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Boundary layer instabilities in rapidly rotating flows
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Figure 1: Schematic of the apparatus in-

cluding streamlines of a basic state at

Re = 4.4×104, Ro = 0.46 and γ = 1. The

contours are equispaced; the red shades

are positive values and the blue are neg-

ative, with zero being white.

Confined rapidly rotating flow subjected to dif-

ferential rotation of the container has attracted

much attention. These flows are of practical impor-

tance in many areas, such as rotating machinery and

models of wind-driven ocean circulations. In the

latter models, laminar flow and sidewall boundary

layer stability to small scale disturbances are usu-

ally assumed. More recent interest in this class of

problems comes from laboratory models used to

study the structure of vertical boundary layers in

differentially rotating systems and other processes

in geophysical systems. Hart and Kittelman [1] con-

sidered the flow in a rotating cylinder that is driven

by the differential rotation of the top endwall (see

fig. 1). They observed a number of waves (both ax-

isymmetric rolls and diagonal rolls inclined to the

axis) that appear in the sidewall boundary layer re-

gion when the top endwall is rotating sufficiently

faster than the sidewall. An analysis of this flow recently published [2] is presented here. There

are three governing parameters in this problem: the Reynolds number Re = ΩR2/ν , the Rossby

number Ro = ω/Ω, and the aspect ratio γ = H/R.

We have investigated the axisymmetric flow extensively, determining its stability and nonlin-

ear dynamics. The regime diagram (fig. 2) shows two Hopf bifurcation curves, labeled H1 and

H2, in the (Re,Ro) parameter space. Below these two curves, the steady basic state is stable to

axisymmetric perturbations, and upon crossing these curves, the basic state loses stability via

supercritical Hopf bifurcations and two limit cycle solutions are born, LC1 upon crossing H1
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Figure 2: Regime diagram in (Ro,Re) space, showing the two axisymmetric Hopf bifurcation

curves, H1 and H2 (black), as well as Neimark-Sacker curves, NS1 and NS2 (blue), and the

curve (red dashes) above which temporally-complex flows appear.

and LC2 upon crossing H2.

The three-dimensional simulations show that the axisymmetric states are weakly unstable to

three-dimensional perturbations. If we are sufficiently below the two Hopf bifurcation curves in

the (Re,Ro) parameter space, the axisymmetric solutions are stable; However, for cases studied

above the Hopf curves, the flow does not settle onto any axisymmetric state. In particular, we

have not been able to reproduce either of the axisymmetric roll solutions (LC1 and LC2) in a

full three-dimensional simulation, at least not in the small parameter regime investigated near

the double Hopf point; however, they can be observed experimentally in ramped experiments,

because the growth rate of the 3D solutions is small.

At Re = 3.5×104, Ro = 0.50 the 3D flow is a pure rotating wave with a spiral structure and

azimuthal wave number m = 63, as shown in figure 3 (a,b,c). Increasing Re to 4.0×104 results

in a very different type of three-dimensional flow (see figure 3 a,b,c), with different instability

activities located in regions where the LC1 and LC2 axisymmetric rolls were active. Together

with the various forward tilted roll structures, predominant very close to the sidewall, in the

outer boundary layer there are also a number of backward tilted structures that appear to erupt

from within the inner layer.

Inertial waves in this problem are excited by the boundary layer instabilities; this is in sharp

contrast to the typical study of inertial waves in rapidly rotating systems where they are ex-

cited in a controlled fashion by external forcing. Phillips [] has a theory to suggest that there is

transfer of energy between different wavenumbers following reflections from boundaries, and

that for general irregular boundaries, repeated reflections can be expected to result in a sta-
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Figure 3: Snap-shots of azimuthal vorticity η for the states at Re = 3.5×104 (a,b,c) and Re =

4.0× 104 (d,e, f ) both at Ro = 0.50. Contours in a partial plane (r,z) ∈ [0.8,1.0]× [0.0,1.0]

in (a), (b), (d) and (e); positive (negative) levels are red (blue). Isosurfaces of η in (c), ( f );

positive (negative) levels are red (yellow).

tistical radiative equilibrium over the high wavenumbers, leading to a random field of inertial

waves that could be regarded as a limiting condition of turbulence in a rapidly rotating fluid.

In our problem, the cylinder walls are regular; however, the viscous boundary layer instabili-

ties in some sense provide the irregular reflections for the inertial waves, leading to the type

of turbulence envisioned by Phillips. The threedimensional computed states reported on here

have a strong resemblance to the wavy turbulent state in the experiments of Hart and Kittelman.

Further systematic investigations of the interaction between inertial waves in confined rapidly

rotating flows and viscous boundary layer modes are needed; the good correspondence between

our simulations and the experimental visualizations indicates that such investigations are now

becoming computationally feasible.
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