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1 Introduction

A partition X of an integer number n > 1 is any integer sequence A = (\q, Ao, ... ) such that
A > X >--->0andn = A + A+ - (notation: A - n). In particular, A\; = max{\; € A\}.
The standard geometric object associated to the partition A - n is its Young diagram consisting
of n unit square cells arranged in adjacent columns (placed on common ground) in such a way
that the ¢-th column contains \; cells.

On the set P,, :== {\ - n} of all partitions of n, consider the Plancherel measure defined as
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P.(\) : A € Py,

where d, is the number of standard tableaux of shape ), that is, the number of all allocations of
the numbers 1, ..., n in n cells of the Young diagram corresponding to the partition A, such that
the numbers in the cells increase along each row (from left to right) and each column (bottom
up). Note that P, is a probability measure due to the Burnside identity, >, d3 = nl. The
Plancherel measure arises naturally in representation-theoretic, combinatorial, and probabilistic
problems (see Deift, 2000). For example, the Plancherel distribution of the largest term of a
partition, \;, coincides with the distribution of the longest increasing subsequence in a random
(uniformly distributed) permutation of 1, ..., n (see Baik et al., 1999).

The upper boundary of the Young diagram corresponding to partition A\ € P,, can be viewed as
the graph of the stepwise (left-continuous) function A\(x) defined as

MO) =X, A@) =) Aljiicecy = A (2> 0), (1.1)
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where [z] := min{m € Z : m > z} is the ceiling integer part of =. Logan and Shepp (1977)
and, independently, Vershik and Kerov (1977) have discovered that, as n — oo, a typical
Young diagram, suitably scaled, has a “limit shape”, represented by the graph of some function
y = w(x). That is to say, for the overwhelming majority of partitions A € P,, (measured
under the Plancherel law P,), the scaled boundary of their Young diagrams is contained in an
arbitrarily small vicinity of the graph of w(x). More specifically, set

A(z) = % ANyaz), x>0,

and let y = w(x) be the function defined by the parametric equations

2
x = —(sinf — O cosb), y=1x+2cosb, 0<6<m. (1.2)
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It follows that w(x) is a decreasing function on [0, 2] and w(0) = 2, w(2) = 0. Then the limit
shape result of Logan and Shepp (1977) and Vershik and Kerov (1977) states that A, (=) satisfies
the following functional law of large numbers:

Ve >0, lim P, {sup})\ (x)} > z—:} = 0.

n—oo :L‘>0

The natural question about fluctuations of the random function \,, around the curve w was also
posed in those papers. However, it remained open until the remarkable progress was made by
Baik et al. (1999), who proved that the limit distribution of the largest term of the partition is
given by the Tracy—Widom law:
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Shortly afterwards, Borodin et al. (2000), Johansson (2001), and Okounkov (2000) extended
this result (independently and via different methods) to an arbitrary A\; € A - n by showing that

the sequence
Ai —2y/n
YR
converges in distribution to the Airy ensemble (in the sense of finite-dimensional distributions).
On the other hand, Kerov (1993) proved the asymptotic normality of global (integral) fluctua-
tions (with respect to Chebyshev polynomial kernels). However, no central limit theorem has
been known (although largely expected to be true) for the partition “spectrum” in the bulk, that
is, for \;, e A\Fnwithi/n ~ x € (0,2).

i=1,2,...

2 Main resultsand sketch of proofs

The main result of this paper is the following central limit theorem for the function S\n(az).
Theorem 2.1. For each 0 < x < 2, under the Plancherel measure

20,7/1 (An(z) —
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where 0, = arccos is the value of the parameter ¢ in equations (1.2) corresponding to

xandy = w( ), and A (0, 1) is the standard normal distribution (with zero mean and unit
variance).

<n - OO)’

w(z)—x

The proof of Theorem 2.1 is based on the standard Poissonization and de-Poissonization tech-
niques (see, e.g., Baik et al., 1999). Let P = U> P, be the set of all partitions of all integers
(it is convenient to include the case n = 0, where there is only one, “empty” partition, Ay = 0).
Set [A| := "2, \;, and for ¢ > 0 define the Poissonization P* of P, as follows:

2
PY(N) = e 2 (%) ., AEP. (2.3)

This is a probability measure on P, because for A € P, we have |\| = n and so

IS pEatay S z

AEP n=0 n AEP,,
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The key fact is that the correlation functions of P* have determinantal structure. Set
D(\) = U2 {\ — i}, AeP,

and for a given (finite) set X C Z define the correlation function p;(X) as the P'-probability
that the random set D(\) contains X:

p(X):=P{AeP:X C DN}
Then, as was proved by Borodin et al. (2000) and Johansson (2001), p, is represented as
pe(X) = det[J(z4, x5 t)]1<ij<s) X =A{z1,29, -, 25}, (2.4)

with the kernel J given by

gt = ey
J(z,y;t) = r=y
(T — L), 7=

where J,,, = J,,(2t) is the Bessel function of integral order m.

We can then apply a powerful theorem due to Soshnikov (2000) (generalizing an earlier result
by Costin and Lebowitz, 1995), stating that the central limit theorem holds for determinantal
random point processes under some mild conditions. This yields

Theorem 2.2. Under the poissonized Plancherel measure P¢, forany 0 < = < 2

20, (\(tz) —tw(z)) 4
it LN(0,1) (t— o0), (2.5)

where 6, is as in Theorem 2.1.

Let us sketch the proof of Theorem 2. Note that (2.5) is equivalent to saying that

NIy,

20, (2.6)

Vy € R, lim P' {)\(t:c) — [tz] < 2tcosb, +

t—o00

where ®(-) is the standard normal distribution function. Set

I := 2t cos O, + y+/2logt/26,,00), Di(N) == D(\) N 1,

and let #D,()\) denote the cardinality of D;()\), that is, the number of points \; —i € D(\)
falling into the interval I;. Using that the sequence \; — 7 is strictly decreasing and recalling the
definition (1.1) of A(-), it is easy to see that the inequality in (2.6) amounts to

#Dy(\) < [tx].

It remains to work out the asymptotics of the first two moments of # D, () (with respect to P?).
Lemma2l. Fix 0 <z <2andy € R. Then, ast — oo,

E(#D,())) =t — L;Ogt +O(1),
Var(#D,(\)) = lo_gzt (1+o0(1)).
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Calculations in the proof of the lemma are straightforward but laborious, heavily using the
asymptotics of Bessel functions in various regions.

Finally, in order to derive Theorem 1 from Theorem 2, we use the de-Poissonization method.
According to (2.3), P* can be viewed as the expectation of Py, where N is a Poisson random
variable with mean ¢2. In particular, denoting the event under P! in (2.6) by A,, we have
o0 7t2t2k
PiA)=>"

This suggests that the asymptotics of the probability P, (A ) asn — oo can be recovered from
that of P'(A;) ast ~ y/n — oo. More precisely, one can prove that

Pu(Ayz) ~ P(A),  t~+/n, n— oo,

provided that the variations of P;(A;) in the region |k — n| < consty/n, t ~ /n, are small. In
the setting of random partitions, such a de-Poissonization lemma was established by Johansson
(see Baik et al., 1999).
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