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1 Introduction

The aim of this work is to develop a regression technique which can incorporate frequency
characteristics of data in the modelling process. This will be useful in applications where the
recorded data is known to exhibit varying frequency properties, such as tomography or seis-
mology. Wavelets are an ideal tool for the purpose since their multiscale nature enables the
efficient description of both transient and long-term signals. Furthermore, only a small number
of wavelet coefficients are needed to describe complicated signals and the wavelet transform is
computationally efficient.

2 Method

2.1 Wavelets

Wavelets are basis functions which can be used to approximate an underlying signal, in a similar
way to Fourier transforms. Since they are localised in frequency and time, they can handle a
wider range of signals than Fourier analysis, more details can be found in Vidakovic (1999).
The disadvantage of wavelets is that the transform of a dataset of length n = 2J only has
representations of the data at J = log2(n) “resolution levels”, each resolution level having a
representation at approximately twice the frequency of the previous level. We use the non-
decimated wavelet representation of a zero mean time series Xt : t = 0, . . . , n − 1, which is
given by

Xt =

J−1
∑

j=0

n−1
∑

k=0

djkψjk(t/n),

where ψjk is the wavelet at scale j and location k derived from a mother wavelet ψ via ψjk(t) =
21/2ψ(2j(t− k)). The set of coefficients {djk} is referred to as the wavelet transform of {Xt}.

One of the main applications of wavelets in statistics is in denoising a corrupted signal. This is
done by discarding or modifying coefficients whose magnitude is smaller than a pre-specified
threshold λ. The idea is that any noise contained in the signal will be exhibited as small coeffi-
cients and so, by removing them, some of the noise component can be isolated from the signal.
In this paper, the universal threshold proposed by Donoho and Johnstone (1994) is used. This
is defined as λu = s

√

2 ln(n), where s is an estimate of the noise standard deviation.

2.2 Modelling approach

The idea is to use the coefficients {djk} of the wavelet transform in the model building process.
The reason for this is that different frequency properties will manifest themselves as coefficients
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of increased magnitude at different resolution levels. For example, high frequency characteris-
tics will mean a lot of activity at the finer resolution levels, while low frequency characteristics
will be represented at coarser levels.

The type of model fitted using the wavelet coefficients will then purely depend upon the nature
of the problem and the desired aim. Current work has focused on linear regression to predict
continuous variables and logistic and multinomial regression to predict categorical variables,
however, there is no reason why other generalised linear models could not be used. Logistic
regression for a binary response is considered in Goodwin et al. (2005); in Section 3 the method
is extended to use a multinomial logit model, incorporating a transfer function.

2.3 Transfer function

The coefficients may require some pre-processing in order to exploit the desired properties of
the data. This is achieved by applying a transfer function to the wavelet coefficients before the
model building stage. The transfer function will be specific to the particular setting and nature
of the data.

The key features of any transfer function will be related to the structure observed in the wavelet
decomposition. Since this structure arises from the frequency characteristics of the data, it
encodes the features of interest. The way in which the coefficients are processed will have the
aim of identifying these characteristics with the response variable.

3 Tomography example

3.1 Introduction

Electrical tomography techniques provide a cheap and non-invasive approach to the study of
static and dynamic processes. Such techniques are widely used in geophysical, industrial and
medical investigations. The key common feature of all tomographic techniques is that mea-
surements are taken outside or on the boundary of a region with the aim of describing what
is happening within the region. In industrial applications of electrical tomography, multiple
voltages are recorded between electrodes attached to the boundary of, for example, a pipe. The
usual first step of the analysis is then to reconstruct the conductivity distribution within the pipe.
The most commonly used approaches to reconstruction are based on domain discretisation, for
example using the finite-element method, leading to ill-conditioned and ill-posed inverse prob-
lems. Usually, such problems are ill posed because they have multiple solutions which do not
depend continuously on the observed data. Stable solution then requires regularization (see
for example West et al. 2004). Even if reliable reconstruction is possible it only provides an
image representing the conditions within the pipe. Although this is useful for process visuali-
sation, for the automatic control such an image is at best unnecessary, and will require further
post-processing to allow control parameters to be obtained.

3.2 Electrical impedance tomography data

Consider the flow of a gas through a liquid in a section of vertical pipe. The gas enters at the
bottom of the section of pipe under pressure and travels rapidly up the length of the pipe. The
gas fraction and bubble size are controlled by the inlet size and by the input pressure. In the
simulation study bubble, churn and an intermediate flow regime will be considered. The key
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part of the simulation is to generate spatial patterns for the bubbles that evolve through time,
which will define the conductivity distributions.

In an 8-electrode tomography system, a fixed current is passed between a reference electrode
and each of the other electrodes in turn, hence producing seven current patterns. For each
current pattern an induced potential field is created within the pipe which depends upon the
conductivity distribution within the pipe. This potential field is probed by taking multiple volt-
age readings between the reference electrode and each of the other electrodes. For each current
pattern seven voltages are recorded leading to 49 measurements at each time point.

3.3 Choice of transfer function

In this problem there are 49 sets of wavelet coefficients at each time point, all representing
slightly different regions of the pipe cross section. As the aim of the model will be to predict
flow regime in the pipe at any given time, it would be sensible to combine the 49 coefficients
in some sense due to the symmetry within the observed data. This will be done by taking the
average of the 49 coefficients at each resolution level. Also, since we are interested in the level
of activity (or frequency of the recorded signal) at each time point, it can be argued that the
magnitude of the wavelet coefficients is what we are really interested in. This will avoid the
possibility that large negative and large positive coefficients could be represented by a number
close to zero after the averaging step.

If the wavelet coefficients of the ith electrode pair signal are represented by {di
jk}, where i =

1, . . . , 49, then the activity measures {ajk} used in the model building stage are defined as
ajk = 1

49

∑

i |d
i
jk|, where j = 0, . . . , J − 1, for J = log2(n) and k = 1, . . . , n − 1, where n is

the number of time points observed.

3.4 Simulation study

A multinomial logit model is fitted here as there are 3 response categories, that is bubble (state
1), churn (state 2) and intermediate (state 3). The modelling process uses maximum likelihood
to estimate the probabilities pkl that the kth observation is from state l, using the acitivity mea-
sures {ajk} as predictor variables. So that the resulting probabilities sum to 1, one category is
set as the baseline (here chosen to be state 1), so that pk1 = 1 −

∑3
l=2 pkl and then we have

pkl =
exp(aT

k βl)

1 + exp(aT
k β2) + exp(aT

k β3)
, l = 1, 2, 3; k = 0, . . . , n− 1.

where ak = (a0k, . . . , a(J−1)k) and the β’s are vectors of regression coefficients. Further details
of the multinomial model and the fitting algorithms used can be found in Faraway (2005).

A dataset composing of approximately equal proportions of the three flow regimes was used
and white noise was added to the signal. The non-decimated wavelet transform of the observed
measurements, using the Haar wavelet, was found. The calculations were performed using the
WaveThresh package (Nason, 2005) for the statistical programming environment R (RDCT,
2005). For each electrode pair this produced nine activity level time series each of length 512,
each representing the signal at differing frequencies. As the actual flow regime was known,
this data could then be used to build a multinomial regression model. This model was used to
predict flow regime in a set of independently generated flow patterns, with similar proportions
of each flow regime to the training data.
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3.5 Results

Figure 1 shows the correct classification rates (i.e. the percentage of time points which are
classified correctly) for the models built using both thresholded and non-thresholded activity
measures, averaged over 100 replications. Also shown are approximate point-wise 95% confi-
dence intervals calculated using the standard errors from the replication.
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Figure 1: The correct classification rates for the model with and without thresholding

For all noise standard deviations below 0.07, it can be seen that the thresholded version outper-
forms the model without thresholding. Here, the performance of each method is approximately
constant. The correct classification rate for the thresholded logistic regression was approxi-
mately 93% for all noise standard deviations below 0.07. A standard deviation of 0.07 corre-
sponds to a signal to noise ratio of 1; i.e. the “strength” of the signal and noise are roughly
equal. For larger noise standard deviations the performance of the method with thresholding
degrades, but the non-thresholded method appears to have a slower decrease in success rate.
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