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1 Introduction

Consider a configuration of k points or landmarks in R
m, represented as a k×m matrix X0. For

many purposes, it is not the configuration of X0 which is of importance but its shape, that is,
its equivalence class under an appropriate group of transformations. The importance of shape
corresponds to the fact that the particular coordinate system or the particular view from which
the measurements in X are made is often irrelevant. Two important types of shape include:

• Similarity shape. In this case we treat X0 ≡ 1kc
T + αX0R, for all translation vectors

c (m × 1), for all scale changes α > 0, and for all m × m rotations R.

• Projective shape. In this case set X = [1k, X0] to be a k × p matrix, where p = m + 1,
so that the first column X contains ones, and the remaining entries hold the landmark
coordinates. In the theory of projective shape we treat

X ≡ DXB, (1)

for all (k×k) diagonal matrices D = diag(di) with di 6= 0, and for all nonsingular (p×p)
matrices B. Without loss of generality the scaling of one of the matrices D or B can be
fixed, e.g. by requiring det(B) = 1.

When m = 1 or 2, we can think of projective shape in terms of the information recorded on film
by a camera in m + 1 dimensions. The matrix B encodes information about the focal point of
the camera and the orientation and location of the film, and the matrix D encodes the property
that all we can see on the film are the (projected) positions of the landmarks, but not how far
they are from the film. Projective shape consists of the information about the configuration
invariant to the choice of camera and film position. It is an important tool in machine vision for
identifying common features in images of the same scene taken from different camera angles.
For further details about projective shape, see e.g. Faugeras and Luong (2001) and Hartley and
Zisserman (2000).

Since equivalence classes are awkward to work with from a statistical perspective, one can ask if
there is a “canonical” representative from the equivalence class which can be used for statistical
analysis. In similarity shape the answer is a partial yes. One can center the configuration so
the center of gravity is the origin, and then scale the coordinates so that the centroid size is 1.
The resulting object is called a “pre-shape”. However it is not possible in isolation to identify a
preferred rotation. This task is only meaningful when comparing two or more shapes, and the
corresponding methodology is known as Procrustes analysis.

The purpose of this paper is to make an initial attempt at providing a similar analysis for projec-
tive shapes. We shall define a “projective pre-shape” that performs the same role as “similarity
pre-shape” for similarity shape analysis.
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2 A definition of projective pre-shape

For a given D and B, set Y = DXB, and let Y T = [y1, . . . ,yk] be a partition Y into its k rows.
The following theorem gives one possible definition of a projective pre-shape.

Theorem 1. It is possible to choose B and D such that

(a) yT
i yi = 1, i = 1, . . . , k

(b) Y T Y = k

p
Ip.

Further any two such choices, Y1 and Y2, say, are related by

Y2 = SY1R,

where S is a diagonal matrix with ±1 in each diagonal entry representing a sign change for
each row, and R (p × p) is a rotation matrix.

Proof. The proof builds on a result of Tyler (1987a,b) on the robust estimation of a covariance
matrix about the origin for vector data. Under mild regularity conditions on X0, he showed that
there is a solution to the equation

A =
p

k

k
∑

i=1

xix
T
i

xT
i A−1xi

. (2)

which is unique up to a scale factor. If we let B denote a square root of A−1 (satisfying BBT =
A−1; recall B is unique up to post-multiplication by a p × p orthoganal matrix), and set

yi = ±BT xi/
√

xT
i A−1xi, (3)

where the sign can be chosen separately for each row, then it is easy to see that Y satisfies the
required conditions, and that it is unique up to the stated conditions. Tyler (1987a,b) and Kent
and Tyler (1988) developed iterative algorithms to compute A. �

The next question is how to interpret this result. The transformation by B ensures that the axes
of the landmarks are “uniformly” spread around the sphere. By also requiring that the yi are
unit vectors, a standardization for size is also imposed.

Another way to study projective shapes is through “projective invariants”, i.e. quantities in-
variant to the the transformations in (1). The number of projective invariants depends on k and
m, and the simplest case is k = 4, m = 1 for which there is just one projective invariant, the
“cross-ratio”.

3 The cross-ratio

Given k = 4 points, x1, x2, x3, x4, on the line m = 1, the cross-ratio is defined by

τ =
(x1 − x3)(x2 − x4)

(x1 − x4)(x3 − x2)
. (4)
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To develop the projective pre-shape, represent the data as a matrix

X =









1 x1

1 x2

1 x3

1 x4









.

Re-scaling each row to have norm 1 yields a matrix Y with rows of the form yT
i = (cos θi, sin θi).

The condition Y T Y = 2I2 can be rephrased in the form
∑

cos(2θi) =
∑

sin(2θi) = 0, for
which the only solution (up to a permutation of the vertices) is

(θ1, θ2, θ3, θ4) = (π/2 + δ, δ, π/2, 0) (5)

for some angle δ ∈ (0, π/4]. It is straightforward to show that δ is related to the cross-ratio by

τ = sin2 δ. (6)

Further, if permutions of the indices {1, 2, 3, 4} are allowed, it turns out that there are 6 possible
values for τ , all neatly described in terms of the angle δ as follows:

sin2 δ, cos2 δ, sec2 δ, csc2 δ, − tan2 δ, − cot2 δ.

Maybank (1994) worked out the density of τ assuming that the {xi} are iid N(0,1) random
variables. Goodall and Mardia (1999) extended this work to find the corresponding distributions
for a wider set of projective invariants for larger values of m and k under more some general
distributions for the landmarks.

The construction developed here suggests that a more natural “uniform distribution” on pro-
jective shape space might be a uniform distribution over δ. However, more work is needed to
justify and apply such a definition. Mardia and Goodall (1999, p 150) developed another angle
related to τ , but it appears to have no relation to the angle δ developed here.

4 Future work

Existing statistical work on projective shapes has been mainly based on either projective in-
variants or on a standardization of X analogous to Bookstein coordinates for similarity shape
(Mardia and Patrangenaru, 2005). In the setting m = 1, this standardization amounts to trans-
forming the first three rows to become axes through (1, 0), (0, 1), (1, 1), respectively. Then
each of the remaining landmarks becomes an arbitrary axis. However, the resulting analysis
depends on which 3 landmarks are chosen for the registration.

The construction given here treats all the landmarks equally and forms the beginning of a
Procrustes-type methodology for projective shape analysis. The next stages are (a) to find a
suitable metric to compare two projective shapes, (b) to define an average of a set of projective
shapes, and (c) to construct suitable models for projective shape variability. Work is currently
in development on these objectives.
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