ACYCLIC CLUSTER ALGEBRAS VIA RINGEL-HALL
ALGEBRAS

ANDREW HUBERY

1. INTRODUCTION

Realise acyclic cluster algebras via Hall algebras.

Original idea was from Caldero-Chapoton, just for A,D,E case. Then Caldero-
Keller gave a cluster multiplication theorem, but only in the simply-laced case.

Using the correspondence due to BMRRT between clusters and tilting modules,
this provides a way of realising the cluster algebras.

These results all rely on the work of Fomin-Zelevinsky.

Here we offer a realisation that is independent of the results of FZ, and which
works for all symmetrisable acyclic cluster algebras, equivalently valued graphs
without vertex loops, or symmetrisable generalised Cartan matrices.

2. THE MAIN THEOREM

Let A be a valued graph without vertex loops and let () be an orientation of
A containing no oriented cycle. Let k be a finite field and A the basic hereditary
finite dimensional k-algebra corresponding to Q. This has a primitive idempotent
e; for each vertex t = 1,...,n of A. Set F := Q(z1,...,,) to be the function field
in n variables.

We consider the tilting pairs (o, T), where o = {01, ..., 0.} is a subset of vertices,
€0 = €5, + - + €, is the associated idempotent, A, = A/(e,) the factor algebra,
and T =T,11®---®T, is a (basic) tilting module for A,.

Given such a tilting pair (o,7) together with 1 < k < n we define a new tilting
pair (¢/,T"), called the mutation in direction k. If k£ < r, then up to reordering we
may assume that k = r. We set 0’ := o \ {0,-}. The module T is now an insincere
almost complete tilting module for A,/. Thus there exists a unique complement N
and weset TV :=N&T.

Otherwise, we may assume that k = r+ 1. Let T = Tiyo®---@®T,. This is
an almost complete tilting module for A,. If T is sincere, there exists a unique
complement N % T,,;. We set 0/ := 0 and T’ := N @ T. If T is insincere, then
there exists a unique vertex v of A, not in the support of T. We set ¢’ := o U {v}
and T' :=T.

We can also associate to the tilting pair (o,7) the seed (X(U_,T), B(U,T)). Here
Xy ={X1,...,Xp} is the cluster given by

Xi =2z, forl<i<nr, X=Xy forr <j <m,

and where X, is the image of the Caldero-Chapoton map, defined in terms of Hall
numbers.
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The matrix B, 1) is skew-symmetrisable and is defined entirely in terms of the
Euler form of A as follows. Define

t; ;== dimEnd(S,,) for1<i<r, tj :=dimEnd(7T;) forr<j<n

and write D(, 7y := diag(t;). Note that by Theorem 18 the entries of D, 7y are,
up to reordering, precisely the symmetrisers of A. Set D, := diag(t;)1<;<, and
DT = diag(tj)mjgn.

Define the matrix

qoo (Hg HUT> _ ((Pampoj>i¢j <507¢>Tj>>.
(0.T) Hr, Hr —(Ti,S5;) (T3, Tj)izg
Next set
M, 1) := (1\1>[/I;(, 1\16[0;) ,
where

M,D, = H,(1+D;'H,) " = (1+H,D; ") 'H,

MzDr = Hy (14 D3 Hy) ™' = (14 HeDZY) ~'Hy
My7Dr = Hyr (1 + Dy'Hy) ™
Mr,D, = (1 4+ HrD7) ™ Hyy.

Finally write

t
Bio.r)Dio1) = M) Do) = Mie.r)Dior)) -
Clearly B(y,7) is skew-symmetrisable with respect to D, 7).

Main Theorem. The mutation of tilting pairs (o,T) coincides precisely with the
mutation of seeds (X(U’T),B(U’T)) as defined by Fomin and Zelevinsky. Thus the
subalgebra of F generated by the X, 1y equals the cluster algebra of type A.

We obtain the following immediate corollaries.

Laurent phenomenon
Every cluster can be expressed as a Laurent polynomial in the variables z1,...,x,.
This is immediate from the definition of the Caldero-Chapoton map.

Realisation of cluster variables
The cluster variables are in bijection with the exceptional modules, together with
the functions z1,...,x,. Moreover, the clusters are in bijection with the pairs
(0,T), which are in turn in bijection with cluster-tilting objects in the cluster
category.

The seed is determined by the cluster
This is clear, since we have given an explicit formula for computing the skew-
symmetrisable matrix B, 7).

Finite type classification
An acyclic cluster algebra is of finite type, that is has only finite many seeds, if and
only if it has only finitely many cluster variables, which is if and only if the graph
is of Dynkin type. This is clear, since a basic hereditary finite dimensional algebra
has finitely many exceptional objects if and only if it is Dynkin.
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Denominator formula
The denominator of Xj; for each module M is precisely dim M. This follows
directly from the Caldero-Chapoton map as in Theorem 10.

Independence of orientation
Clearly the cluster algebra depends only on the equivalence class of seeds. By
considering all sections of the preprojective component of the Auslander-Reiten
quiver of A we obtain tilting modules corresponding to any orientation of A.

We note that the independence of orientation, the Laurent phenomenon and the
finite type classification are due to Fomin and Zelevinsky [7, 8]. The realisation
of cluster variables is due to Caldero and Chapoton [4]. The denominator formula
and the determination of the seed by the cluster are due to Buan, Marsh, Reiten
and Todorov [3], using the cluster category [2].

The proofs in this article are independent of the combinatorics in [7, 8], and
are based on the realisation of the cluster variables [4] together with the cluster
multiplication theorem by Caldero and Keller [5, 6]. However, our proof of this
multiplication theorem is again new and follows more closely the original approach
via Ringel-Hall algebras. In particular, we use the associativity of the Hall numbers
together with Green’s comultiplication formula.

3. HEREDITARY ALGEBRAS

Let A be a valued graph without vertex loops and vertices Ag = {1,...,n}. The
edges of A are of the form

. (aij,a5i) |
j— I

for non-negative integers a;; and a;;, which we collect together in a matrix A. The
generalised Cartan matrix corresponding to A is thus C = 2I — A. We furthermore
assume that A (equivalently C) is diagonalisable: that is AD is symmetric for some
D = diag(ds,...,d,), where the d; are positive integers. For simplicity we assume
that the greatest common divisor of the d; is 1.

Let @ be an orientation of A containing no oriented cycle: that is, we replace
each valued edge by a valued arrow. Define R = Rg := (rij) via 145 1= ay; if there
is an arrow i — j in @, and 0 otherwise. Let R’ = (r;) = Rger, so A = R+ R/.

Let k& be a finite field and let A be the k-species associated to @, formed as
follows. We take a semisimple algebra

Ao = H kiei, ki/k a field extension of degree d;

(so the ¢; give a complete set of primitive idempotents) and a k-vector space

A= @ kji, kji/k a field extension of degree 77;d;.
jii

We give Ay the structure of a Ag-bimodule by taking the natural k;-k;-bimodule
structure on kj;;. The k-species A is the tensor algebra of A; over Ag.

We note that A is a finite dimensional basic hereditary k-algebra, and every such
algebra arises in this manner. The category modA of finite dimensional A-modules
is equivalent to the category of k-representations of the species associated to ), and
a k-representation is a collection M = (M;, ¢;;) where M; is a finite dimensional
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k;-vector space and ¢;; is a kj;-linear map
¢ij + kj; @k, My — M; for an arrow ¢ — j.

Let eq,...,e, be the standard basis of Z™. The dimension vector of a module M
is given as
dim M := Zdimki M;e; = Z(dimk M;/d;)e; € Z".
i i

In this way, we identify the Grothendieck group of A with Z™. The Euler form on
modA is given by

(M, N) := dimy, Hom(M, N) — dimy, Ext* (M, N)

and depends only on the dimension vectors of M and N. We note that the matrix
representing this form is (I — R)D.
We introduce the notation

[A, B] := dim; Hom(A4, B) and [A, B]' := dim;, Ext' (4, B).

Also, unadorned Hom and Ext spaces will always refer to A-homomorphisms and
extensions.

Lemma 1. The matrices R and R’ are related via R'D = DRY. The Auslander-
Reiten translate T acts on modA and provides the isomorphism

Ext'(M, N) = DHom(N, M),

where D = Homy(—, k). It follows that for a module M without projective sum-
mands,
(dim M)R + (dim 7M)R' = dim M + dim 7M.

Moreover, for a projective module P and an injective module I we have
(dim P)R = dimradP, (dimI)R’ = dim I — dimsocI.

We have an Auslander-Reiten sequence 0 — M — E — M — 0 for each
non-projective indecomposable module M. The Auslander-Reiten quiver I'g has as
vertices the isomorphism classes of indecomposable A-modules and valued arrows
determined by irreducible maps. We recall that if 0 - 7M — EF — M — 0 is an
Auslander-Reiten sequence, then £ = @ N™, where the sum runs over all arrows
[N] [M] in T'q.

Let Q* be the quiver obtained by reversing the orientation of @) and reversing the
valuations of all edges. Thus Q* has corresponding generalised Cartan matrix C'.
The subquiver of the Auslander-Reiten quiver I'g consisting of either the indecom-
posable projective modules or the indecomposable injective modules is isomorphic
to Q.

The translation quiver ZQ* has vertices 7"v for v a vertex of Q* and r € Z and
arrows

(n,m)
—_—

T+1’U (b,a) o (a,b) (a,b)

T u—>7"v forré€Zand u —>vin Q"

Then 7 is an automorphism of ZQ* given by shifting one place to the left.

Let Pg and Zg be the connected components of I'g containing the projective
and injective modules respectively. Then both Py and Zg are full subquivers of
the translation quiver ZQ*. In particular, if A is Dynkin, then I'g = Pg =Zg is a
full subquiver of ZQ*.
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4. RINGEL-HALL ALGEBRAS

We retain the notation introduced in the previous section. In particular, A is a
valued graph, @ an orientation of A and A the k-species associated to @), where k
is a finite field. Let A, D and R be the corresponding matrices.

For A-modules A, B and M we define the Hall number

FAL .= |{U<M|U=B,M/U= A}

and write ay; = |Aut(M)].

Consider the set £45 := {(b,a) | 0 — B M5 A-0is exact}. Sending such
a pair (b,a) to Imb < M gives a surjection onto all submodules U < M such that
U= B and M/U = A, and the fibres are isomorphic to Aut A x Aut B. Thus we
have the formula

F%3 = ’5%B| Jasag.
Proposition 2 (Riedtmann). We have the formula
Fip = ¢ W Plelpan/aaas,

where el is the size of the subset Ext'(A, B)yr C Ext'(A, B) consisting of those
classes of short exact sequences with middle term isomorphic to M.

Theorem 3 (Ringel). If A is a Dynkin graph and if u, o, 8 are isomorphism classes
of modules, then there exists an integer polynomial Fgﬁ(t) € Z[t] such that for a

finite field k and modules M, A, B of classes j,, 3 we have FY5 = F# (|k|).

In fact, for an arbitrary graph A, the same result is true for the numbers Fﬁ% =

> 5 Fi% whenever A, M are preinjective modules, and dually FM, .= >, Fi%
whenever B, M are preprojective modules.

Conjecture 4. Given a module M and a composition series M = M; > My >
<o > My > M,y1 =0, the type of the series is the ordered sequence (vi,va, ..., Uy),
where M;/M; 11 = S,,, the simple module supported at vertex v;. Let comp(M)
denote the set of all possible types of composition series of M. Given any set S of
types of composition series of modules of dimension vector «, define

comp(S) := {M | comp(M) = S}.

In this way we obtain an affine Z-scheme comp(S) whose image in the affine variety
Rep(a) is locally closed.

The conjecture now reads as follows:
Let A, B and C be three sets of types of composition series of modules of dimension
vector o, B and v = a + (3 respectively. Then there exists an integer polynomial
Ffw such that over any finite field k and any k-representation C € comp(C),

Fs(|kl) = {U < C'| U € comp(B),C/U € comp(A)}] .
Theorem 5. For modules M, W, X,Y, Z we have the formula
Y FipFXe =) FiFic.
X X

For a proof, see Ringel. Also Hubery for a generalisation to arbitrary exact
categories.
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Using this we can define the Ringel-Hall algebra H(A). This has a Z-basis u[y
indexed by the isomorphism classes of A-modules and multiplication

’LL[N]U[M] = Z FJA\)[(MU[X]-
[X]

This is an associative unital algebra.
The Ringel-Hall algebra has a natural coassociative comultiplication

apaap
rlupg) = Y @M FAR= S @ up)
[A][B] M

with respect to which the Ringel-Hall algebra becomes a twisted bialgebra: that is,
we twist the multiplication on the tensor product H(A) ® H(A) by setting

(C,

ua] ® gy - ue) @ upp) = ¢'Plugayuie) © uipjupp).

The comultiplication then satisfies
T(U[M]U[N]) = T(U[M]) . T’(U[N]).

The proof of this reduces to the following theorem.
Theorem 6 (Green). For fired modules M, N, X,Y over a k-species A we have the
identity

E pE GMONQXQYy —(A,D) pM_ N X pY

ZFMNFXYai = Z q FiptcpFacFppasasacap.
E E A,B,C,D
Using Riedtmann’s formula, we can rewrite Green’s formula as

(1) Zaﬁ[NF)]?Y = Z g M NI=ACIEIB DIHAD) P AL P e Xce -

E

A,B,C,D
5. THE CALDERO-CHAPOTON MAP

We keep the notation of the previous sections. Let F = Q(x1,...,x,) be a
transcendental extension of Q.
For a module M we define the element

Xug 1= D0 bz rer fgtim M,
a,f

where % = z{* - - 20,

Lemma 7. Let n: 0 = N — E 5 M — 0 be a short exact sequence and let
B <M and D < N be submodules. Set U, :={U < E | n(U)=B,UNN = D}.
IfUE, is not empty, then it is isomorphic to Hom(B, N/D).

Proof. Suppose that Uy € U5, and f € Hom(B, N/D). Define
Up={u+neE|ueclUyneN,fr(u)=n},

where N — N/D, n — 7 is the canonical projection. It follows easily that Uy €
UL,

Conversely, let U € UE |, be another submodule. Given b € B pick ug € Uy and
u € U mapping under 7 to b. Then u — ug € N and f(b) := u — ug is well-defined.
It is not hard to see that U = Uy. O

Corollary 8. (1) For all M and N we have Xy Xy = Xmon-
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(2) For M indecomposable non-projective we have XprX.n = 14+ Xpg, where
E is the middle term of the Auslander-Reiten sequence ending in M.

Proof. We shall abuse notation and write summations over modules when we really
mean isomorphism classes.

In the split case we note that, given any B < M and D < N, there is the
submodule D& B < N & M and so Ug E?M is never empty. The previous lemma
then provides us with a bijection between the sets {U < N @& M | dimU = n}
and {(B,D,f) | B< M,D < N,f:B — N/D,dimB + dim D = n} for every
dimension vector 7. Therefore

NOM  nR+ER' _ B,C] pM_ N &R R
Z FYEM pnR+eR" Z ¢ PO M PN ¢ (F+0R+(admR
XY A,B,C,D

Are these given by polynomials? If so, evaluating at ¢ = 1 yields the required
identity.

In the almost split case, the bijections above become injections, with the only
missing points those of the form (M, 0, f) for f : M — 7M. Using the property
that (dim M)R + (dim 7M)R’ = dim F we have the identity

g MMl dm E | Z F£Y$UR+ER' — Z g!BClFM, FgD§(5+5)R+(a+WR'.
XY A,B,C,D
Now set ¢ = 1 as before. ([l

The above result implies that we have a function X : 'y — F, [M] — X
which sends the mesh relations to algebraic equations: that is, the Auslander-
Reiten sequence 0 — 7M — @, Bfi — M — 0 corresponds to the equation

(2) Xomu Xy =1+ HX%’;-
i

Lemma 9.
Xpri=1+ (XradPi)f"’R/ and Xpx; =1+ (Xli/socli)leiR~

Proof. Every submodule of P; is either equal to P; or is contained in radP;. Thus
we have

XPiEdim P _ E(dim P)R + § :FX}SHQBR-F(u—i-ei)R/
A,B

1 , 1 L . /

— gdlmradPl + (Xradpi)gdlmradPﬂrezR )

The second statement is dual. O

Let I'p(a) be the Auslander-Reiten quiver of the bounded derived category of
modA. This is obtained by taking copies of I'y indexed by the integers and adding

arrows [I;] {aig230), [Pj]p41 ford aeg000), j an arrow in @ and r € Z. In particular,

T[P;]r41 = [1i]. We have a natural embedding of I'y in I'p(s) sending [M] to [M]o.
The above lemma implies that, if we extend X to the left and right of I"s inside
['p(a) via the formula (2), then X, —; = x; = X,p,. In particular, X descends to
a function on I'¢(y), the quotient of I'p(,) given by identifying 7~ I; with 7P;.
We note that X : I'¢py — F is independent of the orientation of ) determining
A. That is, if @’ is another orientation of A without oriented cycles and if A’ is
the corresponding finite dimensional algebra, then T'c(xr) = T'¢(a) as translation
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quivers. Thus we can write I'c(a) and the only difference in the maps is in which
objects get sent to the generators z1,...,z, of F.

Remark. The translation quiver I'¢(y) is precisely the Auslander-Reiten quiver
of the cluster category C(A) associated to A. That is, the orbit category of the
bouned derived category D(A) with respect to the functor 77 1[1].

6. THE DENOMINATOR THEOREM

In this section we prove the following denominator formula directly from the
Caldero-Chapoton map.

Theorem 10. For each module M, the polynomial Xz M s not divisible by

any Tj.

We construct for each vertex [ a dimension vector (3 satisfying the following three
properties:
(1) B < p is uniquely determined by 6 := SR + (p — 3)R/;
(2) 6, =0, so x; does not divide z?;
(3) there is a unique submodule B < M of dimension vector 3, hence 2 occurs
with coefficient 1 in Xpsz?.

The theorem follows immediately.

We fix the module M and the vertex [, and assume that [ is not a sink. We define
subsets Jo C J; C --- of the set of vertices {1,...,n} such that U, J, = {1,...,n}
via

Jo:={l}, Jory1:= U suppPj, Jorq2 = U suppl;.
j€j27~ j6j2r+1
That is, j2r+1 is the closure under successors of jzr, and j2T+2 is the closure under
predecessors of j21»+1. This sequence determines the partition J,. := J,. \ J,_1.

We note that if j € Jo,11 and j — 4, then ¢ € Jo,41, whereas if ¢ — j, then
1 € Jor U Jopy1 U Jopyo. Similarly, if j € Jor40 and @ — j, then ¢ € Jy,. 41, whereas
if j — 1, then ¢ € Jorg1 U Joppo U Jopys.

We define § via

Bj=0ifj € Jon, Bj:=p;ifje€ Jany1.

It follows from the remark above that M has a unique submodule of dimension
vector f3.
The corresponding monomial has exponent 6, where

0; = E Biaij + § (i — Bi)ai;-
In particular, 6; = 0.

It remains to show Property 1.

Lemma 11. The dimension vector 8 < p is uniquely determined by 0 := R +
(n— AR

Proof. Suppose that 8’ < g and 'R + (p — /)R’ = 6. Since [ is not a sink there
exists an arrow | — j, and we may assume that there is no other path from [ to
j. Then j € J; and 0; = 0. It follows that 8] = 3; for all i — j and all j — 4. In
particular, 8] = 6, = 0.
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Now suppose by induction that 8, = f; for all i € Jor. Let v € Jor41 and let
Jj — v with j € Jop U Jopqq. If j € Jop, then our two expressions for 6; yield
Zj—»ierrl(“i — B})ai; = 0, and hence 3, = B, = p,. Otherwise, if j € Jor41,
then by induction we may assume that 8] = §; = p; for all j «— i € Ja, 1. We thus
obtain 3, ;. Biaij + >, (i — Bi)ai; = 0. Thus 8, = B, = p,. It follows
that 3 = 8; = p; for all i € Joy41.

Similarly, suppose that 8, = §; for all i € Jo,41. Let v € Jopyo and let v —
j € J2T+1 U J2r+2. Ifj S J2r+1, then Zj<—iEJ2r+2 le-aij =0, so 61/) = ﬂy =0. If
J € Jar42, then by induction we may assume that 5, = 5; = 0 for all j — i € Jap1o.
Therefore >, ; Biai; + Zj—>i6127~+3 (ui — B})a;; = 0 and hence ], = 3, = 0.

The result follows by induction. [l

If [ is a sink, then we set Jo = 0 and J; = {l}, and define Jy, J, and 8 exactly as
before. We see again that § = SR + (u — B)R’ satisfies §; = 0 and the same lemma
as before shows that § < p is the unique dimension vector giving rise to 6. Note
that, in order to show (] = p;, we consider 6; = 0 for j — [ such that there is no
other path from j to [.

This completes the proof of the theorem.

7. THE CALDERO-KELLER CLUSTER MULTIPLICATION THEOREM

In this section we give a reformulation and new proof of the Caldero-Keller
multiplication theorem (and in fact generalise their result). The new proof is more
in keeping with our approach via Ringel-Hall algebras. In fact, as we shall see, the
proof relies upon the associativity of Hall numbers together with Green’s Theorem.

Theorem 12 (Caldero-Keller). Let M and N be modules. Then [M, N]' Xy Xy
equals the sum

E
Z EMN

pemon 47 g

Hom (N, 7M) p 4
vy HomWrMipadl -y vv

-1
A".D,I q q-1

Here we have written Hom(N,7M)pasr for the set of (non-zero) homomorphisms
0: N — M with kernel D and cokernel TA' ® I for some injective I and some A’
without projective summands. Also, P denotes the projective summand of M and
A=PaA.

Recall that X7 = X, - = = gdimsocl and similarly Xpp) = gdim P/radP

We first show that this is a generahsatlon of the original Caldero-Keller Theorem.
Let C = C(A) denote the cluster category of A and assume that [N, M]' = 0.

Consider the first sum in Theorem 12. By the assumptions on M and N we
know that Exts(M,N) = Exth(M,N). Therefore we have a bijection between
short exact sequences

n:0-NLELM -0
and triangles
NLES M N

It follows that Exti (M, N)g = Exty(M,N)g for all E. Using the vector space
structure on this set, we see that k* acts freely on each Ext}(M,N)g for F 2
M & N. Thus f‘jN is precisely the number of points of the set P(Extg (M, N)g)
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and taking the Euler characteristic corresponds to evaluating this polynomial at
qg=1.

Now consider the second sum in Theorem 12. Write M = P & M’ where
P is projective and M’ contains no projective summand. Then Exté(N, M)
Homy (N, 7M").

Lemma 13. Under the bijection Homy(N,7M') = Ext(N, M), the morphism
6: N — M’ is sent to the triangle
M—-E—-NrMm,

where E = P®Ker 0@ (Coker 0)[—1]. Moreover, the split triangle corresponds to the
zero morphism, and k* acts on non-zero morphisms just by multiplication, hence
acts on each of the sets Homp (N, 7MY parr.

Proof. Let 6 € Homa (N, 7M’) be any homomorphism. We have an exact sequence

0—>D—>Ni>7'M/—>7'A’@I—>O7
where [ is injective and A’ contains no projective summand. This yields the exact
sequences
n:0—=DLNSC=0 and n/ZOHCLTMILTA/@IHO,
where § = ge. Thus, in the bounded derived category D = D(A), we have the
triangles

NSceZpn ~MoNg and LM Loaer ™ op)
Using the octahedral axiom we obtain triangles

N% M S E[1 - N[1] and D[] — E[l] — A o1 ™7, pp,

Now n[l]on’ € Homp(T7A’@® I, D[2]) = 0 since A is hereditary. Therefore the second
triangle is split and E = 7A'[-1] @ D & I[—1]. The canonical functor D — C is a
triangle functor, and 7A'[—1] 2 A" in C, so we obtain the following triangle in C
M - AeDeIl-1]—>NL M.
Finally, since Hom¢ (N, P[1]) = 0, we can add the triangle
P—P—0— P[]

to obtain the triangle

M—A®Da&I-1]—N %,
where A = A’ @ P. This construction yields every such triangle, since we have the

bijection Extg(N, M) 2 Homp (N, 7M"). O

We have thus shown that our theorem generalises the original Caldero-Keller
Multiplication Theorem, which states that for objects M and N in C such that
dim Exts (M, N) = 1, the product dim Extj(M, N) - X Xy equals

Exts (M, N Extb (N, M
Z ‘ C( )E| Xp + Z | c( )E| Xp.
q—1 q—1
E£M®N q—1 E%M@®N a—1

We now prove Theorem 12.
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Define

E
EMN pE  nR+ER/—
o1 = Z — 1FXY£n +¢ (H‘FV)'
X,Y,E£M&N
Then o | g=1 18 precisely the first term in the Caldero-Keller Theorem.

Lemma 14.
gMNT _ glB.CT ,
o) = Z q(B7C') — Fﬁ/lBFéVDg(ﬂJré)RJr(aJr'y)R —(ntv)
A,B,C,D q

Proof. This is just an application of Green’s Theorem, or rather the reformulation
given in (1). We have

E pE , nR+ER/
Z enunFxyz

EX,)Y
_ M,N]—[A,C]—[B,D]—(A,D) oM N _X .Y _nR+ER/
— 2’ q[ 1-[A,C]-[B,D]—( >FABFCD5AC5BD£ )
A,B,C,D
XY

We observe that 3" eX, = ¢4 and € = a + 7, and similarly for Y. Using the
properties of the Euler form we therefore obtain that
E E R+£R’ M,N*+(B,C) mM =N SR R’
Z el N FE, g mHER = Z gMANT + )FABFCDQ(BJF JR+(a+7)R'
E,X,Y A,B,C,D
Now consider what happens on the left hand side when £ = N & M. We know
that EJ]\VJIER,M =1 and so Lemma 7 gives

N&M  nR+ER/ B,C] M 2N HR R/
ZF){}@; ZMRHERT Z gIBCI M N g (OO R+ (et )R
XY A,B,C,D
Hence
EﬁN E _nR+ER/
o1 = Z 1 FE, gnR+e —(putv)
X,Y,EXM®N
B,C q[M’N]l —Q[B’C]l M N 5)R R’
= Z ¢‘B:0) — FY RN g (PHOR+(at )R = (utv)
A,B,C,D q
finishing the proof. d
Define
Hom(N, ™M) 4 ' )
= 3 gty [HOm( ’—71 JADIl A gD Ot mRH(+OR'— (a) +dim soc
A,D,I q
KL XY

where A = P® A’ and we consider only non-zero morphisms: that is, D 2 N. Then
o9 41 18 precisely the second term in the Caldero-Keller Theorem. The weighting

g#=rr=1) ig not essential, but will make the final step easier.
Lemma 15. We have that
Hom(N,7M")part| = > acFi FALFiE
B'.C

where B’ contains no projective summand and A = A’ & P.
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Proof. Given such a morphism 6 : N — 7M’ we have exact sequences

0-D4LNESC -0 and 0—>Ci>TM/i>TA/@I—>O

such that gc = 0. Thus there is a map &Y, x 5%4/@10 to Hom (N, 7M’) sending
((d.c),(g,[)) to gc. The fibres are isomorphic to Aut(rA’ & I) x AutC' x Aut D.
Hence
[Hom(N, 7M") arpr| = Y ac Fép Fl g e
c
Taking the pull-back of the second sequence and using the Auslander-Reiten
translate yeilds the two short exact sequences

0—-C—-717B'—-I—-0 and 0—-B - M — A -0

where B’ contains no projective summand. Since B’ contains no projective sum-
mand, [B’, P] = 0 and we obtain the sequence

0—-B —-M-—A—0.

where A= A" ® P.
The proof of the associativity of the Hall numbers, Theorem 5 uses this pull-
back/push-out construction. Hence we see that

M’ _ TM' 7B __ M' B’
FTA’SBIC - § FTA/TB/FIC - E FAB’FIC :
B/

B/
Putting this together yields the result. (I
We can now write
a ’ ’ .
oo 1= Z glp—rv=m ; le%'FgDng F[?LF)?yi(A+n)R+(H+§)R —(a+6)+dimsocl
A,B’,C#0,D
I,K,L,X,Y

Lemma 16.

poy P =1 oy §R R/
oy = Z ‘P )leABFCDE(B+) +(a+ R = (utv)
A,B,C,D 4
Proof. Define

Gy = Z qw*ml’*n)acF%,FéVDFITCI?'FléLF)?Y&(MLn)RJr(HJri)R'*(04+5)+di7msocl'

A,B',C,D
I,K,L,X,Y

We begin by noting that a + 8§ = (u+v) — (3’ + ). Also
dim socl = dim I — (dim I)R' = dim I + (v — @R’
=dim7 - §' - 76" + (R +R) = —(8'+7) + (B R +R).
Hence dimsocl — (a+6) = 'R +~R’ — (¢ + v) and so the exponent of z is
B +A+DR+ (v +r+ R = (u+v).
Thus

Gy = B o FAL FN B P PRy o ATIR (st QR —(utv)

A,B',C,D
I.K,LX)Y
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Using the associativity of the Hall numbers, Theorem 5, we obtain

Gy = Z q<A’D>&CF%AFDYF FLB/FCXm(ﬁ FANRA(Y++HEOR = (utv)

A,B',C,D,I
K,L.X)Y

The exponent of z is now (o +n)R + (6 + k)R — (u+v).
The previous lemma implies

4 1
SN acFfy FEYFIE = ¢4 = glAPT,

L. X,IB',C
and so
Gy = Z gtA-D M, ngg(a+n)R+(5+n)R’—(u+u)
A,D,K,Y
Z q[B,C]F%Fng(ﬁM)RJr(aJrv)R'*(quV)'
A,B,C,D

Finally, consider the zero morphism N — 7M’, or equivalently the case C' = 0.
This satisfies A= M, D = N, B’ = I = 0, and so we have the contribution to &5
of

Z ¢ M RN g OHmRA (A OR = (utv)

K,L.X)Y
Hence
gBCl —1
oy = Z q<B7C>f1FABFC g BHORF (@R —(utv)
A,B,C,D
as was to be shown. O
‘We obtain that
g ,
o1 +og=—— =~ Z ¢‘P C>FM FYp g BHORF(at R = (utv)
qg—1
A,B,C,D

Evaluating at ¢ = 1 completes the proof of Theorem 12.

7.1. Cluster Multiplication Theorem: The Second Case. We let M and P
be modules with P projective and consider the objects M and P[1] in the cluster
category. Set I = v(P) where D = Homy(—, k) is the standard duality and v =
DHom(—, A) is the Nakayama functor. Thus [ is the injective module such that
socI 2 P/radP. We know that

Ext (M, P[1]) 2 Ext!(M,I) and Ext}(P[1], M) = Hom(P, M).
Theorem 17. The product [P, M| X ppzdim P/radP goyq]s

Z |HOH1 (M, I)pr| X l,di_msocl’ + Z |Hom(P, M) pra| X xdi_mpl/radpl
=) BT B — AT ;
B, I’ q-1 A, P’ q—1

where Hom(M, I) g is the set of (non-zero) morphisms M — I with kernel B and
cokernel I', and dually for Hom(P, M) p: 4.
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As before, the morphism 6 : M — I correponds to the triangle in C given by
I-1]1—-FE—-M %I, where E = Kerf & (Coker 0)[—1].
We note that from 6 we obtain the two short exact sequences
0-B—-M-—-A—-0, 0—-A—-I—->1I -0,

where I’ is again injective. Now, as in Lemma 15, we know that

[Hom(M, I)pr| = aaFARF] 4.
A

Define

QA M I @B | nR+ER'—B+dimsocl’
01 = E _ 1FABFI’AFXY£77 Si-grdim )
AB,I' XY
so that 02|q:1 equals the first term in the theorem. Now, as in Lemma 16, we can

show that
B,I] _ 1

o = q[ FM xﬁR«HXR/fqudim socI.
1 ABZ
as 17

Similarly, the morphism 6 : P — M corresponds to the triangle

M — E— P[] M M), where E 2 (Ker0)[1] @ Coker 6.

From 6 we obtain the exact sequences
0—-P —-P—-B—-0, 0-B—M-—A—D0,
where P’ is again projective. Dually to the above we set

. a ’ . ’ ’
0o 1= Z glH—6dimD) TBlF‘i\/[BFgP/F&‘lygﬂR+§R —atdim P’ /rad P’

A,B,P' XY q
so that o] =1 equals the second term. Again we have introduced a weighting to
simplify the final step. Then

(P4l 1 M _BR+aR/ dim P/rad P
- FABE +aR’—p+dim P/ra; )

A,B q
Since [P, M] = [P, A] + [B, I] we obtain that
[P,M] _ 1 , .
o1+ 0g = q Z ngfBzﬂRJraR —p+dim P/radP

-1
A,B

Evaluating at ¢ = 1 finishes the proof.

8. TILTING MODULES

A A-module is called basic, or square-free, if it is a direct sum of pairwise non-
isomorphic indecomposable modules. A module is rigid if it has no self-extensions,
and exceptional if it is both rigid and indecomposable.

A module is sincere if every simple module occurs as a composition factor. Note
that if a module M is not sincere, then there exists a vertex i ¢ supp(M). Thus
M is a module for the algebra A/Ae;A corresponding to the quiver obtained by
deleting the vertex ¢ from Q). We also know (for example Kerner) that every sincere
exceptional module is faithful.
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A tilting module for A is a basic rigid module T" such that there exists a coreso-
lution

0—=A—T"—=T!'—0, T'cadd(T).

The following construction of tilting modules is due to Bongartz. Let T be a
rigid module and consider the universal extension

(3) 0-A—-L—->T" —0, where r = [T, A]*/[T, T).

Then there exists a summand of T' @ L which is a tilting module.
We recall some results from Happel-Ringel.

Theorem 18 (Happel-Ringel). (1) If X and Y are indecomposable modules
with [X,Y]' = 0, then any non-zero map Y — X is either a monomorphism
or an epimorphism.

(2) The dimension vectors of the indecomposable summands of a basic rigid
module are linearly independent in the Grothendieck group of A.

(3) A basic rigid module T is a tilting module if and only if the number of
indecomposable summands of T equals the number n of simple A-modules.

In particular, let T = @._, T; be a tilting module. Then End(T;) is always a
field, and we write t; := dim End(7};). Also, we can order the summands of T such
that Hom(T;,T}) # 0 implies ¢ < j.

A basic rigid module T' with n — 1 indecomposable summands is called an almost
complete tilting module. A complement to 7" is an exceptional module M such that
T @ M is a tilting module.

Theorem 19 (Happel-Unger). Let T be an almost complete tilting module.

(1) If T is sincere, then there exist precisely two complements to T, otherwise
there exists precisely one complement.

(2) Suppose T has two complements M and N such that Ext'(M,N) # 0.
Then there is a unique non-split sequence 0 - N — E — M — 0 and
E € add(T). Moreover, [M,M] = [N,N]| = [M, N]'.

We offer a streamlined proof making explicit use of the Bongartz complement.

Proof. Let T be an almost complete tilting module and consider the construction
by Bongartz. This yields a rigid module T @ L containing a tilting module as
a direct summand. Let N be an indecomposable summand of L not contained in
add(T). Then T@® N is a basic rigid module with n summands, and hence is a tilting
module by Theorem 18. Furthermore, L € add(T'@® N). In particular, every almost
complete tilting module (in fact, every basic rigid module) has a complement.

Let M % N be another complement to 7. Applying Hom(—, M) to (3) shows
that [N, M]* = 0. Thus [M, N]! # 0, so consider the universal extension

0—>N"—-FE—M—0, where r = [M, N]*/ty and ty := [N, N].

We first show that T @ N @ E is rigid, so that E € add(T & N).

By construction, [E,NJ* = [N",N]! = 0. Also, [E,T]! =0 = [T,E]'. Ap-
plying Hom(—, E) to (3) now gives that [V, E]! = 0. Next apply Hom(—, M) and
Hom(E, —) to the above sequence to obtain that [E, M]! = 0 = [E, E]*, as required.

Now, N is not a summand of E. For, if we had E = N & E’, then using that
End(N) is a field and N 2 M we obtain the universal sequence 0 — N"™7! —
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E’ — M — 0 as a direct summand of our original sequence, a contradiction. Thus
E € add(T).

It follows that [M,E]' = 0. Therefore End(M) surjects onto Ext!'(M, N"),
which implies that » = 1 and [M, E] = 0 = [M, N]. Since Hom(N", N) surjects
onto Ext' (M, N) and r = 1, we have [N, N] = [M, N|' = [M, M].

Moreover, if T is insincere, then [P,T] = 0 for some non-zero projective module
P. Applying Hom(P, —) to the above sequence yields that [P, M] = 0, and hence
T @ M is an insincere tilting module, a contradiction. Hence there exists a unique
complement in modA.

Now suppose that M’ 2 N is also a complement to T. As above, we obtain a
sequence

0—-N—=E —-M —0, E' € add(T).

Applying Hom(—, M) to this sequence and Hom(—, M’) to the sequence for M
yields [M', M]* = 0= [M,M']'. Thus T & M & M’ is rigid, so M = M’ and there
are at most two complements to 7T

It remains to show that 7" has two complements when it is sincere. Let IV be the
Bongartz complement and consider the natural morphism f: N — F =@ X (VT
In particular, every morphism N — Y with Y € add(T) factors through f. Then
f is injective precisely when T is sincere, and in this case the cokernel contains a
second complement to T" as a direct summand.

Let A be the image of f and consider the induced exact sequences

0—-—K—-N—-A—0 and 0—-A—F—G—0.

We know that [4,T]' = 0 = [T, A]! and [K,T]' = 0. Also, [N,T] = [A,T] and
hence [K,T] = 0. Applying Hom (K, —) to (3) shows that [K,A] = [K, L] = [K, N¥]
for some s > 1. Thus if K # 0, then K is projective and T is insincere. We deduce
that f is injective and obtain the exact sequence

0—-—N—-F—G-—0.

Now, [T, G]' = 0 and since Hom(F,T) — Hom(N,T) is surjective, [G,T]* = 0. In
particular, [G, F]! = 0. Applying Hom(G, —) yields [G,G]! = 0, so that T @ G is
rigid. We know that G ¢ add(T'), otherwise the sequence would split. Thus G has
as direct summand a second complement to T ([l

9. SEEDS AND MUTATION

For 0 C Ag = {1,...,n} define the idempotent ¢, = >
A/AesA.

We consider the pairs (o, T), where 0 = {o1,...,00-1} C Apgand T = @ T; is
a tilting module for A,. Such a pair will be called a tilting pair. The corresponding
cluster is given as

X(a,T) = {Xl,...7Xn} = {{EUl,...,:L’UT_UXTT,...,XTH}.

Recall that D = diag(d;) is the diagonalising matrix for A. Define D, ) :=
diag(t;), where t; := dimEnd(S,,) = do, for 1 < i < r and t; := dimEnd(T})
for r < j < n. Write D, := diag(t;)i<i<r and Dp := diag(t;)r<j<n. Note that
Theorem 18 implies that, up to reordering, D, 1) coincides with D.

ico € and set A, =
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Define the matrix

Hio. 1) = (HG HaT) = (<Pgi7pa">i¢j _<SawTj>>.

HTO' HT 7<Ti’Sﬂ'j> <E’7}>2¢]
Next set
MO’ MO’T
M) := (MTU Mr ) ’
where

1

M,D, = H,(1+D;'H,) ™" = (1+H,D; ") 'H,
1

MrDy = Hp (14 Dy Hy) ™' = (1 4+ HeDZY) ' Hy
MyrDr = Hor (1 + D}lHTY1
Mr,D, = (1 4+ HrD7) ™ Hyy.
Finally write
t
Bor)Dior) := M) Do) = (M) Do)
Clearly B(, 1) is skew-symmetrisable with respect to D¢ 1). We call the pair
(X(U’T),B(U’T)) a seed.
Remark 20. Note that that M, 1) is determined by the following procedure.

Let r < 1. Then there exist unique elements p; and x; in the Grothendieck group
of Ay such that

(pi, Tj) = (1;,T;)  forr <j#i, (pi,Ti) =0
<T]3X2>:<T]7E> fOT’T‘<j7éZ., <TZ7X'L>:0
It follows that p; := Zj m;; dim Ty and x; := Zj mjit; /t; dim T;. Similarly for the
matrix M, .
Let i < r. Then there exist unique elements p; and x; such that

<piaTj> = _<Sc7i7Tj> and <TjﬂXi> = _<Tj’SO'i> for all r < j.

We again have that p; := Zj my; dim Ty and x; = Zj mjit; /t; dm T);.

Alternatively, for i < r let A; := Ay\(s,) and write P,, for the A;-projective
corresponding to vertex o;. Then radP,, is a As-projective, and hence has a cores-
olution

0— I‘adﬁgi —Xg— X1 —0 with Xo, X1 € add(T)

Since (P,,,T) = 0, it follows that p; = dim Xy — dim X;. Dually, the A;-injective
1, yields the resolution

0—-Y, —»Yy—1,,/S,, =0 with Yy,Y: € add(T)
and x; = dim Yy — dim Y;.

We now describe how to mutate tilting pairs. Given a tilting pair (o, T") together
with 1 < k < n we define a new tilting pair ui(o,T) = (¢/,T") called the mutation
in direction k.

If £ < r, then after reordering we may assume that k = r — 1. We set ¢/ =
o\ {or-1}. The module T is now an insincere almost complete tilting module for
A,/. Hence there exists a unique complement N and we set TV := N ¢ T.

Otherwise we may assume that k = r, so consider T := @?:TH T;. This is an
almost complete tilting module for A,. If T is sincere, then there exists a unique
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complement N % T,.. Set ¢/ := 0 and T’ := N eT. If T is insincere, then there
exists a unique vertex v of A, not in the support of 7. In this case, set ¢/ := cU{v}
and 77 :=T.

Main Theorem. The mutation of tilting pairs (o, T) coincides precisely with the
Fomin-Zelevinsky mutation of seeds (X((,’T),B(U’T)). Thus the subalgebra of F

generated by the X ) equals the cluster algebra of type A.

For the proof it is enough to consider mutation at k = r, and we have the two
cases depending on whether T = @) 41 i is sincere or not. In both cases we
use the Cluster Multiplication Theorem to show that the matrix B has the correct

values on its r-th row.

10. THE SINCERE CASE

Let o = {1,...,7—1} (after relabelling vertices) and let T = @;_, . ; be a sincere
almost complete tilting module for A,. Let M and N such that [N, M]' = 0 be
the two complements of T in modA,. Let MM = (mfvf) = M(;,me1) be the matrix
corresponding to (o, M @ T), and similarly let MY = M, yor) be the matrix
corresponding to (o, N @ T). Note that ¢, = [M, M] = [N, N| = [M, N]*.

Recall that a left add(T")-approximation of N is a morphism N — F with E €
add(T) such that the induced map Hom(F, X) — Hom(N, X) is an epimorphism
for all X € add(T') . Dually a right add(7T)-approximation is a morphism D — N
such that Hom(D, X) — Hom(N, X) is an epimorphism for all X € add(T).

Lemma 21. For the extension 0 — N — E — M — 0, the map N — FE is
a minimal left add(T)-approzimations of N, and dually the map E — M is a
minimal right approzimation. We write

dmE =Y hy;dimT; = > hjy dimT;.
J j
Proof. Clearly Hom(FE, X) — Hom(N, X) is surjective for all X € add(T), thus F
is a left approximation. Conversely, given any other approximation N — F, this
must be injective since N — F is injective. Let G be the cokernel. Then [T, G]! =
0 = [G,T)'. In particular, [G, F]! =0, so [G,G]' =0. Thus T & G is exceptional,
hence G € add(T & M. Since [T, N]! = 0, the sequence 0 = N — E — M — 0 is
a summand of 0 - N — F — G — 0, proving minimality. The result for £ — M
is dual. O

The first term in the Cluster Multiplication Theorem thus reads [, XQ}EN L

For the second term we need to understand the unique non-zero map N — 7M.
Given a rigid module T we define the right perpendicular category (see Geigle-
Lenzing) via

T+ = {X: [T, X] =0,[T, X]' =0}.

This category is isomorphic to modA’ for some finite dimensional hereditary k-
algebra A’. Thus if T is an almost complete tilting module, then A’ has a unique
simple module and so equals add(C) for some exceptional module C. Dually we
can define the left perpendicular category 7.

Proposition 22. The essentially unique non-zero morphism N — TM yields the
short exact sequences

0—-—D—-N—-C—0, 0-B—-M-—-A—0 and 0—-C—-7B—1—0,
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1) M — A is the minimal left add(T)-approzimation of M;
(2) D — N is the minimal right add(T)-approzimation of N;
3) B is indecomposable and generates ~T inside modA, ;
(4) C is indecomposable and generates T+ inside modA, ;

(5) I is injective and socl has support inside o.

Moreover End(B) = End(C) = End(N) = End(M). We write

dimA:= hy;dimT; and  dimD =3 hjydimT;
J J

and set o ;= dimsocl.

Proof. The image C' of N — 7M must be indecomposable since the morphism is
unique up to an automorphism of C. Also, as in the proof of the Caldero-Keller
Multiplication Theorem, we have three induced sequences

0O D—-N—-C—-0, 0-B—-M-—-A—-0, 0-C—7B—1-—0,

where B contains no projective summand and [ is injective. Note that the first two
are sequences of A, modules.

We first apply the functors Hom(7T, —) and Hom(—,T) to the sequence 0 —
D — N — C — 0 to deduce that [T,C]* = 0 = [D,T]! and that there is an exact
sequence

0 — Hom(T, D) — Hom(T, N) — Hom(T, C') — Ext*(T, D) — 0.

Similarly, using the sequence 0 — B — M — A — 0, we deduce that [T, A]' =0 =
[B,T]! and that there is an exact sequence

0 — Hom(A,T) — Hom(M,T) — Hom(B,T) — Ext'(A,T) — 0.

Next, applying Hom(T, —) to the sequence 0 — C — 7B — I — 0 gives [T,C] =
0 = [T,1] and [B,T] = 0. This implies that [T, D]! = 0 = [A,T]*. Furthermore,
T+ = add(C) and +T = add(B).

Finally we see that both A and D are rigid. For, we have the sequence 0 —
N — E — M — 0 with E € add(T), so [T, D]* = 0 implies [N, D]! = 0. Applying
Hom(—, D) to the sequence 0 — D — N — C — 0 yields [D, D]! = 0. Dually we
have [A, M]' = 0, hence [A, A]' = 0.

Thus A,D € add(T), and D — N and M — A are right and left add(T)-
approximations respectively. If F' — N is another approximation, then since D —
N is injective, the induced maps D — F — D give the identity on D. Hence D is a
direct summand of F', so D — N is minimal. Dually for the epimorphism M — A.

Next we note that [C,C] = [N, C] since [D,C] = 0. Also Theorem 18 tells us
that [V, D] = 0, so [N, N] = [N, C]. We shall also need that [N, I] = 0. To see this,
we observe that [N, C]' = 0 and that [N,7B] = [B, N]! = [M, N]!, which equals
[N, N] by Theorem 19. Thus [N,I] = [N,7B] — [N, C] = 0.

Let o := dimsocl, so a;d; := [S;, I] = (S;,I). We know that the dimension
vectors of the summands of 7@ N form a basis for the Grothendieck group of A, .
Therefore, since (—, I) vanishes on each of these summands, we see that suppa C
. (]

Using this result, we see that the Cluster Multiplication Theorem has second
term Hl X%il\ii“rhiN&a.
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Thus, in this case, the Main Theorem reduces to the following proposition.

Proposition 23. Let B, nvor) = (b))). Then
bN_{—aj if j <

= . . and  B(omer) < BlonaT)-
7\ by —hin = ha ifr < (0. M&T) (o-N®T)

10.1. Proof of Proposition 23.

Lemma 24. Let r < i,j. Then mf\f = mf\J] + (hinhnj — hineharj)tiftr. Also,
m% = hyj and m% —&—mf,\g = hjm, and similarly mﬁf = h;nt;/t, and m% —|—me =
hNitz'/tr-

Proof. Tt is clear from the definitions that p* = dim A and xY = dim D. Thus

M _ N _ :
my; = hay and my, = hint;/t,. Now consider

oY =ml dim N + ngdi_mTj = —m dim M + Z(mf}’ + mfr/th)di_mTj.
J J
We have (pl¥, M) = (pN, E) — [T;, N] = [T;, M] — h;pt;, so that
(p}" = pY,Tj) =0forall j and (p}" —p¥, M) = hijti.

It follows that

M_ N _ . . _ . ,
pi- —pi = hinti [t (dim M — dim A) = hgprt; /t, dim M — ZhiMhthi/tr(h_mTj~

J

Equating coefficients yields m + m2 = h;yt;/t, and

mM — mN = mf\;h]\]j — hz’Mhthi/tr = (hiNth — hiMhMj)ti/tr-

17 17
Finally, since (M, xN) = (E,xY) =0, we have xM + ¥ = dim E. O
Lemma 25. Let i < r < j. Then m} = —mj = (S;,C)/t, and m}] = m}} +
mN hyj. Similarly mY, = —mM = (B, S;)/t; and mé‘f = m% + hymbt;/t,.

Proof. 1t is clear that pM — pN = 0, since it vanishes on each T; as well as on M.
Writing as before
oV =mb dim N + Zmﬁ dim T; = —m® dim M + Z(mf\; +m hy;) dim Ty,
J J

oM N _ M _ N Np : :
we obtain m;, +m;, = 0 and m;; = m;; + m;, hyn; as required. Now consider

<pzN7N> = miNrtr +Zmz]mg[T]aN] = m@]‘\qftr +ng[frij] = mq;Nrtr + <pzN7D>'
J J

Thus
mz]'XtT = <p£V5N> - <pzN7D> = _<Si7N> + <Si5D> = _<Si70>'

The results for y; follow analogously. O

We can now complete the proof of Proposition 23.

Recall that bﬁ\; = mf\][ — m%ti/tj. Clearly b% + bf,\; = 0 for j < r whereas for
r < j we have

b + b = hjnr — hij = 0.

Moreover, bivj = hnj — harj — hyn for r < j and for j < r we have

brit; = (B,S;) + (S;,C) = (dim S;, dim C' — dim 7 B).
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Using the sequence 0 — C' — 7B — I — 0 we obtain that b, = —(S;,1)/t; = —a;.
Consider r < 4,j. From the lemmas we see that

bf\j/-[ = bg + ((hinv + hari)hng — hviChary + hyn) )i/t

Set 5{’}’ = (’bm bﬂvj + oY ‘b% )/2 and note that §N = 0 unless both bY and bN
have the same sign.

Suppose b} is non-negative, so equals hy;. Then 6, = 0 unless b)) = (hari +
hin)ti/tr is also non-negative, in which case 5N = (hin + hari)hwjti ftr. I byj =

—(haj + hjn) is non-positive, then 5N =0 unless bN = —hyit;/t,, in which case
0y = —hni(harj+hjn)ti/t,. We thus obtain that b = bl 4 ([b] b +07 [bX]) /2
for all r < ¢, 7.

Now suppose that i < 7 < j. Then b} = by +hn;(mi —mNti/t,) = b +b hn;.
Now b = «a;t;/t, is never negative, so bM =0+ (| W’ b+ bl || ) /2 holds for
all i < r < j.

Finally it is clear that mi = m . for all 7,7 < r, and hence bM = bN Since
bf\ri >0> bfyj the result follows.

This completes the proof of Proposition 23.

11. THE INSINCERE CASE

Let 0 = {1,...,7 — 1} (after relabelling vertices) and let T = @;_ ., be an
insincere almost complete tilting module for A,. Let N be the unique complement
of T in modA, and let v € o be the unique vertex not in the support of T'.

In order to use the Cluster Multiplication Theorem, we need to understand the

morphisms M — I, and P, — M.

Proposition 26. There is a unique non-zero morphism P, — N. The coker-
nel N — C is the minimal left add(T)-approzimation of N and the image is
the As-projective P, corresponding to v. Let P be the kernel and set dimC =
> hn;dim Ty and o := dim P/radP.

Dually there is a unique non-zero morphism N — I,,. This has kernel D — N the
minimal right add(T)-approzimation and image the A, -injective I,, corresponding
tov. Let I be the cokernel and set dim D = Zj hjn dim Ty and 3 := dimsocl.

Moreover, |P,,P,] = [N,N] = [P,,N] and P, is a generator for *T inside
modA,. Dually for I,.

Note that the supports of  and 3 are disjoint since @ has no oriented cycles.

Proof. Since N @ T is a tilting module and since [P,,, T] = 0 we have a coresolution
0—P,— N°—C—0 withC € add(T)

for some s > 1. Applying Hom(P,, —) shows that s = 1 and [P,, N] = [P,, P,].
Furthermore, since [C, N] = 0 by Theorem 18, we have [N, N| = [P,, N]. Clearly
P, is a generator for 7.

Clearly N — C' is a left add(T')-approximation of N, and it is minimal since
N — C is surjective (c.f. the proof of Proposition 22). Finally, since S, occurs only
once as a composition factor of N, [P,, P,] = [P,, N] = [P,, N] = [N, N].

The result for I, is dual. O
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The Caldero-Keller Multiplication Theorem thus reads as
XN:EU = H X’%.Ni@a + H X%ZNzﬁv

and the Main Theorem reduces to the following proposition.

Proposition 27. Let B, ngr) = (bg) Then
bN_{Oéj—ﬁj ifj<m

;= and B, 1 BroUiet 1)
rj hnj —hin if < (o,.N&T) (oU{v},T)

11.1. Proof of Proposition 27.

Lemma 28. (1) Let r < i,j. Then my; = mf\j( + hinhnjti/t.. Also mi =
hi]\/ti/tr and mi\; = th.
(2) Let i < r < j. Then my; = mi}( + Bihnjti/ty and md. = Bit;/t.. Also
5= m% + hinait;/t, and mP = a;.
(3) Leti,j <r. Thenmj =ml;+mim?;. Alsom}, = a;t;/t, and m; = j;.

m

Proof. Tt is clear that pY = dim C, hence mﬁ\; = hy;. Now consider p? — pN =

—m¥ dim N + > (mi; — mjy) dim T} for r < i. This vanishes on each T; whereas
(pi, N) =y mi[Ty, N) =3 mi; [T, D = {p}, D) = [T;, D] = hinti.
J J

Thus {p¥ — pN) = [T}, D] — hint; — [N,i] = —h;nt;. We deduce that
oY = pY = hinti/t,(dim C — dim N) = —hint; /t, dim N + > hinhyjti/te dim T
J
SO mf}f = hiNti/tr and mfj = mf}f + h,‘Nthti/tr.
For i < r the difference p! — p)¥ again vanishes on all T; and
(p¢ = pN,N) = (p!, D) + (S;, N) = (S;, I,) — (S;, I) = —Bit;.
Thus p¢ — pY = Bit;/t,(dim C — dim N), hence mY = B;t;/t, and my; = mf\;
Bihnjti/t.. The result for x; is similar, using that
<N7 X;j - X£V> = _<Pa S7.> = _aitiv
hence that x? — x» = a;t;/t,(dim D — dim O).

Finally, the result for i,j < r is entirely analogous to the first case, using the
dimension vectors

pl =ml.dimP, + Y my;dimP; and pY = m}dim P,
J J

+

which satisfy (p?, P;) = (pI¥, P;) = [Pi, Pj] if j # i and equals 0 if i = j, and
<ﬁ;}7Pv>:[Pi7PU]~ [l

Lemma 29. Forr < j we have b]; = hjn — hn;.

Proof. Recall that P, = is the A,-projective corresponding to vertex v. We consider
a coresolution

radﬁv —-Xo— X1 —0, Xy, X;€ add(T),
so that p? = dim Xy — dim X;.
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Similarly for the A,-injective I, /S, we have
0—-Y, —»Yy—1,/S, =0, YpY; €add(T)
and x, = dim Yy — dim V3.
Note that p) — X7 = >_(m7; — mypty /t;) dim T; = 5 by dim T
Consider (I,,T}). On the one hand this equals
(N.T}) = (D.T}) = (dim C — dim D, dim T}),
whereas on the other hand it equals
(S, Tj) + <TU/SU7TJ'> = (—p; + x5, Tj)-
Thus
pl—xy=dimD —dimC = (hjn — hy;) dimT;.

Hence bﬁj = hjn — hn; as required. O

The can now complete the proof of Proposition 27.

It is clear from the lemmas that bN equals o; — 3; if 7 < r, and equals hy; —h;n
if r < j. Also bN + b;; =0 for all j.

We next observe that for r < 4,7, b}, = b% + (hinhnj — hjnhai)ti/t.. By
considering the two cases b,; = hjn and b,; = —hy; separately, as in the proof of
Proposition 23, we deduce that bY; = by + ( || BN, + b] [b2] ) /2 for all 7 <, j.

Next suppose that i < r < j. Then b” = bN (ﬁthj a;hin)ti/ty. Since the
supports of o and 3 are disjoint, it follows that bi; = bN ( ’b ’ bN + bl ‘b )
forall i < r < j.

Finally, if 4, j < r then b)) = by, + ([b%,]b%; + b%, b2, ) /2 follows analogously to
the case r < i, .

This completes the proof of Proposition 28, and hence also the proof of the Main
Theorem.
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