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1 Introduction

The problem of discrimination arises whenever we have a set of measurements on some indi-
viduals known to have come from some populaitons and on the basis of these measurements (or
training samples) we aim to develop an allocation rule whcihwill enable us to assign a new in-
dividual to one of these populations. In other words the taskis to find the anwer to the question:
which population does an individual for whom we have a set of measurements come from? The
solution to this problem can be achieved using discriminantanalysis. Famous among meth-
ods for doing discriminant function (QDF). Both of these functions behave optimally when the
underlyhing populations are multinormal. In most of the fields of applications of discriminant
analysis the assumption is that the populations are normal,however, situations do arise fre-
quently in which the populations are non-normal. A good number of studies is available on the
effect of non-normality on LDF and QDF. For instance, Cooper(1963) proves the optimality of
quadratic discriminant function in the case of two non-normal populations using Pearson type
II and type VII distributions. In the same vein, Lachenbruch(1973) studies the robustness.

Most of these studies have assumed that both the populationsof the possible classifications
have the same form of probability distribution and the difference is of their parameters only. For
instance LDF is optimum for normal populations with equal covariance matrices. In the case of
unequal covariance matrices of the normal populations QDF is known to be optimum. But it is
generally accepted that a slight departure from the homoscedastic assumption does not greatly
affect the performance of LDF.

There are many real life situations in which of the populations may be multi normal and
the other is non-normal (near-normal). For example in the classification of satellite or airborne
images – in remote sensing – the image may have different cover types, some of which may
be normal while others may be near-normal. The LDF and QDF areavailable in most of the
statistical and image processing packages for constructing an allocation rule for this sort of data.
However, non-normality has always been a serious problem inthe use of quadratic discriminant
analysis and it has been highlighted by many authors in remote sensing literature, see Ince
(1988) and Glasbey (1988).

In this paper, the special class of non-normality caused by the leptokurtic nature of the data
is investigated. The likelihood ratio approach is used to develop a new discriminant function
(tDF) the situation when one of the population is normal and the other multivariate. The error
rates from tDF are compared with the QDF and LDF.
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This paper is planned as follows. Section 2 gives theoretical details of the discriminant
functions. The scheme of the simulations is described in section 3. The discussion of the
simulation results is the topic of Section 4.

2 The Discriminant Functions

Let � �� � � � �� � ���� �� 	 be a
 -variate observation made on all n individuals, assumed to have
come from� or �. On the basis of this data, called training samples, we want to construct a
classification rule to be used to assign a new individual to one of the two populations ( � and�). If the density functions of the two populations are�� �� 	 and �� �� 	 respectively, then the
allocation rule based on log likelihood ratio is

Allocate� to

�  � if � �� 	 � 
 � �
 � � � if � �� 	 � 
 ��
 �
where,

� �� 	 � ����� �
Alternatively we can arrive at the same allocation rule adopting the Baye’s procedure under

the assumption of equal costs and equal a priori probabilities.
If both the populations are multivariate normal with commoncovariance matrix , assump-

tion, and mean vector 1 and 2, the log-likelihood ratio is

� � �� � � ��	������ � �� �� � � ��	��
If the parameters� �, � � and� are unknown these are replaced by their maximum likeli-

hood estimates ! �, !� and" respectively. This likelihood ratio obtained from the substitution
of the sample estimates is termed the linear discriminant function (LDF) and is given by:

�# �� 	 � � � � �  �� 	� $���� � % �& � � � �  �� 	� �
Alternatively LDF can be developed by determining the linear combination of the observa-

tions that has the greatest between-groups variation relative to its within-groups variation. It is
precisely due to this alternative approach that makes LDF robust to non normality so long as
covariance matrix assumption holds for the populations.

If both the populations are multi normal with mean vectors� �, �� and covariance matrices��, �� then the log likelihood ratio gives the following quadraticdiscriminant function (QDF)

�' �� 	 � �� ()*+ � , �� , � , � � ,	 � ��
�� � ��-�� . �-�� 	� � ��� ��-�� � � � �-�� ��	

� � ��-�� � � � ���-�� �� ��
Now consider a situation where the first population is normalwith mean vector� � and co-

variance matrix�� and the second population is multivariatet with mean vector��, covariance
matrix �� and degrees of freedom/ .

The log-likelihood ratio for the populations0� �� � 1 � �	 and 2� �/ � �� 1 �� 	 using their den-
sities, gives the following discriminant function (tDF),
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� � �� 	 � �� �� � , �� , � , � � ,	 � �� �� �/ ��		 � /� �� �/ � �	 � 
� �� ��	
� �� � ��/ � 
 	��� � � �� � �/ � 
� 	 �� ��/ � �	 � �� �

where,

�� � �� � � � 	
�-�� �� � � � 	 � for � � �� � �

Explicit bivariate form of the tDF, with� � and�� defined above, is less complicated and is:

� �� �� 	 � �� �� � , �� , � , � � ,	 � �� �/ 	 � /� �� �/ � �	 � � ��� �/ � �� 	 �� ��/ � �	 � �� � �

3 Method of Simulation

The object of this study is to compare the performance of three allocation rules in the discrimi-
nation of multi normal and multivariatet data with the help of the error rates produced by each
one of three classifiers described in section 2. It is assumedthat the first population is multi
normal and the second population is multivariatet.

For multi normal data, the NAG routines are used to generate the data with specified fixed
zero mean vector and identity covariance matrix for
 �� � �  � or &	 variables. The data from
multivariatet distribution � �/ � � 1 � 	 was generated by using the generalization of univariate
relationship of t and normal. Under this schemex was generated from0� �� 1 �	 and a chi-
square variate� with / degrees of freedom independent ofx was obtained. If�� is defined as
�� � �� � �� �/ 	��� � � � �� � � ���� 
 , it follows thatu has a multivariatet distribution.

In the process of generating t-variates by the transformation method the covariance needed
a special attention. The vectoru has� �/ � � 1 �	 where� is the covariance of underlying normal
population and in terms of� the covariance ofu is �������. Therefore to force� to be the co-

variance of t-variates,u, we generated the underlying normal variates, (x),from 0� �� � ������
�	.

Thet–variates generated in this way follows the re parameterized form of the probability density
function of multivariatet.

The decision boundaries, the zero valued contours, for QDF and tDF in a bivariate situation
are superimposed on the scatter diagram of the data generated from 0 �� � �	 and � �/ � � 1 � 	.
The diagram is not shown here. The scatter diagram is depicted by ’1’ for normal and ’2’ for
multivariatet (t) respectively. The parameters of� used in the scatter diagram and the decision
boundaries are/ � �, �� ���� 	, with ��� � � and ��� � % ��, �� �� �% � % �%	. The decision
boundary of tDF represented by a solid line shows that the tDFassign to class 1 correctly more
members of the population 1 as compared to the QDF.
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LDF 63 98 100 100 100 58 99 84.32
Mahalanobis distance78 99 97 100 99 63 96 87.74

QDF 68 99 99 100 99 80 96 88.81
tDF 68 99 99 100 100 80 96 88.91

tDF(lepto) 77 99 99 100 99 70 96 89.06

Table 1: Statistics about the Cumbria Image

4 Analysis of a remotely sensed image

The discriminant function used to classify the pixels of a remotely sensed image already studied
for its non-normality by Kershaw (1987), Glasbey (1988) andAli (1993). The image contained
seven classes.The image is used as training data and then it is also used as test data for clas-
sification of pixels by the three discriminant functions: LDF, QDF and tDF and also by the
Mahalanobis distance. Additionally, the classification isalso carried out by tDF(lepto) which is
obtained under the assumption that all the populations are leptokurtic, the details are not given
here. The classification results are given in the Table 4.1. The accuracy of classification is
gradually improved from LDF to tDF(lepto). Firstly, the assumption about the equal covari-
ance matrices of underlying populations played an important role in the classification of the
pixels. Secondly, the assumption regarding the normal distribution of underlying populations
affects the ultimate accuracy of the classification. Generally, image data do not fulfill these
assumptions. Consequently the proposed discriminant function could succeeded in improving
the overall accuracy.

References

Ali, Q. M. (1993) Statistical classification techniques in the analysis of remotely sensed im-
ages. An unpublished D.Phil. thesis of University of Oxford, Oxford, U.K.

Glasbey, C.A.(1988). Normal distribution assumptions in discrimination.Proc. of IGARSS’88
Symposium, Ebinburgh, Scotland, 1789-1791.

Ince,F.(1987). Maximum likelihood classification, optimal or problematic? A comparison
with the nearest neighbour classification.International Journal of Remote Sensing,8,
1829-1838.

Kershaw, C.D. (1987) Discrimination problem for satelliteimages.International Journal of
Remote Sensing,8, 1377-1383.

Lachenbruch, P.A.(1973). Robustness of the linear and quadratic discriminent function to
certain types of non-normality.Commun.Statist.,1(1),39-56.

100


