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0. Prerequisities and Suggested Reading

I will use David Marker’s book [Mar] as the basic reference for the talks, partly because it’s
likely to be the easiest one to find. Other presentations are available: the books by Hodges
[Hod], Poizat [PoE] are also excellent (and Poizat in French [PoF] is even better). The
classic text on model theory is by Chang and Keisler [ChK]. To go deeper into geometric
stability theory you should look at the books by Baldwin [Bal], Buechler [Bue] and (more
advanced) Pillay [Pil]. For basic material on Logic you could look at Cameron’s book
[Cam].

You can also find a variety of lecture notes on Model Theory on the web: the MODNET
page [Mod] lists a selection of these.

0.1. Logic and Model Theory. Model theory studies and compares mathematical
structures from the point of view of what can be said about them in a formal language.
Throughout these talks, we will be dealing with first-order languages.

I will assume that you are familiar with the terminology, notation and material in Chapter
1 and Chapter 2.1, 2.2 and 2.3 of [Mar]. What follows are some more details about this. I
will assume that you understand what is meant by: a first-order language (with equality)
L; how to build the formulas of L inductively using connectives and quantifiers starting
from atomic formulas; bound and free variables; closed formulas (sentences); L-structures;
the notationM |= φ ‘the formula φ is true in the L-structureM’ (or ‘M is a model of φ’);
L-theories; the theory Th(M) of an L-structure M; elementary equivalence (M ≡ N ).
See [Mar], 1.1 and 1.2 for this.

Because formulas are defined inductively, results are often proved by induction on the
number of connectives and quantifiers in a formula, with the case of atomic formulas as the
base step. A good example of this is the fact that if L-structuresM and N are isomorphic,
then they are elementarily equivalent: see 1.1.10 of [Mar].

The starting point for model theory is the Compactness Theorem: if Σ is a set of closed
L-formulas such that every finite subset of Σ has a model, then Σ has a model. The two
most common proofs of this are using Henkin’s method (cf. [Mar], 2.1) or ultraproducts
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([Mar], 2.5.20, for example). Even if you don’t know the proof of this result, I will assume
that you have seen some applications of it in examples (such as in 2.1 of [Mar]).

Definition 0.1. If M, N are L-structures and M ⊆ N we say that M is an elementary
substructure of N (or N is an elementary extension ofM) if whenever φ(x̄) is an L-formula
and ā is a tuple of elements from M, then

M |= φ(ā)⇔ N |= φ(ā).

In this case we write M � N . More generally an embedding between L-structures is an
elementary embedding if its image is an elemenary substructure of the range.

Note that we can take φ to be a closed formula here, soM� N impliesM≡ N (exercise:
give an example where the converse fails).

It is helpful to think of this in terms of definable sets. Suppose M is an L-structure, b̄ a
tuple of parameters from M and ψ(x̄, b̄) a formula with parameters b̄ and n variables x̄.
The set ψ[M, b̄] = {ā ∈ Mn : M |= ψ(ā, b̄)} is a (parameter)-definable subset of Mn. By
definition, if M� N then ψ[N , b̄] ∩Mn = ψ[M, b̄].

Suppose (I,≤) is an ordered set (such as the natural numbers, or an ordinal), and for each
i ∈ I we have an L-structure Mi. Suppose further that whenever i ≤ j then Mi � Mj.
Then we can considerM =

⋃
i∈IMi as an L-structure in a natural way, and eachMi is a

substructure of M. It can be shown that:

Lemma 0.2 (Elementary Chains). With the above notation Mi �
⋃

j∈IMj.

This is useful for constructing models with particular properties (such as saturation) via a
transfinite induction. For a proof, see 2.3.11 of [Mar].

Theorem 0.3 (Tarski-Vaught Test). Suppose M is a substructure of the L-structure N .
Then M � N if and only if whenever ψ(x, ȳ) is an L-formula and ā is a tuple in M, then
there is d ∈ N such that N |= ψ(d, ā) iff there is such a d in M.

Proof. See 2.3.5 of [Mar]. �

Theorem 0.4 (Löwenheim-Skolem Theorem). Suppose T is a set of closed L-formulas
which has an infinite model M, and κ ≥ |L|. Then T has a model of cardinality κ.

Proof. Extend the language by a set of new constant symbols of size κ. Use the
compactness theorem to show that there is an elementary extension of M of cardinality
≥ κ. Then use the Tarski-Vaught Test to construct an elemenary submodel of this of
cardinality κ. Details are in 2.3.7 of [Mar]. �

An L-theory T is a set of closed L-formulas. If φ is any (closed) L-formula with the property
that any model of T is a model of φ then we say that φ is consequence of T and write T |= φ.
(Some authors require that a theory be consistent - that is, has a model - and be closed
under consequences: I’m following Marker’s usage.) We say that T is complete if for every
closed L-formula φ either φ or ¬φ is a consequence of T . For example, if T = Th(M) for
some L-structureM, then T is a complete (consistent!) L-theory: this isn’t entirely trivial
to prove.



GEOMETRIC STABILITY THEORY 3

Definition 0.5 (Categoricity). Suppose T is an L-theory with infinite models and κ is an
infinite cardinal. We say that T is κ-categorical if T has a model of cardinality κ and all
such models are isomorphic.

Note that if κ is at least the cardinality of L, then the Löwenheim-Skolem Theorem says
that there is some model of cardinality κ.

One of the things which model theory tries to do is this. Given an L-structure M, find a
‘nice’ subset T0 ⊆ Th(M) with the property that any formula in Th(M) is a consequence
of T0: we say that T0 axiomatizes Th(M). To show that T0 has the required property,
it is enough to show that it is complete (- exercise in the definitions). If applicable, the
following is a very convenient way of showing a theory is complete (see 2.2.6 of [Mar]):

Theorem 0.6 ( Los-Vaught Test). Suppose T is a consistent L-theory with no finite models,
and T is κ-categorical for some κ ≥ |L|. Then T is complete.

Proof. Suppose not. Then there is some closed formula φ such that neither φ nor ¬φ
is a consequence of T . Thus there are models of T ∪{φ} and T ∪{¬φ}. By the Löwenheim-
Skolem Theorem, we can take these to be of cardinality κ. They are both models of T , so
are isomorphic; however one is a model of φ and the other a model of ¬φ, and this is a
contradiction. �

For examples of the use of this, see [Mar] 2.2.4 and 2.2.5 (algebraically closed fields of
charcteristic p). Also have a look at 2.2.11 of [Mar] for a purely algebraic application of
this (due to Ax).

The definition of one formula being a consequence of a set of formulas is a semantic one:
it is phrased in terms of models. It is also possible to give a syntactic definition of one
L-formula φ being deducible from a set of L-formulas Σ: written Σ ` φ. For our purposes,
it is not necessary to give the precise definition. A deduction of φ from Σ is a finite list of
formulas ending in φ and obeying certain ‘logical rules’. It is checkable line-by-line whether
a finite list is a deduction (– at least, under the reasonable assumption that the language
is recursive). When this is properly set up the main theorem is:

Theorem 0.7 (Gödel’s Completeness Theorem). For a set of closed L-formulas Σ and a
closed L-formula φ we have:

Σ ` φ⇔ Σ |= φ.

(Exercise: deduce the Compactness Theorem from this.)

Using this we can give a better explanation of what is meant by a ‘nice’ axiomatization
in the above. We say that a theory T is decidable if there is an algorithm which, given a
closed formula φ, will decide (in a finite amount of time) whether T |= φ or not. Again,
it’s not really necessary to have a precise definition of ‘algorithm’ here: just think of it as
something which could be implemented on a digital computer in a standard programming
language.

Theorem 0.8. Suppose L is a recursive language and T0 is a recursively enumerable set of
closed L-formulas which is complete (and consistent). Then T0 is decidable.
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Here, recursiveness of L just means that we can (in principle) program a computer to recog-
nise when something is a formula; recursive enumerability of T0 means that the computer
can systematically generate all the formulas in T0: the latter is a priori weaker than being
able to decide whether any given formula is in T0.

Proof. The algorithm is this. By the assumed recursiveness, we can program the
computer to systematically produce all deductions from T0. Of course, the computer will
have to run for ever to produce all deductions, but any particular deduction will appear
after a finite amount of time (but we don’t necessarily know how long we will have to wait).
Now suppose we are given φ. Becuase T0 is complete, after some finite amount of time we
will see a deduction of φ or a deduction of ¬φ: as soon as we see one of these, the computer
can stop. (Also see [Mar], 2.2.8.)

�

For example, the theory of algebraically closed fields of characteristic 0 is a complete re-
cursively enumerable theory in the (recursive) language of rings, so is decidable. Of course,
the given algorithm is not particularly practical.

0.2. Set theory. I will assume basic knowledge of ‘näıve’ Set Theory: Axiom of
Choice, Cardinality, Ordinals, Transfinite induction, Cardinals. What’s needed can be
found in [Mar], Appendix A, or [Cam].

We will work throughout in ZFC: Zermelo-Fraenkel set theory with the Axiom of Choice.

0.3. Algebra. It will be helpful if you know some basics about (algebraically closed)
fields: algebraic independence, transcendence degree.

0.4. Lecture contents.

• Types, quantifier elimination, examples using back-and-forth. Definition of λ-
stability.
• Closure operations, pregeometries. Algebraic closure and strongly minimal sets/

structures. Isomorphism type determined by dimension. Zilber’s trichotomy con-
jecture.
• Morley’s Categoricity Theorem: some idea of the Baldwin-Lachlan proof (if time).
• Hrushovski’s construction from [Hru]: the uncollapsed case and the strongly min-

imal structures.
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