
	  	  

   Firedrake is used to solve the shallow water 
equations in a horizontal basin containing a 
wave maker at one side. This work is part of a 
Marie Curie European Industry Doctorate 
project, which aims to study freak waves and 
breaking waves impact on offshore structures.  
Based at the University of Leeds, this project is 
also in collaboration with the Maritime Research 
Institute of Netherlands (MARIN), where wave 
basins are available for experiments. 

Introduc)on	  

      As a first step, the potential flow and total depth are linearized around their 
state of rest, which leads to the linear shallow water equations. The amplitude of 
the wave maker is assumed to be small enough to be linearized around the 
position x=0, using a Taylor expansion at leading order. This enables to solve 
the equations in a fixed domain : 0<x<Lx ; 0<y<Ly . 

Future	  work	  

Method	  
  A variational approach, based on Luke’s 
variational principle [1] extended with a wave 
maker, as in Gagarina [2], is used to derive the 
equations. The weak formulations are solved 
numerically with the FEM on Firedrake, to 
estimate the potential flow and the surface 
deviation from the rest depth. Quadratic 
continuous Galerkin functions are used for the 
space discretization, and the time integrals and 
derivatives are discretized using the second 
order Störmer-Verlet scheme, as in [4]. 
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Standing	  wave	  

   The solutions are first initialized 
with a standing wave in order to be 
compared to a (linear) exact 
solution, derived analytically. The 
right hand side of the figure shows 
the potential flow in the whole 
domain at different times. The left 
hand side compares the numerical 
surface deviation at y=Ly/2 to the 
exact solution. These solutions fit 
with a difference of order 10-9 for the 
total energy.  

Star)ng	  from	  rest	  

    The system now starts from 
rest, and the wave maker is 
progressively switched on for 
t>0. A first wave is generated at 
the wave maker boundary, and 
propagates along the basin, 
followed by other waves. When it 
reaches the right hand side wall, 
the wave is reflected. After some 
time, the wave starts to behave 
like a standing wave.  

Stop	  the	  wave	  maker	  a:er	  one	  period	  

Freak wave photographed by V. Sarano [3]. 

       Freak waves are non-linear dispersive waves, and can thus not be derived in 
shallow water. The next step is to derive Firedrake FEM for the 3D potential flow 
equations. The challenge will be to consider the free surface between air and 
water, which represents an unknown time dependent boundary condition and 
requires an autonomous moving mesh or change of coordinates. To test the model 
against experiments, the 3D domain will be extended to include at least two sets of 
wave makers, bottom topography and a beach.  

      The potential flow and total depth are now kept non-linear to get the non-
linear shallow water equations. For small amplitude of the wave maker 
(linearization), the solutions are compared to the exact linear solutions. For a 
non-linear wave maker, a change of coordinates is used to solve the equations 
in a fixed domain.  

Linearized	  wave	  maker	  

Full	  non-‐linear	  system	  
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    The wave maker is kept 
linear so the domain is 
fixed. The simulations are 
compared to the exact 
linear solution, with the 
same motion of the wave 
maker. As time goes, the 
difference between the 
l inear and non- l inear 
solutions becomes higher 
due to the non-linearities . 

Linear	  shallow	  water	  equa)ons	   Non-‐linear	  shallow	  water	  equa)ons	  
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       A change of coordinates is used such 
that the equations are solved in a fixed 
domain : 

        The solutions are then observed in the 
initial moving domain, using the inverse 
transform. 

Varia)onal	  principle	  
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    This figure shows the amplitude of 
the wave at the wave maker (x=0) 
and mid-width (y=Ly/2). When the 
wave maker is switched off after one 
period, the wave is not going back to 
its state of rest : the energy is 
perfectly conserved due to the 
absence of damping term in the 
equations. 
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