
depends on the choice of I. For example, if

E ∼= F ∼= Q[X]/(X3 − 2) ∼= Q(
3√
2),

then

E ⊗K F ∼= Q[X,Y ]/(X3 − 2, X3 − Y 3)
∼= Q[X,Y ]/

(
X3 − 2, (X − Y )(X2 +XY + Y 2)

)
.

We have maximal ideals

I = (X3 − 2, X − Y ) and J = (X3 − 2, X2 +XY + Y 2),

and

E ⊗K F/I ∼= Q[X]/(X3 − 2) ∼= Q(
3√
2),

E ⊗K F/J ∼= Q[X,Z]/(X3 − 2, Z2 + Z + 1) ∼= Q(
3√
2, ω).

Here we have made the substitution Z = Y/X and written ω for a primitive
cube root of unity. In particular,

[E ⊗K F/I : Q] = 3 and [E ⊗K F/J : Q] = 6,

so the fields are non-isomorphic.

3.2 The Norm and Trace

Let L/K be a finite field extension and α ∈ L. Then multiplication by α
induces a K-linear endomorphism A of L. The Cayley-Hamilton Theorem says
that every endomorphism satisfies its own characteristic equation χA(X) =
det(X − A) ∈ K[X]; that is, χA(A) is the zero-map on L. We observe that
Ar(β) = αrβ for all β ∈ L, so that χA(A) acts on L as multiplication by χA(α).
Therefore α is a root of the polynomial χA(X).
Note that the characteristic polynomial χA(X) is a monic polynomial and is
independent of the choice of basis, so depends only on α and L/K. We denote
it by χL

α/K and call it the field equation of α/K with respect to L.
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Theorem 3.5. Let L/k be a finite field extension and let α ∈ L. Then

χ
k(α)
α/k = mα/k and χL

α/k = (mα/k)[L:k(α)].

Proof. Suppose first that L = k(α). Since α is a root of the polynomial χL
α/k,

we know that mα/k divides χL
α/k. Since they are both monic polynomials of

degree [k(α) : k], they must be equal. This proves the first result.
Now let K = k(α) (or more generally any subfield of L containing k(α)). Let
{ui}i be a K-basis of L and {vp}p a k-basis of K. Then {uivp}(i,p) is a k-basis
of L. Let A : L → L and B : K → K be the k-linear maps corresponding to
multiplication by α. Let B = (bpq) be the matrix with respect to {vp} and
A = (aipjq) the matrix with respect to {uivp}. Then∑

i,p

aipjquivp = αujvq = ujαvq =
∑

p

bpqujvp.

Hence aipjq = δijbpq, so A can be written in block-diagonal form, with [L : K]
copies of B on the diagonal. This proves the second statement.

Remark. A different proof can be constructed using the following general result
from linear algebra: if V is a k-vector space, A : V → V a k-linear endomorphism
of V and U ≤ V a subspace such that A(U) ⊂ U , then A induces endomorphisms
B : U → U and C : V/U → V/U . Choosing a basis for U and extending to a
basis for V , we can write the matrix for A in block form, with the matrices for
B and C on the diagonal, and zero in the bottom left corner. Thus χA = χBχC .
Let L/K be a finite field extension, α ∈ L and A the K-linear automorphism
of L induced by multiplication by α. We define the norm of α in L/K to be
NL

K(α) := det(A) and the trace of α in L/K to be TrL
K(α) := Tr(A).

Proposition 3.6. Let L/K be a finite field extension and α, β ∈ L. Then

1. NL
K : L∗ → K∗ is a group homomorphism between multiplicative groups.

In particular, NL
K(αβ) = NL

K(α)NL
K(β).

2. TrL
K : L → K is a group homomorphism between additive groups. In par-

ticular, TrL
K(α+ β) = TrL

K(α) + TrL
K(β).

Proof. Let A and B be the K-linear automorphisms of L induced by multipli-
cation by α and β respectively. Then AB corresponds to multiplication by αβ,
so

NL
K(αβ) = det(AB) = det(A) det(B) = NL

K(α)NL
K(β).

If α ∈ L is non-zero, then A is invertible, so that NL
K(α) = det(A) 6= 0. If

α = 1, then A = idL so that NL
K(1) = 1. This shows that NL

K : L∗ → K∗ is a
group homomorphism.
Similarly, A+B corresponds to multiplication by α+ β, so

TrL
K(α+ β) = Tr(A+B) = Tr(A) + Tr(B) = TrL

K(α) + TrL
K(β).
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If α = 0, then A = 0 so TrL
K(0) = 0. Thus TrL

K : L → K is a group homomor-
phism.

Theorem 3.7. Let L/K/k be finite field extensions. Then

NL
k = NK

k ◦NL
K and TrL

k = TrK
k ◦ TrL

K .

A proof of this is outlined in the exercises, although we will provide a different
proof later on using Galois Theory in the special case when L/k is separable.

3.3 Algebraic Field Extensions

A field extension L/K is called algebraic if each element α ∈ L is algebraic
over K.

Lemma 3.8. All finite field extensions are algebraic. Conversely, a field exten-
sion L/K is finite if and only if it is finitely generated by algebraic elements.

Proof. Let L/K be finite and let α ∈ L. Then [K(α) : K] is finite by the Tower
Law, so α is algebraic over K by Theorem 3.2. Hence L/K is algebraic. It is
clearly finitely generated, for example by the elements of a K-basis of L.
Conversely, suppose that L = K(α1, . . . , αn) with each αi algebraic over K. Set
L′ := L(α1, . . . , αn−1), so L = L′(αn). By induction, [L′ : K] is finite. Also,
since αn is algebraic over K, it is a fortiori algebraic over L′, so [L′ : L] is finite
by Theorem 3.2. Hence [L : K] = [L : L′][L′ : K] is finite by the Tower Law.

Theorem 3.9. Let L/K be a field extension and write Lalg/K for the subset of
L consisting of those elements which are algebraic over K. Then Lalg/K is a
subfield of L, and is an algebraic field extension of K.

Proof. We need to show that if α, β ∈ Lalg/K and β 6= 0, then α± β, αβ, α/β ∈
Lalg/K . Since α, β are algebraic over K, K(α, β)/K is finite, hence algebraic,
by Lemma 3.8. Thus α± β, αβ, α/β ∈ K(α, β) are all algebraic over K.

Theorem 3.10. 1. Let L/K/k be field extensions. Then L/k is algebraic if
and only if both L/K and K/k are algebraic. Similarly for finite instead
of algebraic.

2. Let E,F be two intermediate fields of L/K. Then E/K algebraic implies
EF/F algebraic. Similarly for finite instead of algebraic.

3. Let E,F be two intermediate fields of L/K. Then both E/K and F/K
algebraic implies both EF/K and E ∩ F/K algebraic. Similarly for finite
instead of algebraic.
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We usually draw the following pictures of these field extensions.

L

K

k

and

L

EF

E ∩ F

K

E

F

Proof. (1) The result for finite field extensions follows immediately from the
Tower Law, since [L : k] = [L : K][K : k].
Let L/k be algebraic. Then clearly both L/K and K/k are algebraic. Con-
versely, suppose that L/K and K/k are algebraic. Given α ∈ L, we know that
it is algebraic over K, so has a minimal polynomial mα/K = Xd + ad−1X

d−1 +
· · · + a0 ∈ K[X]. Hence α is algebraic over the subfield K ′ = k(a0, . . . , ad−1)
of K. Since K/k is algebraic, each ai is algebraic over k, so K ′/k is finite by
Lemma 3.8. Thus K ′(α)/k is finite by the Tower Law, so α is algebraic over k.
(2) Let E/K be algebraic and consider (EF )alg/F . This is a subfield of EF
containing F . Moreover, since each element of E is algebraic over K, it is a
fortiori algebraic over F . Therefore (EF )alg/F also contains E, hence equals
EF .
Now suppose that E/K is finite, so algebraic and finitely generated. Write
E = K(α1, . . . , αn). Then EF = F (α1, . . . , αn) is finitely generated and also
algebraic from above. Thus EF/F is finite by Lemma 3.8.
(3) This is immediate from (1) and (2).

It is not true that EF/F algebraic implies E/K algebraic. For example, let
E = F = K(X) be simple transcendental over K. Then EF = F , so EF/F is
finite of degree 1, but E/K is transcendental.
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Chapter 4

Field Embeddings

The modern approach to Galois Theory involves replacing the roots of a poly-
nomial by the field they generate, and replacing the symmetries of the roots by
the automorphisms of the field. One reason for this is that a field has much
more structure than just the set of roots of a polynomial, since we can apply
all the field operations like addition and multiplication. This approach is also
more general, since one can study arbitrary field extensions.
In the previous chapter we looked at field extensions and showed how to con-
struct a field extension in which a given polynomial has a root. We now turn our
attention to homomorphisms between fields, and in particular automorphisms
of a field.
As a motivating example, let f ∈ R[X] be a non-constant polynomial. Then
all the roots of f lie in the field of complex numbers. Moreover, we have a
natural field automorphism of C given by complex conjugation. We observe
that complex conjugation induces a permutation of the set of roots of f . For, if
z ∈ C is a root of f = a0X

n + · · ·+ an−1X + an ∈ R[X], so that f(z) = 0, then

f(z̄) = a0z̄
n + · · ·+ an−1z̄ + an

= ā0z̄
n + · · ·+ ān−1z̄ + ān = f(z) = 0.

Let K,L′ be fields. Recall that a field homomorphism ι : K → L′ preserves the
addition and multiplication, and the elements 0 and 1. Furthermore, all field
homomorphisms are injective, or embeddings, and a field homomorphism is
an isomorphism if and only if it is bijective. Thus, if we set K ′ := ι(K), then
K ′ is a subfield of L′ and ι : K ∼−→ K ′ is a field isomorphism.
Let σ : L → L′ be a field embedding. If K ⊂ L is a subfield, then σ restricts
to a field embedding ι := σ|K : K → L′. Conversely, if ι : K → L′ is a field
embedding, then an extension of ι to L is a field embedding σ : L → L′ such
that σ|K = ι. In other words, σ(x) = ι(x) for all x ∈ K.
As a special case, if L and L′ are two field extensions of K, then σ : L →
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L′ is called a K-embedding if σ|K = id, so σ extends the identity on K.
For example, complex conjugation is an R-automorphism of C. Note that a
K-embedding is automatically an injective map of K-vector spaces, so [L :
K] ≤ [L′ : K]. In particular, for finite field extensions, a K-embedding σ is an
isomorphism if and only if [L : K] = [L′ : K].
We shall frequently make use of the following observation. Let ι : K ∼−→ K ′ be
a field isomorphism. Then we can extend ι to a ring isomorphism ι : K[X] ∼−→
K ′[X] via X 7→ X. Note that f ∈ K[X] is monic (respectively irreducible) if
and only if ι(f) ∈ K ′[X] is monic (respectively irreducible).

4.1 Artin’s Extension Theorem

Lemma 4.1. Let L/K be a field extension and σ : L → L′ a field embedding.
Set K ′ := σ(K). If α ∈ L is a root of a polynomial f ∈ K[X], then σ(α) ∈ L′
is a root of σ(f) ∈ K ′[X].

Proof. Let f = a0X
n + · · ·+ an−1X + an ∈ K[X]. Then

0 = σ(f(α)) = σ(a0)σ(α)n + · · ·+ σ(an) = σ(f)(σ(α)).

Thus σ(α) ∈ L′ is a root of σ(f) ∈ K ′[X].

The next result tells us when we can extend a given embedding to a larger field.

Theorem 4.2 (Artin’s Extension Theorem). Let L/K and L′/K ′ be field ex-
tensions and ι : K ∼−→ K ′ an isomorphism. Let α ∈ L be algebraic over K and
α′ ∈ L′ be algebraic over K ′.
We can extend ι to an isomorphism σ : K(α) → K ′(α′) such that σ(α) = α′ if
and only if mα′/K′ = ι(mα/K).

We usually think of this theorem using the following diagram.

L

K(α)

K

L′

K ′(α′)

K ′

σ

ι

Proof. For simplicity write m = mα/K ∈ K[X] and m′ = mα′/K′ ∈ K ′[X].

Suppose first that ι can be extended to an isomorphism σ : K(α) ∼−→ K ′(α′)
such that σ(α) = α′. Then the previous lemma tells us that α′ is a root of
σ(m) = ι(m). Thus m′ divides ι(m), and since both polynomials are monic and
irreducible, we must have m′ = ι(m).
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Conversely, suppose m′ = ι(m). Extend ι to an isomorphism ι : K[X] ∼−→ K ′[X]
via X 7→ X. We know that evα induces a K-isomorphism K[X]/(mα/K) ∼−→
K(α), and that evα′ induces a K ′-isomorphism K ′[X]/(mα′/K′) ∼−→ K ′(α′).

Since m′ = ι(m), the isomorphism ι : K[X] ∼−→ K ′[X] induces an isomorphism
of fields ῑ : K[X]/(m) ∼−→ K ′[X]/(m′), and clearly ῑ extends ι. Now define
σ := evα′ ◦ ῑ ◦ ev−1

α . Pictorially:

L

K(α)

K

K[X]/(m)

K

K ′[X]/(m′)

K ′

L′

K ′(α′)

K ′

evα ῑ evα′

ι

σ

Thus σ : K(α) ∼−→ K ′(α′) is an isomorphism extending ι and σ(α) = α′.

If α ∈ L is algebraic, then the roots of mα/K in L are called the K-conjugates
of α in L.
One should remember that, although we take α ∈ L to begin with, we are
looking for all the different K-embeddings of K(α) into L. It may be better to
think of these as distinct embeddings of K[X]/(mα/K) into L.

Corollary 4.3. Let L/K be a field extension and α ∈ L algebraic over K. Then
there is a bijection

{K-embeddings K(α)→ L} ←→ {roots of mα/K in L}.

In particular, there are at most deg(mα/K) = [K(α) : K] such K-embeddings.

Proof. By Artin’s Extension Theorem, if σ : K(α)→ L is a K-embedding, then
α′ := σ(α) is a root of mα/K in L. Conversely, if α′ ∈ L is a root of mα/K , then
there exists a K-embedding σ : K(α)→ L such that σ(α) = α′.

We observe that we have precisely [K(α) : L] K-embeddings K(α) → L if and
only if mα/K = (X − α1) · · · (X − αd) ∈ L[X] splits into distinct linear factors
over L (with α = α1, say). In the next chapters we shall discuss the conditions
under which mα/K splits into linear factors, and when these factors are distinct.

Corollary 4.4. Let L/K and L′/K be field extensions with L/K finite. Then
the number of K-embeddings L→ L′ is at most [L : K].

Proof. Since L/K is finite, we can write L = K(α1, . . . , αn) with each αi alge-
braic over K. Set M := K(α1, . . . , αn−1), so L = M(αn). Let m be the minimal
polynomial of αn over M , so [L : M ] = deg(m).

23



Each K-embedding L→ L′ restricts to a K-embedding M → L′. By induction,
we know that there are at most [M : K] K-embeddings ι : M → L′, and by
Artin’s Extension Theorem, each such ι may be extended in at most deg(m) =
[L : M ] ways to a K-embedding L→ L′ (corresponding to the distinct roots of
ι(m) in L′). Thus there are at most [L : M ][M : K] = [L : K] K-embeddings
L→ L′.

We end with a nice result concerning automorphisms of algebraic extensions.

Proposition 4.5. Let L/K be algebraic and σ : L → L a K-embedding. Then
σ is an automorphism of L.

Proof. We recall that the K-embedding σ : L → L is an automorphism if and
only if it is bijective. Now, we know that σ is injective, so we just need to show
that it is also surjective.
Let α ∈ L have minimal polynomial m := mα/K . Let α = α1, . . . , αn be the
roots of m in L and write F = K(α1, . . . , αn). Then F/K is finitely generated
and algebraic, so finite by Lemma 3.8.
Since σ maps each root of m to a root of m, σ(F ) ⊂ F . Thus σ(F ) is an
intermediate field of F/K. Moreover, since σ : F → σ(F ) is bijective, it is an
isomorphism. In particular, [F : K] = [σ(F ) : K], so [F : σ(F )] = 1 by the
Tower Law. Hence σ(F ) = F , so α ∈ σ(L) and σ is surjective as required.

4.2 Examples

Artin’s Extension Theorem is actually very easy to use.
1. Let

√
2 ∈ C. Then m√

2/Q = X2−2. This has roots ±
√

2 in C. We therefore
have two embeddings Q(

√
2)→ C extending the identity of Q. These are given

by
√

2 7→
√

2 (the identity) and
√

2 7→ −
√

2.

2. Let ω := exp(2πi/3) = 1
2 (−1 + i

√
3) ∈ C. Then ω2 = exp(4πi/3) =

1
2 (−1 − i

√
3) and mω/Q = X2 + X + 1. We have two embeddings Q(ω) → C

extending the identity on Q. These are given by ω 7→ ω (the identity) and
ω 7→ ω2 (complex conjugation).

3. Let α = 3√2 ∈ R. Then mα/Q = X3 − 2. This has a unique root in R, so
there is only the identity map Q(α)→ R. On the other hand, X3 − 2 has roots
α, ωα, ω2α in C, so we have three embeddings Q(α) → C. These are given by
α 7→ α, α 7→ ωα and α 7→ ω2α. Note that Q(α) 6= Q(ωα), since Q ⊂ R but
ωα ∈ C \ R. In fact, all three fields Q(α),Q(ωα),Q(ω2α) are distinct, and the
intersection of any two is just Q.

4. Let β = 4√2 ∈ R, so that β2 =
√

2. Then mβ/Q = X4 − 2 and this factors as
(X2 −

√
2)(X2 +

√
2) over Q(

√
2). Since β, iβ 6∈ Q(

√
2), these polynomials are

irreducible. Hence mβ/Q(
√

2) = X2 −
√

2.
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Recall that there are two embeddings Q(
√

2) → R, namely id:
√

2 7→
√

2 and
σ :
√

2 7→ −
√

2.
We now apply Artin’s Extension Theorem to compute extensions of id and σ
to Q(β). Since id(mβ/Q(

√
2)) = X2 −

√
2, there are two extensions of id to

Q(β) → R, namely id: β → β and θ : β → −β. On the other hand, since
σ(mβ/Q(

√
2)) = X2 +

√
2, which has no real roots, there are no extensions of σ

to Q(β)→ R.
There are, however, two extensions of σ to Q(β) → C given by φ : β 7→ iβ and
φ̄ : β 7→ −iβ.

5. We can also compute all embeddings Q(α, ω) → C, where α = 3√2 and
ω = exp(2πi/3) as above. We begin by noting that [Q(α, ω) : Q] = 6. For, we
know that [Q(ω) : Q] = 2 and that [Q(α) : Q] = 3. It follows from the Tower
Law that both 2 and 3, and hence 6, divide [Q(α, ω) : Q]. On the other hand,
we know that α is a root of X3 − 2 over Q(ω), so [Q(α, ω) : Q(ω)] ≤ 3, whence
[Q(α, ω) : Q] ≤ 6.
In particular, we note that X3 − 2 is the minimal polynomial of α over Q(ω).
We have already computed all embeddings Q(ω) → C, namely id and complex
conjugation τ : ω 7→ ω2. Clearly both id and τ fix the minimal polynomial
X3−2 of α, and since this polynomial has three distinct roots in C, we see that
there are three extensions of id to Q(α, ω) → C and three extensions of τ to
Q(α, ω)→ C. Hence there are precisely six embeddings Q(α, ω)→ C.
We illustrate these embeddings in a table showing their actions on α, ω.

id σ σ2 τ στ σ2τ

ω 7→ ω ω 7→ ω ω 7→ ω ω 7→ ω2 ω 7→ ω2 ω 7→ ω2

α 7→ α α 7→ ωα α 7→ ω2α α 7→ α α 7→ ωα α 7→ ω2α

Note that τ still denotes complex conjugation. Also, the images of each of
these embeddings is contained in Q(α, ω), so that all six embeddings induce
automorphisms of Q(α, ω). In particular, we may compose them, and in fact
we have used this when labelling the automorphisms. For example,

σ2(ω) = σ(ω) = ω), σ2(α) = σ(σ(α)) = σ(ωα) = σ(ω)σ(α) = ω · ωα = ω2α.

Similarly,

στ(ω) = σ(ω2) = σ(ω)2 = ω2, στ(α) = σ(α) = ωα.

Moreover, since

τσ(ω) = τ(ω) = ω2, τσ(α) = τ(ωα) = τ(ω)τ(α) = ω2α,

we have that τσ = σ2τ . Since we also have σ3 = id = tau2, we deduce that
the set of all such embeddings forms a group isomorphic to S3. Note that
|S3| = 6 = [Q(α, ω) : Q].
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4.3 Linear Independence of Characters

A character of a group G in an arbitrary field K is a group homomorphism
χ : G → K∗. The trivial character is the homomorphism χ(g) = 1 for all
g ∈ G. (Such a character is called an irreducible character of degree one in
courses on representations of groups.)
If χ1, . . . , χn are characters of G and λ1, . . . , λn ∈ K, then we can form the
linear combination λ1χ1 + · · · + λnχn, which sends g ∈ G to

∑
i λiχi(g). We

say that the χi are linearly independent over K if, whenever λi ∈ K satisfy
λ1χ1 + · · ·+ λnχn = 0, then λi = 0 for all i.
Let L/K and M/K be field extensions. Then each K-embedding L→M yields
a character of the multiplicative group L∗ in M .

Theorem 4.6 (Dedekind). Let K be a field, G a group and χ1, . . . , χn distinct
characters G→ K∗. Then the χi are linearly independent over K.

Proof. Suppose we have a non-trivial expression
∑n

i=1 λiχi = 0 with λi ∈ K.
Assume further that such an expression has a minimum number of non-zero
coefficients λi. Relabelling if necessary, we may assume that λn 6= 0, and
dividing through, we may assume that λn = −1.
We therefore have an expression χn =

∑n−1
i=1 λiχi, and this has the same number

of non-zero coefficients as our original expression. Observe that λi 6= 0 for some
i < n. For otherwise we would have χn = 0, but χn(1) = 1, a contradiction.
Hence, after relabelling, we may assume that λ1 6= 0.
Now, since χ1 and χn are distinct, there exists g ∈ G such that χ1(g) 6= χn(g).
Set µi := χn(g) − χi(g) and consider the linear expression

∑n−1
i=1 λiµiχi. For

each h ∈ G we have

n−1∑
i=1

λiµiχi(h) =
n−1∑
i=1

λiχn(g)χi(h)−
n−1∑
i=1

λiχi(g)χi(h)

= χn(g)
n−1∑
i=1

λiχi(h)−
n−1∑
i=1

λiχi(gh)

= χn(g)χn(h)− χn(gh) = 0,

using that characters are multiplicative. Hence we have obtained a new equation
of linear dependence

∑n−1
i=1 λiµiχi = 0. This has fewer terms than the original

equation, so by our minimality assumption each coefficient must be zero. On
the other hand, µ1 6= 0, a contradiction.
We deduce that λi = 0 for all i, so that the σi are linearly independent.
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Chapter 5

Splitting Fields and Normal
Extensions

Let L/K be a field extension. We say that a polynomial f ∈ K[X] splits over
L if there exist c ∈ K and αi ∈ L such that f = c

∏
i(X − αi) ∈ L[X]. More

generally, if S ⊂ K[X] is a set of polynomials, then S splits over L if each
polynomial f ∈ S splits over L.
Let L/K be a field extension and S ⊂ K[X]. We call L/K a splitting field
extension for S if S splits over L, but S does not split over any proper inter-
mediate field L′ (i.e. K ⊂ L′ ⊂ L).

Theorem 5.1 (Existence and Uniqueness of Splitting Fields). Let f ∈ K[X]
be a non-constant polynomial. Then there exists a splitting field extension L/K
for f . Moreover, [L : K] ≤ deg(f)!.
If ι : K ∼−→ K ′ is an isomorphism and if L′/K ′ is a splitting field for ι(f), then
we can extend ι to an isomorphism σ : L ∼−→ L′.

Proof. We prove by induction on n := deg(f) that there exists an extension
M/K of degree at most n! over which f splits. If n = 1 there is nothing to
prove, so suppose n ≥ 2. Using Corollary 3.4, we first construct a field K ′/K
with [K ′ : K] ≤ n in which f has a root, say α. Then f = (X − α)g ∈ K ′[X]
and deg(g) = n − 1. By induction, there exists an extension M/K ′ with [M :
K ′] ≤ (n− 1)! over which g splits. Hence f splits over M and [M : K] ≤ n!.
Now write f = c

∏n
i=1(X − αi) ∈M [X] and set L := K(α1, . . . , αn). Then L is

a splitting field for f . For, f clearly splits over L, and if f splits over some field
L′ with M/L′/K, then L′ must contain each αi, so L ⊂ L′. Since M/L/K we
have [L : K] ≤ n! by the Tower Law.
Suppose that ι : K ∼−→ K ′ is an isomorphism and that L′/K ′ is a splitting field
extension for f ′ := ι(f). Write L′ = K ′(α′1, . . . , α

′
n) with f ′ = c′

∏
i(X − α′i) ∈

L′[X]. We wish to extend ι to an isomorphism σ : L ∼−→ L′. We again do this
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by induction on n := deg(f).
Consider K(αn) ⊂ L and let m = mαn/K be its minimal polynomial. Since αn

is a root of f , m divides f . Therefore m′ := ι(m) divides f ′ and since f ′ splits
in L′, so does m′. Relabelling if necessary, we may assume that α′n is a root of
m′ in L′. By Artin’s Extension Theorem, we can extend ι to an isomorphism
ι̃ : K(αn) ∼−→ K ′(α′n) via αn 7→ α′n.
Define g := f/(X − α) ∈ K(αn)[X] and g′ := f ′/(X − α′n) ∈ K ′(α′n)[X],
so that g′ = ι̃(g) and deg(g) = n − 1. Also, L/K(αn) is a splitting field
for g, and L′/K ′(α′n) is a splitting field for g′. By induction we can extend
ι̃ : K(αn) ∼−→ K ′(α′n) to an isomorphism σ : L ∼−→ L′. Then σ is of course an
extension of ι, so we are done.

We observe that if f ∈ K[X] splits in M/K with roots α1, . . . , αn, then the
splitting field extension of f in M is L = K(α1, . . . , αn), the subfield generated
by the roots of f in M .

Corollary 5.2. Let S ⊂ K[X] be a finite subset. Then there exists a splitting
field extension for S over K, and this is unique up to isomorphism.

Proof. If S = {f1, . . . , fn}, then L/K is a splitting field extension for S if and
only if it is a splitting field extension for f = f1 · · · fn.

A much harder result is that splitting field extensions exist and are unique up
to isomorphism for arbitrary subsets S ⊂ K[X]. This follows from the existence
of the algebraic closure of a field. See Appendix C.

5.1 Normal Extensions

An algebraic extension L/K is called normal provided that every irreducible
polynomial f ∈ K[X] which has a root in L, splits over L. Equivalently, L/K
is normal if for every α ∈ L, its minimal polynomial mα/K splits over L.
We begin by relating normal extensions to the seemingly weaker condition of
splitting field extensions.

Theorem 5.3. Let L/K be finite. Then L/K is normal if and only if it is the
splitting field of some monic polynomial f ∈ K[X].

Proof. Let L/K be finite and normal. Since L/K is finite, it is algebraic and
finitely generated, say L = K(α1, . . . , αn). Let mi ∈ K[X] be the minimal
polynomial of αi over K. Each mi has a root in L, namely αi. Since L/K is
normal, each mi splits over L. Write m = m1 · · ·mn, a monic polynomial in
K[X] which splits over L. Then L/K is a splitting field of m. For, if m splits
over an intermediate field L′, then each αi ∈ L′, so L′ = L.
Conversely, suppose that L/K is the splitting field extension for some monic
polynomial f ∈ K[X]. Let g ∈ K[X] be irreducible. We wish to show that, if g
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has a root in L, then g splits over L. To this end, let M/L be the splitting field
extension of g.
We observe that if E is an intermediate field of M/K, then the composite EL is
the splitting field of f over E. For, let α1, . . . , αn ∈M be the roots of f . Then
L = K(α1, . . . , αn) is the splitting field of f over K, and E(α1, . . . , αn) = EL
is the splitting field of f over E.
In particular, if β ∈ M is a root of g, then L(β) is the splitting field of f over
K(β).
Now let γ ∈M be another root of g. We claim that there exists aK-isomorphism
L(β) ∼−→ L(γ) with β 7→ γ, and hence [L(β) : K] = [L(γ) : K].
By Artin’s Extension Theorem there exists a K-isomorphism ι : K(β) ∼−→ K(γ)
with ι(β) = γ. Clearly ι(f) = f . So, since L(β)/K(β) and L(γ)/K(γ) are
splitting fields of f , Theorem 5.1 says that we can extend ι to a K-isomorphism
L(β) ∼−→ L(γ). This proves the claim.
To see that L/K is normal, suppose that β ∈ L, so that g has a root in L. Then
L(β) = L, so the Tower Law gives

[L : K] = [L(β) : K] = [L(γ) : K] = [L(γ) : L][L : K].

Thus [L(γ) : L] = 1, so L(γ) = L. Hence each root γ ∈ M of g actually lies in
L, so g splits over L.

One has to be careful here since the property of being a normal extension is not
transitive; that is, we can have M/L/K with both M/L and L/K normal, but
M/K not normal. For example, K = Q, L = Q(

√
2) and M = Q( 4√2). Then

L/Q is the splitting field of X2 − 2 and M/L is the splitting field of X2 −
√

2.
However, M/Q is not normal. For, the minimal polynomial of 4√2 over Q is
m := X4−2, which decomposes as (X− 4√2)(X+ 4√2)(X2 +

√
2) over M . Since

M ⊂ R but the roots of X2 +
√

2 are complex, we see that m has a root in M ,
but does not split over M . Hence M/Q is not normal.
For this reason, we make the following definition. Let L/K be algebraic. A
field extension M/L is called a normal closure of L/K if M/K is normal, but
M ′/K is not normal for any proper intermediate field M ′ of M/L. (Note the
relevant base fields.)

Theorem 5.4 (Existence and Uniqueness of Normal Closures). Let L/K be
finite. Then there exists a normal closure M/L of L/K, and it is unique up to
isomorphism. Moreover, [M : L] is finite.

Proof. Since L/K is finite, we can write L = K(α1, . . . , αn) with each αi al-
gebraic over K. Let mi ∈ K[X] be the minimal polynomial of αi and set
m := m1 · · ·mn. We will show that M/L is a normal closure of L/K if and only
if it is a splitting field of m. It will follow immediately from Theorem 5.1 that
[M : L] is finite and M/L is unique up to isomorphism.
Let M/L be the splitting field of m. We claim that M/K is the splitting field
of m, hence normal by Theorem 5.3. Clearly m splits over M , so let M ′ ⊂ M
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be the splitting field of m over K. Clearly each αi ∈M ′, so L ⊂M ′. Therefore
M ′/L is a splitting field for m, so M ′ = M .
To see that M/L is a normal closure, suppose we have M/M ′/L with M ′/K
normal. Then αi ∈M ′ for each i, so each mi splits over M ′. Thus m splits over
M ′, so that M ′ = M . Thus M/L is a normal closure of L/K.
Conversely, let N/L be a normal closure of L/K. Then each mi must split over
N , so m splits over N . Let N ′ ⊂ N be the splitting field of m over L. As above,
N ′/L is also a normal closure of L/K, so N ′ = N .

The next theorem will play a central role.

Theorem 5.5. Let M/L/K be field extensions with M/K finite and normal.
Then any K-embedding L→M can be extended to a K-automorphism of M .

Proof. By Theorem 5.3 M/K is the splitting field of some f ∈ K[X]. Then
clearly M/L is the also the splitting field of f . Given a K-embedding ι : L→M ,
set L′ := ι(L). Note that ι(f) = f , so M/L′ is also the splitting field of f .
Therefore, by Theorem 5.1, we can extend ι to a K-automorphism of M .

A sort of converse is given by the following.

Proposition 5.6. Let M/L/K be field extensions with L/K normal. Then any
K-embedding σ : M →M restricts to a K-automorphism of L.

Proof. Since L/K is normal, it is algebraic. Let α ∈ L. Then σ(α) is also a root
of mα/K by Artin’s Extension Theorem, hence lies in L. Thus σ restricts to a
K-embedding σ|L : L→ L. This is a K-automorphism by Proposition 4.5.

We also have the following nice result.

Proposition 5.7. Let M/L/K be field extensions with L/K finite and M/K
normal. Let σ1, . . . , σr be the distinct K-embeddings L → M . Then the com-
positum of the fields σi(L) is a normal closure of L/K.

Proof. Let N ⊂ M be the normal closure of L/K. Clearly, if σ : L → M is a
K-embedding and if α ∈ L, then α and σ(α) are K-conjugates, so σ(α) ∈ N .
Hence each σ(L) is contained in N .
Conversely, we saw in the proof of Theorem 5.4 that if L = K(α1, . . . , αn), then
N/K is generated by theK-conjugates of the αi. Let βi be a conjugate of αi. By
Artin’s Extension Theorem there exists a K-isomorphism ι : K(αi)

∼−→ K(βi)
sending αi 7→ βi. We claim that we can extend ι to a K-embedding σ : L→M .
For, applying Theorem 5.5, we can extend ι to a K-automorphism σ̃ of N . This
restricts to a K-embedding σ := σ̃|L : L → M . It follows that βi ∈ σ(L), and
hence that N is contained in the composite of all such σ(L).
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To return to one of our standard examples, let α = 3√2 ∈ R and K = Q(α).
Then there are three embeddings K → C given by α 7→ α, α 7→ ωα and α 7→
ω2α. Therefore the normal closure ofK/Q is precisely Q(α, ωα, ω2α) = Q(α, ω).
The next theorem is the analogue for normal extensions of Theorem 3.10. Recall
that the property of being normal is not transitive, so (1) is necessarily weaker,
and (3) is no longer a consequence of (1) and (2).

Theorem 5.8. 1. Let L/K/k be field extensions. Then L/k normal implies
L/K normal.

2. Let E,F be two intermediate fields of L/K. Then E/K normal implies
EF/F normal.

3. Let E,F be two intermediate fields of L/K. Then both E/K and F/K
normal implies both EF/K and E ∩ F/K normal.

Proof. (1) Since L/k is normal, it is algebraic, so L/K is also algebraic by
Theorem 3.10. To show that L/K is normal, we therefore need to show that for
all α ∈ L, mα/K splits over L. We know, however, that mα/K divides mα/k in
K[X], and since mα/k splits over L (since L/k is normal), so too does mα/K .
(2) Since E/K is normal, it is algebraic, so EF/F is algebraic by Theorem
3.10. We again need to show that for all α ∈ EF , mα/F splits over EF . Write
α = x1y1 + · · ·+ xryr with xi ∈ E and yi ∈ F . Using Theorem 5.4, let E0 ⊂ E
be the normal closure of K(x1, . . . , xr)/K. Then E0/K is finite and normal, so
the splitting field of some f ∈ K[X] by Theorem 5.3. We can therefore write
E0 = K(β1, . . . , βs), where the βi are the roots of f .
Now consider the compositum E0F = F (β1, . . . , βs). This is the splitting field
over F of f , so is normal by Theorem 5.3. Since α ∈ E0F , we have that mα/F

splits over E0F , and hence also over EF . Thus EF/F is normal.
(3) We proceed as in the previous part. Let α = x1y1 + · · ·+xryr ∈ EF , where
xi ∈ E and yi ∈ F . Let E0 ⊂ E be the normal closure of K(x1, . . . , xr)/K
and similarly F0 ⊂ F the normal closure of K(y1, . . . , yr)/K. Then E0/K is
the splitting field of some f ∈ K[X], say E0 = K(β1, . . . , βs), where the βi

are the roots of f Similarly F0/K is the splitting field of some g ∈ K[X], say
F0 = K(γ1, . . . , γt), where the γi are the roots of g.
Now consider the compositum E0F0 = K(β1, . . . , βs, γ1, . . . , γt). This is the
splitting field over K of the polynomial fg, hence is normal. Since α ∈ E0F0,
we have that mα/K splits over E0F0, and hence also over EF . Thus EF/K is
normal.
To see that E ∩ F/K is normal, take α ∈ E ∩ F . Since E/k is normal, mα/K

splits over E. Similarly, since F/K is normal, mα/K splits over F . Thus the
roots of mα/K all lie in E ∩ F , so mα/k splits over E ∩ F . Thus E ∩ F/K is
normal.
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Chapter 6

Separable Extensions

In this chapter we discuss when a polynomial has distinct roots in a splitting
field.
Let f ∈ K[X]. We call f separable over K if each irreducible factor of f
has distinct roots in some splitting field extension L/K for f . Since splitting
field extensions are unique up to isomorphism, this definition depends only on
f and K. More generally, if L/K is a field extension and α ∈ L is algebraic
over K, then we say that α is separable over K if mα/K ∈ K[X] is a separable
polynomial. We call an algebraic extension L/K separable if each α ∈ L is
separable over K.

6.1 The Frobenius Homomorphism

In order to characterise separable polynomials, we will need some results on
fields of positive characteristic. In particular, we need to introduce the Frobenius
homomorphism.
Let K be a field of characteristic p > 0. Consider the map Fr: K → K, x 7→ xp,
called the Frobenius homomorphism.

Lemma 6.1. The Frobenius homomorphism is a homomorphism of fields. In
particular, it is injective.

Proof. We need to check that

(x+ y)p = xp + yp, (xy)p = xpyp, 0p = 0 and 1p = 1.

The last three are obvious, so we just need to check that (x + y)p = xp + yp.
Using the binomial formula, we have

(x+ y)p =
p∑

r=0

(
p

r

)
xryp−r.
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Since
(
p
r

)
= p!/r!(p− r)! and p|p! but p - r! for 0 ≤ r < p, we deduce that p|

(
p
r

)
for 0 < r < p. Since char(K) = p, we get (x+ y)p = xp + yp as required.

Note that, by induction, (x1 + · · ·+ xn)p = xp
1 + · · ·+ xp

n.

Lemma 6.2. Each field endomorphism of a finite field is an automorphism. In
particular, this holds for the Frobenius homomorphism.

Proof. Each field endomorphism f : K → K is necessarily injective. If K is
finite as a set, then f must also be surjective, hence an automorphism.

As usual, we may extend the Frobenius homomorphism to the polynomial ring
K[X]: if f = a0X

n + · · ·+an−1X+an, then Fr(f) = ap
0X

n + · · ·+ap
n−1X+ap

n.

Lemma 6.3. Let f ∈ K[X]. Then Fr(f)(Xp) = f(X)p.

Proof. Write f = a0X
n + · · · + an−1X + an. Since non-trivial multinomial

coefficients are divisible by p we have

f(X)p = ap
0X

pn + · · ·+ ap
n−1X

p + ap
n = Fr(f)(Xp).

6.2 Separability

We now give a criterion for when a polynomial is separable.

Theorem 6.4. Let f ∈ K[X] be irreducible. Then the following are equivalent.

1. f is inseparable over K.

2. gcd(f, f ′) 6= 1 in K[X].

3. f ′ = 0.

4. char(K) = p > 0 and f(X) = g(Xp) for some irreducible g ∈ K[X].

Proof. (1)⇒ (2) Let f be inseparable over K and let L/K be its splitting field
extension. Then f has a repeated root over L, say f = (X − α)2h(X) ∈ L[X].
Therefore f ′ = (X − α)[2h(X) + (X − α)h′(X)] ∈ L[X]. Thus X − α divides
both f and f ′ over L. Now let g = gcd(f, f ′) ∈ K[X], and write g = rf + sf ′

for polynomials r, s ∈ K[X]. Then g(α) = r(α)f(α) + s(α)f ′(α) = 0 in L, so
that (X − α)|g in L[X], whence deg(g) ≥ 1.
(2)⇒ (3) Since f is irreducible, if gcd(f, f ′) 6= 1, then it must equal f . Therefore
f |f ′ but deg(f) > deg(f ′). This can only happen if f ′ = 0.
(3) ⇒ (4) Write f =

∑
n anX

n ∈ K[X]. Then f ′ =
∑

n nanX
n−1 = 0, so that

nan = 0 ∈ K for all n. If char(K) = 0, then an = 0 for all n ≥ 1, so that
f = a0 ∈ K is constant, contradicting the assumption that f is irreducible.
Thus char(K) = p > 0 and an = 0 unless p|n, so that f(X) = g(Xp) with
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g =
∑

r aprX
r ∈ K[X]. To see that g is irreducible, suppose that g = h1h2 ∈

K[X]. Then f(X) = g(Xp) = h1(Xp)h2(Xp) ∈ K[X]. Since f is irreducible,
deg(hi) = 0 for some i. Hence g is irreducible.
(4) ⇒ (1). Let char(K) = p > 0 and f(X) = g(Xp) ∈ K[X]. Let L/K be the
splitting field extension for f . If α ∈ L is a root of f , then 0 = f(α) = g(αp).
Hence αp is a root of g, so (X−αp)|g(X), which implies that (Xp−αp) divides
g(Xp) = f(X). Since char(L) = p, Xp − αp = (X − α)p ∈ L[X]. Therefore
(X − α)p|f(X), so f is inseparable.

We call a field K perfect if every irreducible polynomial f ∈ K[X] is separable.
We observe that all fields of characteristic 0 are separable. Also, all algebraically
closed fields are perfect (since all irreducible polynomials are linear). We shall
see below that all finite fields are perfect as well.

Corollary 6.5. Let f ∈ K[X] be irreducible with char(K) = p > 0. Then there
exists a unique r ≥ 0 and a unique separable irreducible g ∈ K[X] such that
f(X) = g(Xpr

).
In particular, given an algebraic extension L/K and α ∈ L, there exists r such
that αpr

is separable over K.

Proof. Existence: If f is separable, then setting r = 0 and g = f , we are
done. If f is inseparable, then we can write f(X) = g(Xp) for some irreducible
g ∈ K[X]. Since deg(g) = deg(f)/p, we are done by induction on degree.
Uniqueness: Let f(X) = g(Xpr

) = h(Xps

) with g, h ∈ K[X] separable and
irreducible and r ≥ s. Then h(X) = g(Xpr−s

) ∈ K[X] and since h is separable,
r = s by Theorem 6.4. Thus g = h.
For the last statement, let f = mα/K . If α is inseparable over K, then f(X) =
g(Xp) with g irreducible, and monic since f is monic. Observe that g(αp) =
f(α) = 0, so g = mαp/K is the minimal polynomial of αp over K. The result
follows by induction.

Lemma 6.6. Let L/K be algebraic with char(K) = p > 0. Then for α ∈ L

1. α is separable over K if and only if [K(α) : K(αp)] = 1.

2. α is inseparable over K if and only if [K(α) : K(αp)] = p.

Proof. If α is inseparable over K, then mα/K(X) = mαp/K(Xp), as in the
previous proof. Hence

[K(α) : K(αp)] =
[K(α) : K]
[K(αp) : K]

=
deg(mα/K)
deg(mαp/K)

= p.

Conversely, let α be separable over K. Then a fortiori α is separable over
K(αp). Set m to be the minimal polynomial of α over K(αp). Now, α is clearly
a root of Xp − αp ∈ K(αp)[X], so m|(Xp − αp). Since Xp − αp = (X − α)p
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over K(α), by Lemma 6.3, we deduce that m = (X − α)r for some r over
K(α) by unique factorisation. Since m is separable, we must have r = 1, so
[K(α) : K(αp)] = deg(m) = 1.

Proposition 6.7. All finite fields are perfect.

Proof. Let K be a finite field of characteristic p > 0, and let L/K be algebraic.
For α ∈ L, we wish to show that α ∈ K(αp), and hence that α is separable over
K by Lemma 6.6.
Consider K(αp). This is a finite extension of K, so is again a finite field. By
Lemma 6.2 we know that the Frobenius map is an automorphism of K(αp), and
hence there exists γ ∈ K(αp) such that αp = Fr(γ) = γp. Thus, over L, we have
that 0 = αp − γp = (α− γ)p, hence α = γ ∈ K(αp) as required.

On the other hand, inseparable extensions do exist.

Proposition 6.8. Let k be a field of characteristic p > 0, L = k(x) a simple
transcendental extension of k and K = k(xp). Then L/K is inseparable.

Proof. Clearly L = K(x) and x is a root of the polynomial Xp − xp ∈ K[X].
Thus L/K is simple algebraic. To see that L/K is inseparable, we can either
show that Xp − xp is irreducible over K, or else that x 6∈ K, using Lemma 6.6.
Suppose that x ∈ K. Then there exist polynomials f, g ∈ k[X] such that
x = f(xp)/g(xp). Thus xg(xp) = f(xp), and since x is transcendental over k,
this yields the polynomial identity Xg(Xp) = f(Xp). In particular, pdeg(f) =
1 + pdeg(g), a contradiction.
Alternatively, set y := xp and note that y is transcendental over k. Consider
m = Xp − y ∈ k(y)[X]. By Gauss’ Lemma, m is irreducible in k(y)[X] if
and only it is irreducible in k[y][X] = k[y,X], if and only if it is irreducible in
k(X)[y]. Since m is linear in y, it is irreducible in k(X)[y], so we are done.

The next theorem is an analogue for separability of Theorem 3.9.

Theorem 6.9. Let L/K be a field extension and write Lsep/K for the subset of
L consisting of those elements which are separable over K. Then Lsep/K is a
subfield of L, and is a separable field extension of K.

Proof. This is trivial when char(K) = 0, so suppose char(K) = p > 0. The
main idea is to show that for α, β ∈ L algebraic over K, we have

K(αp, βp) = K(α, β) if and only if α, β are separable over K.

This follows from the Tower Law and Lemma 6.6, once we have proved that

[K(βp) : K] ≤ [K(β) : K] and [K(αp, βp) : K(βp)] ≤ [K(α, β) : K(β)].

The first is Lemma 6.6. For the second, let m ∈ K(β)[X] denote the minimal
polynomial of α over K(β). Applying the Frobenius homomorphism, we have
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Fr(m) ∈ K(βp)[X]. Also, since Fr(m)(Xp) = m(X)p, we have 0 = m(α)p =
Fr(m)(αp), so the minimal polynomial of αp over K(βp) divides Fr(m)(X), so
has degree at most deg(m).
Now let α, β ∈ Lsep/K with β 6= 0, and let γ denote any one of α± β, αβ, α/β.
Using the above, we have

K(β, γ) = K(α, β) = K(αp, βp) = K(βp, γp).

Thus γ is also separable over K.

An important property is that normal closures of separable extensions are them-
selves separable.

Theorem 6.10. Let L/K be a finite, separable extension, and let M/L be its
normal closure. Then M/K is again finite and separable.
In particular, if f ∈ K[X] is a separable polynomial, then its spitting field L/K
is finite, separable and normal.

Proof. Let L = K(α1, . . . , αn). Let mi ∈ K[X] be the minimal polynomial of
αi, and set m := m1 · · ·mn. Then, as in Theorem 5.4, M/K is the spitting field
of m, so finite. Now, since each mi is separable over K, m is separable over K.
Since M is generated over K by the roots of m, M/K is separable by Theorem
6.9.

The following is the analogue for separable extensions of Theorems 3.10 and 5.8.

Theorem 6.11. 1. Let L/K/k be field extensions. Then L/k is separable if
and only if both L/K and K/k are separable.

2. Let E,F be two intermediate fields L/K. Then E/K separable implies
EF/F separable.

3. Let E,F be two intermediate fields L/K. Then both E/K and F/K sep-
arable implies both EF/K and E ∩ F/K separable.

Proof. (1) If char(K) = 0, then there is nothing to prove, so assume char(K) =
p > 0. Clearly if L/k is separable, then both L/K and K/k are separable, so
suppose that both L/K and K/k are separable, hence algebraic. Then L/k is
algebraic by Theorem 3.10. Let α ∈ L.
On the one hand, α is separable over K, so each αpr

is separable over K by
Theorem 6.9. Therefore K(α) = K(αpr

) by repeated use of Lemma 6.6. On the
other hand, there exists r such that αpr

is separable over k by Corollary 6.5,
whence K(αpr

)/k is separable by Theorem 6.9, so α is separable over k.
(2) Consider (EF )sep/F . This obviously contains every element of F , and since
E/K is separable, it must contain every element of E. Hence (EF )sep/F = EF .
(3) This is immediate from (1) and (2).
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Chapter 7

Galois Extensions

Let L/K be an algebraic field extension. We define the Galois group Gal(L/K)
of L/K to be the set of K-automorphisms of L under composition:

Gal(L/K) := {σ : L ∼−→ L : σ(x) = x for all x ∈ K}.

We remark that this is a group under composition. For

• if σ, τ ∈ Gal(L/K), then στ : L → L, x 7→ σ(τ(x)) is again an auto-
morphism of L, and if x ∈ K, then σ(τ(x)) = σ(x) = x, so it is a
K-automorphism of L.

• composition of automorphisms is associative.

• the identity id : L→ L is the identity element of Gal(L/K).

• each K-automorphism has an inverse, which is again a K-automorphism.

Note that by Proposition 4.5, since L/K is algebraic, each K-endomorphism of
L is necessarily a K-automorphism.
Conversely, let G be any group of automorphisms of a field L. We define the
fixed field LG of G to be the set of elements of L fixed by each automorphism
in G:

LG := {x ∈ L : σ(x) = x for all σ ∈ G}.

We remark that this is a subfield of L. For

• σ(0) = 0 and σ(1) = 1 since σ is a field homomorphism, so 0, 1 ∈ LG.

• if x, y ∈ LG, then σ(x+y) = σ(x)+σ(y) = x+y and σ(xy) = σ(x)σ(y) =
xy, so x+ y, xy ∈ LG.

• similarly if 0 6= x ∈ LG, then σ(−x) = −x and σ(1/x) = 1/x, so −x, 1/x ∈
LG.
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Observe that K ⊂ LGal(L/K), and if F is a subfield of L/K, then Gal(L/F ) ≤
Gal(L/K).
We say that L/K is a Galois extension if there exists some finite group G
of automorphisms of L such that K = LG. It necessarily follows that G is a
subgroup of Gal(L/K), and hence that K = LGal(L/K).
Warning.

It is not true in general that for a field extension L/K we have K = LGal(L/K).
For example, let L = Q( 3√2) and K = Q. Then we have already seen (using
Artin’s Extension Theorem), that there are no non-trivial K-automorphisms of
L. Thus Gal(L/K) = {id}, so LGal(L/K) = L.
Examples.

1. The field extension C/R is Galois, with Galois group Gal(C/R) = {id, σ},
where σ(x) = x̄ is complex conjugation.

2. The extension Q(
√

2)/Q is Galois, with Galois group Gal(Q(
√

2)/Q) =
{id, σ}, where σ(a+ b

√
2) = a− b

√
2 for a, b ∈ Q.

3. More generally, let L/K be a field extension of degree 2 with char(K) 6= 2.
Then L/K is Galois. For, take α ∈ L\K. Then α has minimal polynomial
of degree 2. Completing the square, we may assume that α2 ∈ K, so α
has minimal polynomial X2 − α2. This is separable, since char(K) 6= 2,
with roots ±α. The field L has K-basis {1, α}, and Gal(L/K) = {id, σ},
where σ(a+ bα) = a− bα for a, b ∈ K.

4. In Section 4.2 we computed the Galois group of Q(α, ω)/Q, where α =
3√2 ∈ R and ω = exp(2πi/3). We showed that the Galois group is iso-
morphic to the symmetry group S3, with generators σ and τ . Since τ
corresponded to complex conjugation, the fixed field must be real, so con-
tained in Q(α). This has degree 3 over Q, so the fixed field is either Q or
Q(α) by the Tower Law. Since α is not fixed by σ, the fixed field is Q.
Hence Q(α, ω)/Q is Galois.

The following theorem can be interpreted as saying that Galois extensions are
those having the maximum possible number of symmetries.

Theorem 7.1. Let L/K be Galois with respect to the finite group G. Then
|G| = [L : K] and G = Gal(L/K).

Proof. We will first show that [L : K] ≤ |G|. The proof is similar to that of
Theorem 4.6, showing the linear independence of characters.
Let G = {σ1, . . . , σn}. Suppose [L : K] > n, so there exist x1, . . . , xn+1 ∈ L,
linearly independent over K. Forming the n × (n + 1)-matrix

(
σi(xj)

)
with

entries in L, we see that this has non-zero kernel. In other words, there exist
λ1, . . . , λn+1 ∈ L not all zero such that

∑
j λjσr(xj) = 0 for all r. We take

such a vector (λi) having a minimal number of non-zero terms. Relabelling if
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necessary, we may assume that λn+1 6= 0, and dividing through, we may assume
that λn+1 = −1. Thus, for all r,

σr(xn+1) = λ1σr(x1) + · · ·+ λnσr(xn).

Now, since σr = id for some r, and since the xj are linearly independent over K,
we must have λi ∈ L\K for some i ≤ n. Relabelling, we may assume that i = 1.
Since K = LG, λ1 is not fixed by G, so there exists s such that σs(λ1) 6= λ1.
Applying σs to the previous expression, we obtain

σsσr(xn+1) = σs(λ1)σsσr(x1) + · · ·+ σs(λn)σsσr(xn)

for all r. Moreover, since G is a group, left multiplication in G by σs is bijective.
In other words, we have σsσr = σt for some t, and every σt arises in such a way.
Therefore, for all r,

σr(xn+1) = σs(λ1)σr(x1) + · · ·+ σs(λn)σr(xn).

Subtracting this from our original expression yields

0 =
(
λ1 − σs(λ1)

)
σr(x1) + · · ·+

(
λn − σs(λn)

)
σr(xn)

for all r. Thus the vector
(
λi − σs(λi)

)
also lies in the kernel. Moreover,

this element is non-zero, since λ1 6= σs(λ1), but has fewer non-zero terms,
contradicting our minimality assumption.
We deduce that [L : K] ≤ |G|. In particular, L/K is finite. Since G fixes every
element in K, each σr is a K-automorphism of L, so G ≤ Gal(L/K). We can
now use Corollary 4.4 with L = L′ to deduce that |Gal(L/K)| ≤ [L : K]. Hence
|G| = [L : K] = |Gal(L/K)|, and G = Gal(L/K).

The next theorem relates Galois extensions with all that we have done so far.

Theorem 7.2. A field extension L/K is Galois if and only if it is finite, sepa-
rable and normal.
In particular, if f ∈ K[X] is separable, then its splitting field L/K is Galois.

Let f ∈ K[X] be separable and let L/K be the splitting field of f . We sometimes
write Gal(f) for Gal(L/K).

Proof. Let L/K be Galois and set G := Gal(L/K). By Theorem 7.1 we have
[L : K] = |G| so that L/K is finite.
Now let α ∈ L, and set

G′ := StabG(α) = {σ : σ(α) = α} ≤ G.

Let {σ1, . . . , σn} be a complete set of left coset representatives of G′ in G. Then

OrbG(α) = {σ(α) : σ ∈ G} = {σ1(α), . . . , σn(α)}.
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In particular, given σ ∈ G we have {σσi(α)} = {σi(α)}.
Consider the polynomial

f(X) :=
∏

i

(X − σi(α)) = Xn + a1X
n−1 + · · ·+ an ∈ L[X].

Given σ ∈ G we have

σ(f) =
∏

i

(X − σσi(α)) =
∏

i

(X − σi(α)) = f.

Therefore, for each i, σ(ai) = ai for all σ ∈ G, whence ai ∈ LG = K. Thus
f ∈ K[X]. Moreover, by construction, f is separable over K and splits over L.
Now, α ∈ OrbG(α), so α = σi(α) for some i. Hence α is a root of f . It follows
that mα/K divides f , so mα/K is separable over K and splits over L. This holds
for all α ∈ L, so L/K is separable and normal.
Conversely let L/K be finite, separable and normal. By Corollary 4.4 we know
that |Gal(L/K)| ≤ [L : K], so that G := Gal(L/K) is a finite group.
Let α ∈ L\K. Then its minimal polynomial mα/K has degree at least two, and
by assumption is separable and splits over L. Thus it has another root β 6= α
in L. By Artin’s Extension Theorem, there exists a K-embedding ι : K(α)→ L
sending α 7→ β. Furthermore, Theorem 5.5 implies that ι extends to a K-
automorphism σ of L. Thus σ ∈ G and σ(α) = β 6= α, so α 6∈ LG. Therefore G
has fixed field precisely K, so L/K is Galois.
If f ∈ K[X] is separable, then its splitting field L/K is finite, separable and
normal by Theorem 6.10, hence Galois.

One part of the proof is worth emphasising.

Corollary 7.3. Let L/K be Galois. If α and β are K-conjugates in L, then
there exists σ ∈ Gal(L/K) such that σ(α) = β.

7.1 The Galois Correspondence

Theorem 7.4 (Fundamental Theorem of Galois Theory). Let L/K be Galois
with Galois group Gal(L/K). Then there is a bijection between the subgroups
of G and the set of intermediate fields of L/K. This bijection is given as

θ : H ≤ G 7→ LH , φ : F 7→ Gal(L/F ) ≤ Gal(L/K).

Proof. The maps are well-defined, since if F is an intermediate field, then
Gal(L/F ) ≤ Gal(L/K), and if H ≤ Gal(L/K), then LH is an intermediate
field of L/K.
To see that φθ = id, let H ≤ Gal(L/K). Then H is a finite group, so L/LH is
Galois by definition, hence H = Gal(L/LH) by Theorem 7.1.
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To see that θφ = id, let F be an intermediate field of L/K. Then L/F is finite,
separable and normal by Theorems 3.10, 5.8 and 6.11, so is Galois by Theorem
7.2. Hence F = LGal(L/F ).
If H is a subgroup of Gal(L/K), then L/LH is Galois, so H = Gal(L/LH) by
Theorem 7.1. Also, since H fixes each element of K, we have K ⊂ LH . Thus
LH is an intermediate field of L/K.
This shows that our two maps are well-defined. Moreover, since LGal(L/F ) = F
and Gal(L/LH) = H, we see that these maps are mutually inverse.
If E ⊂ F are intermediate fields of L/K, then clearly Gal(L/F ) ≤ Gal(L/E).
Conversely, if H ≤ H ′ are subgroups of Gal(L/K), then each element of LH′

is fixed by H, so LH′ ⊂ LH . Thus the maps above reverse inclusions between
subgroups and intermediate fields.

Let L/K be Galois. We often use the following terminology. If F is an interme-
diate field, then Gal(L/F ) is the subgroup associated to F . If H ≤ Gal(L/K)
is a subgroup, then LH is the intermediate field belonging to H.

Theorem 7.5 (Galois Correspondence). Let L/K be Galois. Let F, F1, F2 be
intermediate fields with associated groups H,H1,H2. Then

1. |H| = [L : F ].

2. F1 ⊂ F2 if and only if H1 ⊃ H2.

3. The intersection F1 ∩ F2 has associated subgroup 〈H1,H2〉, the smallest
subgroup of Gal(L/K) containing both H1 and H2.

4. The composite F1F2 has associated group H1 ∩H2.

5. Given σ ∈ Gal(L/K), σ(F ) has associated subgroup σHσ−1.

6. F/K is Galois if and only if it is normal, which is if and only if H C
Gal(L/K) is a normal subgroup. In this case, Gal(F/K) ∼= Gal(L/K)/H.

In particular, this shows that the two maps

H ≤ Gal(L/K) 7→ LH and F 7→ Gal(L/F )

induce an order-reversing bijection between the lattice of subgroups of Gal(L/K)
and the lattice of intermediate fields of L/K.

Note that property (6) is the reason for the term normal subgroup.

Proof. (1) This follows from Theorem 7.1, noting that H = Gal(L/F ).
(2) This is contained in Theorem 7.4.
(3) Clearly F1 ∩ F2 ⊂ Fi, so that Hi ≤ Gal(L/F1 ∩ F2), hence 〈H1,H2〉 ≤
Gal(L/F1 ∩ F2). On the other hand, Hi ≤ 〈H1,H2〉, so that L〈H1,H2〉 ⊂ Fi,
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whence L〈H1,H2〉 ⊂ F1∩F2. Applying (2) yields the reverse inclusion Gal(L/F1∩
F2) ≤ 〈H1,H2〉.
(4) This is similar to (3). We have Fi ⊂ F1F2, so that Gal(L/F1F2) ≤ Hi,
hence Gal(L/F1F2) ≤ H1 ∩ H2. Conversely, H1 ∩ H2 ≤ Hi, so Fi ⊂ LH1∩H2 ,
whence F1F2 ⊂ LH1∩H2 . Applying (2) yields the reverse inclusion H1 ∩ H2 ≤
Gal(L/F1F2).
(5) Let τ ∈ H and x ∈ L. Then (στσ−1)(σ(x)) = στ(x), so σ(x) is fixed by
στσ−1 if and only if x is fixed by τ . Thus LσHσ−1

= σ
(
LH

)
= σ(F ).

(6) Since L/K is finite and separable, the same is true of F/K. Thus F/K is
Galois if and only if it is normal.
Suppose F/K is normal. If σ ∈ Gal(L/K), then σ(F ) = F by Proposition 5.6,
so (5) implies σHσ−1 = H. Thus H C Gal(L/K) is a normal subgroup.
Conversely, if H is a normal subgroup, then for all σ ∈ Gal(L/K) we have
σHσ−1 = H, and hence from (5) that σ(F ) = F . Thus each σ ∈ Gal(L/K) re-
stricts to an automorphism of F . Now let α, β ∈ L be conjugates. By Corollary
7.3 there exists σ ∈ Gal(L/K) such that σ(α) = β. So, if α ∈ F , then β ∈ F
too. Hence F/K is normal.
Consider the group homomorphism

Gal(L/K)→ Gal(F/K), σ 7→ σ|F .

This has kernel {σ ∈ Gal(L/K) : σ|F = id} = Gal(L/F ) = H. On the other
hand, if ι ∈ Gal(F/K), then we can extend this to σ ∈ Gal(L/K) by Theorem
5.5. Hence the map is also surjective.

We have the following two pictures representing properties (3) and (4) above.

L

F1F2

F1 ∩ F2

K

F1

F2 Galois
correspondence

{1}

H1 ∩H2

〈H1,H2〉

G

H1

H2

The following is the analogue for Galois extensions of Theorems 3.10, 5.8 and
6.11. Given groups G, G′ and H, and group homomorphisms θ : G → H and
θ′ : G′ → H, we define the fibred product to be

G×H G′ := {(g, g′) ∈ G×G′ : θ(g) = θ′(g′) ∈ H} ≤ G×G′.

Theorem 7.6. 1. Let L/K/k be field extensions. Then L/k Galois implies
L/K Galois, in which case Gal(L/K) ≤ Gal(L/k).

42



2. Let E,F be two intermediate fields of L/K. Then E/K Galois implies
EF/F Galois, in which case we have a group isomorphism

Gal(EF/F ) ∼−→ Gal(E/E ∩ F ), σ 7→ σ|E .

3. Let E,F be two intermediate fields of L/K. Then both E/K and F/K
Galois implies both EF/K and E ∩F/K Galois, in which case we have a
group isomorphism

Gal(EF/K) ∼−→ Gal(E/K)×Gal(E∩F/K) Gal(F/K), σ 7→ (σ|E , σ|F ).

Proof. (1) This is contained in Theorem 7.4.
(2) Since E/K is finite, separable and normal, so is EF/F by Theorems 3.10,
5.8 and 6.11. Thus EF/F is Galois. Let σ ∈ Gal(EF/F ). Then σ(E) = E by
Proposition 5.6, and σ|E∩F = id. We therefore have a group homomorphism
Gal(EF/F )→ Gal(E/E ∩ F ), σ 7→ σ|E .
If σ|E = id, then σ acts as the identity on all elements of E and all elements
of F , hence on all elements of EF . Thus σ = id in Gal(EF/F ), so the group
homomorphism is injective. Conversely, if x ∈ E is fixed by all elements in
the image, then it is fixed by all elements of Gal(EF/F ), so lies in F . Thus
x ∈ E ∩ F and the map is surjective.
(3) Since E/K and F/K are both finite, separable and normal, so are both
EF/K and E∩F/K by Theorems 3.10, 5.8 and 6.11. Thus EF/K and E∩F/K
are both Galois. Let θ : Gal(EF/K) → Gal(E/K) × Gal(F/K) be the group
homomorphism sending σ to (σ|E , σ|F ). To see that θ is injective, suppose that
θ(σ) = (idE , idF ). Then σ fixes each element of E and F , hence fixes each
element of EF , so σ = idEF .
Now, since E ∩ F/K is Galois, we have a surjective group homomorphism

Gal(E/K) � Gal(E ∩ F/K), τ 7→ τ |E∩F

by Theorem 7.5 (6). Moreover, if σ ∈ Gal(EF/K), then it is clear that(
σ|E

)
|E∩F = σ|E∩F . Analogous results hold for F instead of E. Therefore,

since θ(σ) = (σ|E , σ|F ), we deduce that θ(σ) ∈ H := Gal(E/K) ×Gal(E∩F/K)

Gal(F/K).
The proof of the surjectivity of θ is somewhat indirect. (Alternatively one can
prove this by counting arguments.) By (2), we know that Gal(EF/E ∩ F ) ∼−→
Gal(E/E ∩ F ). Hence the image of θ contains Gal(E/E ∩ F )× {id}. Similarly
for F , so it contains Gal(E/E ∩ F )×Gal(F/E ∩ F ). This proves that

Gal(EF/E ∩ F ) ∼−→ Gal(E/E ∩ F )×Gal(F/E ∩ F ).

Now, suppose that (σ1, σ2) ∈ H, and let τ = σi|E∩F be their common image
in Gal(E ∩ F/K). By Theorem 5.5 there exists τ̃ ∈ Gal(EF/K) extending τ .
Let θ(τ̃) = (τ1, τ2) ∈ H. Then (σ1τ

−1
1 , σ2τ

−1
2 ) is an element of the subgroup

Gal(E/E ∩F )×Gal(F/E ∩F ) of H. From what we showed above, there exists
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ρ ∈ Gal(EF/K) such that θ(ρ) = (σ1τ
−1
1 , σ2τ

−1
2 ). Therefore, setting σ := ρτ̃ ,

we have that θ(σ) = (σ1, σ2) as required. Thus θ is surjective.

Corollary 7.7. Let L/K be a field extension, E,F intermediate fields and
suppose that E/K is Galois. Then [EF : F ] divides [E : K].

Proof. We have [EF : F ] = |Gal(EF/F )| = |Gal(E/E ∩ F )|, and this divides
|Gal(E/K)| = [E : K] by Lagrange’s Theorem.

By induction, we can also prove the following corollary.

Corollary 7.8. Let L/K be a field extension.

1. Let F1, . . . , Fn be intermediate fields of L/K with Fi/K Galois and Fi ∩
(F1 · · ·Fi−1) = K for all i. Then the composite F1 · · ·Fn is Galois over
K with Galois group isomorphic to the product

∏n
i=1 Gal(Fi/K).

2. If L/K is Galois with Galois group Gal(L/K) ∼=
∏n

i=1Gi, then letting
Fj be the intermediate subfield belonging to the subgroup

∏
i 6=j Gi, we

have that Fi/K is Galois with Galois group Gi, L = F1 · · ·Fn and Fi ∩
(F1 · · ·Fi−1) = K for all i.

7.2 The Primitive Element Theorem

Recall that L/K is simple if there exists some α ∈ L such that L = K(α). We
call such an α a primitive element for L/K. We now give a criterion showing
when a finite field extension is simple, and show that this always holds for finite
separable extensions.

Theorem 7.9 (Primitive Element). Let L/K a finite extension. Then L/K is
simple if and only if L/K has only finitely many intermediate fields.

Proof for K infinite. Suppose that L/K has only finitely many intermediate
fields. We show that, given α, β ∈ L, there exists λ ∈ K such that K(α, β) =
K(α+ λβ). We write θλ for α+ λβ.
Since L/K has only finitely many intermediate fields, but K is infinite, there
exists λ 6= µ ∈ K such that K(θλ) = K(θµ). Thus both

β =
θλ − θµ

λ− µ
and α =

µθλ − λθµ

µ− λ

lie in K(θλ), so that K(α, β) = K(θλ).
By induction, given α1, . . . , αn ∈ L, there exist λ2, . . . , λn ∈ K such that

K(α1, . . . , αn) = K(α1 + λ2α2 + · · ·+ λnαn).

Since L/K is finite, it is finitely generated and hence simple.
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Conversely, let L = K(α) be simple and write m = mα/K ∈ K[X]. We claim
that there is a injection from the intermediate fields of L/K to the divisors of
m over L.
Given a subfield F , we have L = F (α). If f ∈ F [X] is the minimal polynomial
of α over F , then f divides m over F and hence also over L. This determines
a map φ from intermediate fields F of L/K to divisors f of m over L.
Given a factor f of m over L, let F be the subfield of L/K generated by the
coefficients of f . This determines a map ψ from divisors f of m over L to
intermediate fields F of L/K.
We now show that ψ is a left inverse for φ, whence φ is injective. Let F be an
intermediate field of L/K and let f be the minimal polynomial of α over F .
Then ψφ(F ) = F ′ is the intermediate field of L/K generated by the coefficients
of f . Since f ∈ F [X], we must have F ′ ⊂ F . On the other hand, the minimal
polynomial of α over F ′ must equal f , so that [L : F ] = deg(f) = [L : F ′]. Since
F ′ ⊂ F , we have equality F ′ = F .

If K is a finite field, then we can use a completely different proof, based on the
following lemma.

Lemma 7.10. Let G be a finite group such that, for all m ≥ 1, there are at
most m elements x ∈ G such that xm = 1. Then G is cyclic.
In particular, if G is a finite subgroup of the multiplicative group K× of some
field K, then G is cyclic. If K is a finite field, then K× is a cyclic group.

Proof. Let G be a finite group of order n. Write θ(d) for the number of elements
of G of order d. Using Lagrange’s Theorem we have n =

∑
d|n θ(d).

If G is cyclic, then there exists a unique subgroup of order d for d|n. Thus
θ(d) = φ(d), where φ is Euler’s totient (or phi) function:

φ(d) := |{1 ≤ r ≤ d : gcd(r, d) = 1}|.

Suppose now that G satisfies our condition and let d|n. If θ(d) 6= 0, then there
exists some element g ∈ G of order d. Consider the cyclic group 〈g〉 ≤ G.
This has d elements, all of which satisfy xd = 1. Hence there can be no other
elements in G with xd = 1. Hence θ(r) = φ(r) for all r|d. It follows that, given
d|n, either θ(d) = φ(d) or θ(d) = 0. Since∑

d|n

θ(d) = n =
∑
d|n

φ(d),

we deduce that θ(d) = φ(d) for all d|n. In particular, θ(n) = φ(n) ≥ 1, so that
G is cyclic.
If K is a field, then there are at most m solutions to the equation Xm = 1 in
K. Thus each finite subgroup of K× is cyclic. If K is a finite field, then K×

itself is a finite group, so cyclic.
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We can now prove the Primitive Element Theorem for finite fields.

Proof for K finite. Since K is a finite field and L/K is a finite field extension,
L is also a finite field. There are only finitely many subsets of L, so only finitely
many subfields of L. On the other hand, if α is a generator for the multiplicative
group L×, then clearly L = K(α).

An important corollary of the Primitive Element Theorem is that all finite
separable extensions are simple.

Theorem 7.11. Let L/K be finite and separable. Then L/K is simple.

Proof. Let L/K be finite and separable, and let M/L be its normal closure.
Then by Theorem 6.10, M/K is finite, separable and normal, hence Galois by
Theorem 7.2. By the Fundamental Theorem of Galois Theory, there is a bijec-
tion between the intermediate fields of M/K and the subgroups of Gal(M/K).
Since Gal(M/K) is a finite group, it has only finitely many subgroups, so there
are only finitely many intermediate fields of M/K. In particular, L/K has only
finitely many intermediate fields. Hence L/K is primitive, by the Primitive
Element Theorem.

It is illuminating to find an example of a finite field extension L/K which has
infinitely many intermediate fields. This must be an inseparable extension, but
of course there are many examples of inseparable extensions which are simple.
Another nice consequence of the Primitive Element Theorem is the following.

Proposition 7.12. Let L/K be Galois with Galois group G. Then L ⊗K L ∼=
L[L:K] as K-algebras.

Proof. Since L/K is Galois, we can use the Primitive Element Theorem to write
L = K(α). Set f := mα/K , so L ∼= K[X]/(f). Now, since L = K(α) is simple,
the elements σ(α) for σ ∈ G are all distinct. These are precisely the roots of f ,
by Artin’s Extension Theorem, so over L we can write

f =
∏
σ∈G

(
X − σ(α)

)
.

Using the Chinese Remainder Theorem, we have

L⊗K L ∼= L⊗K[X]/(f) ∼= L[X]/(f) ∼=
∏
σ∈G

L[X]/
(
X − σ(α)

) ∼= L[L:K].

The isomorphism L⊗K L
∼−→ L[L:K] is given explicitly by x⊗ y 7→

(
xσ(y)

)
σ∈G

.

46

http://en.wikipedia.org/wiki/Chinese_remainder_theorem#Statement_for_principal_ideal_domains


7.3 Transitivity

We now show that each Galois group can be considered as a transitive sub-
groups of some symmmetric group Sn. Recall that a subgroup G ≤ Sn is called
transitive if, given 1 ≤ i, j ≤ n, there exists σ ∈ G such that σ(i) = j.

Proposition 7.13. Let L/K be the splitting field of a separable polynomial f ∈
K[X]. Let {α1, . . . , αn} be the roots of f in L. Then the map Gal(L/K)→ Sn

induced by σ(αi) = ασ̄(i) is an injective group homomorphism .
If f is irreducible, then the image of Gal(L/K) is a transitive subgroup of Sn.

Proof. Each σ ∈ Gal(L/K) induces a permutation σ̄ of the roots of f . Clearly
īd = id, and

αστ(i) = στ(αi) = σ(ατ̄(i)) = ασ̄τ̄(i),

so that στ = σ̄τ̄ . Therefore we have a group homomorphism Gal(L/K) → Sn,
σ 7→ σ̄. To see that this is injective, suppose σ(αi) = αi for all i. Then, since
L = K(α1, . . . , αn) is generated by the roots of f , we must have that σ = id.
Now suppose that f is irreducible, so that the αi are all conjugates. By Corollary
7.3, given i and j there exists σ ∈ Gal(L/K) such that σ(αi) = αj . Hence the
image of Gal(L/K) is a transitive subgroup of Sn.

We recall some results above transitive groups.

Lemma 7.14. Let G be a transitive subgroup of Sp for some prime p. If G
contains a transposition, then G = Sp.

Proof. Since G is transitive, |OrbG(1)| = p, so p divides |G| by the Orbit-
Stabiliser Theorem. Then G contains a p-cycle by Cauchy’s Theorem. Suppose
G also contains a transposition. By relabelling, we may assume that G contains
(1 2 · · · p) and (1 r). By taking the (r−1)-st power of the p-cycle, we may further
assume that r = 2. By repeatedly conjugating the transposition, we see that
G contains (1 2), (2 3), . . . , (p− 1 p). It is well-known that these transpositions
generate Sp.

For convenience, we recall the following classification.

Proposition 7.15. 1. S2 has no proper transitive subgroups.

2. A3
∼= Z/3Z is the unique proper, transitive subgroup of S3.

3. The proper, transitive subgroups of S4 up to conjugation are

A4, D8, 〈(1234)〉 ∼= Z/4Z,
V = {id, (12)(34), (13)(24), (14)(23)} ∼= (Z/2Z)2.

V is the Klein four-group (Kleinsche Vierergruppe); D8 is the dihedral
group with 8 elements, or symmetry group of a square, given for example
as 〈(1234), V 〉
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7.4 Norm and Trace Revisited

In this section we relate the minimal polynomial and the field equation of an
element α to its conjugates σ(α). This is often easier to work with than the
original definition.
We begin with a useful observation, which generalises Theorem 7.5 (6). Let
L/K be finite, with normal closure M/L. Let E denote the set of K-embeddings
L→M . We let Gal(M/K) act (on the left) on E via σ ·τ : L→M , x 7→ σ(τ(x)).
Note that σ · id = σ|L.

Proposition 7.16. Gal(M/K) acts transitively on E, and the stabiliser of id ∈
E equals Gal(M/L). In particular, the map Gal(M/K) → E, σ 7→ σ|L induces
a natural bijection between the cosets of Gal(M/L) in Gal(M/K) and E.

Proof. Let τ ∈ E . By Theorem 5.5, we can extend τ to σ ∈ Gal(M/K). In
particular, σ · id = σ|L = τ , so Gal(M/K) acts transitively on E . Clearly
σ · id = id if and only if σ ∈ Gal(M/L), so by the Orbit-Stabiliser Theorem the
map σ 7→ σ · id = σ|L induces a bijection between the cosets of Gal(M/L) in
Gal(M/K) and E as required.

We observe that the number |E| of distinct K-embeddings L → M equals the
index of Gal(M/L) in Gal(M/K). If L/K is separable, then M/K is Galois, so
|E| = [L : K] by the Fundamental Theorem of Galois Theory. This proves the
next corollary.

Corollary 7.17. Let L/K be finite and separable, with normal closure M/L.
Then there are precisely [L : K] distinct K-embeddings L→M .

[In fact, this has a converse: L/K is separable if and only if there are precisely
[L : K] distinct K-emebddings L → M . This leads some authors define L/K
to be separable if there are [L : K] distinct K-embeddings L→M .]

Proposition 7.18. Let L/K be finite and separable, with normal closure M/L.
Let σ1, . . . , σn be the distinct K-embeddings L→M . Then for α ∈ L we have

χL
α/K =

(
X − σ1(α)

)
· · ·

(
X − σn(α)

)
.

In particular,

NL
K(α) =

∏
j

σj(α) and TrL
K(α) =

∑
j

σj(α).

Proof. Let M/K be Galois, say with Galois group G := Gal(M/K). For an
intermediate field L let σ1, . . . , σn be the distinct K-embeddings L → M . We
know that n = [L : K] by Corollary 7.17. For α ∈ L define

fL
α/K :=

n∏
i=1

(
X − σi(α)

)
.
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We wish to show that fL
α/K = χL

α/K for all L and all α ∈ L.
We observe that

fM
α/K =

∏
σ∈G

(
X − σ(α)

)
,

whereas by Artin’s Extension Theorem

f
K(α)
α/K = mα/K ,

since the distinct K-embeddings K(α) → M are in bijection with the roots of
mα/K .

For α ∈ L we can apply Proposition 7.16 to deduce that fM
α/K =

(
fL

α/K

)[M :L].
For, the value of σ(α) depends only on the restriction σ|L. In particular, for
L = K(α) we have fM

α/K =
(
mα/K

)[M :K(α)], so fM
α/K = χM

α/K by Theorem 3.5.
From this it follows that(

χL
α/K

)[M :L] = χM
α/K = fM

α/K =
(
fL

α/K

)[M :L]
.

Therefore χL
α/K = fL

α/K by unique factorisation in L[X].

By definition, if χL
α/K = Xn − a1X

n−1 + · · ·+ (−1)nan, then TrL
K(α) = a1 and

NL
K(α) = an.

Note that, by Proposition 7.16,
∑

j σj(α) and
∏

j σj(α) are fixed by Gal(M/K),
so these elements really do lie in K. Also, we may write TrL

K =
∑

j σj as a linear
combination of the characters σj .
As promised, we can now prove transitivity of norm and trace for separable
extensions.

Theorem 7.19. Let L/K/k be finite, separable extensions. Then for α ∈ L we
have

NL
k (α) = NK

k

(
NL

K(α)
)

TrL
k (α) = TrK

k

(
TrL

K(α)
)
.

Proof. Let M/L be the normal closure of L/K and consider the chain of sub-
groups Gal(M/L) ≤ Gal(M/K) ≤ Gal(M/k). Let σj be coset representatives
of Gal(M/L) in Gal(M/K), and let τi be coset representatives of Gal(M/K) in
Gal(M/k). Thus 1 ≤ i ≤ [K : k] and 1 ≤ j ≤ [L : K].
We claim that the τiσj are coset representatives for Gal(M/L) in Gal(M/k).
[This is actually quite general, applying to all finite groups.] For, suppose
τiσj = τrσs. We know that σj Gal(M/L) ⊂ Gal(M/K). Since the τi Gal(M/K)
are distinct inside Gal(M/k), we must therefore have i = r. Then since the
σj Gal(M/L) are distinct in Gal(M/K), we must have j = s. Therefore the
τiσj represent distinct cosets. Since there are [L : K][K : k] = [L : K] of them,
we are done.
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Now, using Proposition 7.18, we can write

NK
k

(
NL

K(α)
)

=
∏

i

τi
( ∏

j

σj(α)
)

=
∏
i,j

τi
(
σj(α)

)
=

∏
i,j

(τiσj)(α) = NL
k (α),

and similarly for Tr.
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Chapter 8

Calculating Galois Groups

8.1 Example 1.

Let us begin with our favourite example f = X3 − 2 ∈ Q[X]. Let L = Q(α, ω)
be the splitting field of f over Q, where α = 3√2 and ω = exp(2πi/3). Then
Gal(f) ∼= Sym3, as worked out in Chapter 3. This has generators σ and τ , where
σ(α) = ωα and σ(ω) = ω, and τ is complex conjugation, so that τ(α) = α and
τ(ω) = ω2. Moreover, α + ω is a primitive element for L/Q. For, it takes the
following six values under Gal(f):

id(α+ ω) = α+ ω τ(α+ ω) = α+ ω2

σ(α+ ω) = ωα+ ω στ(α+ ω) = ωα+ ω2

σ2(α+ ω) = ω2α+ ω σ2τ(α+ ω) = ω2α+ ω2

It follows that the minimal polynomial of α+ω over Q is the product of the six
linear factors with these roots. We calculate that

(X − (α+ ω))(X − (ωα+ ω))(X − (ω2α+ ω))

= (X − ω)3 − α2 = X3 − 3ωX2 + 3ω2X − 3.

Thus
mα+ω = X6 + 3X5 + 6X4 + 3X3 + 9X + 9.

We now consider the Galois correspondence between the subgroups and inter-
mediate fields. We illustrate this by drawing the respective lattices.
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A3 = 〈σ〉

{1}

S3

〈τ〉 〈στ〉 〈σ2τ〉
3

2 2 2

2

3 3 3
Q(ω)

L = Q(α, ω)

Q

Q(α) Q(ω2α) Q(ωα)
3

2 2 2

2

3 3 3

We have labelled the edges to indicate the index of the subgroup, respectively
the degree of the field extension.
To compute the subgroup lattice is relatively easy, so how do we compute the
corresponding fixed field? As an example, consider A3 = 〈σ〉 and denote its
fixed field by K. Then ω ∈ K, and since |A3| = 3 = [L : Q(ω)], we must have
that K = Q(ω).
We also observe that σ〈τ〉σ−1 = 〈στσ−1〉 = 〈σ2τ〉, so that the fixed field of
〈σ2τ〉 equals Q(σ(α)) = Q(ωα).
We observe that A3 is the only proper normal subgroup of S3, and Q(ω)/Q is
the only normal extension. It is the splitting field extension of X2 +X + 1.

8.2 Example 2.

Our next example is Q(
√

2,
√

3)/Q. We know that this is a field extension of
degree 4, and is normal since it is the splitting field extension of f = (X2 −
2)(X2 − 3) over Q. We calculate the Galois group using Artin’s Extension
Theorem. We let L = Q(

√
2,
√

3) and Kp = Q(
√
p) for p = 2, 3. The minimal

polynomial of
√
p over Q is X2 − p.

We observe that Kp/Q is Galois, with Galois group Z/2Z. Moreover, K2 ∩
K3 = Q and L = K2K3. Therefore we can apply Theorem 7.6 to deduce that
Gal(L/Q) ∼= (Z/2Z)2 = V , the Klein four-group. The Galois group is generated
by σ and τ , where σ(

√
2) = −

√
2, σ(

√
3) =

√
3 and τ(

√
2) =

√
2, τ(
√

3) = −
√

3.
We again draw the lattices of subgroups and intermediate fields. Note that all
inclusions of subgroups have index 2.

{1}

V

〈σ〉 〈τ〉 〈στ〉

L = Q(
√

2,
√

3)

Q

Q(
√

2) Q(
√

3) Q(
√

6)
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We observe that
√

2 +
√

3 is a primitive element for L/Q, since its conjugates
under V are

√
2 +
√

3, −
√

2 +
√

3,
√

2−
√

3, −
√

2−
√

3.

It follows that the minimal polynomial of
√

2 +
√

3 over Q equals

m√
2+

√
3

= (X − (
√

2 +
√

3))(X − (−
√

2 +
√

3))(X − (
√

2−
√

3))(X − (−
√

2−
√

3))

= X4 − 10X2 + 1.

In this example, the Galois group is abelian, so all subgroups are normal.
More generally, if L = Q(

√
p1, . . . ,

√
pn) for distinct primes pi, then

Gal(L/Q) ∼= (Z/2Z)n.

For, we use Corollary 7.8 with Ki := Q(
√
pi).

Note how easy this is, compared with Exercise 9.

8.3 Example 3.

Now consider f = X4 − 2 ∈ Q[X]. This has splitting field L = Q(α, i), where
α = 4√2. Set K = Q(α), and note that α has minimal polynomial f over Q. We
have four embeddings K → L, given by α 7→ irα for 0 ≤ r ≤ 3. The minimal
polynomial of i over K must be X2 + 1, since [L : K] ≤ 2 and L 6= K since
K ⊂ R. We therefore have two extensions of each σr to L, sending i 7→ ±i.
Thus

σr : α 7→ irα, i 7→ i and σrτ : α 7→ irα, i 7→ −i,

where τ is complex conjugation. Note that σ has order 4, τ has order 2 and
τσ = σ3τ . Hence Gal(L/Q) ∼= D8, the dihedral group with 8 elements, or
symmetry group of the square. In fact, the four roots irα of f in C form the
four vertices of a square, with diagonals along the real and imaginary axes. In
this picture, σ is just the rotation anticlockwise by π/2 and τ is reflection in
the real axis.

−α α

iα

−iα

τ

σ
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We again calculate the lattices of subgroups and intermediate fields. Again, all
inclusions of subgroups have index 2.

{1}

D8

〈σ2τ〉 〈τ〉 〈σ2〉 〈στ〉 〈σ3τ〉

〈σ2, τ〉 〈σ〉 〈σ2, στ〉

L = Q(α, i)

Q

Q(iα) Q(α) Q(α2, i) E F

Q(α2) Q(i) G

Most of these fixed fields are easy to find. For example, it is clear that L〈σ〉 =
Q(i) since one inclusion is obvious and |〈σ〉| = 4 = [L : Q(i)]. Similarly,
L〈τ〉 = Q(α). Using that σ〈τ〉σ−1 = 〈στσ−1〉 = 〈σ2τ〉, we see that

L〈σ
2τ〉 = Q(σ(α)) = Q(iα).

Next, Q(α) ∩ Q(iα) = Q(α2). Again, one inclusion is obvious and we have
the correct degrees. Thus this is the intermediate field belonging to 〈τ, σ2τ〉 =
〈σ2, τ〉. It now follows that the subfield belonging to 〈σ2〉 must equal Q(α2, i).
It remains to calculate the intermediate fields E, F and G.
The subfield G is of degree 2 over Q, and after a little thought, we see that this
must be Q(iα2) = Q(i

√
2). This has degree two over Q, and is quickly checked

to be fixed by G.
Consider στ . Viewing the four roots irα of f as the points of a square in C, we
observe that στ fixes the midpoint of the side connecting α with iα. Thus στ
fixes the point α(1 + i). This is quickly checked:

στ(α) = σ(α) = iα, στ(iα) = σ(−iα) = −iσ(α) = α.

Thus E = L〈στ〉 contains Q(α(1 + i)). They are equal since they both have
degree 4 over Q (α(1+ i) has the four distinct conjugates ±α(1+ i), ±α(1− i)).
It follows that F = σ(E) = Q(α(−1 + i)).
We now seem to have lost some symmetry in our diagram of intermediate fields.
We can reclaim this by applying some more thought to the fields E and F . We
begin by noting that the primitive 8-th root of unity ζ := exp(2πi/8) can be
written as ζ = 1√

2
(1 + i) = (1 + i)/α2. Thus L = Q(α, ζ). Furthermore, ζ2 = i

and α2 = ζ + ζ−1, so Q(α2, i) = Q(ζ). Also, E is generated by α(1 + i) = α3ζ,
hence also by (α3ζ)3 = 4αζ3. Thus E = Q(αζ3), and similarly F = Q(αζ).
Observe that

σ(ζ) = σ(1 + i)/σ(α)2 = −(1 + i)/α2 = −ζ = ζ5

τ(ζ) = (1− i)/α2 = −ζ3 = ζ7.
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We can therefore rewrite the lattice of intermediate fields as

L = Q(α, ζ)

Q

Q(αζ2) Q(α) Q(ζ) Q(αζ3) Q(αζ)

Q(α2) Q(ζ2) Q(α2ζ2)

The proper normal subgroups of D8 are

〈σ2, τ〉, 〈σ〉, 〈σ2, στ〉, 〈σ〉.

The corresponding fixed fields are normal over Q

Q(α2), Q(i), Q(iα2), Q(ζ).

These are the splitting field extensions of the irreducible polynomials

X2 − 2, X2 + 1, X2 + 2, X4 + 1.

8.4 Example 4.

Let α =
√

(2 +
√

2)(3 +
√

3). We shall show that L = Q(α) is Galois over Q
and has Galois group Q8, the quaternion group.
Observe that α2 = (2 +

√
2)(3 +

√
3) = 6 + 3

√
2 + 2

√
3 +
√

6. Thus Q(α2) ⊂
Q(
√

2,
√

3), which is Galois over Q with Galois group V . Let σ̄, τ̄ ∈ V be such
that

σ̄(
√

2) = −
√

2 τ̄(
√

2) =
√

2

σ̄(
√

3) =
√

3 τ̄(
√

3) = −
√

3.

Thus V = {1, σ̄, τ̄ , σ̄τ̄}. Consider the four conjugates of α2, namely

6 + 3
√

2 + 2
√

3 +
√

6, 6− 3
√

2 + 2
√

3−
√

6

6 + 3
√

2− 2
√

3−
√

6, 6− 3
√

2− 2
√

3 +
√

6.

Since {1,
√

2,
√

3,
√

6} is a Q-basis for Q(
√

2,
√

3), we observe that these four
elements are all distinct. Thus α2 is a primitive element for Q(

√
2,
√

3). In
particular, Q(α2)/Q is Galois with Galois group V .
Clearly [Q(α) : Q(α2)] ≤ 2, so to prove equality, we must show that α 6∈
Q(α2) = Q(

√
2,
√

3). Suppose for a contradiction that α ∈ Q(
√

2,
√

3) and
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consider ατ̄(α). This must lie in the fixed field of 〈τ̄〉, namely Q(
√

2). On the
other hand

(ατ̄(α))2 = α2τ̄(α2) = (2 +
√

2)(3 +
√

3) · (2 +
√

2)(3−
√

3) = 6(2 +
√

2)2.

Thus

6 =
( ατ̄(α)

2 +
√

2

)2

, so that
√

6 = ± ατ̄(α)
2 +
√

2
∈ Q(

√
2).

This yields the required contradiction. Hence [Q(α) : Q] = 8.
We next show that Q(α)/Q is normal. The minimal polynomial of α over
Q(α2) = Q(

√
2,
√

3) is simply X2− (2 +
√

2)(3 +
√

3). The eight Q-embeddings
Q(α) → C are found by extending each of the four Q-embeddings Q(α2) → C
as in Artin’s Extension Theorem. For example, we can extend the identity to
α 7→ ±α. Similarly,

σ̄
(
X2 − (2 +

√
2)(3 +

√
3)

)
= X2 − (2−

√
2)(3−

√
3).

Thus we can extend σ̄ to α 7→ ±
√

(2−
√

2)(3 +
√

3). We deduce that the eight
conjugates of α in C are

±
√

(2±
√

2)(3±
√

3),

where we can choose the signs independently of one another. Moreover, we can
now find the minimal polynomial of α over Q, since this is the polynomial of
degree eight having precisely these roots. We calculate

m := mα/Q = X8 − 24X6 + 144X4 − 288X2 + 144.

Now, √
2 +
√

2
2 +
√

2
=

1√
2 +
√

2
=

√
2−
√

2√
(2 +

√
2)(2−

√
2)

=

√
2−
√

2√
2

.

Similarly √
3 +
√

3
3 +
√

3
=

√
3−
√

3√
6

.

Since Q(α2) = Q(
√

2,
√

3), we see that
√

2,
√

3,
√

6 ∈ Q(α). Therefore√
(2−

√
2)(3 +

√
3) =

α
√

2
2 +
√

2
=

α

1 +
√

2√
(2 +

√
2)(3−

√
3) =

α
√

6
3 +
√

3
=

α
√

2
1 +
√

3√
(2−

√
2)(3−

√
3) =

α
√

2
(1 +

√
2)(1 +

√
3)

=
2
√

3
α

56



and so each of the eight conjugates of α again lies in Q(α). Thus Q(α)/Q is the
splitting field extension of m, so is normal.
We have already calcluated the eight elements of the Galois group. We now
show that this is isomorphic to the quaternion group Q8. Define σ and τ to be
the following extensions of σ̄ and τ̄ respectively:

σ(α) :=
√

(2−
√

2)(3 +
√

3) =
α

1 +
√

2

τ(α) :=
√

(2 +
√

2)(3−
√

3) =
α
√

2
1 +
√

3
.

Then

σ2(α) =
σ(α)

σ(1 +
√

2)
=
α/(1 +

√
2)

1−
√

2
= −α

τ2(α) =
τ(α
√

2)
τ(1 +

√
3)

=
2α/(1 +

√
3)

1−
√

3
= −α.

Hence σ2 = τ2 and σ4 = 1. Also

τσ(α) =
τ(α)

τ(1 +
√

2)
=
α
√

2/(1 +
√

3)
1 +
√

2
=

α
√

2
(1 +

√
2)(1 +

√
3)

στ(α) =
σ(α
√

2)
σ(1 +

√
3)

=
−α
√

2/(1 +
√

2)
1 +
√

3
=

−α
√

2
(1 +

√
2)(1 +

√
3)
.

Thus τσ = σ3τ . It follows from the discussion below that Gal(Q(α)/Q) ∼= Q8.
We recall that the quaternions are given as

H := {a+ bi+ cj + dk : i2 = j2 = k2 = ijk = −1, a, b, c, d ∈ Q}.

Note that ij = −ijk2 = k. Similarly jk = i and ki = j. On the other hand,
ji = j2k = −k, so that ij 6= ji. Thus H is a non-commutative ring. (Discovered
by Hamilton. See webpages...)
The quaternion group Q8 is given as the multiplicative subgroup

Q8 := {±1,±i,±j,±k} ⊂ H.

It has the following presentation:

Q8 = 〈σ, τ : σ2 = τ2, σ4 = 1, τσ = σ3τ〉.

The subgroup Z = 〈σ2〉 is central, so normal, and the quotient group Q8/Z is
isomorphic to the Klein four-group V ∼= (Z/2Z)2.
Using this, we see that the subgroups of Q8 containing Z are in bijection with
the subgroups of V . This yields the subgroups 〈σ〉, 〈τ〉 and 〈στ〉, each of which
is isomorphic to Z/4Z. It is now clear that these, together with Z, are the only
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proper subgroups of Q8. [Let G ≤ Q8 be a proper subgroup and take 1 6= g ∈ G.
Then either g2 = σ2, or g2 = 1, in which case g = σ2. Hence σ2 ∈ G and G
must be one of the subgroups in our list.]
We now draw the lattices of subgroups and intermediate fields. Again, all indices
equal 2, so are omitted.

{1}

〈σ2〉

Q8

〈τ〉 〈σ〉 〈στ〉

Q(α)

Q(
√

2,
√

3)

Q

Q(
√

2) Q(
√

3) Q(
√

6)

Since σ2(α) = −α, we have σ2(α2) = α2. Thus the field belonging to 〈σ2〉 is
just Q(α2) = Q(

√
2,
√

3). The rest follows immediately, using the identification
of the Galois group of Q(

√
2,
√

3) over Q with the quotient group Q8/〈σ2〉.
All subgroups are normal, so all intermediate fields are normal over Q.

8.5 Example 5.

Consider the polynomial f = X5 − 4X + 2 ∈ Q[X], irreducible by Eisenstein’s
Criterion. Now, f has at least three real roots, since f(−2) = −22 < 0, f(0) =
2 > 0, f(1) = −1 < 0 and f(2) = 26 > 0. On the other hand, it has at most
three real roots since f ′ = 5X4 − 4, so f has only two turning points. Thus
f has precisely three real roots, and so two complex roots, which must form a
conjugate pair. Hence Gal(f) is a transitive subgroup of Sym5 and contains a
transposition, corresponding to complex conjugation. Hence Gal(f) = Sym5 by
Lemma 7.14.
In fact, for all n, there exists an irreducible polynomial f ∈ Q[X] of degree n
such that Gal(f) ∼= Symn. On the other hand, since each finite group G of
order n is isomorphic to a subgroup of Symn, there exists a Galois extension
L/Q and an intermediate field K such that Gal(L/K) ∼= G. It is an open
problem whether we can take K = Q.
This leads to the Inverse Galois Problem: Given a field K, which finite groups
can be realised as Gal(L/K) for some Galois extension L/K?

1. Every finite group is realisable over C(x), the function field in one variable
over C.

2. All symmetric groups and alternating groups are realisable over Q.
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3. Every cyclic group is realisable over Q. More generally, every solvable
group is realisable over Q.

4. All but possibly one of the 26 sporadic finite simple groups is realisable
over Q. In particular, the Monster group is realisable over Q.
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Chapter 9

Radical Extensions

We now come back to our motivating question of whether we can express the
roots of an irreducible polynomial as radical expressions in the coefficients of the
polynomial. We shall begin by studying two special case — cyclotomic exten-
sions, given by adjoining a primitive n-th root of unity, and cyclic extensions,
given by adjoining an arbitrary n-th under the assumption that the base field
already contains a primitive n-th root of unity. Both of these cases are relatively
easy to study, and have far reaching generalisations to abelian Kummer theory
and class field theory.
We then come back to an arbitrary base field (of characteristic zero), and show
that a Galois extension is contained in a radical extension if and only if its
Galois group is a soluble group. The main difficulty in the proof is that the
base field does not contain enough roots of unity. We therefore have to adjoin
these in order to make our deductions.
In this chapter, all fields will be of characteristic zero unless explicitly stated
otherwise.

9.1 Cyclotomic Extensions

Recall that ζ ∈ K is called a primitive n-th root of unity if ζn = 1 but
ζd 6= 1 for all 1 ≤ d < n. For example, we could take ζ = exp(2πi/n) ∈ C.
Recall also Euler’s phi function

φ(n) = |{1 ≤ r ≤ n : gcd(r, n) = 1}|.

Let ζ ∈ K be a primitive n-th root of unity. We make the following observations.

1. The n numbers ζr for 1 ≤ r ≤ n are all distinct. For, if ζr = ζs with
1 ≤ r < s ≤ n, then ζs−r = 1 and 1 ≤ s − r < n, contradicting the fact
that ζ was a primitive n-th root of unity.
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2. The set µn := {ζr : 1 ≤ r ≤ n} is a group under multiplication, isomorphic
to the additive group Z/nZ. For, it is cyclic, generated by ζ, and has order
n.

3. If 1 ≤ r ≤ n, then ζr is a primitive n/d-th root of unity, where d =
gcd(r, n). For, the same holds in Z/nZ.

4. µn contains µd for all d|n. In particular, if ξ is an n/d-th root of unity,
then ξ = ζds for some 1 ≤ s ≤ n/d.

We define the n-th cyclotomic polynomial as

Φn(X) :=
∏

1≤r≤n
gcd(r,n)=1

(X − ζr) =
∏

ξ primitive n-th
root of unity

(X − ξ).

We therefore have the factorisation

Xn − 1 =
∏

1≤r≤n

(X − ζr) =
∏
d|n

Φd(X).

Theorem 9.1. Φn(X) ∈ Z[X] is irreducible of degree φ(n).
If ζ ∈ C is a primitive n-th root of unity, then Q(ζ)/Q is Galois with Galois
group isomorphic to (Z/nZ)×, where σr(ζ) := ζr for r ∈ (Z/nZ)×. In particu-
lar, it is abelian.

Proof. We recall from Gauss’ Lemma that if f, g ∈ Q[X] are monic and fg ∈
Z[X], then both f, g ∈ Z[X].
Clearly Φn(X) is monic for all n and Φ1(X) = X−1. By induction, each Φd(X)
with d < n has integer coefficients. Since Φn(X) = (Xn − 1)/

∏
d|n,d<n Φd(X),

it has rational coefficients. Hence Φn(X) ∈ Z[X] by Gauss’ Lemma.
Now let f ∈ Q[X] be the minimal polynomial of ζ, a primitive n-th root of
unity. We claim that if ξ is any root of f , then so is ξp for all primes p - n. It
will follow that ζr is a root of f for all 1 ≤ r ≤ n with gcd(r, n) = 1. Hence
Φn(X) = f is irreducible.
Since ζ is a root of Xn − 1, we can write Xn − 1 = f(X)g(X). Then g =
(Xn − 1)/f is monic with rational coefficients. By Gauss’ Lemma, f, g ∈ Z[X].
Let ξ be a root of f , p a prime not dividing n and assume for contradiction
that ξp is not a root of f . Then ξp must be a root of g(X), so that ξ is a
root of g(Xp). Since f is the minimal polynomial of ξ, it divides g(Xp). Hence
g(Xp) = f(X)h(X). By Gauss’ Lemma, h ∈ Z[X] and is monic.
Now reduce coefficients modulo p. Denote by f̄ , ḡ and h̄ the images of f , g and
h in Fp[X]. By Lemma 6.3, ḡ(X)p = ḡ(Xp) = f̄(X)h̄(X). Thus gcd(f̄ , ḡ) 6= 1.
Since Xn − 1 = f̄(X)ḡ(X), we see that Xn − 1 has repeated roots. It follows
that Xn−1 and its derivative nXn−1 have a common divisor which, since p - n,
clearly cannot happen. This proves the claim.
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We have shown that Φn(X) is the minimal polynomial of ζ over Q. Thus
[Q(ζ) : Q] = deg(Φn) = φ(n). Since all n-th roots of unity (primitive or not)
are powers of ζ, we see that Q(ζ)/Q is the splitting field extension of Φn (or
equivalently of Xn − 1). Hence Q(ζ)/Q is Galois.
Let G = Gal(Q(ζ)/Q). Then |G| = φ(n). Let σ ∈ G. Since ζ is a primitive
element for Q(ζ)/Q, σ is completely determined by σ(ζ). Thus by Artin’s
Extension Theorem, the elements of G correspond to the roots of Φn, so

G = {σr : 1 ≤ r ≤ n, gcd(r, n) = 1}, σr(ζ) = ζr.

Consider the bijection (Z/nZ)× → G, r 7→ σr. Since 1 7→ σ1 = id and σrσs(ζ) =
σr(ζ)s = ζrs, this map is a group isomorphism.

Corollary 9.2. Let L/K be a finite field extension and let ζ ∈ L be a primitive
n-th root of unity. Then K(ζ)/K is Galois and Gal(K(ζ)/K) ↪→ (Z/nZ)×.

Proof. Since K is of characteristic zero, it contains Q. Thus K(ζ) is the com-
positum of Q(ζ) and K. By Theorem 7.6, K(ζ)/K is Galois with Gal(K(ζ)/K)
isomorphic to a subgroup of Gal(Q(ζ)/Q) ∼= (Z/nZ)×.

9.2 Cyclic Extensions

We now study the equation Xn − a ∈ K[X] under the assumption that K
contains a primitive n-th root of unity. We will show that L/K is Galois with
cyclic Galois group of order dividing n if and only if L/K is the splitting field
of some Xn − a ∈ K[X].

Theorem 9.3 (Hilbert’s Theorem 90). Let L/K be Galois with Galois group
Gal(L/K) ∼= Z/nZ. Let σ be a generator for Gal(L/K). Then for β ∈ L we
have NL

K(β) = 1 if and only if there exists α ∈ L such that β = σ(α)/α.

Proof. Suppose that β = σ(α)/α. Then since σn = id we have by Proposition
7.18 that

NL
K(β) = βσ(β) · · ·σn−1(β) =

σ(α)
α

σ2(α)
σ(α)

· · · σn(α)
αn−1(α)

=
σn(α)
α

= 1.

This proves one direction. Note also that σ(α) = αβ, so by induction

σi(α) = α
(
βσ(β) · · ·σi−1(β)

)
.

Using that NL
K(β) = 1, set

λi := σi(β) · · ·σn−1(β) =
1

βσ(β) · · ·σi−1(β)
,

62



so that λ0 = NL
K(β) = 1, λ1 = β−1, λn = NL

K(β)−1 = 1 and λiσ
i(α) = α. Thus

n−1∑
i=0

λiσ
i(α) = nα 6= 0.

Now, to prove the converse, suppose that NL
K(β) = 1. As above, define λi :=

σi(β) · · ·σn−1(β). By Theorem 4.6, the σi for 0 ≤ i < n are linearly independent
over L. Hence there exists γ ∈ L such that

α :=
n−1∑
i=0

λiσ
i(γ) 6= 0.

Since σ(λi) = λi+1σ
n(β) = βλi+1 and λnσ

n(γ) = γ = λ0γ, we have

σ(α) =
n−1∑
i=0

σ(λi)σi+1(γ) = β

n−1∑
i=0

λi+1σ
i+1(γ) = αβ.

Therefore β = σ(α)/α as required.

As an application, let d ∈ Q be a non-square. Then Q(
√
d)/Q is a Galois

extension with Galois group Z/2Z, generated by σ(a − b
√
d) = a + b

√
d. The

norm of an element β = x+ y
√
d is

N(β) = (x+ y
√
d)(x− y

√
d) = x2 − dy2.

Thus, the solutions of x2 − dy2 = 1 are all of the form

x+ y
√
d =

a+ b
√
d

a− b
√
d

=
(a+ b

√
d)2

a2 − db2
=
a2 + db2

a2 − db2
+

2ab
a2 − db2

√
d.

If d is a positive integer, we obtain all solutions to Pell’s Equation

x2 − dy2 = 1 ⇔ (x, y) =
(a2 + db2

a2 − db2
,

2ab
a2 − db2

)
for a, b ∈ Q.

We immediately see that if (a, b) is a solution, then so is (a2 + db2, 2ab).
Note that this gives rational solutions, not integral solutions. For that, the best
method is to use convergents to the continued fraction expression for

√
d. By

Dirichlet’s Theorem, if ε is the first such solution, then all other solutions are
of the form ±εn for n ∈ Z.
On the other hand, if d = −1, then Q(i) is the field of Gaussian numbers and

x2 + y2 = 1 ⇔ (x, y) =
(a2 − b2

a2 + b2
,

2ab
a2 + b2

)
for a, b ∈ Q.

Hence all Pythagorean triples can be written in the form

x2 + y2 = z2 ⇔ (x, y, z) =
1
c
(a2 − b2, 2ab, a2 + b2) for a, b, c ∈ Q.
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With a little extra work, one obtains that all integer solutions can be written
in the form

x2 + y2 = z2 ⇔ (x, y, z) = (a2 − b2, 2ab, a2 + b2) for a, b ∈ Z.

Theorem 9.4. Let K contain a primitive n-th root of unity ζ.

1. If L/K is Galois with Gal(L/K) ∼= Z/nZ, then L/K is the splitting field
extension of some Xn − a ∈ K[X].

2. Conversely, let f = Xn−a ∈ K[X], let L/K be its splitting field extension
and let α ∈ L be a root of f . Then L = K(α) and has cyclic Galois group
of order d := [K(α) : K]. Moreover, d divides n and αd ∈ K.

Proof. (1) Let σ be a generator for Gal(L/K). Clearly N(ζ) = ζn = 1, so
by Hilbert’s Theorem 90, there exists α ∈ L such that σ(α) = αζ, whence
σi(α) = αζi for all i. These elements are all distinct, so α has precisely n
conjugates. Hence α is a primitive element for L/K and L/K is the splitting
field extension of mα/K . Finally, by Proposition 7.18, we have

mα/K =
(
X − α

)(
X − σ(α)

)
· · ·

(
X − σn−1(α)

)
=

(
X − α

)(
X − αζ

)
· · ·

(
X − αζn−1

)
= αn

(
(X/α)− 1

)(
(X/α)− ζ

)
· · ·

(
(X/α)− ζn−1

)
= αn

(
(X/α)n − 1

)
= Xn − αn.

(2) Since α ∈ L is a root of f , so is αζi for each i. Hence all roots of f lie
in K(α), so L = K(α). Let d = [K(α) : K] and let G = Gal(K(α)/K).
Let σ ∈ G. Then σ(α) is again a root of f , so σ(α) = αζi for some i. If
τ(α) = αζj , then στ(α) = σ(αζj) = αζi+j . This determines an injective group
homomorphism G → Z/nZ, where σ 7→ i such that σ(α) = αζi. Thus G is
isomorphic to a subgroup of a cyclic group, so is itself cyclic. Since |G| = d, we
have G ∼= Z/dZ, and that d = |G| divides n = |Z/nZ|. Thus G is generated by
σ where σ(α) = αζn/d. Note that ζn/d is a primitive d-th root of unity. As in
the proof of (1) for d instead of n, we see that the minimal polynomial of α over
K is Xd − αd ∈ K[X].

9.3 Radical Extensions

A field extension L/K is called radical if there exists a tower L = Kn/ · · · /K0 =
K such that eachKi = Ki−1(αi) is simple and with αri

i ∈ Ki−1 for some positive
integer ri. We call such a tower a radical tower for L/K. Note that all radical
extensions are necessarily finite.
Let L = Kn/ · · · /K0 = K be a radical tower for L/K, where Ki = Ki−1(αi)
with αri

i ∈ Ki−1. Let r = lcm(r1, . . . , rn). Then αr
i ∈ Ki−1 for all i, so we may

assume that at each stage we have adjoined an r-th root for some common r.
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We shall call such an r an exponent of the radical extension L/K. (N.B. This
is non-standard terminology, but useful.) If L/K is radical of exponent r, then
it is also radical of exponent t for all multiples t of r.

Theorem 9.5. 1. Let L/K/k be field extensions. If both L/K and K/k are
radical (of exponents r and s), then L/k is radical (of exponent lcm(r, s)).

2. Let L/K be a field extension and E,F two intermediate fields. Then
E/K radical (of exponent r) implies EF/F radical (of exponent r). In
particular, if L/K/k are field extensions, then L/k radical implies L/K
radical.

Proof. (1) Let L/K and K/k be radical of exponents r and s. Then they
are both radical of exponent t := lcm(r, s). Let L = Km/ · · · /K0 = K and
K = kn/ · · · /k0 = k be radical towers of exponent t. Juxtaposing these yields
a radical tower for L/k of exponent t.
(2) Let E = Kn/ · · · /K0 = K be a radical tower of exponent r. Define Fi :=
FKi to be the compositum. We have Ki = Ki−1(αi) for some αi with αr

i ∈
Ki−1. Therefore

Fi = FKi = FKi−1(αi) = Fi−1(αi) and αr
i ∈ Ki−1 ⊂ Fi−1.

Since Fn = EF and F0 = F we have that EF = Fn/ · · · /F0 = F is a radical
tower of exponent r.
For the second part we have L/k is radical, so L = LK is radical over K.

Warning

If L/k is radical and K an intermediate field, then K/k is not in general radical.
However, for most of the time it is usually sufficient to ask that, givenK/k, there
exists L/K such that L/k is radical.

Theorem 9.6. Let L/K be finite, with normal closure M/L. Then L/K radical
implies M/K radical.

Proof. Let σ1, . . . , σm be the distinct K-embeddings L → M . Then M equals
the compositum σ1(L) · · ·σm(L). Moreover, if L = Kn/ · · · /K0 = K is a radical
tower of exponent r, then so too is σj(L) = σj(Kn)/ · · · /σj(K0) = K. For,
writing Ki = Ki−1(αi) with αr

i ∈ Ki−1, then σj(Ki) = σj(Ki−1)(σj(αi)) with
σj(αi)r = σj(αr

i ) ∈ σj(Ki−1).
Using Theorem 9.5 we have that σ1(L)σ2(L) is radical over σ2(L), and since
σ2(L)/K is radical we deduce that σ1(L)σ2(L)/K is radical. By induction,
each compositum σ1(L) · · ·σj(L) is radical over K, so in particular M/K is
radical.

As motivation for the next section we make the following observations.
Let L/K be normal and radical, say with radical tower L = Kn/ · · · /K0 = K.
Note that L/Ki is Galois for all i (all extensions are separable since we are in

65



characteristic zero). Set Gi := Gal(L/Ki), so that we have a chain of subgroups
{1} = Gn ≤ · · · ≤ G0 = Gal(L/K).

Proposition 9.7. Let L/K be normal and radical. Let L = Kn/ · · · /K0 = K
be a radical tower of exponent r and set Gi := Gal(L/Ki). If K contains a
primitive r-th root of unity, then each Ki/Ki−1 is Galois with cyclic Galois
group, hence each Gi CGi−1 is normal with cyclic quotient.

Proof. By the Galois correspondence, Ki/Ki−1 is Galois if and only if GiCGi−1

is normal, in which case Gal(Ki/Ki−1) ∼= Gi−1/Gi.
Since L = Kn/ · · · /K0 = K is a radical tower of exponent r, we can write
Ki = Ki−1(αi) for some αi with αr

i ∈ Ki−1. Since K contains a primitive r-th
root of unity, so too does Ki−1. Thus by Theorem 9.4, Ki/Ki−1 is Galois with
cyclic Galois group (of order dividing r).

Proposition 9.8 (Vandermonde-Gauss). Let ζ be a primitive n-th root of unity.
Then K(ζ) is contained in a radical extension of K.

Proof. Since K(ζ) is the compositum of K and Q(ζ), it is enough to prove that
Q(ζ) is contained in a radical extension of Q, by Theorem 9.5. If n = ab with a, b
coprime, then ζa is a primitive b-th root of unity and ζb is a primitive a-th root
of unity. Moreover, by Euclid’s Algorithm, there exist x, y such that ax+by = 1.
Hence ζ = (ζa)x(ζb)y, so that Q(ζ) = Q(ζa, ζb). Again by Theorem 9.5, it is
enough to prove that both Q(ζa) and Q(ζb) are contained in radical extensions.
This reduces to the case when n = pa is a prime power. If a ≥ 2, then ζ is a
root of Xp − ζp and Q(ζ)/Q(ζp) has degree φ(pa)/φ(pa−1) = p by the Tower
Law. Thus Q(ζ)/Q(ζp) is Galois with Galois group Z/pZ, and since Q(ζp)
contains a primitive p-th root of unity, namely ζpa−1

, we have that Q(ζ)/Q(ζp)
is radical by Theorem 9.4. Hence by Theorem 9.5, if Q(ζp) is contained in a
radical extension, then so is Q(ζ).
We have therefore reduced the problem to showing that Q(ζ) is contained in a
radical extension whenever ζ is a primitive p-th root of unity for some prime p.
In this case, let θ be a primitive (p− 1)-st root of unity. Then ζθ is a primitive
p(p − 1)-st root of unity, so that Q(ζθ) is a field extension of Q(θ) of degree
φ(p(p−1))/φ(p−1) = φ(p) = p−1 by the Tower Law. It follows from Corollary
9.2 that Q(ζθ)/Q(θ) is Galois with Galois group Z×

p
∼= Z/(p − 1)Z. Since θ is

a primitive (p − 1)-st root of unity, we can apply Theorem 9.4 to deduce that
Q(ζθ)/Q(θ) is a radical extension. By induction, Q(θ) is contained in a radical
extension, whence Q(ζθ) is contained in a radical extension by Theorem 9.5, so
Q(ζ) is contained in a radical extension as required.

The point of this result is that if ζ is a primitive p-th root of unity, we should
not allow ζ = p

√
1 to be our radical expression: for one thing, Q(ζ)/Q has degree

φ(p) = p − 1, which is less than the exponent p used. This result is also more
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in keeping with such expressions as

exp(2πi/3) = −1 +
√
−3

2
,

exp(2πi/4) =
√
−1,

exp(2πi/5) =
−1 +

√
5 +

√
−10− 2

√
5

4
.

The latter comes from writing

Φ5(X) = X4+X3+X2+X+1 = X2(X2+X+1+X−1+X−2) = X2(u2+u−1),

where u := X+X−1, corresponding to 2 cos(2πi/5) = exp(2πi/5)+exp(−2πi/5).
We can solve the quadratic for u to get

2 cos(2πi/5) = u =
−1 +

√
5

2
= 1/Φ, where Φ is the Golden Ratio.

We now solve for exp(2πi/5), since this is a root of the quadratic X2− uX + 1,
getting

exp(2πi/5) =
u+
√
u2 − 4
2

=
−1 +

√
5 +

√
−10− 2

√
5

4
.

Similar tricks only work for n < 11, but in 1771 Vandermonde found the ex-
pression

5 exp(2πi/11) =
5
√

11
4

(
89 + 25

√
5 + 5

√
α− 45

√
β
)

+
5
√

11
4

(
89 + 25

√
5− 5

√
α+ 45

√
β
)

+
5
√

11
4

(
89− 25

√
5 + 5

√
α+ 45

√
β
)

+
5
√

11
4

(
89− 25

√
5− 5

√
α− 45

√
β
)
,

where
α = −5 + 2

√
5 and β = −5− 2

√
5.

9.4 Solvable Groups

Given a finite group G, a chain of subgroups {1} = Gn ≤ · · · ≤ G0 = G is
called a subnormal series if Gi C Gi+1 for all i. The factor groups Gi/Gi+1

are called the subquotients of the subnormal series. A chain is called a normal
series if each Gi is a normal subgroup of G. (Some authors call a subnormal
series a normal series, but then have no name for a normal series.)
A finite group G is called solvable provided there exists a subnormal series
for G such that all subquotients are cyclic. We observe that a simple group is
solvable if and only if it is cyclic of prime order.
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The interest in such groups arises from Proposition 9.7, which states that if L/K
is normal and radical, and if K contains enough roots of unity, then Gal(L/K) is
a solvable group. A more general version of this result will be given in the next
section, where we also prove a partial converse. Hence Gal(L/K) is solvable if
and only if we can ‘solve’ the field extension L/K using radical expressions.

Proposition 9.9. Let G be a finite group and H ≤ G a subgroup. Let {1} =
Gn C · · · C G0 = G be a subnormal series for G. Setting Hi := H ∩ Gi, then
{1} = Hn C · · ·CH0 = H is a subnormal series for H. Moreover, Hi/Hi+1 ≤
Gi/Gi+1.
In particular, if each Gi/Gi+1 is abelian (respectively cyclic), then so is each
Hi/Hi+1. Hence G solvable implies H is solvable.

Proof. We have Hi ≤ Gi, Gi+1 C Gi and Hi+1 = Hi ∩ Gi+1, so by the Third
Isomorphism Theorem, Hi+1 CHi and Hi/Hi+1

∼= (HiGi+1)/Gi+1 ≤ Gi/Gi+1.
For the second part, we observe that subgroups of abelian (respectively cyclic)
groups are again abelian (respectively cyclic).

Proposition 9.10. Let G be a finite group and H CG a normal subgroup. Let
{1} = Gn C · · ·CG0 = G be a subnormal series for G. Setting Ḡi := (GiH)/H,
then {1} = Ḡn C · · · C Ḡ0 = G/H is a subnormal series for G/H. Moreover,
Gi/Gi+1 � Ḡi/Ḡi+1.
In particular, if each Gi/Gi+1 is abelian (respectively cyclic), then so is each
Ḡi/Ḡi+1. Hence G solvable implies G/H is solvable.

Proof. Set Hi := H ∩ Gi. Then both Gi+1,Hi C Gi are normal subgroups, so
also Gi+1Hi CGi. By the Second Isomorphism Theorem, we have

Gi/(Gi+1Hi) ∼= (Gi/Hi)/(Gi+1Hi/Hi),

whereas by the Third Isomorphism Theorem we have

Gi/Hi
∼= (GiH)/H = Ḡi.

Combining these gives an epimorphism

GiH � Gi/Hi � Gi/(Gi+1Hi), gh 7→ g(Gi+1Hi).

This therefore has kernel Gi+1H, so Gi+1H C GiH is a normal subgroup. By
the Secong Isomorphism Theorem we now have Ḡi+1 C Ḡi and

Ḡi/Ḡi+1
∼= (GiH)/(Gi+1H) ∼= Gi/(Gi+1Hi).

Finally, by the First Isomorphism Theorem, we have an epimorphism

Gi/Gi+1 � Gi/(Gi+1Hi) ∼= Ḡi/Ḡi+1

as required. The second part follows as in the previous proposition.
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Theorem 9.11. Let H ≤ G be finite groups. Then G solvable implies H
solvable. Moreover, if H CG, then G is solvable if and only if both H and G/H
are solvable.

Proof. Using the propositions above, it only remains to prove that H and G/H
both solvable implies G is solvable.
Let {1} = Hn C · · · C Hm = H be a subnormal series for H and let {1} =
Ḡm C · · · C Ḡ0 = G/H be a subnormal series for G/H. Define Gi := Hi for
m ≤ i ≤ n and Gi := π−1(Ḡi) for 0 ≤ i ≤ m, where π : G → G/H is the
canonical epimorphism. Since π−1(Ḡm) = H, this definition is consistent. Also,
π−1(Ḡ0) = G.
Then {1} = GnC· · ·CG0 = G is a subnormal series for G. Moreover, Gi/Gi+1

∼=
Hi/Hi+1 for m ≤ i < n and Gi/Gi+1

∼= Ḡi/Ḡi+1 for 0 ≤ i < m. The first of
these is clear, and the second follows from the Second Isomorphism Theorem.
In particular, if each Hi/Hi+1 and Ḡi/Ḡi+1 is abelian (respectively cyclic), then
so is each Gi/Gi+1. It follows that if both H and G/H are solvable, then so is
G.

We say that a chain of subgroups {1} = G′
n ≤ · · · ≤ G′

0 = G is a refinement
of a chain {1} = Gm ≤ · · · ≤ G0 = G provided that each Gi occurs as some G′

j .

Corollary 9.12. A group is solvable if and only if it has a subnormal series
whose subquotients are all cyclic of prime order, which is if and only if it has a
subnormal series whose subquotients are all abelian.

Proof. All finite abelian groups are direct products of cyclic groups, and all
cyclic groups have a normal series whose subquotients are cyclic of prime order.
Thus, given a subnormal series with abelian subquotients, we can refine it to a
subnormal series whose subquotients are cyclic of prime order.

Theorem 9.13. Let p be a prime and G a finite p-group, so having pr elements
for some r. Then there exists a normal series {1} = Z0 C Z1 C · · ·C Zn = G,
where Zi+1/Zi = Z(G/Zi) is the centre of G/Zi. In particular, G is solvable
(in fact nilpotent).

Proof. We let G act on itself by conjugation. The orbits of size one are given
by the elements of the centre Z = Z(G) = Z1 of G, and note that |Z| ≥ 1 since
1 ∈ Z. Let X be a set of representatives for the conjugacy classes of size at least
2. For x ∈ X let Gx = StabG(x) be the stabiliser of x, so the orbit of x has size
[G : Gx] > 1. Since G is a p-group, we see that p divides each [G : Gx]. Now,
|G| = |Z| +

∑
x∈X [G : Gx], so p divides |Z|. In particular, G has non-trivial

centre. Since Z CG and G/Z is again a p-group we are done by induction.

More generally, we have the following famous theorem. John Thompson was
recently awarded the Abel Prize for this and other work on finite groups.

69

http://www.abelprisen.no/en/


Theorem 9.14 (Feit-Thompson). Every finite group of odd order is solvable.
In particular, if G is a finite simple group, then either G is cyclic of prime order
or else |G| is even.

We shall need the following result, concerning the solvablility of the symmetric
and alternating groups.

Theorem 9.15. The alternating group An is solvable if n ≤ 4 and simple if
n ≥ 5. In particular, the symmetric group Sn is solvable if and only if n ≤ 4.

Proof. For n = 4 we have the normal series {1} C V C A4 C S4, where V =
{id, (12)(34), (13)(24), (14)(23)} ∼= (Z/2Z)2. Since each quotient is abelian, we
have the result. Moreover, since S4/V ∼= S3, we also obtain that S3 is solvable.
On the other hand, if n ≥ 5, then An is simple but not cyclic, so not solvable.
(This was on the third exercise sheet.) Since An CSn, the full symmetric group
Sn is not solvable for n ≥ 5.

9.5 Solvable Galois Extensions

We now come to one of the highlights of Galois Theory.

Theorem 9.16. Let L/K be finite and normal. Then Gal(L/K) is solvable if
and only if there exists a finite extension M/L with M/K normal and radical.

Proof. Let L/K be Galois and let M/L be a field extension such that M/K is
Galois and radical of exponent r. Let ζ be a primitive r-th root of unity (in a
splitting field of Xr − 1 over M). We observe that M(ζ) is the compositum of
M and K(ζ).
Since M/K and K(ζ)/K are both Galois, M(ζ)/K is Galois by Theorem 7.6.
Moreover, Theorem 9.5 implies that M(ζ)/K(ζ) is radical of exponent r, and
since ζ is a primitive r-th root of unity, we must have that Gal(M(ζ)/K(ζ))
is solvable, Proposition 9.7. Since this is a normal subgroup of Gal(M(ζ)/K)
with quotient the abelian group Gal(K(ζ)/K) (Corollary 9.2), we deduce from
Theorem 9.11 that Gal(M(ζ)/K) is a solvable group.
Now, L/K is Galois, and by Theorem 7.5 we have an epimorphism of groups
Gal(M(ζ)/K) � Gal(L/K). Therefore Gal(L/K) is solvable by Theorem 9.11.
Conversely, let G = Gal(L/K) be solvable group of order r = [L : K], and
let {1} = Gn C · · · C G0 = G be a subnormal series for G with cyclic sub-
quotients. Let Ki be the intermediate field of L/K belonging to Gi, so that
L = Kn/ · · · /K0 = K is a tower of field extensions. Then Ki/Ki−1 is Galois
with Galois group Gi−1/Gi cyclic of order dividing r.
Now let M be the splitting field extension of Xr − 1 over L and let ζ ∈M be a
primitive r-th root of unity. Note that M is the compositum of L and K(ζ), so
M/K is Galois by Theorem 7.6.
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Set Mi := Ki(ζ), so that we have a tower M = Mn/ · · · /M0 = K(ζ). By
Theorem 7.6 again, Mi/Mi−1 is Galois and Gal(Mi/Mi−1) ≤ Gal(Ki/Ki−1),
so that the Galois group is cyclic of order dividing r. By Theorem 9.4, Mi =
Mi−1(αi) with αr

i ∈ Mi−1. Hence M = Mn/ · · · /M0 = K(ζ) is a radical tower
of exponent r.
Finally, since K(ζ)/K is radical by Proposition 9.8, we deduce from Theorem
9.5 that M/K is normal and radical.

We say that an irreducible polynomial f ∈ K[X] is solvable by radicals if
there exists a radical extension M/K containing a root of f . Since the normal
closure of a radical extension is again radical, Theorem 9.6, it is equivalent to
assume that there exists a radical Galois extension M/K containing a root of f .
In this case, M contains all roots of f , so contains the splitting field extension
L of f over K.
We remark once again that L/K will not be radical in general.

Theorem 9.17 (Galois). An irreducible polynomial f is solvable by radicals if
and only if Gal(f) is a solvable group.

Proof. Let f ∈ K[X] be irreducible and let L/K be its splitting field extension,
so that Gal(f) = Gal(L/K). Then f is solvable by radicals if and only if there
exists a finite extension M/L with M/K normal and radical, which by Theorem
9.16 is if and only if Gal(L/K) is solvable.

Corollary 9.18. A general quintic is not solvable by radicals.

Proof. We saw in Example 6 of the previous chapter that f = X5 − 4X + 2 ∈
Q[X] is irreducible and has Galois group S5. Therefore Gal(f) is not solvable,
so f is not solvable by radicals.
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Chapter 10

Explicit Formulae for
Cubics and Quartics

In this chapter we apply the above considerations to the cubic and quartic
polynomials, and in so doing obtain radical expressions for roots of cubics and
quartics. In particular, we recover Cardano’s formula from the introduction,
and motivate the constructions involved. The formula for the quartic is due to
Ferrari, a student of Cardano.

10.1 Solving the Cubic

Let f = X3−e1X
2+e2X−e3 ∈ K[X] be irreducible and let αi for i = 1, 2, 3 be

the roots of f in its splitting field extension L. Thus the ei arethe elementary
symmetric functions

e1 = α1 + α2 + α3, e2 = α1α2 + α2α3 + α3α1, e3 = α1α2α3.

The Galois group G of f is a subgroup of S3, and we have the subnormal series
{1}CA3 CS3 with cyclic subquotients. In fact, A3

∼= Z/3Z and S3/A3
∼= Z/2Z.

In order to solve the cubic, we first adjoin primitive square and cube roots of
unity (since 2 and 3 are the orders of the cyclic subquotients). Since −1 ∈ K,
it is enough to adjoin a primitive cube root of unity ω. So, from now on we
assume that ω ∈ K.
We define

δ =
∏
i<j

(αi − αj) = (α2
1α2 + α2

2α3 + α2
3α1)− (α1α

2
2 + α2α

2
3 + α3α

2
1),

so that the discriminant of f is

∆(f) = e2
1e

2
2 − 4e3

1e3 − 4e3
2 + 18e1e2e3 − 27e2

3.
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We have already observed that an element of G fixes δ if and only if it is an
even permutation. Thus Gal(L/K(δ)) = G ∩A3.
Since Gal(L/K(δ)) = A3 and ω ∈ K, we know that there exists some u ∈ L
such that u3 ∈ K(δ). In fact, by Theorem 9.4, this element u must satisfy
u/σ(u) = ω, where σ = (123) : αi 7→ αi+1 is a generator for A3. The obvious
choice is to consider u = α1 + ωα2 + ω2α3, for then σ(u) = ω2u, so that
u/σ(u) = ω.
It remains to calculate u3, which we know from the introduction equals

(α3
1 +α3

2 +α3
3)+6α1α2α3 +3ω(α2

1α2 +α2
2α3 +α2

3α1)+3ω2(α1α
2
2 +α2α

2
3 +α3α

2
1).

Using that

(α2
1α2 + α2

2α3 + α2
3α1) + (α1α

2
2 + α2α

2
3 + α3α

2
1) = e1e2 − 3e3,

we can write

u3 = (e3
1 − 3e1e2 + 9e3) + 3

2ω(e1e2 − 3e3 + δ) + 3
2ω

2(e1e2 − 3e3 − δ)
= e3

1 − 9
2e1e2 + 27

2 e3 + 3
2 (ω − ω2)δ

= 1
2 (λ+ 3(ω − ω2)δ), where λ = 2e3

1 − 9e1e2 + 27e3.

Note that ω−ω2 =
√
−3. Similarly, we can form the sum v = α1 +ω2α2 +ωα3

and see that
v3 = 1

2 (λ− 3(ω − ω2)δ), uv = e2
1 − 3e2.

We can now solve for αi using the three expressions

e1 =
∑

i

αi, u =
∑

i

ωi−1αi, v =
∑

i

ω2(i−1)αi.

In this way we recover the formula given in the introduction: we have

α1 = 1
3 (e1 + u+ v), α2 = 1

3 (e1 + ω2u+ ωv), α3 = 1
3 (e1 + ωu+ ω2v),

and u3 and v3 are the roots of the resolvent quadratic

g := X2 − λX + 1
4 (λ2 + 27∆), λ := 2e3

1 − 9e1e2 + 27e3.

[This is essentially the same formula, but we have not assumed that e1 = 0 and
we have that the u in the introduction is one third of the u here.]
We also have the following criterion for the Galois group of an irreducible cubic
f ∈ K[X].

√
∆ Gal(f)

not in K S3

in K A3

73



10.2 Solving the Quartic

We now carry out a similar analysis for an irreducible quartic polynomial f =
X4− e1X

3 + e2X
3− e3X + e4 ∈ K[X]. Let L be a splitting field extension and

let αi for i = 1, 2, 3, 4 be the roots of f in L. Let G ≤ S4 be the Galois group
of f .
Recall that S4 is a solvable group. In fact, we have the normal series {id}CT C
V C A4 C S4 whose subquotients are cyclic of order 2, 2, 3, 2 respectively. Here
we have written T for the subgroup generated by (12)(34), although we could
have used any of the non-trivial elements in V . Since the cyclic subquotients
are of orders 2 and 3, it is again enough to adjoin a primitive cube root of unity
ω.
We have

δ = (α1 − α2)(α1 − α3)(α1 − α4)(α2 − α3)(α2 − α4)(α3 − α4)

=
∑

σ∈A4

α3
σ(1)α

2
σ(2)ασ(3) −

∑
σ∈A4

ασ(1)α
2
σ(2)α

3
σ(3),

and since σ ∈ G fixes δ if and only if σ is even, we see that the group associated
to K(δ) is G ∩A4.
We next want to calculate the fixed field of G ∩ V . This will be a Galois
extension of K(δ) with Galois group a subgroup of A4/V ∼= Z/3Z. Since V =
{id, (12)(34), (13)(24), (14)(23)}, we are led to consider the elements

a = (α1 + α2)(α3 + α4), b = (α1 + α3)(α2 + α4), c = (α1 + α4)(α2 + α3).

We observe that

a+ b+ c = 2e2, ab+ bc+ ca = e2
2 + e1e3 − 4e4, abc = −e2

3 − e2
1e4 + e1e2e3

so that a, b, c are the roots of the resolvent cubic

g := X3 − 2e2X
2 + (e2

2 + e1e3 − 4e4)X + (e2
3 + e2

1e4 − e1e2e3).

This has coefficients in K, and so K(a, b, c) is the splitting field extension for g,
hence is Galois.
We also observe that

a− b = (α1 − α2)(α3 − α4),
b− c = −(α1 − α2)(α3 − α4),
a− c = −(α1 − α3)(α2 − α4),

so that ∏
i<j

(αi − αj) = (a− b)(a− c)(b− c).
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Thus f and g have the same discriminant ∆. Since the roots of f are distinct,
∆ 6= 0, so the roots of g must also be distinct. Note however that g may not be
irreducible.
We can now calculate the subgroup associated to K(a, b, c). For, since a, b, c are
all distinct, σ ∈ G fixes a if and only if σ is one of the elements

id, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)

(which form the elements of a group of type D8). Doing this for b and c as well,
we deduce that the group associated to K(a, b, c) is precisely G ∩ V .
We remark that K(a, b, c)/K is Galois with Galois group Gal(g) = G/(G ∩ V ).
This is naturally a subgroup of S3

∼= S4/V .
Moreover, since f and g have the same discriminant, we can substitute the
coefficients of g into the formula for the discriminant of a cubic to obtain the
formula for the discriminant of a quartic:

∆(f) = e21e
2
2e

2
3 − 4e31e

3
3 − 4e32e

2
3 − 4e21e

3
2e4 − 6e21e

2
3e4 + 16e42e4

+ 18e31e2e3e4 + 18e1e2e33 − 27e41e
2
4 − 27e43 − 80e1e22e3e4 − 128e22e

2
4

+ 144e21e2e
2
4 + 144e2e23e4 − 192e1e3e24 + 256e34.

We already know how to solve the cubic g: we consider

2e2 = a+ b+ c, u = a+ ωb+ ω2c, v = a+ ω2b+ ωc.

Then
u3 = 1

2 (λ+ 3(ω − ω2)δ),

where as before

λ = 2(a+ b+ c)3 − 9(a+ b+ c)(ab+ bc+ ca) + 27abc

= 16e3
2 − 18e2(e2

2 + e1e3 − 4e4) + 27(e1e2e3 − e2
3 − e2

1e4)

= 2e3
2 + 27e2

3 + 27e2
1e4 − 72e2e4 − 9e1e2e3.

(Note that we used the symmetric functions in the elements a, b, c in the formula
for λ.)
We next want to calculate the fixed field of G ∩ T . This is an extension of
K(a, b, c) of degree at most 2. We will show that this always equals L :=
K(a, b, c, α1 +α2, α1α2). Let H be the subgroup associated to L. It is clear that
(G∩ T ) ≤ H ≤ (G∩ V ), so the result follows if we can show that H ≤ (G∩ T ).
Suppose therefore that σ ∈ H. Since α1 + α2 = α1 + αj implies j = 2, and
similarly α1 +α2 = αi +α2 implies i = 1, we see that α1 +α2 6= α3 +α4 implies
σ ∈ 〈(12), (34)〉 ∩ V = T . Similarly for α1α2. Therefore, if σ 6∈ G ∩ T , then we
must have both α1 + α2 = α3 + α4 =: θ and α1α2 = α3α4 =: φ. Hence we have
four distinct roots of the quadratic X2 − θX + φ, a contradiction.
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We note that α1 +α2 and α3 +α4 are the roots of the quadratic X2− e1X + a,
whereas α1α2 and α3α4 are the roots of the quadratic X2−(e2−a)X+e4. Also,
α1+α2 = α3+α4 implies e1 = 2(α1+α2) and a = (α1+α2)2 = 1

4e
2
1 ∈ K. Thus,

provided that g has no root in K, we have L = K(a, b, c, α1 + α2). Otherwise
we may assume that g has a root a ∈ K. Then α1 +α2 = α3 +α4 if and only if
e2
1 = 4a, and α1α2 = α3α4 if and only if (e2 − a)2 = 4e4. Thus we can always

write either L = K(a, b, c, α1 + α2) or L = K(a, b, c, α1α2).
In particular, to obtain L from K(a, b, c), we only need to adjoin either a square
root of e2

1 − 4a or a square root of (e2 − a)2 − 4e4.
Finally, to obtain α1 and α2, we can solve the quadratic

X2 − (α1 + α2)X + α1α2

by adjoining a square root of (α1 + α2)2 − 4α1α2.
We remark that α1α2 and α1 + α2 are related by the formula

8e3−4e1e2 +e3
1 = −

(
2(α1 +α2)−e1

)(
8α1α2 +4(a−e2)−e1

(
2(α1 +α2)−e1

))
.

This expression seems to be new — at least I couldn’t find it in the standard
literature. One can easily check it in the simple case when e1 = 0. For, making
the substitution −α4 = α1 + α2 + α3 one obtains

a− e2 = −α1α2 − α3α4 = −α1α2 + α1α3 + α2α3 + α2
3

and

e3 = −(α1 + α2)(α1α2 + α1α3 + α2α3 + α2
3) = −(α1 + α2)(2α1α2 + a− e2).

The general formula follows after applying the Tschirnhaus transformation Y =
X + a/4.
A different approach, the standard method for solving a quartic and yielding
simpler formulae, involves finding expressions for α1 + α3 and α1 + α4 as well
as for α1 + α2. We thus solve the three quadratics

X2 − e1X + a, X2 − e1X + b, X2 − e1X + c.

We may choose square roots such that

p =
√

e2
1 − 4a = 2(α1 + α2)− e1 = (α1 + α2)− (α3 + α4)

q =
√

e2
1 − 4b = 2(α1 + α3)− e1 = (α1 + α3)− (α2 + α4)

r =
√

e2
1 − 4c = 2(α1 + α4)− e1 = (α1 + α4)− (α2 + α3),
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which gives us the compatibility condition

pqr =
√

e2
1 − 4a

√
e2
1 − 4b

√
e2
1 − 4c

= (α3
1 + α3

2 + α3
3 + α3

4) + 2(α1α2α3 + α1α2α4 + α1α3α4 + α2α3α4)

− (α2
1α2 + α2

1α3 + α2
1α4 + α2

2α3 + α2
2α4 + α2

3α4)

− (α1α
2
2 + α1α

2
3 + α1α

2
4 + α2α

2
3 + α2α

2
4 + α3α

2
4)

= (e3
1 − 3e1e2 + 3e3) + 2e3 − (e1e2 − 3e3)

= 8e3 − 4e1e2 + e3
1.

Having this, we can now solve for α1, since

2α1 + e1 = (α1 + α2) + (α1 + α3) + (α1 + α4) = 1
2 (3e1 + p+ q + r).

Note that with this method we have to solve one extra quadratic, and also
have to introduce a compatibility condition, both of which are avoided using
the previous method following the theory. On the other hand, the formulae are
easier. We also observe the connection between the two methods, since

p = 2(α1 + α2)− e1,

qr = −
(
8α1α2 + 4(a− e2)− e1

(
2(α1 + α2)− e1

))
.

In summary, given a quartic

f = X4 − e1X
3 + e2X

2 − e3X + e4 ∈ K[X],

where K contains a primitive cube root of unity, we form the resolvent cubic

g = X3 − 2e2X
2 + (e2

2 + e1e3 − 4e4)X + (e2
3 + e2

1e4 − e1e2e3)

having roots a, b, c. We then take square roots

p =
√

e2
1 − 4a, q =

√
e2
1 − 4b, r =

√
e2
1 − 4c

with signs chosen such that

pqr = 8e3 − 4e1e2 + e3
1.

The roots of f are then given by

α1 = 1
4 (e1 + p+ q + r) α3 = 1

4 (e1 − p+ q − r)
α2 = 1

4 (e1 + p− q − r) α4 = 1
4 (e1 − p− q + r).

It is also possible to give simple criteria for determining the Galois group of
a quartic f (following Kappe and Warren). Note that we only need the third
column to distinguish between D8 and Z/4Z. In these two cases g has a root in
K, which we may assume to be a.
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√
∆ g ∈ K[X]

√
(e2 − a)2 − 4e4,

√
e2
1 − 4a Gal(f)

not in K irreducible S4

not in K root a not both in K(
√

∆) D8

not in K root a both in K(
√

∆) Z/4Z

in K irreducible A4

in K splits V

Recall that the fixed field of G ∩ A4 is K(
√

∆) and the fixed field of G ∩ V is
K(a, b, c), the splitting field of g. The degree of K(a, b, c)/K equals the index
of G ∩ V in G.
If
√

∆ ∈ K, then G is a subgroup of A4, so either A4 or V . If G = A4, then
[K(a, b, c) : K] = 3, so that g is irreducible. If G = V , then K(a, b, c) = K and
g splits over K. We observe that g splits over K if and only if g has a root in
K.
Otherwise, if

√
∆ 6∈ K, then G is one of S4, D8 or Z/4Z. If G = S4, then

[K(a, b, c) : K] = 6 and g is irreducible over K (in fact, Gal(g) ∼= S3.) If
G = D8 or G = Z/4Z, then G ∩ V = G ∩A4. (G ∩A4 equals V if G = D8 and
is isomorphic to Z/2Z if G = Z/4Z). Thus K(a, b, c) = K(

√
∆) and g has a

root in K, which we may assume to be a. N.B. Making this choice means that
G contains the 4-cycle (1324).
To distinguish between D8 and Z/4Z, set

h := (X2 − e1X + a)(X2 − (e2 − a)X + e4).

This has roots α1 + α2, α3 + α4, α1α2, α3α4. As above, the splitting field of h
over K(a, b, c) = K(

√
∆) is precisely the fixed field of G ∩ T . Now, if G = D8,

then G∩T = T 6= V = G∩V . Thus h does not split over K(
√

∆). On the other
hand, if G = Z/4Z, then G ∩ T = T = G ∩ V , so h does split over K(

√
∆).

We remark that the standard analysis is based on the fact that, provided that√
∆ 6∈ K and g has a root in K, we have G ∼= D8 if and only if f is irreducible

over K(
√

∆). Checking the irreducibility of a quartic, however, is non-trivial.
Our method only requires one to check whether e2

1−4a and (e2−a)2−4e4 have
square roots in K(

√
∆), a much easier problem.

As a special case, we note that if f = X4 + e2X
2 + e4 ∈ K[X] is irreducible,

with roots ±α,±β, then

1. Gal(f) ∼= V if and only if e4 is a square in K if and only if αβ ∈ K;

2. Gal(f) ∼= Z/4Z if and only if e4(e22 − 4e4) is a square in K if and only if
αβ ∈ K(α2) \K;

3. Gal(f) ∼= D8 if and only if neither e4, e4(e22− 4e4) are squares in K if and
only if αβ 6∈ K(α2).
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For, ∆ = 16e4(e2
2 − 4e4)2, so ∆ is a square if and only if e4 is a square. Also,

g = X
(
X2 − 2e2X + (e2

2 − 4e4)
)
, so has roots 0 and e2 ± 2

√
e4. In particular,

we can always take a = 0 ∈ K, so the possible Galois groups are V , D8 and
Z/4Z. Note that e2

1 − 4a = 0 always has a square root in K.
Now, G = V if and only if

√
e4 ∈ K. On the other hand, suppose that

√
e4 6∈

K. Then e2
2 − 4e4 is a square in K(

√
e4) if and only if e4(e2

2 − 4e4) is a
square in K. For, writing e2

2 − 4e4 = (x + y
√

e4)2 with x, y ∈ K, we see that
2xy
√

e4 = (e2
2 − 4e4) − x2 − y2e4 ∈ K. Hence xy = 0, so either x = 0 and

e4(e2
2 − 4e4) = y2e2

4, or else y = 0 and e2
2 − 4e4 = x2. In this latter case, we

would have the factorisation f =
(
X2 + 1

2 (e2 +x)
)(
X2 + 1

2 (e2−x)
)
, so f would

not be irreducible.
The statements involving the roots follow from the expressions

e2 = −(α2 + β2), e4 = α2β2, e2
2 − 4e4 = (α2 − β2)2.

Another nice exercise is to use this criterion to study the polynomial f = X4 +
pX + p ∈ Z[X] for p a prime. This has Galois group S4 if p 6= 3, 5, has Galois
group D8 if p = 3 and has Galois group Z/4Z if p = 5.
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Chapter 11

Applications

11.1 Symmetric Functions

Let L = k(x1, . . . , xn) with each xi transcendental over k(x1, . . . , x−1). In
other words, we have a tower L = kn/ · · · /k0 = k such that ki = ki−1(xi) is
a simple transcendental field extension. (We say that the xi are algebraically
independent, since they satisfy no algebraic relation. C.f. linear independence.)
Let Sn act on L as k-automorphisms, where σ(xi) := xσ(i). We define the
elementary symmetric functions to be

er :=
∑

i1<···<ir

xi1 · · ·xir
=

∑
I⊂{1,...,n}

|I|=r

∏
i∈I

xi, 1 ≤ r ≤ n.

We now observe that Sn acts on the set of subsets I ⊂ {1, . . . , n} of size r.
Hence σ(er) = er for all σ ∈ Sn, so that er ∈ LSn . Define K := k(e1, . . . , en).

Theorem 11.1 (Fundamental Theorem of Symmetric Functions). L/K is Ga-
lois with Galois group Sn. In particular, any rational function in the xi which
is invariant under Sn can be expressed as a rational function of the ei.
Moreover, any polynomial in the xi which is invariant under Sn can be expressed
as a polynomial in the ei, so k[x1, . . . , xn]Sn = k[e1, . . . , en].

Proof. Since Sn is a finite group, L/LSn is a Galois extension. This gives an
epimorphism Sn � Gal(L/LSn), which is injective, so an isomorphism. For, if
σ acts as the identity on L, then σ(xi) = xi for all i, so σ(i) = i for all i, whence
σ = id. Therefore [L : LSn ] = |Sn| = n! and Sn = Gal(L/LSn).
We showed above that K ⊂ LSn , so [L : K] ≥ n!. Conversely, consider the
polynomial

F =
∏

i

(X − xi) = Xn − e1X
n−1 + e2X

n−2 − · · · · · ·+ (−1)nen ∈ K[X].
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This has degree n and roots xi for 1 ≤ i ≤ n. Thus the splitting field extension of
F over K is precisely K(x1, . . . , xn) = L. By Theorem 5.1, we have [L : K] ≤ n!.
Hence [L : K] = n! and LSn = K, proving the first statement.
We now want to prove that L hasK-basis given by the following set of monomials
M := {xa1

1 · · ·xan
n : 0 ≤ ai < i}. We begin by showing that we can write any

polynomial f ∈ k[x1, . . . , xn] as a sum of elements of the form xa1
1 · · ·xan

n g with
g ∈ k[e1, . . . , en] and 0 ≤ ai < i for all i. We introduce the polynomials

Fi(X) := (X − x1) · · · (X − xi) = F (X)/(X − xi+1) · · · (X − xn),

so that Fi has degree i and coefficients involving only e1, . . . , en and xi+1, . . . , xn.
For example, if n = 3, then

F3 = F = (X − x1)(X − x2)(X − x3) = X3 − e1X
2 + e2X − e3

F2 = (X − x1)(X − x2) =
F3

(X − x3)
= X2 − (e1 − x3)X + (e2 − e1x3 + x2

3)

F1 = (X − x1) =
F2

(X − x2)
= X − (e1 − x2 − x3).

Since x1 is a root of F1 and deg(F1) = 1, we can replace all occurrences in f of
x1 using e1, . . . , en and x2, . . . , xn. In fact, we know that F1 = X − e1 + (x2 +
· · ·+ xn), and we are replacing x1 with e1 − (x2 + · · ·+ xn).
Since x2 is a root of F2 and deg(F2) = 2, we can replace all occurrences in f of
xd

2 for d ≥ 2 by a linear polynomial in x2 with coefficients from e1, . . . , en and
x3, . . . , xn. By induction, using that deg(Fi) = i and xi is a root of Fi, we can
replace all occurrences of xd

i for d ≥ i by a polynomial of degree at most i−1 in
xi with coefficients from e1, . . . , en and xi+1, . . . , xn. In this way, we can write
any polynomial in the stated form.
Now, if f = f1/f2 ∈ L with f1, f2 ∈ k[{xi}], then setting g2 =

∏
σ∈Sn\{1} σ(f2)

we see that g2f2 is symmetric and f1g2 ∈ k[{xi}] can be written as a k[{ei}]-
linear combination of the elements from M. Since f = f1g2/f2g2, we see that
M is a spanning set. Since |M| = n! it must also be a basis.
Finally, if f ∈ k[{xi}] is symmetric, then we can write it as a k[{ei}]-linear
combination of the elements fromM. SinceM is a K-basis, we must have that
f ∈ k[{ei}].

As an example, if n = 3 and f = x2
1x3 + x3

2. We will be using the substitutions

x1 = e1 − x2 − x3

x2
2 = −e2 + e1x2 + e1x3 − x2x3 − x2

3

x3
3 = e3 − e2x3 + e1x

2
3,

found using F1, F2 and F3. We first replace all occurrences of x1 to get

f = e2
1x3 − 2e1x2x3 − 2e1x

2
3 + x2

2x3 + 2x2x
2
3 + x3

2 + x3
3.
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We next replace all occurrences of x2
2 to get

f = −e1e2 + (e2
1 − e2)x2 + 2e2

1x3 − 2e1x2x3 − 3e1x
2
3 + x2x

2
3 + x3

3.

Finally we replace all occurrences of x3
3 to get

f = (e3 − e1e2) + (e2
1 − e2)x2 + (2e2

1 − e2)x3 − 2e1x2x3 − 2e1x
2
3 + x2x

2
3.

We have therefore expressed f as a linear combination of the elements ofM =
{1, x2, x3, x2x3, x

2
3, x2x

2
3}, with coefficients in the polynomial ring k[e1, e2, e3].

Another classical problem involves the field L = k(x) with x transcendental over
k. Consider the following six k-automorphisms of L:

f(x) 7→ f(x), f( 1
x ), f(1− x), f( 1

1−x ), f(1− 1
x ) = f(x−1

x ), f( x
x−1 ).

It is not hard to see that these six transformations form a group isomorphic
to S3. For, if σ(f(x)) = f(1 − 1

x ), then σ2(f(x)) = f(1 − 1
1−1/x ) = f( 1

1−x )
and σ3 = id. Similarly, we can let τ(f(x)) = f( 1

x ). Then τ2 = id and τσ =
σ2τ : f(x) 7→ f( x

x−1 ).

Theorem 11.2. L/LS3 is a Galois extension with Galois group S3 and fixed
field LS3 = k(J), where J = (x2−x+1)3

x2(x−1)2 .

Proof. Since S3 is a finite group, we know that L/LS3 is Galois with Galois
group S3, hence [L : LS3 ] = |S3| = 6. On the other hand, it is not hard to
check that the function J = (x2−x+1)3

x2(x−1)2 lies in LS3 . (We only need to check that
σ(J) = J = τ(J).)
Set K = k(J) ⊂ LS3 . Then L = K(x) and x is a root of the polynomial
X2(X − 1)2 − (X2 −X + 1)3J ∈ K[X], of degree 6. Thus [L : K] ≤ 6. Since
[L : LS3 ] = 6 and K ⊂ LS3 , it follows that LS3 = K.

In other words, the set of functions f for which

f(x) = f( 1
x ) = f(1− x) = f( 1

1−x ) = f(x−1
x ) = f( x

x−1 )

is precisely the field k(J) of functions in J .
This function J can be found in the study of elliptic curves. The Legendre
normal form of an elliptic curve E is Y 2 = X(X−1)(X−λ) with λ ∈ C\{0, 1},
and two ellpitic curves E,E′ are isomorphic if and only if the numbers λ, λ′ lie in
the same S3-orbit. Therefore, given an elliptic curve E, we define J(E) := J(λ),
and this parameterises the isomorphism classes of elliptic curves. (It is common
to define j(E) := 28J(E) and declare this to be the j-invariant of the elliptic
curve E.)
Another instance where the J-invariant occurs is in the cross-ratio. Recall that
the cross-ratio of four complex numbers (z1, z2, w1, w2) may be defined as

[z1, z2;w1, w2] :=
(z1 − w1)(z2 − w2)
(z1 − w2)(z2 − w1)

∈ C ∪ {∞}.
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However, different permutations may give different values. In fact, the symmetry
group S4 acts on the quadruple (z1, z2, w1, w2) by place-permutation. Since

[z1, z2;w1, w2] = [z2, z1;w2, w1] = [w1, w2; z1, z2] = [w2, w1; z2, z1]

we see that the subgroup V acts trivially. Now V C S4 is a normal subgroup,
and the factor group is isomorphic to S3. If we define λ := [z1, z2;w1, w2], then

[z1, w1; z2, w2] = 1− 1
λ

and [z1, z2;w2, w1] =
1
λ
.

This induces an action of S3 on the Riemann sphere P1C = C∪{∞}, analogous
to the action of Sym3 on C(X). More precisely, σ(λ) := 1 − 1

λ and τ(λ) := 1
λ .

In fact, viewing C(X) as the function field of P1C, these two actions of Sym3

are dual to one another.
The Möbius group PGL2(C) acts on P1C via(

a b
c d

)
(z) :=

az + b

cz + d
.

This action is 3-transitive, since it can take any three distinct points to any
other three distinct points. The action also preserves the cross-ratio of any four
points. In particular, given any four distinct points (z1, z2, w1, w2), there exists a
unique Möbius transformation M taking these four points to (λ, 1, 0,∞), where
λ = [z1, z2;w1, w2]. In fact, we take M(x) := [x, z2;w1, w2]. This is used in the
proof of the former result concerning elliptic curves.
For more interesting facts about cubics, elliptic curves and S3, try here.

11.2 Finite Fields

A finite field is a field with only finitely many elements. Examples include the
fields Fp := Z/pZ for each prime number p. We begin with an easy lemma.

Lemma 11.3. Let F be a finite field with q elements. Then

1. char(F ) = p > 0 and F has prime subfield Fp;

2. q = pn where n = [F : Fp];

3. F× is a cyclic group of order q − 1.

Proof. The first part is clear, as is the second using a basis for F over Fp. The
third part was proved in Lemma 7.10.

Let F be a finite field with q = pn elements. Recall from Lemma 6.2 that the
Frobenius homomorphism Fr(x) = xp is a field automorphism of F . Moreover,
since it fixes 1, it fixes every element of the prime subfield Fp. Thus Fr ∈
Gal(F/Fp).
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Lemma 11.4. Let F be a finite extension of Fp and let Fr be the Frobenius
homomorphism.

1. For x ∈ F , Frn(x) = x if and only if x is a root of Xpn −X.

2. The polynomial Xpn − X is separable and has pn distinct roots in its
splitting field extension.

3. Let G = 〈Fr〉 ≤ Gal(F/Fp). Then G is a finite cyclic group with fixed field
Fp.

Proof. (1) This is clear, since Frn(x) = xpn

.
(2) Suppose (X − x)2|f over its splitting field. Then X − x divides f ′ = −1, a
contradiction. Thus f has pn distinct roots in its splitting field extension.
(3) The Frobenius homomorphism is an automorphism of the finite set F , hence
has finite order. Thus G = 〈Fr〉 is a finite cyclic group. We know that Fr fixes
Fp. On the other hand, x ∈ F is fixed by Fr if and only it is a root of Xp −X,
which has at most p distinct roots in F . Thus the fixed field of Fr is precisely
Fp.

Theorem 11.5. Let p be a prime and n a positive integer. Then there exists a
finite field F with pn elements.
If F is any finite field with pn elements, then

1. F/Fp is Galois with cyclic Galois group generated by Fr.

2. Each element of F is a root of Xpn − X. Thus F is the splitting field
extension of Xpn −X, so is unique up to isomorphism.

3. F/Fp has an intermediate field E with pr elements if and only if r|n, in
which case E is the fixed field of Frr. In particular, F/E is Galois of
degree n/r and with Galois group generated by Frr.

Proof. Let F be the splitting field extension of Xpn−X over Fp. Since this poly-
nomial is separable, F is a Galois extension of Fp. Consider Frn ∈ Gal(F/Fp).
By the Lemma, this has fixed field the set of roots of Xpn−X in F , so equals F .
Thus each element of F is a root of Xpn −X and F has precisely pn elements.
Now let F be any finite field with pn elements.
(1) By the lemma, G := 〈Fr〉 is a finite subgroup of Gal(F/Fp) with fixed field
Fp. Hence by Theorem 7.2, F/Fp is Galois with Galois group G.
(2) Since |Gal(F/Fp)| = [F : Fp] = n, we see that Fr has order n. Thus
Frn(x) = x for all x ∈ F , so each element of F is a root of Xpn −X. Since F
has pn elements and there are pn distinct roots of Xpn − X, we see that F is
the splitting field of Xpn −X.
(3) By the Galois Correspondence, the intermediate fields correspond to the
subgroups of Gal(F/Fp) = 〈Fr〉. These are of the form Frr for r|n. Since 〈Frr〉
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has index r in the Galois group, its fixed field E has degree r over Fp. Thus E
has pr elements, so F/E is Galois of degree n/r.

We write Fq for the finite field with q elements. If q = pn, then we write
Frq := Frn, so that Frq(x) = xq. Thus the Galois group of Fqr/Fq is generated
by Frq.

Corollary 11.6. Every finite extension of a finite field is Galois. If f ∈ Fq[X]
is irreducible of degree n, then Fq[X]/(f) ∼= Fqn and the roots of f are of the
form αqr

for 0 ≤ r < n.

Proof. Let f ∈ Fq[X] be monic and irreducible of degree n. Then Fq[X]/(f)
is a degree n extension of Fq, hence isomorphic to Fqn . Since Fqn is a Galois
extension of Fq, we have that f is separable and splits completely in Fqn . The
Galois group is generated by Frq, and this acts transitively on the roots of f by
Proposition 7.13. Since f has n roots and Frq has order n, the Frobenius map
permutes the roots of f cyclically.

Proposition 11.7. Let q be a prime power. Over Fq we have the factorisation

Xqn

−X =
∏

f monic,irred
deg(f)|n

f.

Proof. We know thatXpn−X factorises over Fqn as the product
∏

α∈Fqn
(X−α),

and so has no repeated roots.
Let α ∈ Fqn , say with minimal polynomial m over Fq. Since α is a root of
Xpn −X ∈ Fq[X], we see that m divides Xpn −X. Also, the subfield Fq(α) of
Fqn must be of the form Fqr for some r|n, so the minimal polynomial m of α
over Fq has degree r dividing n.
Conversely, let f be any monic irreducible polynomial of degree r for r|n. We
know that Fq[X]/(f) ∼= Fqr , which is a subfield of Fqn . Since f splits in
Fq[X]/(f), it splits in Fqn . Hence every root of f is also a root of Xpn −X, so
that f divides Xpn −X.
This shows that the irreducible factors of Xpn − X over Fq are precisely the
monic irreducible polynomials of degree dividing n. Since everything is monic,
we have the result.

This result is a generalistaion of Wilson’s Theorem.
For, consider the polynomial Xp −X. We have seen that the roots of this are
precisely the elements of Fp, so that

Xp −X = X(X + 1)(X + 2) · · · (X + p− 1).

Equating coefficients of X we deduce Wilson’s Theorem, that

(p− 1)! ≡ −1 mod p.
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Define ϕd(q) to be the number of monic irreducible polynomials of degree d over
Fq. We can use the previous proposition to obtain a formula for ϕd(q). This
formula involves the Möbius function µ(n), defined as follows:

µ(n) :=

{
(−1)r if n = p1 · · · pr is a product of distinct primes;
0 if d2|n for some d ≥ 2.

We immediately see that µ(1) = 1, that µ(mn) = µ(m)µ(n) provided m and n
are coprime (i.e. µ is a multiplicative function) and that for a prime p,

µ(pr) =


1 if r = 0;
−1 if r = 1;
0 if r ≥ 2.

The Möbius function satisfies the formula

∑
d|n

µ(d) =

{
1 if n = 1;
0 if n ≥ 2,

from which it follows that if we have functions fn and gn for all positive integers
n, then

fn =
∑
d|n

gd if and only if gn =
∑
d|n

µ
(n
d

)
fd.

Proposition 11.8.

ϕn(q) =
1
n

∑
d|n

µ(d)qn/d.

Proof. We have from the proposition that

Xqn

−X =
∏
d|n

∏
f monic,irred

deg(f)=d

f.

Comparing degrees, we deduce that

qn =
∑
d|n

dϕd(q).

Inverting this formula (with fn(q) = qn and gn(q) = nϕn(q)), we obtain that

nϕn(q) =
∑
d|n

µ
(n
d

)
qd =

∑
d|n

µ(d)qn/d

as required.
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Examples. We know that ϕ1(q) = q, and the irreducible polynomials of degree
1 over Fq are just the linear polynomials X − α for α ∈ Fq.
Next, we have

ϕ2(q) =
1
2
(
q2 − q

)
, ϕ3(q) =

1
3
(
q3 − q

)
, ϕ4(q) =

1
4
(
q4 − q2

)
.

We can compute the irreducible polynomials over F2 or F3, using the Sieve of
Erastothenes, but taking irreducible polynomials over a finite field instead of
prime numbers in the integers. (That these methods work is due to the fact
that both K[X] and Z are principal ideal domains.)
We have the following irreducible polynomials over F2.

X2 +X + 1

X3 +X + 1, X3 +X2 + 1

X4 +X + 1, X4 +X3 + 1, X4 +X3 +X2 +X + 1.

Over F3 we have three irreducible quadratics.

X2 + 1, X2 +X − 1, X2 −X − 1.

Try and find the 8 irreducible cubics and the eighteen irreducible quartics your-
selves.

11.3 The Normal Basis Theorem

The Normal Basis Theorem is due to Hensel (1888) in the case of finite fields,
and Noether (1932) and Deuring (1933) for general Galois extensions. It states
that for a Galois extension L/K, there is a K-basis of L given by a single orbit
{σ(θ) : σ ∈ Gal(L/K)} of the Galois group.
This basis has applications to cryptography, since it is easy to manipulate and
is computationally very efficient.

Theorem 11.9 (Normal Basis). Let L/K be Galois. Then there exists an
element θ ∈ L such that the set {σ(θ) : σ ∈ Gal(L/K)} is a K-basis for L,
called a normal basis.

We shall split the proof into two cases: when the field is infinite, or when the
Galois group is cyclic (which includes all finite fields).

11.3.1 Proof for infinite fields

Recall that, for an irreducible polynomial f ∈ K[X] with roots α1, . . . , αn, we
have the discriminant ∆(f) := (−1)(

n
2) ∏

i 6=j(αi − αj). We can generalise this
notion as follows.
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Let L/K be a Galois extension with Galois group G = {σ1, . . . , σn}. For
{α1, . . . , αn} ⊂ L we define

∆(α1, . . . , αn) := det
(
TrL

K(αiαj)
)
∈ K.

We observe that we can rewrite this as follows. Set

A :=
(
σi(αj)

)
∈Mn(L).

Then
AtA =

( ∑
i

σi(αiαj)
)

=
(
TrL

K(αiαj)
)
∈Mn(K),

using that
TrL

K =
∑

i

σi,

as shown in Proposition 7.18. Therefore

∆(α1, . . . , αn) = det(A)2.

This definition generalises the discriminant for f . For, let L/K be the splitting
field of f and let α1, . . . , αn be the roots of f in L. We may assume that the
Galois group acts via σi(α1) = αi. Therefore, using the subset {1, α1, . . . , α

n−1
1 },

we obtain as above that

A :=
(
σi(α

j−1
1 )

)
=

(
αj−1

i

)
.

This is a Van der Monde matrix, so

det(A) =
∏
i>j

(αi − αj), whence ∆(1, α1, . . . , α
n−1
1 ) = det(A)2 = ∆(f).

Proposition 11.10. Let L/K be Galois. Then {α1, . . . , αn} is a K-basis for
L if and only if ∆(α1, . . . , αn) 6= 0.

Proof. Let Gal(L/K) = {σi} and set A := (σi(αj)) as before. Then A is non-
singular if and only if ∆(α1, . . . , αn) 6= 0.
Suppose first that A is singular. Then there exists λi ∈ L such that (λi)A = 0,
or in other words,

∑
i λiσi(αj) = 0 for all j. If the αj were a K-basis, then

for any θ ∈ L we could write θ =
∑

j µjαj . Then
∑

i λiσi(θ) = 0, so that∑
i λiσi = 0, contradicting the Linear Independence of Characters. Hence the

αi do not form a K-basis of L.
Conversely, suppose thatA is non-singular. Then the αi are linearly independent
over K. For, if

∑
j λjαj = 0 for some λj ∈ K, then applying σi yields that∑

j σi(αj)λj = 0 for all i. Therefore A(λi) = 0. Since A is non-singular, we
deduce that λj = 0 for all i.
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We can now prove the Normal Basis Theorem for infinite fields.
Let L/K be Galois with Galois group Gal(L/K) = {σi}. By the Primitive
Element Theorem, we can write L = K(α). Set f ∈ K[X] to be the minimal
polynomial of α. Over L we have f =

∏
i(X − σi(α)), by Proposition 7.18. For

convenience we assume that σ1 = id and α1 = α, and write αi = σi(α).
The idea is now to use the Chinese Remainder Theorem to obtain

L[X]/(f) ∼= Ln, X 7→ (α1, . . . , αn) where n := deg(f) = [L : K].

In particular, we have a complete set of pairwise orthogonal idempotents in Ln

given by ei having 1 in place i and 0 elsewhere.
More explicitly, set

gi :=
∏
j 6=i

X − αj

αi − αj
.

Then clearly gi(αj) = 0 for i 6= j and gi(αi) = 1 (so that gi 7→ ei ∈ Ln). Note
also that σi(g1) = gi. Furthermore, if i 6= j, then each αl is a root of ghigj , so
f divides gigj in L[X] (corresponding to eiej = 0 for i 6= j in Ln). Finally, we
have the polynomial identity

∑
i gi = 1 in L[X] (corresponding to 1 =

∑
i ei in

Ln). For, the left hand side is a polynomial of degree at most n− 1, and takes
the value 1 at each αl; therefore it is identically 1.
Thus, in L[X], we have gigj ≡ 0 mod f for i 6= j, and gj =

∑
i gigj ≡ g2

j mod f .
From this we obtain that, in K[X], we have TrL

K(gigj) ≡ 0 mod f for i 6= j and
TrL

K(g2
i ) ≡ TrL

K(gi) = 1 mod f . This yields the polynomial identity

∆(gi) = det
(
TrL

K(gigj)
)
≡ 1 mod f,

since the off-diagonal entries vanish, and the diagonal entries are all 1.
We can now define a polynomial h ∈ K[X] via h(X) = ∆(gi). As a polynomial,
this is non-zero, since it is congruent to 1 modulo f . Since K is an infinite field,
there exists some λ ∈ K such that h(λ) 6= 0 (and h(λ) = ∆(gi(λ))). Setting
θ := g1(λ), we have gi(λ) = σi(θ), and hence ∆(σi(θ)) = h(λ) 6= 0. By the
previous Proposition, we deduce that {σi(θ)} is a normal basis for L/K.

As a simple example, consider Q(i)/Q. Then f = X2 + 1, and g1 = 1
2i (X + i)

and g2 = −1
2i (X − i). Hence

Tr(g2
1) = −1

4
Tr(X2 + 2iX − 1) = −1

2
(X2 − 1) = 1− 1

2
f.

Similarly

Tr(g2
2) = 1− 1

2
f and Tr(g1g2) =

1
2
f,

so that
h(X) = det

(
Tr(gigj)

)
= 1− f = X2.

The result then says that {g1(λ), g2(λ)} = { 1
2i (λ+ i), −1

2i (λ− i)} is a Q-basis if
and only if λ 6= 0.
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11.3.2 Proof for cyclic Galois groups

Let σ ∈ Gal(L/K) be a generator for the Galois group. We observe that any
normal basis for L/K is of the form {θ, σ(θ), . . . , σn−1(θ)}, where n = [L : K].
Recall that L is a K-vector space of dimension n and that σ is a K-linear endo-
morphism of L. In particular, we can talk about the characteristic polynomial
χ of σ, and also its minimal polynomial m. Clearly σn = 1, so that the minimal
polynomial m divides Xn − 1. On the other hand, by the Linear Independence
of Characters, we know that 1, σ, . . . , σn−1 are linearly independent, so that σ
does not satisfy any polynomial relation of degree less then n. Since [L : K] = n
we deduce that m = χ = Xn − 1.
The normal basis theorem therefore follows from the a general result in linear
algebra. Let V be a K-vector space of dimension n and let S ∈ EndK(V ).
A cyclic vector for S is a vector v ∈ V such that {v, S(v), · · · , Sn−1(v)} is a
K-basis of V .

Theorem 11.11. The endomorphism S has a cyclic vector if and only if its
minimal polynomial equals its characteristic polynomial.

The proof of this is essentially a special case of the rational normal form for
matrices. (The rational normal form is a generalisation of the Jordan normal
form which works for arbitrary fields, not just algebraically closed fields.) Our
approach will be via polynomials.
Let χ = pr1

1 · · · prs
s be the characteristic polynomial of S, where pi ∈ K[X] are

pairwise coprime, monic irreducible polynomials. Again, the Chinese Remainder
Theorem tells us that

K[X]/(χ) ∼= K[X]/(pr1
1 )× · · · ×K[X]/(prs

s ).

We again have a complete set of pairwise orthogonal idempotents ei having 1
in the i-th factor and 0 elsewhere.
Explicitly, set

fi :=
∏
j 6=i

p
rj

j = m/pri
i .

Then gcd(f1, . . . , fs) = 1, so there exist gi with
∑

i gifi = 1. We observe
that χ divides fifj for i 6= j. Hence fj =

∑
i gififj ≡ gjf

2
j mod (χ), so that

(gifi)2 ≡ gifi mod (χ). In summary,

P̃i := gifi, P̃iP̃j ≡ 0 mod (χ) for i 6= j, P̃ 2
i ≡ P̃i mod (χ).

(Thus P̃i 7→ ei.)
Set Pi := P̃i(S) = gi(S)fi(S). By the Cayley-Hamilton Theorem, we know that
χ(S) = 0 on V . Thus

P 2
i = Pi, PiPj = 0 for i 6= j, and

∑
i

Pi = id.
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Using this we can write

V =
⊕

i

Vi, where Vi = Im(Pi).

For, we know that v =
∑

i Pi(v). On the other hand, if Pi(v) = Pj(w) for some
v, w ∈ V and some i 6= j, then Pj(w) = P 2

j (w) = PjPi(v) = 0. This shows that
the sum is direct.
Note that Vi = Ker(pi(S)ri), so that the Vi are generalised eigenspaces. For,
if v = Pi(w) ∈ Vi, then since pri

i fi = χ, we have pi(S)riPi = 0, so v ∈
Ker(pi(S)ri). Conversely, if pi(S)ri(v) = 0, then writing v =

∑
j Pj(v) and

using that pri
i divides fj for i 6= j, we see that Pj(v) = 0 for all j 6= i. Hence

v = Pi(v) ∈ Vi.
Next we note that each Vi is S-invariant; i.e. if v ∈ Vi, then S(v) ∈ Vi. For,
PiS = SPi, which follows from the fact that Pi = gi(S)fi(S) is a polyno-
mial in S. Therefore S can be represented as a block diagonal matrix S =
diag(S1, . . . , Ss), where Si represents the induced action of S on Vi.
We can now reduce to the case when V = Vi for some i. For, if vi ∈ Vi is a
cyclic vector for Si for each i, then v =

∑
i vi ∈ V is a cyclic vector for S. To

see this, we just note that vi = Pi(v) ∈ W := Span{v, S(v), S2(v), . . .}. Thus
Vi ≤W for each i, whence W = V . Also, the characteristic polynomial χi of Si

on Vi is just pri
i , whereas if the minimal polynomial of S equals m = pa1

1 · · · pas
s

with 1 ≤ ai ≤ ri, then the minimal polynomial mi of Si equals mi = pai
i . So

m = χ if and only if ai = ri for all i, which is if and only if mi = χi for all i.
Therefore it is enough to prove the result when χ = pr for some monic irreducible
polynomial p.
Suppose first that m 6= χ. Then for each vector v ∈ V the subspace W :=
Span{v, S(v), S2(v), . . .} has dimension at most deg(m) < deg(χ) = dimV .
Therefore V cannot have a cyclic vector. (As a trivial example, think of S = id,
which has minimal polynomial X − 1 and characteristic polynomial (X − 1)n.
If n ≥ 2, then S does not have a cyclic vector.)
Now suppose that m = χ, and consider pr−1. By definition, p(S)r−1 6= 0, so
there exists v ∈ V such that p(S)r−1(v) 6= 0. We claim that such a vector
is a cyclic vector for S. Again, set W := Span{v, S(v), S2(v), . . .}. We know
that W ≤ V is an S-invariant subspace. It follows from the First Isomorphism
Theorem that S induces an action on the quotient V/W . In particular, we can
represent S as an upper-triangular block matrix

S =
(
S1 S3

0 S2

)
, where S1 = S|W ∈ EndK(W ), S3 = S̄ ∈ EndK(V/W ).

Therefore χ = χ1χ2, where χi is the characteristic polynomial of Si. (We
have already mentioned this fact in the Remark following Theorem 3.5 about
the norm and trace.) Since χ = pr is a power of an irreducible polynomial, we
deduce that χ1 = pa for some 1 ≤ a ≤ r. By the Cayley-Hamilton Theorem once
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more, we know that p(S)a = 0 on W , whereas by construction p(S)r−1(v) 6= 0.
Thus a ≥ r, so that a = r and dimW = deg(pr) = dimV , so that V = W .
This completes the proof of Theorem 11.11, and hence the proof of the Normal
Basis Theorem when the Galois group is cyclic.
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Appendix A

Background

This is a summary of background material from Introductory Group Theory
(MATH 1022) and Rings, Fields and Polynomials (MATH 2032), together with
some topics which could (should) have been included.

A.1 Groups

A group (G, ·, e) is a set G together with a group law · : G × G → G and an
element e ∈ G satisfying the following axioms:

Associativity a · (b · c) = (a · b) · c for all a, b, c ∈ G.
Unit a · e = a = e · a for all a ∈ G.

Inverses ∀a ∈ G ∃a−1 ∈ G such that a · a−1 = e = a−1 · a.

We often write ab instead of a · b.
A group is called abelian, or commutative, if ab = ba for all a, b ∈ G. In
this case we sometimes write the group law additively, a+ b, in which case the
inverse of a is −a and the unit is 0.
The order |G| of G is the number (possibly infinite) of elements of G as a set.
A subgroup H ≤ G is a subset H ⊂ G such that

Non-empty e ∈ H.
Closure ab−1 ∈ H for all a, b ∈ H.

It follows that · restricts to a group law H ×H → H and that (H, ·, e) is again
a group.
A left coset of H is a subset of the form aH := {ah : h ∈ H} for some a ∈ G.
The index [G : H] of H in G is the number of distinct left (or right) cosets.

Theorem A.1 (Lagrange). Let H ≤ G be a subgroup. Then any two left cosets
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of H are either disjoint or equal, and each such left coset is in bijection with H
itself. In particular, [G : H] = |G|/|H|.

Let S ⊂ G be a subset of G. The smallest subgroup of G containing S is denoted
〈S〉, called the group generated by S. The elements of 〈S〉 are finite products
of elements from S∪S−1, where S−1 := {a−1 : a ∈ S}. A group is called cyclic
if it is generated by a single element. The order of an element a is the order of
the subgroup 〈a〉. Each cyclic group is abelian.
A subgroup N ≤ G is called normal if aNa−1 = N (or equivalently aN = Na)
holds for all a ∈ G. We write N CG. In this case we define a multiplication on
the set G/N of cosets of N via (aN)(bN) := (ab)N . We sometimes write ā for
the coset aN . Then (G/N, ·, ē) is again a group, called the factor group of G
by N .
Each subgroup of an abelian group is normal, and each factor group is again
abelian.
Examples.

1. The integers under addition form an abelian group (Z,+, 0). This is cyclic,
generated by either 1 or −1. For each n ∈ Z we have the cyclic subgroup
〈n〉 = nZ = {· · · ,−n, 0, n, 2n, · · · }. The factor group Z/nZ has elements
0̄, 1̄, . . . , n− 1.

2. The non-zero complex numbers C× := C \ {0} under multiplication form
an abelian group (C×, ·, 1). For each n we have the cyclic subgroup µn :=
〈exp(2πi/n)〉 = {exp(2πik/n) : k ∈ Z}.

3. The set of symmetries of a geometric figure form a group with respect to
composition. The subset of all rotations forms a normal subgroup. This
fits nicely with the idea that conjugation g 7→ aga−1 can be thought of as
a change of point of view.

Let G and H be two groups. A group homomorphism f : H → G is a map
such that f(ab) = f(a)f(b) for all a, b ∈ H. Note that f(eH) = eG sends the
unit of H to the unit of G. We call f a group isomorphism if there exists a
group homomorphism g : G→ H such that fg = idG and gf = idH , which is if
and only if f is bijective.
The kernel of f is Ker(f) := {a ∈ H : f(a) = eG}; it is a normal subgroup of
H. The image of f is Im(f) := {f(a) ∈ G : a ∈ H}; it is a subgroup of G.

Lemma A.2. 1. If H ≤ G is a subgroup, then the inclusion map ιH : H ↪→
G is an injective group homomorphism.

2. If N C G is a normal subgroup, then the canonical map πN : G � G/N ,
a 7→ aN , is a surjective group homomorphism.

Theorem A.3 (Isomorphism Theorems). 1. Let f : H → G be a group ho-
momorphism and N C H a normal subgroup of H. If N ⊂ Ker(f),
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then there exists a unique group homomorphism f̄ : H/N → G such that
f = f̄πN . In particular, there is a group isomorphism

H/Ker(f) ∼= Im(f), aKer(f) 7→ f(a).

2. Let N C G. There exists a bijection between normal subgroups of G con-
taining N and normal subgroups of G/N . If N ⊂M CG, then there is a
group isomorphism

(G/N)/(M/N) ∼= G/M.

3. Let H ≤ G and N CG. Then

HN := {hn : h ∈ H,n ∈ N}

is a subgroup of G. Moreover, N CHN and H ∩N CH, and there exists
a group isomorphism

(HN)/N ∼= H/(H ∩N).

Example.

Let n ∈ Z and consider the function f : Z → C×, k 7→ exp(2πik/n). This
is a group homomorphism with kernel nZ and image µn. Thus there exists a
group isomorphism Z/nZ ∼= µn. Note that the group law on the left is written
additively, whereas it is written multiplicatively on the right.
Let X be a set. The symmetry group Sym(X) of X is the set of all bijections
of X, with multiplication the usual composition of functions. In particular,
when X = {1, 2, . . . , n} we write Sn for its symmetry group, also called the
permutation group or symmetric group.
A k-cycle in Sn is a permutation of the form σ = (a1 a2 · · · ak), denoting the
function

ai 7→ ai+1 for 1 ≤ i < k, ak 7→ a1, all other elements fixed.

A 2-cycle is also called a transposition. Every element of Sn can be written
as a product of disjoint cycles, and every cycle can be written as a product of
transpositions. In fact, it is enough to take transpositions of the form (i i+ 1).
There is a group homomorphism sgn: Sn → µ2 = {±1}, called the sign map,
sending each k-cycle to (−1)k−1. The kernel of the sign map is a normal sub-
group of Sn, denoted An and called the alternating group.
We say that a subgroup G ≤ Sn is transitive if for all 1 ≤ i, j ≤ n there exists
some σ ∈ G such that σ(i) = j.

A.2 Rings

A commutative, unital ring (R,+, ·, 0, 1) is a set R together with two operations
+: R×R→ R (addition) and · : R×R→ R (multiplication) together with two
elements 0, 1 ∈ R satisfying the following axioms:
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Addition (R,+, 0) is an abelian group
Multiplication Multiplication is commutative, associative and has unit 1
Distributivity a · (b+ c) = a · b+ a · c

We will only consider commutative, unital rings, and we shall simply call them
rings.
Examples.

1. The integers Z, the rational numbers Q, the real numbers R and the
complex numbers C are all rings.

2. If R is a ring, then we can form the polynomial ring R[X]. Its elements
are the polynomials f(X) = anX

n + · · · + a1X + a0 with coefficients
ai ∈ R, on which we have the usual addition and multiplication. We write
deg(f) = max{n : an 6= 0} if f 6= 0, and set deg(0) := −∞.

3. More generally, if {Xi} is a (possibly infinite) set of indeterminates, then
R[{Xi}] is a ring whose elements are finite R-linear combinations of mono-
mials, where each monomial is a finite product of powers of the Xi. We
have R[{X1, . . . , Xn}] ∼= R[X1][X2] · · · [Xn].

4. If 0 = 1 in R, then R = {0}, called the trivial ring. For all other rings
we have 0 6= 1.

We write R× := {a ∈ R : ∃b ∈ R with ab = 1} for the set of units of a ring R.
Note that (R×, ·, 1) is an abelian group.
A field is a non-trivial ring K with inverses, i.e. such that K× = K \ {0}.
An integral domain is a non-trivial ring R with no zero-divisors, i.e. ab = 0
implies a = 0 or b = 0. Equivalently, R has cancellation, so that if ax = bx
with x 6= 0, then a = b.
Examples.

1. Q, R and C are all fields, and all fields are integral domains.

2. Z is an integral domain but not a field.

3. If R is an integral domain, then so is the polynomial ring R[{Xi}]. By
considering degrees of polynomials we obtain that the units of R[{Xi}] are
just the units of R.

4. C×C with component-wise addition and multiplication is a ring, with zero
(0, 0) and unit (1, 1), but is not an integral domain, since (1, 0)(0, 1) =
(0, 0).

If R is an integral domain, then we can form the quotient field, or field of
fractions, Quot(R) of R. We first define an equivalence relation on R×(R\{0})
by (x, y) ∼ (x′, y′) if xy′ = x′y. We denote the equivalence class of (x, y) by
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x/y. Thus x/y = x′/y′ if and only if xy′ = x′y. The set of all equivalence
classes is denoted by Quot(R). The ring structure is given via

a/b+ x/y := (ay + bx)/by, (a/b)(x/y) := (ax)/(by),

which is quickly checked to be well-defined. We identify R with the subring
{x/1 : x ∈ R} of Quot(R). In particular, the unit is 1/1 and the zero is 0/1.
If A and B are subsets of a ring R, we write

A+B := {a+ b : a ∈ A, b ∈ B} and AB := {ab : a ∈ A, b ∈ B}.

A (unital) subring S ≤ R is an additive subgroup closed under multiplication
and containing 1. Then (S,+, ·, 0, 1) is again a ring. If S is a subset of R, then
it is a subring if and only if 1 ∈ S and S + S, S2 ⊂ S. The prime subring of
R is the smallest subring of R.
An ideal ICR is an additive subgroup closed under multiplication by elements
of R; that is, RI ⊂ I. Since I is an additive subgroup of R, we have the
factor group R/I whose elements are the additive cosets ā = a + I. This is
again an abelian group with zero 0̄ = I. We define a multiplication on R/I via
(a+ I)(b+ I) := (ab) + I, or ā · b̄ := ab. Then R/I is again a ring, with unit 1̄,
called the factor ring of R by I.
Examples.

1. Quot(Z) = Q. If R is an integral domain, then R is a subring of Quot(R).

2. {0} and R are ideals of R.

3. nZ is an ideal of Z, so that Z/nZ is again a ring.

4. Let I C R. Write I[X] for the set of polynomials in R[X], all of whose
coefficients lie in I. Then I[X] CR[X].

5. Let S be a subset of a ringR. We write (S) for the smallest ideal containing
S. Its elements are finite R-linear combinations of elements of S. If S =
{a1, . . . , an} is finite, we also write (S) = (a1, . . . , an) = Ra1 + · · ·+Ran.

Let R and S be two rings. A (unital) ring homomorphism f : S → R is
a map preserving addition, multiplication and units; in other words, f is an
additive group homomorphism such that f(1S) = 1R and f(ab) = f(a)f(b) for
all a, b ∈ S. We call f a ring isomorphism if there exists a ring homomorphism
g : R→ S such that fg = idR and gf = idS , which is if and only if f is bijective.
The kernel of f is Ker(f) := {a ∈ S : f(a) = 0 ∈ R}; it is an ideal of S. The
image of f is Im(f) := {f(a) ∈ R : a ∈ S}; it is a subring of R.

Lemma A.4. 1. If S ≤ R be a subring, then the inclusion ιS : S ↪→ R is an
injective ring homomorphism.

2. If I CR be an ideal, then the canonical map πI : R � R/I, a 7→ a+ I, is
a surjective ring homomorphism.
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Theorem A.5 (Isomorphism Theorems). 1. Let f : S → R be a ring homo-
morphism and I C S an ideal. If I ⊂ Ker(f), then there exists a unique
ring homomorphism f̄ : S/I → R such that f = f̄πI . In particular, there
exists a ring isomorphism

S/Ker(f) ∼= Im(f), a+ Ker(f) 7→ f(a).

2. Let I C R. There exists a bijection between ideals of R containing I and
ideals of R/I. If I ⊂ J CR, then there is a ring isomorphism

(R/I)/(J/I) ∼= R/J.

3. Let S ≤ R be a subring and I CR an ideal. Then S+ I is a subring of R.
Moreover, IC (S+I) and (S∩I)CS, and there exists a ring isomorphism

(S + I)/I ∼= S/(S ∩ I).

Examples.

1. Let I C R, so that I[X] C R[X]. There is a ring homomorphism R[X]→
(R/I)[X], aXn 7→ āXn. This is surjective with kernel I[X]. Thus there
exists a ring isomorphism R[X]/I[X] ∼= (R/I)[X].

2. Let S ⊂ R be a subring and α ∈ R. There exists a ring homomorphism
evα : S[X] → R, X 7→ α, called evaluation at α. If f ∈ R[X], we write
f(α) for evα(f). The image of evα is denoted S[α], and is the smallest
subring of R containing S and α.

Let I CR. We call I

proper if I 6= R.
trivial if I = {0}.

maximal if I is proper, and I ⊂ J CR implies J = I or J = R.
prime if xy ∈ I implies x ∈ I or y ∈ I.

principal if there exists x ∈ I such that I = (x) = Rx = {rx : r ∈ R}.

Proposition A.6. Let R be a ring and I CR an ideal of R. Then

(1) R/I is a field if and only if I is maximal.

(1)′ R is a field if and only if (0) and R are the only ideals of R.

(2) R/I is an integral domain if and only if I is prime.

(2)′ R is an integral domain if and only if (0) is prime.

(3) I maximal implies I prime.

(3)′ R a field implies R an integral domain.
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Lemma A.7. Let K be a field and R a non-trivial ring. Then every ring
homomorphism f : K → R is injective.

Proof. Ker(f) is an ideal of K, so either (0) or K itself. If Ker(f) = (0), then
f is injective. If Ker(f) = K, then 1R = f(1K) = 0R, so that R is trivial.

A.3 Division and Factorisation

In a ring R, we say that a divides b, written a|b, if there exists x ∈ R such
that b = ax. Equivalently, b ∈ (a), or (b) ⊂ (a). Note that 1 divides every other
element, and each element divides 0.
If R is an integral domain, then a|b and b|a if and only if there exists a unit
u ∈ R× such that b = au. For, there exist u, v ∈ R such that b = au and
a = bv. If b = 0 then a = 0. Otherwise, since b = buv, we have uv = 1, so that
u, v ∈ R× are units.
A principal ideal domain is an integral domain R for which every ideal is
generated by a single element, so of the form (a) for some a ∈ R.

Proposition A.8. The ring of integers Z is a principal ideal domain. In fact,
the ideal generated by two integers a and b equals the ideal generated by their
greatest common divisor d.

Proof. Let I C Z be a non-zero ideal, and let b > 0 be minimal such that b ∈ I.
Let a ∈ I. By the Euclidean Algorithm, there exist integers q, r with b > r ≥ 0
such that a = qb + r. Now, r = a − qb ∈ I, so the minimality of b gives r = 0.
Therefore b divides a, so a ∈ (b). It follows that I = (b) is principal.

Let R be a non-trivial ring. Then there exists a unique ring homomorphism
f : Z → R. We define the characteristic of R to be char(R) := n where
Ker(f) = (n) and n ≥ 0.

Proposition A.9. Let K be a field. Then the polynomial ring K[X] is a prin-
cipal ideal domain.

Proof. The argument is entirely analogous to that of the previous proposition.
Let ICK[X] be a non-zero ideal, and let g ∈ I be chosen such that deg(g) ≥ 0 is
minimal. Let f ∈ I. By the division algorithm, there exist polynomials q, r such
that f = qg + r and deg(g) > deg(r). Now, r = f − qg ∈ I, so the minimality
of g gives deg(r) = −∞; i.e. r = 0. Therefore g divides f , so f ∈ (g). It follows
that I = (g) is principal.

Let R be an integral domain and a ∈ R a non-zero non-unit. We call a

prime if a|xy implies a|x or a|y.
irreducible if a = xy implies x is a unit or y is a unit.
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Proposition A.10. Let R be an integral domain and x ∈ R a non-zero non-
unit.

1. x is prime if and only if (x) is a prime ideal.

2. x prime implies x irreducible.

3. If R is a principal ideal domain, then x irreducible implies x prime. More-
over, (x) is maximal.

Proof. (1) Let x be prime and suppose that ab ∈ (x). Then x|ab, whence x|a
or x|b. In other words, a ∈ (x) or b ∈ (x), so that (x) is a prime ideal. The
converse is similar.
(2) Let x be prime and suppose that x = ab. Without loss of generality x|a, so
that a = xy for some y. Now x = ab = xyb, whence 1 = yb and b is a unit.
Thus x is irreducible.
(3) Let R be a principal ideal domain and let x be irreducible. Suppose that
ab ∈ (x), say ab = xy. We need to show that a ∈ (x) or b ∈ (x). The ideal
(a, x) = (d) is principal, say d = ar + xs. Since d|x we have x = de for some e.
Thus either e is a unit, in which case a ∈ (d) = (x) and we are done, or else d
is a unit and we may assume that d = 1. Then ab = xy and 1 = ar + xs, so

b = b(ar + xs) = abr + xbs = xyr + xbs = x(yr + bs).

Hence b ∈ (x) as required.
Suppose now that x is prime and consider (x) ⊂ (y) ⊂ R. Since y|x, we have
x = ay for some a ∈ R. Since x is irreducible, either a is a unit, in which case
(x) = (y), or else y is a unit, in which case (y) = R. Thus (x) is maximal.

An integral domain R is called a unique factorisation domain if

1. each non-zero non-unit a ∈ R can be written as a product of irreducibles
a = x1 · · ·xm, and

2. this expression is essentially unique, so that if a = x1 · · ·xm and a =
y1 · · · yn with each xi and yj irreducible, then m = n and (after re-
ordering) (xi) = (yi). Equivalently, there exist units ui ∈ R× such that
yi = uixi for all i.

Lemma A.11. Let R be a unique factorisation domain. Then x ∈ R is irre-
ducible if and only if x is prime.

Proof. We already know that prime implies irreducible, so let x be irreducible
and suppose that ab ∈ (x), hence ab = xy for some y ∈ R. Since x is irreducible
and factorisations are unique, x must occur in the factorisation of either a or b,
whence a ∈ (x) or b ∈ (x).

Theorem A.12. Every principal ideal domain is a unique factorisation domain.
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Proof. Let R be a principal ideal domain. We first show that every non-zero
non-unit can be expressed as a product of irreducible elements.
Suppose we have an increasing sequence of ideals I1 ⊂ I2 ⊂ · · · . Then the union
I :=

⋃
i Ii is again an ideal. Now, each ideal in R is principal, so we can write

Ii = (ai) and I = (a). Now, a ∈
⋃

i Ii, so a ∈ Ii for some i. Therefore I ⊂ Ii,
so I = Ii = Ii+1 = · · · . [This says that every increasing sequence of ideals
stabilises, so that R is Noetherian.]
Now, suppose for contradiction that a1 ∈ R cannot be written as a product of
irreducibles. Since a1 is not irreducible, we can write a1 = a2a

′
2 with both a2

and a′2 non-zero non-units. If both a2 and a′2 can be expressed as a product
of irreducibles, then the same would be true of a1, so we may assume that a2

cannot be written as a product of irreducibles. Repeating the argument yields
an increasing sequence of ideals (a1) ⊂ (a2) ⊂ · · · . Also, by construction,
(ai−1) 6= (ai), since ai−1 = aia

′
i and a′i is not a unit. Therefore this sequence of

ideals does not stabilise, contradicting the above result.
To see that this expression is unique, let a = x1 · · ·xm = y1 · · · yn with each xi

and yj irreducible. Since (x1) is a prime ideal (in fact maximal), R/(x1) is an
integral domain (in fact a field) and ȳ1 · · · ȳn = ā = 0 in R/(x1). Thus, after
re-ordering, ȳ1 = 0. Hence y1 ∈ (x1), say y1 = x1u1. Since both x1 and y1 are
irreducible, u1 must be a unit. Therefore (x1) = (y1) and x2 · · ·xm = u1y2 · · · yn.
Since y′2 := u1y2 is irreducible and (y′2) = (y2), the result follows by induction
on m+ n.

[In fact, if R is a Noetherian integral domain, then R is a unique factorisation
domain if and only if all irreducible elements are prime. The proof is the same,
but using the Noetherian property to deduce that the ascending chain of ideals
stabilises.]

Lemma A.13. Let α ∈ K. Then the kernel of the evaluation map evα : K[X]→
K is the ideal (X − α). In particular, α is a root of a polynomial f if and only
if X − α divides f , and f has at most deg(f) distinct roots in K.

Proof. Let I = Ker(evα). Then (X − α) ⊂ I, and (X − α) is a maximal ideal
by Lemma A.10. Since I is a proper ideal, we must have I = (X − α).
Now, α is a root of a polynomial f if and only if 0 = f(α) = evα(f), which is if
and only if f ∈ Ker(evα) = (X − α), which is if and only if X − α divides f .
If α1, . . . , αn are distinct roots of f , then each X − αi divides f , and since
K[X] is a unique factorisation domain, we must have that

∏
i(X − αi) divides

f . Hence deg(f) ≥ n.

Let R be a unique factorisation domain. We define a greatest common divi-
sor of two elements a, b ∈ R to be an element d = gcd(a, b) ∈ R such that

1. d is a divisor of a and b, i.e. d|a and d|b, and

2. if e is another divisor of a and b, then e|d.
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Proposition A.14. Let R be a unique factorisation domain. For a, b ∈ R, the
greatest common divisor gcd(a, b) exists and is unique up to a unit of R.

Proof. Write ab = ups1
1 · · · psr

r with u a unit and the pi distinct irreducible
elements, so (pi) 6= (pj) for i 6= j. Then we can write a = u′pm1

1 · · · pmr
r and

b = u′′pn1
1 · · · pnr

r for some units u′, u′′. Observe that si = mi +ni and u = u′u′′.
Define d := pt1

1 · · · ptr
r where ti := min(mi, ni). Clearly d is a divisor of a and b.

Now let e be a divisor of a and b. Then e is a divisor of ab, so by unique
factorisation is of the form vp

t′1
1 · · · p

t′r
r for some unit v and some t′i. Since e

divides a we have t′i ≤ mi, and since e divides b we have t′i ≤ ni. Thus t′i ≤ ti
for all i, whence e is a divisor of d.

Let R be a unique factorisation domain and consider a non-zero polynomial
f = anX

n + · · · + a0 ∈ R[X]. We define the content cont(f) of f to be the
greatest common divisor of the coefficients ai. We call f primitive if cont(f)
is a unit. Note that, if 0 6= d ∈ R, then cont(df) = d · cont(f).
More generally, let K = Quot(R) and let 0 6= f ∈ K[X]. By clearing denom-
inators, there exists 0 6= d ∈ R such that df ∈ R[X]. We therefore define
cont(f) := cont(df)/d ∈ K. To see that this is well-defined (up to a unit of R)
let 0 6= d′ ∈ R× also satisfy d′f ∈ R[X]. Then

d′ · cont(df) = cont(dd′f) = d · cont(d′f),

so that cont(df)/d = cont(d′f)/d′. It follows as before that if d ∈ K× and
f ∈ K[X], then cont(df) = d · cont(f).

Lemma A.15. Let R be a unique factorisation domain with quotient field K.
Then for f ∈ K[X] we have

1. f/cont(f) ∈ R[X] and is primitive. Conversely, if c ∈ K× is such that
f/c ∈ R[X] is primitive, then c = cont(f) (up to a unit of R).

2. cont(f) ∈ R if and only if f ∈ R[X].

Proof. (1) If f ∈ R[X], then it is clear from the definitions that f/cont(f) ∈
R[X] is primitive. If f ∈ K[X], take 0 6= d ∈ R such that df ∈ R[X]. Then
f/cont(f) = df/cont(df) ∈ R[X] is primitive. Finally, let c ∈ K× be such that
f/c ∈ R[X] is primitive. Then 1 = cont(f/c) = cont(f)/c, so that c = cont(f).
(2) If c := cont(f) ∈ R, then f = c · f/c ∈ R[X]. The converse is clear.

Lemma A.16 (Gauss’ Lemma). Let R be a unique factorisation domain with
quotient field K.

1. If f, g ∈ K[X], then cont(fg) = cont(f)cont(g).

2. If f ∈ R[X] is irreducible over R, then it is irreducible over K.

3. The converse holds provided that f is primitive.
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Proof. (1) Write f = cf ′ and g = dg′ with f ′, g′ ∈ R[X] primitive and c, d ∈ K×.
Then fg = cdf ′g′, so if we can show that f ′g′ is primitive, then cont(fg) = cd =
cont(f)cont(g) as required.
Let p ∈ R be prime and consider the factor ring R[X]/pR[X] ∼= (R/pR)[X].
Since R/pR is an integral domain, so is (R/pR)[X]. If p|cont(f ′g′), then f ′g′ = 0
in (R/pR)[X]. Since f ′g′ = f ′ · g′, we must have that either f ′ = 0 or g′ = 0,
whence p|cont(f ′) or p|cont(g′). Since both f ′ and g′ are primitive, this cannot
happen. Therefore cont(f ′g′) is not divisible by any irreducible element of R,
hence is a unit. Thus f ′g′ is primitive.
(2) We prove the contrapositive. Suppose f = gh ∈ K[X]. Since cont(f) =
cont(gh) = cont(g)cont(h) by (1), we can factorise f over R as

f = cont(f) · (g/cont(g)) · (h/cont(h)).

(3) Let f ∈ R[X] be primitive and suppose that f is irreducible over K. Let
f = gh be a factorisation over R. Since cont(f) = 1, we see that cont(g) and
cont(h) are units in R, so g and h are primitive. Since f is irreducible over K we
may assume without loss of generality that g is a unit in K[X], so deg(g) = 0.
Therefore g = cont(g) ∈ R× is a unit, so f is irreducible over R.

Theorem A.17. Let R be a unique factorisation domain. Then the polynomial
ring R[X] is again a unique factorisation domain. The units of R[X] are the
units of R. The irreducible elements of R[X] are the irreducible elements of R
together with the primitive irreducible polynomials.

Proof. We have already observed that when R is an integral domain then so is
R[X], and the units of R[X] are just the units of R. By considering degrees it is
clear that each irreducible in R remains irreducible in R[X]. Finally, by Gauss’
Lemma, a primitive polynomial f ∈ R[X] is irreducible over R if and only if it
is irreducible over K = Quot(R)
Let f ∈ R[X]. SinceK[X] is a principal ideal domain, it is a unique factorisation
domain, so we can write f = g1 · · · gr with each gi irreducible in K[X]. Set
ci := cont(gi) and fi := gi/ci ∈ R[X], so fi is primitive and irreducible over R.
Then f = cf1 · · · fr where c = c1 · · · cr = cont(f) by Gauss’ Lemma. Since R is
a unique factorisation domain, we can write c as a product of irreducibles in R.
Thus each polynomial can be written as a product of irreducible elements.
To see that this expression is unique, suppose that f = cg1 · · · gr and f =
dh1 · · ·hs with c, d ∈ R\{0} and gi, hj ∈ R[X] primitive irreducible polynomials.
In the principal ideal domainK[X] we have that c, d ∈ K× and, after reordering,
r = s and gi = uihi for some ui ∈ K×. Since gi and hi are primitive, ui =
cont(gi) ∈ R×. Setting u := u1 · · ·ur ∈ R×, we have that

dh1 · · ·hr = cg1 · · · gr = cuh1 · · ·hr.

Since R[X] is an integral domain, d = cu. Since R is a unique factorisation
domain, we are done.
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Examples.

1. Z, Z[X], Z[X,Y ] are all unique factorisation domains, but only Z is a prin-
cipal ideal domain. For example, the ideal (2, X) C Z[X] is not principal.

2. K, K[X], K[X,Y ] for K a field are all unique factorisation domains, but
only K and K[X] are principal ideal domains. For example, (X,Y ) C
K[X,Y ] is not principal.

3. Z[
√
−2] is a principal ideal domain, in fact a Euclidean domain (there

is a version of the Euclidean Algorithm). The units of Z[
√
−2] are the

elements a+ b
√
−2 such that a2 + 2b2 = 1, so just ±1.

4. Z[
√
−5] is not a unique factorisation domain, since 1 +

√
−5 is irreducible

but not prime.

5. Let R be a unique factorisation domain. A polynomial f ∈ R[X] is called
monic if its leading coefficient is 1. All monic polynomials are primitive.

Theorem A.18 (Eisenstein’s Criterion). Let R be a unique factorisation do-
main and let f = a0X

d + · · · + ad−1X + ad ∈ R[X] be primitive. Suppose that
there exists a prime p ∈ R such that p|ai for 1 ≤ i ≤ d, but p - a0 and p2 - ad.
Then f is irreducible.

Proof. Suppose that f = gh for some g, h ∈ R[X] non-units. Write g = b0X
r +

· · · + br and h = c0X
s + · · · + cs, so that d = r + s, a0 = b0c0 and ad =

brcs. Moreover, since f is primitive, g and h must be non-constant, so r, s ≥
1. Consider ḡh̄ = f̄ = ā0X

d ∈ (R/pR)[X]. Since (R/pR)[X] is a unique
factorisation domain, it follows that ḡ = b̄0X

r and h̄ = c̄0X
s, so p|bi for all 1 ≤

i ≤ r and p|cj for all 1 ≤ j ≤ s. In particular, p2|brcs = ad, a contradiction.

Theorem A.19 (Rational Root Test). Let R be a unique factorisation domain,
K = Quot(R) and f = a0X

d + · · ·+ ad ∈ R[X]. If α = p/q ∈ K is a root of f
such that gcd(p, q) = 1, then q|a0 and p|ad.

Proof. We have the equality

0 = qdf(p/q) = a0p
d + a1p

d−1q + · · ·+ ad−1pq
d−1 + adq

d.

Thus p|adq
d and q|a0p

d. By unique factorisation, using that gcd(p, q) = 1, we
deduce that p|ad and q|a0.

This theorem is often used in the following form.

Corollary A.20. Let f = Xn + an−1X
n−1 + · · · + a0 ∈ R[X] be a monic

polynomial. Then any root α ∈ K of f actually lies in R and is a divisor of a0.
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Appendix B

Zorn’s Lemma and
Applications

This chapter is non-examinable.
A partially ordered set, or poset, (S,≤) is a set with a relation ≤ satisfying

Reflexivity a ≤ a for all a.
Antisymmetry a ≤ b and b ≤ a imply a = b.

Transitivity a ≤ b and b ≤ c imply a ≤ c.

The poset (S,≤) is totally ordered if, for all a, b ∈ S, either a ≤ b or b ≤ a.
A maximal element of S is an element a ∈ S such that if a ≤ b, then a = b.
If (S,≤) is a poset, then a chain in S is a non-empty subset which is totally
ordered by ≤. If C ⊂ S is a subset, then an upper bound for C is an element
a ∈ S such that c ≤ a for all c ∈ C.
Zorn’s Lemma. Let (S,≤) be a non-empty poset in which every chain has an
upper bound. Then S has a maximal element.
Zorn’s Lemma is logically equivalent in Zermelo-Fraenkel Set Theory to the
Axiom of Choice, which says that if Si are sets, then the product

∏
i Si is

non-empty. In other words, we can make an infinite number of arbitrary choices.
We often use Zorn’s Lemma when proving statements for infinte sets when we
would have used induction for finite sets.
Typical examples are the following three results, the first of which uses the
Axiom of Choice; the latter two, Zorn’s Lemma.

Theorem B.1. Every surjective map between sets has a right inverse.

Proof. Let f : X → Y be a surjective map between two sets. A right inverse g
of f is a map g : Y → X such that fg = idY . Therefore, to construct g, we need
to choose an element in the fibre f−1(y) ⊂ X for each element y ∈ Y . Thus,
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if Y is infinite, we need to make an infinite number of arbitrary choices, hence
require the Axiom of Choice.

Theorem B.2. Every vector space has a basis.

Proof. Let S be the collection of linearly independent subsets of a non-zero
vector space V over a field K. This is non-empty, since each non-zero vector
is linearly independent. We endow S with the partial order ⊂ coming from
inclusion.
Let C = {Bi} be a chain in S. Then C has an upper bound, namely the union
B =

⋃
iBi. For, consider a finite linear relation

∑
j λjbj = 0 with λj ∈ K and

bj ∈ B. Since there are only finitely many bj in this relation, they all lie in
some Bi, so are linearly independent. Thus λj = 0 for all j and B is linearly
independent.
Zorn’s Lemma implies that S has a maximal element B. We claim that B is a
spanning set for V , and thus a basis. For, if not, then there exists some v ∈ V
which cannot be written as a finite linear combination of elements of B. Thus
B∪{v} is a linearly independent set, which contradicts the maximality of B.

Theorem B.3. Every proper ideal of a ring is contained in a maximal ideal.

Proof. Let R be a ring. Let S be the set of proper ideals of R, ordered by
inclusion ⊂. This is non-empty, since (0) C R. Let C = {Ii} be a chain in S.
Then I =

⋃
i Ii is an upper bound for C. We need to check that I is a proper

ideal. It is an ideal, since if x, y ∈ I, then x, y ∈ Ii for some i. Hence x + y
and rx for r ∈ R are both contained in Ii ⊂ I. To see that I is proper, suppose
otherwise. Then we can write 1 =

∑
j rjxj as a finite linear combination with

rj ∈ R and xj ∈ I. Since there are only finitely many xj in this relation, they
all lie in some Ii. Hence 1 ∈ Ii, a contradiction since Ii was assumed to be
proper. Hence I CR is proper.
Zorn’s Lemma implies that S has a maximal element I, which is necessarily a
maximal ideal.

One should remark that, although generally assumed to hold, Zorn’s Lemma,
or equivalently the Axiom of Choice, also yield several ‘paradoxes’, for example
the Banach-Tarski Paradox.
For some nice quotations on the Axiom of Choice, visit here.
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Appendix C

Algebraically Closed Fields

This chapter is non-examinable, and is included only for completeness.
A field L is called algebraically closed if every non-constant polynomial f has a
root in L. In other words, the only irreducible polynomials are those of degree
one.

Proposition C.1 (Existence of Algebraically Closed Fields). Let K be a field.
Then there exists an extension L/K with L algebraically closed.

Proof. Set K0 := K. We define Kn inductively such that Kn+1/Kn is a field
extension and every polynomial in Kn[X] has a root in Kn+1. We proceed as
follows. For each non-constant polynomial f we take an indeterminate Xf (in
fact it suffices to take monic irreducible polynomials). We form the polynomial
ring R := Kn[{Xf : f ∈ Kn[X] \ Kn}] and consider the ideal I generated by
f(Xf ).
We claim that I is a proper ideal. If not, then there exists an expression
g1f1(Xf1)+ · · ·+ gnfn(Xfn

) = 1 for some distinct polynomials fi. The product
g1 · · · gn uses only finitely many variables, which we denote X1, . . . , Xm with the
convention that Xi = Xfi for 1 ≤ i ≤ n. Thus

∑n
i=1 gi(X1, . . . , Xm)fi(Xi) = 1.

Let E/Kn be a finite extension in which each fi has a root, say fi(αi) = 0.
Set αi = 0 for n < i ≤ m. Then, on substituting αi for Xi we obtain 1 =∑

i gi(α1, . . . , αm)fi(αi) = 0 in E, a contradiction. Thus I is a proper ideal and
the claim is proved.
By Zorn’s Lemma (see Appendix B), every proper ideal is contained in a max-
imal ideal, so we can take I ⊂ M with M C Rn maximal. We define Kn+1 :=
R/M . The composition Kn → R→ Kn+1 is non-zero, so Kn+1/Kn is a field ex-
tension. Moreover, by construction, every non-constant polynomial f ∈ Kn[X]
has a root in Kn+1, namely the element Xf +M .
In this way we obtain a chain of fields

K0 ⊂ K1 ⊂ K2 ⊂ · · ·
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Let L be the union of the Kn. Then L is a field, since if α, β ∈ L, then α, β ∈ Kn

for some n, hence α±β, αβ and α/β for β 6= 0 all lie in Kn, hence lie in L. The
field axioms with respect to this addition and multiplication are easily checked.
Finally, if f ∈ L[X] is a polynomial, then all the coefficients of f lie in some
Kn, hence f has a root in Kn+1, hence has a root in L.

In fact, every polynomial over K splits already over K1. For, let f ∈ K[X] be
irreducible, let M/K1 be its splitting field extension over K1, and let L ⊂ M
be the splitting field extension of f over K.
Suppose first that charK = 0. Then L/K is separable, so simple by the Prim-
itive Element Theorem. Hence L = K(α) for some α. Let m be the minimal
polynomial of α over K. Then m has a root α′ in K1 by construction, and
L = K(α) = K(α′) ⊂ K1. Since f splits over L, we see that f splits over K1.
Now suppose that charK = p > 0. From our discussion on separability, we
know that f(X) = g(Xpr

) for some r, where p = charK and g ∈ K[X] is
separable and irreducible. Let G be the Galois group of L/K and let E be the
fixed field of G. We note that E = K if and only L/K is separable, which is if
and only if f = g, or equivalently r = 0. Then L/E is Galois, so simple by the
Primitive Element Theorem, say with L = E(α). On the other hand, for each
element β ∈ E we have βps ∈ K for some s, so that β is purely inseparable over
K with minimal polynomial Xps − βps

.
To prove this, let mβ be the minimal polynomial of β over K, and let β′ be any
other root of mβ in L. Thus one has a K-embedding K(β)→ L sending β 7→ β′.
Since L/K is normal, this extends to an automorphism of L, so lies in G. We
know, however, that G fixes every element of E, so in particular fixes β. Thus
β′ = β and mβ has a unique root. By our discussion on separable polynomials,
mβ(X) = nβ(Xps

) for some s, where nβ is separable and irreducible. Since mβ

has the unique root β, we must have that nβ is linear, whence s = degmβ and
mβ = Xps − βps

as required.
Let β1, . . . , βn be generators for E/K. Then L = K(α, β1, . . . , βn). Let m be
the minimal polynomial of α over K, and let mi be the minimal polynomial of
βi over K. Now each mi has a root in K1, and since βi is the only root of mi,
we have βi ∈ K1. In particular, E ⊂ K1. Similarly, m has a root α′ ∈ K1, and
so L = E(α) = E(α′) ⊂ K1. Thus f splits over K1.
Now, it is clear that K1/K is algebraic, and similarly K2/K1 is algebraic, so
that K2/K is also algebraic. Let f ∈ K1[X] be an irreducible polynomial, and
let α ∈ K2 be a root of f . Since α is algebraic over K, it has minimal polynomial
m ∈ K[X], which we have just shown splits over K1. Thus α ∈ K1, so that
K2 = K1. Therefore K1 is algebraically closed. Since K1/K is algebraic, we
deduce that K1/K is an algebraic closure of K.

Theorem C.2. Let L/K be algebraic and ι : K → M an embedding with M
algebraically closed. Then we can extend ι to an embedding σ : L→M .

Proof. We wish to extend ι to an embedding σ : L → M . We again appeal to
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Zorn’s Lemma.
Let S denote the set of all pairs (F, τ) such that L/F/K and τ : F → M
is an embedding extending ι. We endow S with a partial order by setting
(E, ρ) ≤ (F, τ) if F/E and τ extends ρ. Clearly S is non-empty, since it contains
(K, ι). Moreover, every chain has an upper bound. For, if {(Fi, τi)} is a totally
ordered subset, then F :=

⋃
i Fi is a subfield of L containing K, and we can

define τ : F → M by setting τ(α) = τi(α) for any i such that α ∈ Fi. Then
(F, τ) is an upper bound for the chain {(Fi, τi)}.
By Zorn’s Lemma, S contains a maximal element (F, σ). We claim that F = L.
Otherwise, let α ∈ L \F . Then α is algebraic over F , say with minimal polyno-
mial m. Now σ(m) ∈ σ(F )[X] has a root α′ ∈M since M is algebraically closed.
Therefore, by Artin’s Extension Theorem, we can extend σ to an embedding
τ : F (α) → M via α 7→ α′. Thus (F, σ) < (F (α), τ), contradicting the maxi-
mality of (F, σ). Therefore F = L and there exists an embedding σ : L → M
extending ι.

Theorem C.3 (Existence and Uniqueness of Algebraic Closure). Let K be a
field. Then there exists a field extension L/K such that L/K is algebraic and
L is algebraically closed. Moreover, L is unique up to isomorphism. We call L
the algebraic closure of K and denote it by K.

Proof. Let M/K be a field extension with M algebraically closed. Let L =
Malg/K be the subfield of those elements algebraic over K. We already know
that L/K is algebraic, and we claim that L is algebraically closed.
Let f ∈ L[X] be a non-constant polynomial. Since M is algebraically closed,
f has a root α ∈ M . Since α satisfies a polynomial f ∈ L[X], it is algebraic
over L. Since L/K is algebraic, Theorem 3.10 tells us that L(α)/K is algebraic,
whence α is algebraic over K. Thus α ∈ L and L is algebraically closed.
Suppose now that ι : K → K ′ is an isomorphism and that L/K and L′/K ′ are
algebraic with both L and L′ algebraically closed. We wish to show that we can
extend ι to an isomorphism ι̃ : L→ L′. By the theorem, we have an embedding
ι̃ : L → L′ extending ι and an embedding σ : L′ → L extending ι−1. Consider
σι̃ : L → L. This is an extension of ι−1ι = id: K → K, so by Proposition
4.5 it is an automorphism. Similarly ι̃σ : L′ → L′ is an automorphism, so that
ι̃ : L→M is an isomorphism.

We can apply this to the rational numbers to obtain the following result.

Corollary C.4. The algebraic closure Q of Q is isomorphic to the subfield
Calg/Q of C.

Still to be done: We similarly obtain the splitting field extension of any subset
S ⊂ K[X]. For S finite this is in the main text. For S = K[X] this gives the
algebraic closure. In this way, many results in the text extend from finite to
algberaic.
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