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1 Introduction
Common chronic diseases, such as cardiovascular diseases,are a major public health problem
and consume large amounts of scarce healthcare resources (Scarboroughet al., (2010)). In
order to use limited resources to best effect, there is a needfor robust evidence-based deci-
sion making when considering different medical and public health approaches, especially when
transparency and accountability are of central importance. Thus, we consider how commission-
ers and providers might explore the potential impacts of different policy options via a flexible
and accessible decision-support tool. In particular, we shall present a coronary heart disease
(CHD) simulation model.

Previously, we have used discrete event simulation and survival analysis methods, combined
with a novel application of simulated annealing. However, this approach does not enable the
manipulation of the uncertainty that is present in the model, data and expert opinion. An ap-
preciation of this uncertainty is important and can be explicitly accounted for with a Bayesian
formulation. Unfortunately, in particularly complex environments, such as this, it is hard to
write down an analytical form of the likelihood function that underlies Bayesian inference.

A recent advance in this field called Approximate Bayesian computation (ABC), e.g. Sisson
et al., (2007), addresses this difficulty by enabling one to proceed without analytically speci-
fying or evaluating the likelihood distribution. This is achieved through the use of computer
simulation models that stochastically simulate measurements for a given set of parameter val-
ues. The incorporation of the various types of data can be performed in a more formal way,
providing greater confidence to the conclusions and ultimately, improved decision making.

2 Previous Model
The model consists of a specified directed graph with unique hazard functions on each edge.
Denote a hazard function byh(t). The formal definition forh(t) is a limiting probability,

h(t) = lim
δ↓0

Pr[t ≤ T ≤ t + δ|T ≥ t]/δ.

The hazard functions are used to determine the transitions between states for each individual
through time, in the presence of competing risks. The collections of competing hazards, in-
dexed by integers 1 toK have corresponding latent failure times(T1, T2, . . . , TK). The first
failure occurs at timeT ∗ = min{Ti : i = 1, 2, . . . , K} – this corresponds to an individual
leaving the state they are currently in to a neighbouring state. Statistics are produced from the
literature to describe stepwise discrete distributions, which we shall assume can be transformed
to approximate the respective true underlying hazard functions of the model. The aim of the
algorithm is to fit a ‘best’ model for forward simulation of patient cases. A simulated annealing
algorithm is used to fit the model to the data.

In the spirit of an ABC approach, we replaced the computationof the likelihood with a
comparison between the observed data and the simulated data. The data generated from the
model to use in place of the likelihood is the hazard functionvalue at the observed data time
using someθ. Analogous to approximating the posterior distribution ina Bayesian context, we
estimate a global maximum̂θ. Thus, it is natural to extend the simulated annealing approach to
a Bayesian formulation.
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3 Bayesian Formulation
In a Bayesian formulation, we are interested in making inference about the unknown model
parameterθ through the posterior distributionp(θ|data) using Bayes’ Theorem,P (θ|data) =
(p(data|θ)p(θ))/p(data), wherep(θ) is the prior distribution. Usually, the functional form of
the likelihoodp(data|θ) is known and may be evaluated directly. In our situations, where the
likelihood is computationally intractable, this is avoided by using model simulation in place of
likelihood evaluation via an ABC approach. The subsequent model will be formalised in a full
Bayesian setting using an ABC-MCMC sampler (Toniet al., (2009)).

Table 1: Generic ABC-MCMC step-by-step algorithm description

Step Description

1 Initialisei = 1 andθi.
2 Generate a candidate parameter vectorθ†, from some proposal distributionθ† ∼ q(θ|θi).
3 Simulate a dataset from the model, described by a conditional distributiong(φ|θ†).
4 Setθi+1 = θ†, with probability

α = min
{

1, π(θ†)q(θi|θ
†)

π(θi)q(θ†|θi)
I(ρ(φ†, φ0) ≤ ǫ)

}

,

otherwise setθi+1 = θi.

In Table 1 Step 4, the evaluation of the likelihood is replaced by I(ρ(φ†, φ0) ≤ ǫ). Gener-
ally, the distance functionρ is the Euclidean distance between summary statistics, e.g.means,
calculated from the simulated and observed data points. Fora competing risks model, using
simple mean failure times along each edge will give bias results due to right censoring by the
failure times on the competing edges. Approaches to addressthis include imputing the latent
failure times or choosing a distance measure that is robust to censoring. Candidates include, the
mean survival time obtained as the area under the Kaplan-Meier estimate of the survival curve,
µ̂ =

∫

Ŝ(t) dt, whereŜ(t) is the Kaplan-Meier estimator, or alternatively, the Kaplan-Meier
estimator of the median.

When the data consist of two sets of right censored failure times, a widely used method in
survival analysis for comparison is the Cox proportional hazards model (Cox (1972)). We shall
use the following hazard ratio in the distance function,

eβZih0/h0 = eβZi = C,

whereh0 is the observed data hazard andZi is the indicator covariate denoting observed or
simulated times. The coefficientβ can be estimated using a standard partial likelihood approach.
The distance measure equation in Table 1 is thus replaced byI(|C − 1| ≤ ǫ).

4 Example: A Basic Competing Risks Model
A proof-of-principle model was implemented to demonstratethe methodology. A simple com-
peting risks graph was used, shown in Figure 1. This represents key elements of the more
general CHD model in Buchanet al. (2010). The population of individuals may be divided into
males and females. Clearly, stateA is the only starting state and statesB andC are mutually
exclusive (absorbing) sink states.

We ran the algorithm for 10,000 iterations and with a 100 iteration thinning period. We
considered only males for simplicity. The true parameter values for the underlying mixture
hazard functions, defined byh(t) = Weibull(k, λ), werekB = 4.4, λB = 9.4 andkC = 3, λC =
6.7. Denote the full set of parametersθ = {kB, λB, kC , λC}. For simplicity, we assume that
all individuals have starting age 65. The observed data wereproduced by running the model
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Figure 1: Example competing risks model graph. All individuals startin theHealthy state (A).

for known parameter values and recording the failure timesT ∗. We used the Cox proportional
hazards approach. A proposal scheme was chosen that updatesall components at once with a
random walk with normally distributed jump sizes. In future, it may be more preferable to block
together certain correlated components. Multiple processing cores were exploited to parallelise
the software implementation and speed-up the run-time.

The results, represented by marginal posterior distributions for all 4 hyperparameters, are
shown in Figure 2. We can see that the posterior modes are close to the true values in all cases.
Note that the posterior distributions appear to be postively skewed.

Figure 2: Marginal prior (a(ii) & (iv), b(ii) & (iv)) and posterior (a(i) & (iii), b(i) & (iii)) density plots
for the model hyperparameters. The true values are indicated by red lines.

5 Discussion
In many public health problems the raw data may not exist, butrather a collection of summary
statistics from literature. This secondary data should be used with care with an understanding of
how these figures have been derived. The demonstration of theABC method above is flexible
enough to be extended to this context with appropriate modifications.

Error exists in the estimation of the model statistics due tothe sample size used. The smaller
the number of the runs, the larger the variance on the estimate. There is error both on the
observed data and the simulated output. Since the syntheticdata is only calculated once, we can
afford to use a longer run. However, the ABC summary estimates need to be calculated at each
iteration and so there is a trade-off between the accuracy ofthe estimates and the run time.

There is also a trade-off between providing enough information to the model, to be able
to identify a sufficiently small family of models to make forward simulation useful, and over-
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specifying the model with conflicting information such thatno model fit will satisfy this data.
The idea of an envelope constraint is of interest to epidemiologists. That is, a value that is an
upper or lower bound on what is expected to be observed ratherthan a more precise point value.

6 Conclusions
Previously, the model employed a simulated annealing algorithm to fit the model to the avail-
able data. However, in this context, the uncertainty due to the model fit is not represented and
as such there is no indication of how good a given model is. Further, the model outputs used in
prediction will have no measure of uncertainty about there accuracy to real life. Any policy de-
cisions would be made assuming that the model outputs are correct with certainty- a potentially
dangerous assumption.

7 Future Work
An ABC approach brings with it extra computational cost. There are a number of approaches
that may address this issue.

Even the simple example given above, including males and females separately, requires 16
parameters and for a much larger model this number may becomeunwieldy. When the neces-
sary computation power is not available, some form of parameter reduction is advisable. One
approach is to fix some of the parameter values in advance- appropriate when values are known
a priori to a sufficiently degree of certainty or the model outputs are insensitive to their value.
Alternatively, hierarchical prior distributions may be used, where the same prior distribution is
used for multiple edges. Finally, it may be possible to identify nuisance parameters and simply
ignore them in the inference.

Further, we may subdivide the graph and approximate some of the process. That is, divide
the network into connected subgraphs and perform a standardABC. We can take the posterior
distributions for the subset of parameter values and approximate these by a Gaussian distribution
using some kernel density estimation. These approximated distributions can be used to feed-in
to the subsequent subgraph as inputs.

References
Scarborough, P., Bhatnagar, P., Wickramasinghe, K., Smolina, K. and Mitchell, C. (2010).

Coronary heart disease statistics 2010 edition.Health Promotion, 1-6.

Sisson, S., Fan, Y. and Tanaka, M. (2007). Sequential Monte Carlo without likelihoods.Pro-
ceedings of the National Academy of Sciences of the United States of America. 6 104,
1760-1765.

Toni, T., Welch, D., Strelkowa, N., Ipsen, A. and Stumpf, M. P. H. (2009). Approximate
Bayesian computation scheme for parameter inference and model selection in dynamical
systems,J. R. Soc. Interface. 6, 187-202.

Cox, D. R. (1972). Regression Models and Life-Tables, J. R. Statist. Soc. Series B (Method-
ological),34, No. 2, 187-220.

Buchan, I., Ainsworth, J., Carruthers, E., Couch, P., O’Flaherty, M., Smith, D., Williams,
R., Capewell, S. (2010). IMPACT: A generalisable system forsimulating public health
interventions.Studies in Health Technology and Informatics 160 (Pt 1): Medinfo 2010:
13th World Congress on Medical Informatics. Capetown, IOS Press, 486-490.

154


