
Geometric morphometrics of complex symmetric
structures: Shape analysis of symmetry

and asymmetry with Procrustes methods

Yoland Savriama* & Christian P. Klingenberg

Faculty of Life Sciences, The University of Manchester

1 Introduction

Symmetry is defined as invariance to one or more geometric transformations that can be applied
on an object and leave it unchanged (other than permuting its parts). The transformations that
leave a symmetric object unchanged are called symmetry transformations and jointly character-
ize the symmetry of the object. For example, reflection about an axis or a plane is the symmetry
transformation in bilaterally symmetric objects which leaves the whole object invariant. Mardia
et al. (2000) have defined a method for the shape analysis of bilaterally symmetric structures.

However, bilateral symmetry is not the only type of symmetry in biological shapes, and other
types of symmetries exist as well (Figure 1). For instance, some objects exhibit two axes of
reflection symmetry (e.g. some algae, corals, and flowers); others can show rotational symmetry
(e.g. sea urchins and many flowers). So far, there are no methods for the analysis of these types
of symmetry. Here we extend the approach of Mardia et al. (2000) for objects with any type
of symmetry. Furthermore, we combine these methods with the conventional decomposition of
sums of squares in an analysis of variance (ANOVA) to separate components of symmetric and
asymmetric variation.
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Figure 1: Some types of symmetry found in the organization of living organisms. A. An alga
that exhibits two perpendicular axes of reflection symmetry (dashed lines). B. A flower that
shows rotational symmetry (the axis of rotation is shown by the black dot and the angle of
rotation is represented by the curved arrow). C. A plant that exhibits translational symmetry
and reflection symmetry (the reflection axis is symbolised by the dashed line and the amount
of translation is figured by the double arrowed line). D. A cross-section of a nautilus shell that
shows scaling symmetry (the coiling axis is represented by the black dot, the translation by the
black arrows, and the rotation by the curved arrow).
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2 Types of symmetry

The most conspicuous type of symmetry in the organisation of living organisms is bilateral
symmetry. However, other types of symmetry exist as well such as reflection symmetry with
multiple axes (or planes) of symmetry (Figure 1A), rotational symmetry (Figure 1B), transla-
tional symmetry (Figure 1C), and scaling symmetry (Figure 1D).

These basic types of symmetry can be combined to produce other types of symmetry in two or
three dimensions that are fully described in Flurry (1980). Each type of symmetry is associated
with a set of symmetry transformations. The set of all symmetry transformations of an object
forms a group, the symmetry group of the object (Boardman et al., 1973). Therefore, the
methods of group theory can be used to study the symmetry properties of an object. Some
symmetry groups are finite, they contain a finite number of symmetry transformations and others
are infinite, they include the symmetry transformations that are associated with translations
(Schonland, 1965).

3 Shape analysis of bilaterally symmetric structures

In the shape analysis of bilaterally symmetric structures, two categories of symmetry have been
distinguished: matching and object symmetry (Mardia et al., 2000). Matching symmetry con-
cerns pairs of repeated structures that are separated from each other by a mirror plane. This
mirror plane passes between the objects (outside of each). The two structures differ by a reflec-
tion and an appropriate translation. The left and right human hands are an example of matching
symmetry. For the studies of left-right asymmetry with matching symmetry, first the landmark
configurations from one side are reflected. Then, all the configurations are superimposed by
a Generalized Procrustes Analysis (GPA) to produce an overall mean shape. Variations in the
averages of the pairs of configurations represent the symmetric variation among individuals
and the asymmetry component is estimated by the deviations of each configuration from the
resulting Procrustes mean (consensus).

For object symmetry, a single configuration is itself symmetric, as the reflection axis (or plane)
passes through the configuration. For instance the vertebrate skull has object symmetry. Object
symmetry not only considers the shape information from the left and right side as in matching
symmetry, but also additional information on the relative arrangement of the two connected
halves. Some landmarks occur as pairs, whereas others in the midsagittal plane are unpaired
landmarks. For the analysis of object symmetry, the original landmark configurations and their
reflected copies with the paired landmarks relabelled are included in the dataset. A GPA is
applied to all configurations to produce a single consensus, which is symmetric. Also, the
symmetric variation among individuals is measured from the averages of the original configura-
tion and its reflected (appropriately relabelled) copy, and the asymmetry is calculated from the
deviations of each configuration from the consensus.

4 Shape analysis of structures with any type of symmetry

Matching symmetry. For the analysis of symmetric structures with matching symmetry, the
overall configuration is subdivided into individual repeated parts that describe the symmetry of
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the whole structure (Figure 2A). For example, the analysis of rotational symmetry in flowers
might use a separate configuration of landmarks for each petal. Then, we use a reflection as
needed and finally superimpose simultaneously all the individual configurations in a single GPA
to produce an overall mean.

We decompose the deviations between the individual configurations and the consensus into
components of symmetric variation among individuals and asymmetry. The component of sym-
metric variation is estimated by the variation among specimens in the averages over their parts.
A component of asymmetry is measured by the differences among the parts of each individual.
Note that multiple components of symmetry and asymmetry may occur according to the type
of symmetry. Matching symmetry can be used with any type of symmetry, regardless of the
number or the type of transformation in the associated symmetry group (e.g. including infinite
symmetry groups).
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Figure 2: Shape analysis of structures with any type of symmetry. A. Analysis of a symmetric
structure with matching symmetry. First, the whole structure is divided into individual repeated
parts. Second, an individual configuration of landmarks is considered for each repeated part.
Third, a reflection is applied as needed and all the individual configurations are superimposed
simultaneously in a single Procrustes fit. B. Analysis of a symmetric structure with object
symmetry. An original configuration and all its transformed (relabelled appropriately) copies
are superimposed simultaneously in a Procrustes fit. The resulting consensus is symmetric.

Object symmetry. With regard to the analysis of symmetric structures with object symme-
try, the procedure differs from matching symmetry (Figure 2B). We assemble a new dataset
from copies of the original configuration of landmarks. For each transformation in the symme-
try group for the object, we include one copy to which that transformation has been applied.
Because of the need for full enumeration of the transformations in the symmetry group, anal-
ysis of object symmetry is only feasible for types of symmetry with finite symmetry groups.
Then, all configurations are superimposed simultaneously in a single Procrustes fit. Since all
transformations in the symmetry group have been used, the complete dataset is invariant un-
der the transformations in the symmetry group and the relabelling, therefore, the consensus of
the original configuration and their transformed (appropriately relabelled) copies is perfectly
symmetric.

We decompose the differences between the configurations and the consensus into components
of symmetric variation and asymmetry. A component of symmetric variation is measured by
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the differences among the averages of transformed copies of each original configuration. A
component of asymmetry is estimated by the differences among transformed copies of each
original configuration. Similarly to matching symmetry, multiple symmetry and asymmetry
components can arise according to the type of symmetry.

5 Procrustes ANOVA for any type of symmetry

For the studies of shape variation in bilateral structures, Mardia et al. (2000) have established
a decomposition of the sources of variation into symmetric and asymmetric components ac-
cording to a one-way ANOVA. Klingenberg et al. (2002) use an ANOVA decomposition that
extends the two-factor mixed model ANOVA customized for the studies of left-right variation
in bilateral organisms (e.g. Leamy, 1984; Palmer and Strobeck, 1986). The deviations of the
configurations from the consensus are decomposed according to the main effects of individuals,
sides (for object symmetry that is reflection), and individuals-by-side interaction (or individuals-
by-reflections interaction for object symmetry). The main effect of individuals represents the
inter-individual variation. The main effect of sides (for object symmetry that is reflection) rep-
resents the asymmetric variation called directional asymmetry (DA; one side is systematically
different from the other one). The individuals-by-side interaction (or individuals-by-reflections
interaction for object symmetry) quantifies the asymmetric variation within individuals named
fluctuating asymmetry (FA; small random differences between the left and right sides in bi-
lateral traits). Measurement error can be estimated if each specimen’s coordinates have been
digitized at least twice.

Our generalization extends the two-way mixed model ANOVA designed for the studies of fluc-
tuating asymmetry. We use a mixed model ANOVA with the main effect of individuals, the
main effects of the symmetry transformations in the symmetry group, and the various interac-
tion terms. Furthermore, different or more types of DA and FA estimates may occur according
to the type of symmetry.
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