THREE PRESENTATIONS OF THE HOPF ALGEBRA Z/{U(gA[n)

ANDREW HUBERY

ABSTRACT. We describe an isomorphism between the Ringel-Hall algebra of
the cyclic quiver with n vertices and the positive part of Drinfeld’s new presen-
tation of the quantum group U, (El[n) This isomorphism extends the isomor-
phism from the composition algebra to Drinfeld’s new presentation of U, (g[n)
provided by Green [10] and Beck [1]. Moreover, we show that these isomor-
phisms are unique with respect to compatibility with the “upper left corner”
embeddings.

Key results used in the proof are the comultiplication formulae for the
generators in Drinfeld’s new presentation, as well as a characterisation of the
centre of the positive part of the quantum group, proved using Ringel-Hall
algebras.

The study of affine Kac-Moody Lie algebras and their associated quantised en-
veloping algebras is a central part of many areas of mathematics and mathematical
physics, and the special cases of sA[n and more generally gA[n are of particular interest
and importance. As a standard example, the quantised enveloping algebra of g?[l
has as positive part Macdonald’s ring of symmetric functions.

There are many different approaches to the theory of affine quantum groups.
These include the Drinfeld-Jimbo presentation [6, 13], which can be viewed as a
quantisation of the Serre relations for the Chevalley generators; Drinfeld’s new pre-
sentation [7], which can be viewed as a quantisation of the loop algebra construction;
and the universal R-matrix approach by Faddeev, Reshetikhin and Takhtajan [8].
An isomorphism between the Drinfeld-Jimbo presentation and Drinfeld’s new pre-
sentation was described by Beck [1] for the untwisted affine Lie algebras, whereas
Ding and Frenkel [5] exhibited an isomorphism between the latter two presentations
for gA[n. In the case of gA[n7 a survey of all three presentations and isomorphisms
between them can be found in the article [9].

It is important to note, however, that until now, no explicit description of either
the comultiplication or the antipode for Drinfeld’s new presentation existed. Beck
calculates the comultiplication of the generators xii’r in terms of the braid group
action [1], and most of the comultiplication formulae are present in the preprint by
Thoren [27]. The isomorphisms described above, however, are just algebra isomor-
phisms and the induced Hopf algebra structure for Drinfeld’s new presentation has
yet to be fully described.

On the other hand, one has the Ringel-Hall algebra approach [19]. Here one
considers an orientation of the associated Dynkin diagram and considers the cate-
gory of finite dimensional representations of this quiver over some finite field. The
Ringel-Hall algebra has as basis the isomorphism classes of representations and with
multiplication induced by counting extensions of representations. The composition
algebra is the subalgebra generated by the simple representations, and Green [10]
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showed how to construct a generic version of the composition algebra, which is
then isomorphic to the Drinfeld-Jimbo presentation of the corresponding quantum
group. In fact, after adjoining the quantum torus, this becomes an isomorphism of
self-dual Hopf algebras. We emphasise that the Ringel-Hall algebra approach has
the benefit of having a natural basis. This has played a significant role in several
important developments, for example the canonical basis [15].

In the case of ;[n, if one considers the cyclic orientation and only nilpotent
representations, then the isomorphism classes are parametrised by multipartitions
and the structure constants for the multiplication are given via polynomials [20]. Tt
follows that there is a generic version of the whole Ringel-Hall algebra, not just the
composition algebra, and the generic Ringel-Hall algebra is isomorphic to U} (gA[n)

The existence of an algebra isomorphism was proved by Schiffmann in [22], where
he showed that the Ringel-Hall algebra is isomorphic as an algebra to the tensor
product of the composition algebra with some central subalgebra. Moreover, an
explicit isomorphism was conjectured in [24]. In [12] the author gave an explicit
set of generators for the centre of the Ringel-Hall algebra and provided a natural
monomorphism of self-dual Hopf algebras from Macdonald’s ring of symmetric func-
tions to the centre. This monomorphism can be made an isomorphism by extension
of scalars.

In this article, we complete the description of the comultiplication started by
Thoren. We then show that there is a unique sequence of isomorphisms of self-dual
Hopf algebras from the Ringel-Hall algebra to Drinfeld’s new presentation for each n
which extends the composition of Green’s isomorphism with Beck’s monomorphism
and which is compatible with the “upper left corner” embeddings g[n — gA[n 1. In
particular, we describe precisely the invers images of the Drinfeld generators h; .,
thus proving the conjecture of Schiffmann.

One of the key steps in proving this theorem is the comultiplication formula for
the Drinfeld generators h; . This comultiplication formula appears to be new, and
is clearly of independent interest. One should remark that the proof exhibited here
makes explicit use of the Ringel-Hall algebra, and in particular the characterisation
of the centre given in Appendix A.

This work was supported by the Deutsche Mathematische Vereinigung.

1. INTRODUCTION

Let C, be the cyclic quiver with vertices 1,...,n and arrows ¢ — ¢ — 1 mod n.
We consider the lattice Z™ with basis e;. The Ringel or Euler form (—, —) on Z" is
given via the matrix R = (r;;), where r;; := d; j —; j4+1. The associated symmetric
form (—,—) then corresponds to the Cartan matrix C = (¢;;) = R+ R' of the
quiver C,,.

We shall work over the function field Q(v). We recall the quantum numbers and
the quantum binomial coefficients

v —v"
[r] == P and [ﬂ =[n]n—-1]---[r+1].
Also, given a € Q(v) we define the skew-commutator [z,y], := zy — ayx.

We write A := Q(t)[p1, P2, . -] for Macdonald’s ring of symmetric functions of
the infinite set of variables X = {X3, Xs,...}, where p,(X) := X] + X + ---
is the r-th power sum function [17]. We view elements of A ® A as functions
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of the variables X UY, symmetric in both the Xs and the Y's: that is, we define
(f®9)(X,Y) = f(X)g(Y). This defines a natural comultiplication on A by setting
A(H)IX)Y) = f(X1,Y1,X2,Y5,...). The power sum functions are thus the only
primitive elements (up to scalars). There is a counit satisfying ¢(p,) = 0 for all
r > 1 and an antipode given by S(p,) = —p,. The Hall-Littlewood scalar product
(=, —) on A defined via (p,, Ps) := 0r s 775 is symmetric and satisfies

(ab,c) = (a®b,Alc)), (a,1)=¢€(a), (S(a),b)= (a,S(b)).

Therefore A is a self-dual Hopf algebra.

2. THE ALGEBRAS

2.1. Drinfeld-Jimbo presentation of i/, (ﬁA[n) The Drinfeld-Jimbo presentation
of the quantum group can be viewed as a quantisation of the Serre relations, satisfied
by the Chevalley generators [6, 13]. For our presentation we shall set C' = 1 and
D = 0, where C'is the canonical central element. Thus we really have a quantisation
of the derived Lie algebra.

The quantum group U, (f/:\[n) is the Q(v)-algebra with generators X and K; for
1 <7 < n and relations

K, K] =0, Ky Ky =1,
K — K
KZX;E = vicUXj:'tKia [Xj’X‘;] = 57'7J —11

together with the quantum Serre relations

> | oo o iz

r+s=1—c;;

This is a Hopf algebra such that

A(K;) = K; ® K;, S(K;) = K, e(K;) =1,
AXNH =X"®1+K;® X, S(XH) =-K7'X}",  eX]) =0,
AX)) =X oK '+10X;, SX;)=-X]K,. e((X;7)=0

The quantum group is naturally Z"-graded, where
degXii = *+e;, degK; =0.
There is also a triangular decomposition
Uy, (shn) @ U (sL) @ U (a1,

where UF (;[n) is generated by the X and U° (s?[n) is generated by the K;. More-
over, the Borel subalgebra U= (sl,) = U (sl,) @ U’ (sl,,) admits the structure of a
self-dual Hopf algebra via the symmetric bilinear form (—, —) defined by

vers

{E;K,,E;K} := 6i’jm and {z,yz} = {Ax),y ® z}.
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2.2. Drinfeld’s new presentation of U, (g[n) We can express the Lie algebra
g[n—l as
gl,_; =sl,_; ®Cl1.

Forming the loop algebras, we obtain
sly =sl,_q[t,t7"] and gl, =gl, ,[t,t7"] =sl, ® Cl]t,t ']

Note that the loop algebra is isomorphic to the derived affine Lie algebra.
Drinfeld’s new presentation of the untwisted affine Lie algebras can be viewed as
a quantisation of the loop algebra relations [7]. We describe this presentation for
the algebra U, (gl,,).
The quantum group L{U(g [,,) is generated as a Q(v)-algebra by the elements
and g; , for 1 <i<mnand r € Z\ 0 together withxfr forl<i<n-—1landreZ.
The relations are

+1
ti

[ti,t;] =0, tiay, = vEuaT t;
tit; b =t =1, [gip 27, ] =0 fori+jorj+1,
_ar
[t%gjﬂ’] =0, [gj,rax;‘lfs] =dv ]T[TJI;%T_H?
o
[gi,r;gj,s] = 0? [gj'i‘la?“"rji,s] =Fv JT[,},,_]J";E,T+S7
together with
[xf,, 2z ] =6 '—djxr“ ~ Girts
1,77 j,8 ] v — -1 ’
+ + + +
[xi,r+17xj,s]vicij = _[xj,s+17mi,r}vi°ij7
[‘rf'ﬂ [xji,gﬂ $'fs]v]v = _[xii,s’ [xji,p’ xfr]v]v if |Z - .7| = 1’

where the gbfr are given via the generating functions
> E T =K exp (£ (w—v") > hi,T77)
+r>0 +r>1
and we have written
K;:=t;/titx1 and h;, = v(ifl)’“gi,r - ’U(iﬂ)”gHM for1<i<n,reZ\O0.
Note that, in particular,
¢io =K and i, =+(v—v KR4

Also

Kixfs = vicifxszi and [hw,xji’s] =4 [Tjjj]xji’rﬂ.
Define
O =v" (g1 + 92,0+ -+ gnr) forreZ\O.
Then 6, is central of degree 79.
This is again a Hopf algebra. The counit is easy to describe:

e(af,) =0, €(gin) =0, e(t;)=1
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The comultiplication is best described via the generating functions

X (T) := Z:c;;T*’“, YH(T) = ZI;TT*T, dF(T) = Z oI,

r>0 r>0 +r>0
— —r — — - r -T
X7 (T):=> ah, 07", Y7 (T):=) a;, T, HXT):= Y ﬁhmT .
r<0 r<0 +r>1

For F(T) := >, f,T7" we define A(F(T)) := >, A(f,)T~". The comultiplication
is now given by the five formulae

(1) AXFHT)) =X (D) @1

+ T @ XET) S (— o o — v )AYEETT) 0 XE(T))
@) AVET) =18 YD)

+YET) 9 0ET) Y (— o7 e -0 )PYET) @ XEWT))
r>0

(3) A(F(T)) = 9 (T) ® ©(T)

xS+ 1)( = (1= 0 )PYEWTT) 0 XET))
(4) A(H (%0) =H (T)®1+ 1@ H(T)

Y (e Em e XEM)
(5) A(6,) :“92 R1+1306,.

The first three formulae follow from [27] by setting ¢ = 1. Note however that
Thoren uses the opposite comultiplication. The fourth formula seems to be new.
For completeness we prove the first four of these formulae in Appendix B, Theorem
20. The last formula is shown in [9] Section 3.3.
There does not yet seem to be a description of the antipode in the literature.
The Hopf subalgebra generated by the Jsfr (1<i<n-—1,r€Z) and the K;

(1 < i < n) is Drinfeld’s new presentation of U, (;[n) Note that this subalgebra
contains the elements gbfr and h; ..

The “upper left corner” algebra embedding ¢ : U, (g[n) — U, (é\[n+1) sends
Lir 't ‘ri:r’ t; — 1, Giyr 7 Gir

@,

for all 4 and r. This restricts to an algebra embedding on the level of ;[n, so that
we have a commutative diagram of algebra monomorphisms

(1) Uy (s1,) — Uy (sly11)

L

uv(é\[n) - uv(é\[n—i-l)

such that the vertical maps are also Hopf algebra monomorphisms.

2.3. The Ringel-Hall algebra. We now describe the generic Ringel-Hall algebra
H,(C,,) arising from the category rep® kC,, of nilpotent representations of the cyclic
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quiver C,, over a finite field k [20, 22, 12]. This category is hereditary and each
indecomposable module is uniserial.

We recall that, over any field k, the simple representations S; are indexed by the
vertices 1 < ¢ < n. An indecomposable representation is completely determined
(up to isomorphism) by its simple socle and its Loewy length. We write S;(r)
for the indecomposable with socle S; and Loewy length r.! Tt follows that the
isomorphism classes of nilpotent representations are indexed by n-multipartitions
A= AD X)) with the partition A(®) determining the Loewy lengths of the
indecomposable summands with simple socle S;.

We identify the Grothendieck group of the category with the lattice Z™ and write
dim S(A) € Z". In particular, dim S; = e;. The Euler form satisfies

(S(X\), S(p)) := dim Hom(S()), S(u)) — dim Ext* (S(\), S(u))

and depends only on the dimension vectors of S(A) and S(u). This agrees, therefore,
with the form defined in the Introduction, given via the matrix R. We again write
(—, —) for the associated symmetric form.

Given an n-multipartition A and a field k, choose a representative S(\, k) for
the corresponding isomorphism class. It is shown in [20] that for all triples of n-
multipartitions there exists an integer polynomial 5)\”H such that, for any finite field
k, SK#( |k]) equals the number of short exact sequences

0— S(p, k) — S(v, k) — S\ k) — 0.
Similarly there exists an integer polynomial a) for each n-multipartition A such
that
ax(|k[) = [Aut S(A, k)| .
We use these polynomials to form the generic Ringel-Hall algebra H, (C),). We

take a Q(v) vector space with basis uy indexed by the n-multipartitions and mul-
tiplication

upuy, = v SASHD) ZFJ\’H(vz)um where FY, := &5, /axa,

N.B. To simplify the exposition, we shall use the notation of modules rather than
n-multipartitions. That is, we shall write [M] for the basis elements and use the
polynomials €35y, an and Fi . Also, these polynomials will always be evaluated
at v2, which we therefore omit.

The extended Ringel-Hall algebra HUZ (C,) is given by adjoining the quantum
torus Q(v)[t5!, ..., tx!] such that

ti[M] == v [ Mt

We set K; :=t;/ti+1, so that Ky --- K,, = 1, and write K® := K" --- K& for any
dimension vector a. Note that K;[M] = v3:M)[M]K;.

The extended Ringel-Hall algebra Hf(C’n) is naturally a Hopf algebra with co-
multiplication given by Green’s formula [10]

SX im
A(X]) = Y oMV EME AN @ N,
[M],[N] X

IThis notation differs form [12], where the opposite orientation was used and S;(r) denoted
the module with simple top S; and Loewy length r.
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The counit satisfies e([M]) := d(a o) and the antipode is given via [29] S(t;) := ;!
and

—dim T i i i HiaM'i
S([X]) := K —dmX Z(*l) Z UZ,,<]<M1,MJ>TFﬁmMT[Ml]...[MT]
r>1 [Mi],...,[M] X

where FA)/§1~~~MT is the number of filtrations 0 = X,y C --- C X7 = X with factors
Xi/X;11 2 M;. In particular, F;g =1 and FﬁN = EﬁN/aMaN as above.

In fact, the extended Ringel-Hall algebra is a self-dual Hopf algebra via Green’s
symmetric bilinear form
’U2 dim M+37, a;8;
(M2, [NJEY 2= O v

an

Note that this form is a weighted version of that defined in [10] and [12], but will
agree with Lusztig’s bilinear form on UZ (g[n) as well as the Hall-Littlewood scalar
product.

The extended composition algebra C%(C’n) is the subalgebra generated by the
simple representations together with the Kj;.

Set M, o to be the set of all isomorphism classes of modules M such that
dim M = « and soc(M) C S; & --- @ S;. Now define

Ci = (71)rv72ir Z (71)dimEnd(M)aJw[M]’ Cio = 1.
M, rs

Let Ci(T) := 1+ >_,5, ¢i,T" be the generating function for these elements and
define p; , via

. d
1—ov 2", T 1= —1 (7).
;( v )pz, a7 Ogcz( )

Theorem 1 ([22, 12]). There is a decomposition
Hg(cn) = C% (Cn) ® Z4(Cn) ® Q(U)[tfl]

where Z,(Cy) := Q(v)[Pn,1,Pn,2, - - -| is the centre of the Hall algebra and the ele-
ments pn - are all primitive. Moreover the map

A— Z,(Ch), t— v and Pp > pos
is a Hopf algebra monomorphism respecting the bilinear forms.

This article [12] concerns the untwisted Ringel-Hall algebra, but as mentioned
in the remarks following Theorem 3 [12], the result for the twisted Ringel-Hall
algebra follows immediately. In fact, we prove in Appendix A, Theorem 17 a
stronger characterisation of the centre by considering homogeneous elements which
commute with the simples up to a power of v.

For any field k there is a natural fully faithful functor ¢ : rep® kC,, — rep® kC), 11
whose image is the full subcategory with objects those nilpotent representations
X such that Hom(X,S,) = 0 = Hom(S,+1,X) (see for example [2]). More-
over, by considering dimension vectors and using the Ringel form, we see that
Ext};n (M,N) = ExtéHl(L(M), t(N)) for all M, N € rep® kC,,.

Using this, we obtain an algebra embedding H,(Cy) — Hy(Cry1) which sends
ti — ti, [Si] — [Si] for 1 <i < nand [S,] — [Sn(2)] = v[Sn+1][Sn] — [Sn][Sn+1]. In



8 ANDREW HUBERY

particular, we again obtain a commutative diagram of algebra embeddings

(2) Cv(cn) —>Cv(Cn+1)

l l

Hv(Cn) I Hv(cn+1)

such that the vertical maps are also Hopf algebra monomomorphisms.
We shall also need the following result, proved in [12].

Proposition 2. The difference py,» — p1,r lies in the composition algebra C,,(Cy,).

3. BECK’S ISOMORPHISM

In [1], Beck constructed an explicit isomorphism between the Drinfeld-Jimbo
presentation and Drinfeld’s new presentation of U, (g) for any untwisted affine Kac-

Moody Lie algebra g. We recall this isomorphism for 5[
Consider the following subquiver of the cyclic quiver C,, of type A,,_1:

12 .- —n-1

Let W be the corresponding Weyl group, with generators the simple reflections
S1y---58p—1- Let P and @ the weight and root lattices, respectively, and write
w1, ...,wn,_1 for the simple weights. We form the semi-direct product W:=Px W,
with multiplication (z,w)(2’,w") := (z + w(a’), ww’), and let W = Q x W be the
natural subgroup.?2 We identify W and P with their natural subgroups inside w.
We have a decomposition W=WxZ /nZ, where the cyclic group has generator

7:=(w1,8182 " Sp—1)-

The group W is the affine Weyl group of type of type A,_; and has generators

S1y+-+,8n, where s, := (w; + Wp_1,8182" - Sp—1--S281). Note that 7s; = s;417
(indices modulo n). The length function on W satisfies ¢(s;) = 1 for all ¢ and
1) =0.

The simple weights have the following reduced expressions in terms of the gen-
erators s; and T:

wz:TZ(Sn—z"'Sn—l)"'(52"'87,-‘,-1)(81"'87,)-

We shall also need the Braid group associated to W. This has generators 71y,
for w € W and relations 1,7, = T, whenever {(w) + l(w') = l(ww'). The braid
group acts on the Drinfeld-Jimbo presentation of U, (sl,,) via

LX) ==X K, TX = Y (-1)o"(XHWXHXH fori+j,

r+s=—cij

TX; =-K'X;, TiX; = Y (=)0 (X)X (X))@ fori#j,
r+s=—c;ij
TR — fsile) TKi =Ky, T.XF=XE,

where we have used the divided powers X (") := X7 /[r]!.

2This is the presentation needed for Lemma 3.1 of [1], but the opposite of that given in the
introduction Section 1.2 of loc. cit..
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Define
5;:_ = (_1)n[$;—1,0’ T [xﬁa_,ov [xQ_,Oa xl_,l]vfl]vfl T ]v*IKn
en = ()" K - [l 25 0les 250 28 olo

— 9 ot — o K1 - _ -l _ +
Note that for n =2, e5 =27, Ky =27, K, and ey = Ky 2y _; = Kiz7 ;.

Theorem 3 (Beck). There is a monomorphism of Hopf algebras U, (sl,) — Uy (gl,,)
such that

K;— K;, Xii»—>xi[0 for1<i<n and Xf»—»ai

-,
This satisfies
(-1 0" TEN(XF) e af

@7’

Note that we have weighted Beck’s original isomorphism by v™. This we can do
since for any non-zero scalar a there is a Hopf algebra automorphism of Drinfeld’s
new presentation given by

+ ro.+
i a'T;

z i,ro

,
Gir @ Gir, it

~ ~

Lemma 4. The upper left corner embedding v : U, (gl,,) — U, (gl, 1) satisfies

Y o o + SRS P - -
L(gn) =V€n11%n,0 ~ Ln,0€n+1 and L(En) =V Ty ofnt1 — Ent1Tn,0-

Proof. Let us write y = [, 4, -, 759,21 1]p-1 " ],-1, considered as an ele-
ment of either U, (gl,) or U,(gl,,,). Then ef = (=1)"yK, and so i(e}) =
(—1)"yK, K11, since K, = (Ky -+ K,_1)"! and hence +(K,,) = K,,K,,11.
On the other hand, 52'“ = (71)"“[:@;0, Ylyo-1 Kpt1. Since y and :cj;o commute
and K,y = vyK,, we see that
%leio - CL’;,OEIH = (—1)"“[[95;,0,xio],y]v_1 n+1
= ()"0 —v ) Ky = KL ylo-1 Ko
= (_1)nyKnKn+1 = L(gi),
The second formula is proved similarly. (I

We define the Borel subalgebra U,? (gA[n) to be the subalgebra generated by the
mifr for r > 0, the x;,. and the g;, for r > 1, ¢} and the tii. The above lemma

@7
shows that the upper left corner map restricts to a map on the Borel subalgebras.

4. GREEN’S ISOMORPHISM AND THE MAIN THEOREM

The following theorem was proved by Green in [10] for all hereditary algebras,
but was already known for the Dynkin quivers and the cyclic quiver by work of
Ringel [19, 20]. Dynkin quivers reference.

Theorem 5. There is a natural Hopf algebra isomorphism
Co (Ch) = U (sh),
sending K; — K; and [S;] — X;r. Moreover,

(e, 8)
v
Gy = {BKS BE7).

Thus the algebras are isomorphic as self-dual Hopf algebras.

{S, K~ S, K"} =,
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For the quantum group U, (sl,), we can view adX . =[X;,—] as a derivation

?

adX; : U (sl,) — UZ (sl,).

By definition, adX; (X;)" = 5”%.
On the other hand, following Kashiwara [14], Chen and Xiao [3] defined the
skew-derivations ;0 and §; on the Ringel-Hall algebra, where

_ (Si,N>5§(7¢N (M,S;) “MS; Eirs,
X] 720 . [N] and §;[X %v [M].
Note that
A([X]) = 6[X] - K; © [Si] + [Si] KL X =% @ ;5[ X] + other terms.
It follows that ;0 and §; are skew-derivations in the sense that
S(XNY]) = 01X - [Y] + 051X - 6]V
Si([X][Y]) = 056 [X] - [Y] + [X] - 6,Y].
Lemma 6. The map d; : H,(Cy,) — HZ(C,) defined via

I

is a derivation, and its restriction to C,(Cy) coincides via Green’s isomorphism
with ad X" .

We can compose Green’s isomorphism with Beck’s monomorphism to obtain a
Hopf algebra monomorphism

M+ CZ(Cr) — UZ(gl,)

sending K; — K; and [S;] — a7 for 1 <i < n and [S,] — &
The main aim of this paper is to extend 7,, to a Hopf algebra isomorphism

M« HZ(C) = UZ(gl,)

which furthermore respects the natural inclusions . We also wish to describe the
inverse images of the Drinfeld generators in terms of elements of the Ringel-Hall
algebra.

We remark that any extension of 7, must identify p, , and 6, up to scalars,
since these elements are central and primitive of degree rd. Since we require that
N, respects the natural inclusions ¢, these scalars are uniquely determined.

We define

[ir] .
Mg 1= Tpi,,. forl<i<nandr>1, my,:=0 forr>1.

)

These elements can be defined recursively in terms of the ¢; , via

rCiyr=WV—0v" E sv~ msc” s

Recall that M; , denotes the set of all isomorphism classes of modules M such that
dim M = « and soc(M) CS;1 & --- B S;.
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Main Theorem For each n > 1 there is an zsomorphzsm of Hopf algebras n,, :
HZ(Cp) = UZ(gl,,) extending the monomorphism C2(Cy) — UZ(gl,,). This sends

[Si] — ac?"o for1<i<mn, [Su—ef, mnrr —0., ti—t.
The inverse isomorphism satisfies

+ +

Lio X;

+ -1 1—i 2\dim End(M)—1
i K e E (1-v%) [M]
Miti1,5—e;
TR A P

hig = Tig1e — (0" + 07 ") + Ty

Or — —Tp .

Moreover, the 0, respect the inclusions v given in (1) and (2).

5. PROOF OF THE MAIN THEOREM

We begin with some general results about the monomorphism 7, : CE (Cn) —
u >( [,,). We then prove the Main Theorem for the case n = 2, and ﬁnally in the

general case. For simplicity we shall identify C=(C,,) with its image in UZ (g n)
We note that all the structure constants in the Ringel-Hall algebra 11e in the
ring Z[v,v~']. In this section, we will use the notation 2 = > Apap[M] if all other

modules in z occur with coefficient divisible by v — v 1.
Proposition 7. Forn > 2 we have

xi_,lKi_l — 1t Z (1 _ UZ)dimEnd(M)—l[M} = ’Ul_i[SH_l(’I’L _ 1)]

Mit1,6—c;
hig =mis10 — W+ o Dma +mo =0 (v [Siqa(n)] — v[Si(n)]).
We divide the proof into several lemmas. Recall that z;;, = (=1)"v"T,,(X;)
where 4
wl — T'L(sn71 DR snfl) DY (82 ... Sz+1)<81 ... Sl)'

Lemma 8. Forn > 2 and 1 <1 <n we have

To,(X; ) =—-KJ[X;, X5 X

X X5, X e,
where [a,b, c|,_, = [[a,b]y-1, ]y

Proof. The result is trivial if n = 2 so assume that n > 3. Then for |i — j| = 1 we
have T;(X;") = [X;7, X[ ], and TiT5(X;") = X
By induction, we obtain for 0 < r <n —1
(Toir+ Trgs) - (Ty - T(XT)

= (K1 Ko) (T To(X0) ), X X Lo
=—(Ki- Kp) X, X X X

Thus

T, (X)) = —Tj((Kl---K D7UXT X X ZH,...,X;_I]W)
=KX, ... X:;Q,X;EH,XT,X;,...,X;’_l]v_l,
where we have used that K7 --- K,, = 1. O
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Lemma 9. Forn > 2 and 1 < i < n we have

TM (Xz_)Kz_l _ (_1)iv17n7i Z (1 _ ,U2)dimEnd(M)fl[M]'

Miti,s—e;
Proof. By induction,
(X,

no”

X e = 0T S (r + 1)),
so that

T, (X;) = v " VK [[Siv1 (n — 1)), [S4], - - ., [Si—1]]
We may therefore reduce to the quiver C; 41, using the natural inclusions of Ringel-
Hall algebras. By applying T, we can then reduce to considering the product

[[S1], [, - - - [SiH’U_l for the linear quiver 1 «— 2 « --- «— 4. We show by induction
that

v 17

[[S1],[Sa], -, [Sil] o0 = (—072)" 71 Y (1 — p?)Him BRI ],
where the sum is taken over all isomorphism classes of modules M such that
dmM =«o; :=e1+ - +e;.

This is clear for i = 1. Suppose that it is true for ¢ — 1. Then
[[S][S2]s- - [Si]] you = (=0 72) 72 Y7 (1= o) B[] [5,]]

v —

dim M=a; 1

Since S; is injective and not a composition factor of M we know that [M][S;] =
[M & S;]. On the other hand, let M = M’ & S;(i — j). Then

[Si[M] =v ' [M' @ S;(i —j+1)] +v ' [M @S]

Thus [[51], [52], ey [Si]jlvfl equals
(_,U—2>i—2 Z (1 _ ,U2)dimEnd(M)—1
Mo e ) x (1=v ) [MeS]—v M &S;(i—j+1)])

_ (_072)2’71 Z (1 _ U2)dimEnd(M)71[M]'

dim M=ov;
Therefore
T (X7) = ()" 7K, S0 (1 - ?)dimEndn-1y)
Mit1,5-c;
and K,;T,,,(X; ) = U_szi (XK. _

Lemma 10. Forn >2 and 1 <1 < n we have
(X T, (X)) = ()" " Ki(mip11 — (v + 0 )mia +mi1).

Proof. For M occurring in T, (X, ) then either M = M' & S;(i — j) & Si+1(r),
where l < j<iandn—i<r<mn+j—i orelse M 2 S, ;(n—1). In the first
case we have
[Si KM = v K ([M' @ S;(i — j+ 1) @ Sipa(r)] + [M & Sy))
KM[S;] = v K ([M' @ 8j(i — j) ® Si(r + 1)] + [M @ S]),
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whereas in the second case we have
[Si) K [Siva(n — D] = v Ki ([Sig1(n)] + [Sit1(n — 1) @ Si])
Ki[Siy1(n = D][Si] = v K ([Si(n)] + [Siya(n — 1) ® Si]).
It follows that

XF T (X)) = (D0 7K YD (1= o)t Eeen iy

[M]eEMit1s
Sit1Csoc(M)

_ (_1)iv27n7iKi Z (1 _ ,UZ)dimEnd(M)fl[M]'

[M]eM; 5
SiCsoc(M)

On the other hand, for any [M] € M, s we have that
dim End(M) = dimsoc(M), ay = (v? — 1)dm End(M),
Therefore
vit!

i1

_ . 1—3 2\dim End(M)—1
, —mci’l—v Z(l—v) (M) [M}

Mis
‘We deduce that

Tit11 — (v + U_l)m,l +mio11

— i Z (1 _ U2)dimEnd(M)—1[M] — 2t Z (1 _ ,U2)dirnEnd(M)—1[M].

[M]eMitq,s [M]eM; .5
Si+1 QSOC(M) S, QSOC(M)

This completes the proof of Proposition 7.
Proposition 11. The n, are compatible with the natural inclusions.

Proof. We shall denote by ¢ both of the inclusion maps H=(C,,) — H=(Cpy1) and
U, (gl,) — uv(g[n+1)-
We know that 7, ([S;]) = 37:0 for 1 < i < n-—1, so that i, = ny41t on the
generators [9;] for 1 < ¢ < n. Furthermore,
Nt 1t([Sn]) = Mns1 (U[Sn+1][sn] — [Sh] [Sn-I-l]) = var—t—&-lxi(} - I:,057T+1'

Conversely, using Lemma 4, we know that

M ([Sn]) = L(EI) = ”5i+1ffrt,o - x:,05:+1~
O

Lemma 12. m;, = fur(lﬂ')@([& (nr)] + -+ + [Si(nr)]) and all other terms corre-
spond to decomposable modules.

Proof. We have the recursive formula

r
TCir —1
7_1 = § SvU lsﬂ—i,sci,rfs
v—0

s=1

and
v fiiﬂ = 0P U7 ([Sy (ns)] + -+ + [Si(ns))).
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We also know that
[S;(ns)][S;(n(r — s))] = [S;(nr)]
and thls is the only contribution to [S;(nr)] in m; s¢; »—s. Therefore the coefficient

in rv~"m; , of a decomposable module is divisible by v —v~!, and by induction the
coefficient of [Sj(nr)] for 1 < j <iis

027-(1—1‘)—1( (v— v~ Zv—s ): r2irf,],

finishing the proof. O

Lemma 13. We have the following identities, where all the other terms correspond
to decomposable modules.

(1) =, = v =[S (nr + 1)].
(2) ¢>+ K7 (v =7t =000 (07 S (nr)] — 0[S (nr)]).
(3) hiy = v O (0[S, (nr)] — w7 [S(nr)]).
In particular, the coefficients of [Sj(nr)] in h;, and in mipq ,— (V" +0"") p+Tim1 7

agree.

Proof. We first note that =, viewed as an element of CZ(C,,) has coefficients in
the ring Z[v,v~!] since it can be expressed in terms of the braid group acting on
the simple representations.

Let Pj(r) denote the truth of the j-th formula up to level r. Clearly P;(0) is
true.

Py(r — 1) implies P (r):
¢;}Kfl/(” - v_l) = [xjr 1)Ly, 1]K !
o [Si(n(r = 1) + 1] [Sivi(n = D] .
w0 (07 [Siga (nr)] = o[ Si(nr)]).

’LT’

Py (r) implies P3(r):

+ -1 r—1
rqﬁ, K
Phip = " S shus, K

1
v —0
s=1

Ervr(l_i)@ MSis1(nr)] — v[Si(n )])

-1

— v (0 — 07 Y [s] (v [Si1(ns)] — v [Si(ns)))

X (07 [Si1(n(r — 8))] = v[Si(n(r — 5))])
= rop"(179) (v_l[SiH(nr)] —v[S;(nr)])

— vr(lfi)(’u o)) 8] (”7871[Si+1(m")] + ”Hl[si(”’”)D

= "] (07" [Siga (nr
N.B. We have implicitly used that P,

[Sz(nr)])

j) implies P5(j) for 1 < j <.
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Ps(r) implies Py (r):
%ﬁ,r = i 2ol = 0" 0TS (nr)] = VT[S ()], [S1]]
= "= (0" + 07" [Si(nr + 1))

The lemma now follows by induction. ]

5.1. The case n = 2. In this section we deal with the quiver Cs : 1 .

We shall simplify the notation by writing —
=2, Y=, hoi=h,, ¢F=¢1,, K =K.
The results of the previous section give
zo = X, = [91]
y1 = X3 K = [S2]K
hy =91 — (v+v w1 = —v[S1(2)] + v [S2(2)] — (v — v 1)[S) © Sa),
using that
m1 =ver1/(v— vil) = [51(2)]
T = viea/(v—v7t) = v_l([Sl(Q)] +[52(2)]) — (v — v 1)[S1 @ Sal.

In fact, we know from Hall’s Theorem that
r

prme =P = D0 =) (12l (),

A7
where 2 denotes the partition (2A\; > 22Xy > ---) [12].

Proposition 14. h, = w9, — (V" + v~ ")m1, for all r > 1.

Proof. We first note that ps, — p1, € C,(Cy) implies that mo . — (V" + v~ ")y, €
Cy(Ch).

Let A = (A <--- < A,) be an increasing sequence of non-negative integers and
let ;1 and v be partitions, so decreasing sequences of positive integers. As usual,
write [A| = >, A; and £(A) = a. Define z) = zy, --- 2, and similarly for h, and
Y. Then the products xxh,y, for triples (\, 1, v) form a U (ag)—basis for UZ (57[2)
In particular, the triples (A, u, v) such that |[A| + |u| + |v| = r and ¢(X) = £(v) form
a basis for the degree rd part.

Using this basis, let us write

mar = (07 0T = DM T

Consider the action of the comultiplication. We know that 3 . is primitive, and that
71, is primitive when viewed as an element of H= (C}). Suppose that [M]K4mN &
[N] occus in A(my,,.), where [M] and [N] are both non-zero. Then there exists some
partition A F r and a short extact sequence

0—-N—S5(2\)—>M-—0.

It follows that soc(IN) is isotypic of type S; and hence that dim N = ad + be; with
a,b > 0. Furthermore, b # 0, otherwise both M and N lie in the image of Hf (Ch),
where we know that 7, is primitive.

On the other hand, consider the coefficient of the basis element z h, ® y, in
A Mo uw)yTahuyy). By considering the formulae for the comultiplication, we see
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that the coefficient is precisely my ) and this must be zero whenever £(v) # 0 by
the considerations above. Therefore we may write mo , — (V" + 0" ")y, = 3 myhy,.
Now consider the coefficient of the basis element h, ®h,» in A(Y>m,h,). The only
contribution comes from A(h,) where = ' U p” and again this is zero whenever
w' and p” are both non-zero. We deduce that m, = 0 whenever £(u) > 2.

Hence 7o, — (v" + v~ ")m1,, = m,h,. By equating coeflicients of [S;(2r)] we see
from Lemma 13 that m, = 1. O

Recall that 6, = v?" (g1, + g2.r) is central and primitive.

Theorem 15. We can extend ny to an isomorphism of Hopf algebras
M (C) = U (gh).
This satisfies
o= (1=07) (1=0v"V)[S12a+1)® 5 (2))], r>0
a, \Fr—a
v K= > (1=07) - (1= 0*V)[S5(2a+ 1) & S1(2N)], >0
a, \Fr—a
hy=mg, — (W + 0" )m1, T2>1
VT Gir = =T VT, i=1,2 7 >1
97« = —T2r, T Z 1.
Moreover this is compatible via the natural inclusions with the isomorphism ny :
Hf(C’l) = U%(gll) such that v" g1, = —T1r.

Proof. We have already shown that h, +— w3, — (v +v"")m . Also, we know that
o, is central, so

Ty = %[hmx()] = 7m[7r177”x0] = *[pl,ra [Sl]]’

and that pr, = >, (1 —v2) -+ (1 — 2N =2)[S(2))].

Any extension of S; by S1(2\) must be of the form S;(2a + 1) @ S1(2u), and
since A = U (a), such a module occurs only for this value of A\. The corresponding
Hall number (structure constant) is clearly 1, so

[Silprr =Y (1 =0%) - (1= 0*N72)[S; & 5 (2))]
Abr

+ ) 1= (1= 0PV [S1(2a + 1) @ S (2)).
a>1, A\Fr—a
Since [S1(2))][S1] = v¥*N[S; @ S1(2)\)] the result for z,. follows.
We next note that

yr+1K71 - _é[hﬁleil] = [plﬂ” [52]]

A similar analysis of the products involved yields

P[] =D (1= v?) - (1= 0¥V 72)[S; @ §1(2))]

A7
Y A=) (=[S0 1) @ i (20),

a>1l, A\Fr—a
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whereas [Sy]p1, = 30, (1 —0%)--- (1 - v N =2)26N Gy @ S1(2))], proving the
formula for y, 1 K 1.

We can extend 72 to 'HE (Cyp) by setting 6, = —a, w2, for some non-zero scalars
ar, and any extension must be of this form since 6, and w5, are both central and
primitive of degree rd. It follows that
" +a v "

2r T
T2ry, UV g2y =0V Ty — T + o UPRE

1—-a
r (
VGl = T+ Pr—

Similarly we have an isomorphism of Hopf algebras n; : H= (C1) = UZ (gl, ) sending
v"g1 » — —bymy, for any b, # 0.
Finally we have the diagram of algebra maps

H; (C1) —— H(Co)
Uz (gly) —— U (al),
where the maps from left to right are the natural inclusions. This diagram will

commutate if and only if a,, = b, =1 for all r > 1. O

5.2. The general case. We now construct a sequence of Hopf algebra isomor-
phisms U= (gl,) — H=(C,) extending the 7,, such that the natural diagrams of
algebra maps

Uz (gl, 1) —— Uz (gl,)
commute.
Theorem 16. For each n > 1 we have an isomorphism
M M7 (Cn) = U (gl,)

extending the natural monomorphism from CZ(C,,) such that

V7 gir = —Tip 0 T, foralll1 <i<mn and allr > 1.
In particular,

hip =1 — W +0 )M+ T, and 0p = —mp .

Furthermore, these 1, commute with the natural inclusions of algebras.

Proof. Let n > 3. Since 1, : C2(C,) — UZ (gl,,) is compatible with the inclusions,

v
we may assume by induction that

hip =mig1, — (" +07 )M +miz1, for1<i<n—2andr>1.

For non-zero scalars a, define 6, = —a,, ,m, . Since 6, and 7, , are both central
and primitive, this induces a Hopf algebra isomorphism HE(CTL) — L{f (ﬁ[n) and
any Hopf algebra isomorphism must be of this form.

Using the formulae

hi r = _U(H_l)rgi-i-l,r + U(i_l)rgi,m

)
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we see that

—

n—

[(n - Z)T] hi,r = _er + M’UTQLT-
2 ]
It follows that
hn—l,r = (an,rﬂ-n,r - (UT + Uﬁr)ﬂ'n—l,r + 7Tn—2,7') + % (Urglﬂ' + 7T177-).

We claim that gq , + 71, is central.
Clearly [7r17r,xj:0] = [, [S;]] = 0for2 < j <n—1. Also, since (v"+v "), =

Tor — h1, and [71'2’»,‘, [Sl]] = 0, we have that [m,r, [Sl]] = —@mf}r. Finally, by

analogy with the n = 2 case,

[T [Sal] = )0 (1=2?) - (1= 0*M)[S1(nA) @ S (na + 1)).

a, \Fr—1

On the other hand, [v"g; ,, :Z?j:o] =0for2<j<n-1and [v g1, :z:fo] = @xi"r
Note that we can write

e = (=1)"[zp 1.0, s [T50: (050, 2T K7 K] K,y
Then
W g1ret] = (=12, 10 50, @50, [0 g1 21 K K- ]K
[7] n—1r .— - - - g -
- 7(*1) 1[5%71,07 T ’[xB,O’ [x2,07x1,r+1K1 1]K2 1} e ']anlr

Consider this as an element of H=(C,,). We know that

K= Y (=) (1= 0[S (00) @ Sy(na+n— 1))

a, \Fr—a

Applying the derivation dy = adX, introduced in Lemma 6 yields

(22,0, 07 Ky K = da(y, K Kyt = —0a(ay, 4 K1)
=— Z (1—02)--- (1 = 0*))[S)(n)) @ Ss(na + n — 2)].
a, \Fr—a

By induction we obtain

Wi Sal] == Y (1 =07 (1= 0[Sy (n)) © Sn(na +1)].
a, \Fr—a

Hence we have shown that 7y , +v" g1, commutes with each [S;]. Theorem 17 now
applies, giving that 7 , +v"g; , is central.

We can now write % (71'17T + ngLT) = \tr Dn AT a, and hence

T -Tr
hn—l,r = Qn,rTpnr — (U +v )ﬂ'n—l,r + T2+ + 5 bn,)\ﬂn,)\-
A7
Here we have written , » for the product mp x, Ty x, - -
Consider the comultiplication A. Since each ;s is primitive as an element

of HZ(C;) we know that A(m; ) contains no term of the form [M] ® [N] where
dim M and dim N are both positive multiples of 4. The same conclusion holds for
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A(hp—1,) by the comultiplication formulae. Since 7, x ® 7, x» occurs in A(m, x)
for A= X UM’ we see that b, » = 0 whenever ¢(\) > 2. Therefore
Bo—1r = (anr + b)) Tne — (V7 + 07 )T 1 + Tn_o
Equating coefficients of [S;(nr)] using Lemma 13 reveals ap » + by = 1.
Hence the extension of 7, to ’Hf (Cyp) given via 6, — —ay, 7y satisfies v" g1, =
—T1,r + ﬂ(1 — Gp )T, These isomorphisms will commute with the natural

[nr]
inclusions if and only if a, , =1 for all n and r. ([l

APPENDIX A. THE CENTRE OF Z/{j(gA[n)
The following is a generalisation of Proposition 8 of [12].

Theorem 17. Let x € H,(C,) be homogeneous such that [S;]lx = v"ix[S;] with
>r;=0. Then z € Z,(Cy) and each r; = 0. In particular, the centre of H,(Cy)
is Z,(Cy) and the centre of C,(Cy,) is trivial.

Recall that we can associate a partition u(M) to any module M by considering
the Loewy lengths of the indecomposable summands of M. We endow the set of
partitions with the reverse lexicographic ordering.

The Auslander-Reiten translate 7 is an autoequivalence of the category rep® kC,,
such that 7S; = S;_1. Moreover this satisfies the Serre duality DEX‘LI(N7 M) =
Hom(M,™N).

Lemma 18. For a module M the following are equivalent.
(1) There exists a linear functional fpr : Z™ — Z such that for all N
fu(dim N) = dim Hom(M, N) — dim Hom(M, " N)
+dimHom(™ ' N, M) — dim Hom(N, M);

(2) There exists a partition A such that

n

M=Z, = @@&(Ar)-
i=1 r>1

In this case, the linear functional f is 0.

Proof. Suppose that (2) holds, that is, M = Z, for some partition A. Then M =
"M and (1) is satisfied for f = 0.

Conversely suppose that (1) holds. Let m;(r) be the multiplicity of S;(r) in M
and write d;(r) := m;(r) — mi1(r).

Considering the sequence

0— 8, = Si(r+1)— Siti(r) — 0,
we obtain as in [12] that
dim Hom(M, S;(r + 1))
= dim Hom(M, S; & S;41(r)) — (miﬂ(l) +mip1(2)+ -+ mHl(r)).
Similarly
dim Hom(S,(r + 1), M)
= dim Hom(S; ® S;jy1(r), M) — (mi(l) +mi(2)+ -+ mi(r)).
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Therefore
fM(dl_mS,(T + 1)) = fM(dl_HlSL [S2) Si+1(’/‘)) =+ 2(d1(1) + dl(2) + -+ dt(T))

Thus d;(1) +---+di(r) =0 for all 1 <4 < mn and all » > 1. That is, d;(r) = 0
for all 4 and 7, and hence M = Z,, where A = (1™(1)2m(2) ...} in exponential form
and m(r) = my;(r) for any i. O

Proof of Theorem 17. Let x be homogeneous such that [S;]x = v"iz[S;] with > r; =
0. Define f : Z" — Z via e; — r; and note that f(6) = 0. It follows that for any
homogeneous y € C,(C,,),

yr = vf(di—my)xy.

Moreover, we know that Z,(C,,) is central and graded, existing only in degrees the
multiples of §. Therefore, for any module N, we have

[Nz = o/ dm Mg N].
Write

r = Z a[M][M]+ Z a[M][M].

w(M)=m u(M)<m
Fix a module N and set 0 = 7 U u(N). Using Lemma 5 of [12] we obtain
[N]x:v(@N,@@ Z a[M]F]]\%\E/?N[M@N]—F Z a’iX][X}
w(M)=n wX)<o

Similarly

z[N] = p(dimedim®) N g FUENIM o N+ ) afy[X].
p(M)=n WX)<o

Using Riedtmann’s formula [18] (see also [21] for the finite field case), we know that

puen _ AWM S N)| s gim Hom(a,N)
MN |[Aut(M)||Aut(N)| '

Equating coefficients of [M @& N|] we see that for all M occuring in  with u(M) =

(dim N, dim z) — 2 dim Hom(N, M)
= f(dim N) + (dim z, dim N) — 2dim Hom(M, N).

Since x is homogeneous, dim M = dim x. Therefore, for all modules IV,

f(dim N) = dim Hom (M, N) — dim Ext* (N, M)
+ dim Ext* (M, N') — dim Hom(N, M).

It follows from Serre duality and the previous lemma that M = Z) and f = 0, so
x is central. Also, since 7 = p(M) = AY", the n-fold cup product of A with itself,
there exists a unique maximal term occurring in x. Subtracting a suitable multiple
of the central element ¢y = cy,cy, -+ yields another central element whose terms
all satisfy u(M) < w. The result now follows by induction on 7. O
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APPENDIX B. THE COMULTIPLICATION

Let g be any untwisted affine Kac-Moody Lie algebra and consider Drinfeld’s
new presentation of the quantised enveloping algebra U, ().
We know that for any ¢, the subalgebra generated by K;, h; , for r € Z\ 0 and

mfr for r € 7Z is isomorphic to U,, (;[2) (see [1]). Therefore it is enough to prove
the comultiplication formulae for § = slo. We simplify the notation by ommitting
the index ¢ and writing
Ty = m;.fr, Yr =T,
We introduce two Q-algebra involutions ¢ and p of U, (;[2), defined via
ocrv— vt Tr — Yrgl, qfn—mbf, hy — —h,
prvm v, xemy ., b T, he b

These satisfy
TAoc=(c®0c)A and TAp=(pRp)A,
where 7 is the flip® 7(z @ y) =y ® z.

We set
XY =) 2,077, YHT) =) 4T, oE = > GFT,
r>0 r>0 +r>0
— —r - —-r r -
X(T):=> T, Y (T):=) 4T, HT):= )Y thT .
r<0 r<0 +r>1

We extend the comultiplication to the generating functions via
A bT7) =Y AT

We also set o(T) := T and p(T) := T}, so that for example
o(XT(T)=YH (DT and p(XT(T)) =Y (T).

Lemma 19. We have the following identities.
(i) XT(T)eH(T)+ oT(T)XH(T) = (1 +v=2)dT(T) X (v2T).
(i) Xt 2T)@H(T) = v 20T (T) X T (v*T).
(iii) (v*" — DX T(T) T = 02" XH(T) 2o — 20 X H(T)".
(iv) v[r + JXT(T)X T (*T)" = o™ L XH(T) L + [r] X T (02T 1.
(v) (v—v Y[ XH(T) T | T~ =0 "[r +1] (<I>+(T)X+(v2T)’" — KX+(T)7").

Proof. For the first two formulae we consider the recurrence relation

—_ —

r

rot = (v—vt) Zshsqb;r_s.

s=1
By induction we have that for all m and all r > 0,

T

Tt — v 20 2y = — (v — v ?) Zv*%(jﬁ_sxmﬂ.
s=1

3We shall not need the Auslander-Reiten translate in this section, so the overlapping notation
should not cause any confusion
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Multiplying by T~" and summing over » > 0 we see that
3)  2m®T(T) =0 20T (T = —(v® =0 2)®T(T) Y v >y T°
s>1
If we now multiply by 7~ and sum over m > 0 we obtain
XHT)@H(T) —v 2@ T (T)XHT(T) = (1 4+ v~ )@ (T) (X T (0*T) — X (1)),

m

which proves (i). Alternatively, we can multiply by v*™7T~™ and sum over m > 0

to get
XTT)e™(T) — v ?@T (1) X (v7°T) = v 2@ 1 (T) (X T (v*T) — X T(v°T)),

proving (ii).
For (iii) and (iv) we use the relation
Tpp1Tg — v2xsmr+1 = —Tsqy1%y + U217T1‘S+1.
Multiplying by 7-*~! and summing over s > 0 yields
(p 1 T = 022,) X T(T) + XT(T) (2, — V221 T 1Y) = 202, — 022020
If we multiply by 7~" and sum over r > 0, we have
(1 =) XT(T)? = 20X T(T) — > X (7)o,

which proves (iii) for r = 1. Alternatively, we can multiply by v=2"7~" and sum
over r > 0, giving

(1 —vHXT(T)X T (v2T)
=0? (2o X (T) — > X T (T)20) + (20X T (v*T) — v 2X T (v*T)z0).
Applying (iii) for = 1 to the right hand side yields
(1 —oHXH(D)XT(0*T) = 0?1 — o)X T(T)? + (1 — ) X T (0?T)2,
proving (iv) when r = 1.
Assume (iii) for r and post-multiply by X ™ (T"). Then
(2" — D)X T(T)*2 4 2o XH(T)+ = 0¥ XT(T) 2o X H(T)
— 20D X+ () gy 2 (02 1) X (T)H2,
using the formula for » = 1. This proves (iii).
Similarly, assume that (iv) is true for r and pre-multiply by v X+ (7). Then
V"PEXH(T) T 4 o] X)X T (0*T) T = 02 [r + 11X H(T)2X T (02T)"
= v2][r + X T(T)XT(*T) ! — [r + 1] X F(0*T)" 2,
using the formula for » = 1. This proves (iv).
The fifth formula is true for » = 0 from the defining relations, since ¢ = K.
Using the identity [a""2,b] = [a,bla" + a[a""1,b], we see by induction that
(0= v )X H(T)2, 5] = (6F(T) - K) X H(T)™!
+ o " r+ XD (@H(T)X T (0*T)" — KXT(T)").
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Using (i), this equals
OH(T)(XT(T) ™ — v [r + X T(T)X T (v°T)")
+ o[ £ 1) [2]0 T (1) X (0?T) T — o= D[ 4 2 KX (7).
Applying (iv) then gives the required result, proving (v). |

Theorem 20. The comultiplication on the Drinfeld generators is given as follows.

(1) AXHT) =X (T) @1

+o5 M) e X)) (— v -0 )P YVEETT) @ Xi(T))r.
(@) AVET) = 10YVET)

+YE(T) @ oH(T) Z ( —v -0 HYED) ® Xi(ng))r.
(3) A@H(T)) — 0(T) © 0% (T)

<1 = (-0 22V Ee ) @ Xi(UQT)y.
(4) A(Hi(rj?)o) =H¥(T)®1+1® H(T)
+)° _ ( —(w—v YFD) @ Xi(T))

" — =T
r>0

T

The rest of this section is devoted to the proof of this theorem.
For the first three formulae we follow the proof in [27]. Note however that he
uses the opposite comultiplication TA.

We define h,. := @777 0 that H*(T) = Dot h, T~". We record the following

calculations
Alxg) =20@1+KQx0, Aly1) =11 @K +1®y

Ah)=h1 @1 +1@h; — (v—v Ny ® o,
which follow from

vo=X{, n=XSK, hi=][zo,y1]K "
Proof for A(XT(T)). Consider the formula

[, XT(T)T™' = XT(T) — xo.
This leads to the functional equation
) =mo1+10h —(v—v ")y @0, T (N)]T ' +20® 1+ K @ m.

We show that

M) =X"T)@1+) ()" (v—v )NV (0 °T)" @ X (1)
r>0
is a solution of this functional equation. Since the constant terms of A(X™(T))

and £ (T) agree, the result follows.
Clearly

i @1+1@h, XT(T)UT ' =XT(T)®1 -2 1.
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Also,
—(v— v Yy ® 20, XHT) @ UT™ = 3H(T) @ 29 — K @ 0.
By induction, using Lemma 19, we see that
[, XT(T)™ T =0 [r + 1)(X (D) = 2o X T(T)")
=o"[r+1] (XJF(T)T'H — XT(T) ).
Applying the Q-algebra involution o gives
[, YD) ™ =0 " r + (Y T(T)"y1 — Y (D) T'T).
Since hy and ®*(T) commute, we deduce that
[y, @ (T)Y T (v 2T)" T~
— v r)ot (T) (Y+(v_2T)T_1y1T_1 - v_2Y+(v_2T)").
Therefore
(P ®1+1®hy, @T(T)Y T (v?T) @ XH(T) T~
=0T (T)Y T (v 2T) @ X (1) — v " [r + 10T (T)Y T (v 2T)" @ 2o X T (T)"
+ o T (T)Y T (v 2T) iy T @ X H(T)
Finally
— (=1 [y @20, @ ()Y T (v 2T)" @ X T(T) T
=—(w—v Ny ® (MY (w2T)' T @ 2o X T(T)"
+ @ —v YR DY (v 2T) ' T @ XT(T) g
Applying o to equation (3) for m = 0 gives
Y1 @1 (T) — @1 (T)yy = (v — v )@ (T) (v Y T (v T)T — y1).
Therefore
(4) @) = v 20T (T)y, + (1 — o He T (T)Y T (v 2T)T.
Also, applying o to Lemma 19 (iii) yields
(5) o2 = DY T (0T T = 0¥y Y (0T T)T = Y (07 T)
Hence
— (=) @ w0, (DY (02T) @ XH(T) |7
=v 2 (v—v )OH(T) (v YT (v T) y1 — iy Y T (0 ?T)") T @ 2o X T(T)" !
—v (v —v ) = )T (T)Y T (v 2T) ™ @ xo X H(T)"
— o D — ™2+ 1T ()Y (02T iy T @ X (T) 2
_ v—(r+2)(v _ ,U—l)2[7. + 2]<I>+(T)Y+(v_2T)T+1 ® .’E0X+(T)T+1
+ o T (0 — ™2 [r +1)OT ()Y T (02T T @ XH(T) 2,
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We deduce that
(A1), Y (=10 " (v — v )T (T)Y T (0™2T)" @ X H(T) T
r>0
=0T (D) @z + Y (1) v (v —v Y OH(D)Y T (v?T)" @ X (1),

r>0

and hence that -

[A(h), €5 (DT = €7(T) — A(wo).
This proves that A(XH(T)) = £H(T). O

Proof for A(YT(T)). Applying o immediately gives the formula for A(Y (7). O

Proof for A(®T(T)). We note that
(v—v YXT(T),y )T~ = @H(T) - K,

and so
A@H(T)) = K@ K + (v — v )[AXH(T)), Ay)]T .
Clearly
K@K+ @w—-v HXHT)e1,A@)] =" (T) e K,
whereas

(v —o H[@H DY (v 1) @ XH (D)™, Ay T
= (v —v Yo 2oty T) 'y T @ KX (T) !
—(w—v Hy T (MY (v 2T T @ KXT(T) !
+ (= HeN(T)Y T (v 2T X T(T) T
Using formulae (4) and (5) this reduces to
vy — o Y[ 4 200 T)Y T (v AT @ KX T(T)"
— v "+ JON(T)Y T (v T) @ KX T(T)"
+o "+ 1N T)Y T (v 2T)" @ &H(T)X T (v2T)".
Therefore
(=v H)[D(=D)v(w— v ) RHT)Y (07 T)" @ XH(T) T, Ay T
r>0
=N T oK
+D (D)1 =0 )T+ T ()Y (0T @ @ (D)X T (0T
r>0
This proves the formula for A(®*(T)). O

Proof for A(HT(T)). We cannot use the same procedure as above for A(H™(T))
since there is no easy recursion for the elements h,. Instead, from the implicit
formulae

[H(T), zo] = Z[ET,JCO]T# =X(T) — o, [HY(D)pn]l=y-Y (DT
we consider the equzxtions
[07(T), Alwo)] = AXT(T)) = Alzo),  [07(T), Aly1)] = Alyr) — AY(T)T.



26 ANDREW HUBERY

We first show that

(1) =HYN(T)@1+10 HH(T)+ ) YHT)" @ XH(T)"

is a solution to both of these equations. Then, applying Theorem 17, we show that
the difference A(H+(T)) — 07 (T) is zero.

Clearly

HYT)®1+10 HH(T),A(zo)] = XT(T) @1+ K ®@ X (T) — A(xo).

Also

YHT) @ XH(T) 2001+ K ® x|

= [Y (D), 2] ® XT(T)" + KY+(T) ® (UQTX"‘(T)JUO - mox+(T)’”).
Applying o to Lemma 19 (v) gives
(0= o Y HT) 2] = [+ 1) (v KY (1) =0 @ (T)Y + (072T)").

Therefore

YHT) @ XT(T)", Alxg)] = (v* = )KYH(T)" @ X T(T)

r —r
r—1 U —U

v (v—v~1)2

(KY*(T)”_l - <1>+(T)Y+(U—QT)’”—1) ® XH(T)",

v — ”Ufl 2r
[ G Y @) 9 XY Ao
r>1
=KX (T)+) (-1)v"(v—v" )" (T)Y*(0™>T)" @ XH(T)"+.
r>0

Thus we see that
[07(T), Awo)] = AX(T)) = A(zo).
Since 7(0c ® 0)(01(T)) = —07(T), we immediately get that
[07(T), A(y1)] = Ayr) — AY ()T

Therefore [A(HT(T)),—] and [07(T'), —] agree on A(zg) and A(y).

We now consider the difference A(HT(T))—0%(T). We can express this as a sum
of terms of the form a ® bT~", with a and b homogeneous elements in U= (,;\[2) We
use the natural Z2-grading given by dimension vectors, and use the lexicographic
ordering. Since A respects the grading, dim a + dim b is a multiple of § for all such
terms a ® bT~". Finally, dima and dim b are both non-zero, since 67 (T) includes
the terms HT(T)® 1+ 1@ H(T).

Let 7 > 1 be minimal such that the coefficient of T~" is non-zero. Let («, 3) be
the smallest pair with respect to the lexicographic ordering on Z? x Z?2 such that
(o, 8) = (dim a,dim b) for some homogeneous a ® b occurring in the coefficient of

T~". Choose linearly independent a1, - ,as in the subspace L[; (sA[g)a such that

A(HT(T)) - 07(T) = Z a; ® byT~" + higher order terms.
i=1
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More precisely, any other term a ® b1 ~"" satisfies either m > r or else m = r and
(dim a,dimd) > («, 3).

Consider in [A(HT(T)) — 0T(T),xo ® 1 + K ® 9] = 0 the coefficient of T~" of
degree (a, 8 + e1). Using that the a,K are still linearly independent, we deduce
that

bixg = v(el’a)mobi forall 1<1i<s.
Similarly, by considering in [A(H(T)) — 01 (T),y1 ® K +1®y;] = 0 the coefficient
of T~" of degree (a, 5 + e2), we obtain that

biy1 = by forall 1<i<s.
Let us write b; = b; K™ for some integers m; so that b; € U;f (sA[g) Then
biX{ = vl =2mixtp Xy = v?mitens) X,
Since a + (8 is a multiple of §, we deduce that
BXT = o XTh, XS =0T XS b,

where 7; = (e1, @) — 2m;. Therefore we can apply Theorem 17 to deduce that b; is
a scalar, so of degree 0. This is a contradiction, and hence A(H™(T)) = 0T (T). O

The remaining four formulae, with everywhere a minus sign, follow from the first
four by applying the Q(v)-algebra involution p.
This completes the proof of Theorem 20
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