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Abstract

We survey some recent results on harmonic morphisms with one-dimensional fibres.

Introduction

Harmonic morphisms are smooth maps ϕ : (Mm, g) → (Nn, h) between Rie-

mannian manifolds which preserve Laplace’s equation in the sense that if f :

U → R is a harmonic function with ϕ−1(U) nonempty then f ◦ ϕ : ϕ−1(U)→ R

is harmonic. They are characterised as harmonic maps which are horizontally

(weakly) conformal [19], [24], i.e. for each point x ∈ M either dϕx = 0 or dϕx is

surjective and maps Hx = (ker dϕx)
⊥ conformally onto Tϕ(x)N . In particular, ϕ

is submersive on a dense open set and so m ≥ n.

Classification results for harmonic morphisms with one-dimensional fibres ap-

pear in [6], [7], [8], [12], [33], [34]. In [3] it is proved that any non-constant

harmonic morphism with one-dimensional fibres defined on a Riemannian mani-

fold of dimension at least five is submersive whilst, for domains of dimension four,

only isolated critical points can occur.

Here we present some results on harmonic morphisms with one-dimensional

fibres to Riemannian manifolds of dimension greater than or equal to three. In

§1, we recall the fundamental formula of P. Baird and J. Eells from which it

follows one of the basic types of harmonic morphism with one-dimensional fibres

[4]. Also, we recall a construction due to R.L. Bryant which gives another basic

type of harmonic morphisms with one-dimensional fibres [12]. In §2 we mention

R.L. Bryant’s classification theorem [12] and two extensions of it [33]. In §3 we

present a topological restriction for the total space (assumed to be compact) of a

harmonic morphism with one-dimensional fibres and some applications of it [34].
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A frequently updated Bibliography of Harmonic Morphisms is maintained by

S. Gudmundsson [22].

1. Some general results

For a map ϕ : (Mm, g) → (Nn, h) between connected Riemannian manifolds

which is submersive at x ∈Mm we write Vx = ker dϕx andHx = V⊥x ; the resulting

distributions H and V are called the horizontal and vertical distributions of ϕ.

We shall denote the orthogonal projections onto these distributions by the same

letters H and V .

A very useful tool in the study of harmonic morphisms is the following funda-

mental result due to P. Baird and J. Eells [4].

Proposition 1.1. Let ϕ : (Mm, g) → (Nn, h) be a horizontally conformal sub-

mersion with dilation λ and let VB be the second fundamental form of the vertical

distribution V.

Then ϕ is a harmonic morphism if and only if

trace(VB) + (n− 2)H(grad(log λ)) = 0 .(1.1)

One of the consequences of the above result is the following [30]:

Proposition 1.2. Let ϕ : (Mm, g) → (Nn, h) be a horizontally conformal map

and let r, s : Mm → (0,∞) be smooth functions. Denote by grs the Riemannian

metric on Mm defined by grs = r2 g|V + s2 g|H.

Then any two of the following assertions imply the remaining one.

(i) ϕ : (Mm, g)→ (Nn, h) is a harmonic morphism;

(ii) ϕ : (Mm, grs)→ (Nn, h) is a harmonic morphism;

(iii) rm−n sn−2 is constant along horizontal curves.

Proof. It is easy to see that (1.1) is equivalent to

LX(λ2−n ω)|V = 0

for any horizontal vector field X, where λ is the dilation of ϕ and ω is a local

volume form of the vertical distribution V . The proof follows.

Remark 1.3. 1) If m = n, Proposition 1.2 remains true with V the trivial dis-

tribution; note further that, if, m = n 6= 2, then, from Proposition 1.1, any

harmonic morphism has constant dilation, and if m = n = 2, then condition (iii)

of Proposition 1.2 is automatic.

2) If m > n = 2 in Proposition 1.2 then (iii) is equivalent to

(iii′) r is constant along horizontal curves.
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Another consequence of Proposition 1.1 is that a harmonic morphism to a

Riemannian manifold of dimension greater than or equal to three has minimal

fibres if and only if it is horizontally homothetic [4], i.e. its dilation is constant

along horizontal curves. Specializing to fibres of dimension one this easily gives

the following [4].

Proposition 1.4. For n ≥ 3, let ϕ : (Mn+1, g) → (Nn, h) be a submersive

harmonic morphism with one-dimensional fibres.

Then ϕ has geodesic fibres if and only if it is horizontally homothetic.

Example 1.5. Obviously, the orthogonal projection Rn+1 → R
n and the radial

projection Rn+1 \ {0} → Sn are harmonic morphisms with geodesic fibres. For

other examples of harmonic morphisms with geodesic fibres see [2, Example 7.2.2]

and [21, Examples 2.1-2.6].

Remark 1.6. 1) Let ϕ : (Mm, g) → (Nn, h) be a horizontally conformal map

with dilation λ. The vertical distribution V is (the tangent bundle of) a Rie-

mannian foliation if and only if λ is constant along the fibres of ϕ.

If ϕ is horizontally homothetic and has one-dimensional fibres (m = n + 1),

then the horizontal distributionH (= V⊥) is integrable, at least outside the points

where V is Riemannian [4]. Furthermore, the dilation is an isoparametric func-

tion whose level surfaces are totally umbilic horizontal submanifolds of constant

mean curvature [2] (see also [9]).

2) From Proposition 1.1 and the main result of B. Fuglede from [20] it follows

that any harmonic morphism with minimal fibres is submersive.

3) By a result of P. Baird [3], any harmonic morphism with one-dimensional

fibres to a Riemannian manifold of dimension greater than three is submersive.

For harmonic morphisms with one-dimensional fibres we have the following

very useful result of R.L. Bryant [12, Theorem 1] (cf. [8, Proposition 3.5]).

Theorem 1.7. For n ≥ 1, let ϕ : (Mn+1, g)→ (Nn, h) be a horizontally confor-

mal map with dilation λ. Then the following assertions are equivalent;

(i) ϕ is a harmonic morphism;

(ii) each point of M has a neighbourhood U such that there exist:

(1) a principal bundle (P, ϕ(U), S1) with projection π : P → ϕ(U) and en-

dowed with a principal connection θ ∈ Γ(T ∗P ),

(2) a diffeomorphic embedding ξ : U → P such that ϕ = π ◦ ξ and, on U ,

we have

g = λ−2 ϕ∗(h) + λ2n−4 ξ∗(θ)2 .
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Sketch of the proof. This follows from the fact (another consequence of Proposi-

tion 1.1, cf. [8], [12]) that a horizontally conformal map ϕ : (Mn+1, g)→ (Nn, h)

with dilation λ is a harmonic morphism if and only if the vertical (local) vec-

tor field V such that g(V, V ) = λ2n−4 is an infinitesimal automorphism of the

horizontal distribution H (i.e. LV (Γ(H)) ⊆ Γ(H) cf. [38]).

Besides the class of harmonic morphisms with geodesic fibres and integrable

horizontal distribution, there is another fundamental type of harmonic morphism

with one-dimensional fibres due to R.L. Bryant [12] (see also [31], [9]):

Proposition 1.8. For n ≥ 3, let ϕ : (Mn+1, g) → Nn be a submersion with

connected one-dimensional fibres which form an orientable Riemannian foliation.

Then the following assertions are equivalent:

(i) there exists a Riemannian metric h on Nn such that ϕ : (Mn+1, g) →
(Nn, h) is a harmonic morphism,

(ii) there exists a nowhere zero Killing vector field tangent to the fibres of ϕ.

Proof. Assume that (i) holds and let V ∈ Γ(V) be such that g(V, V ) = λ2n−4

where λ is the dilation of ϕ. Then from (1.1) and the fact that V is Riemanian

it easily follows that LV g = 0 so that V is a Killing field.

Assume that (ii) holds and let V ∈ Γ(V) be a nowhere zero Killing field. Let λ

be the positive smooth function on Mn+1 such that g(V, V ) = λ2n−4. Because V is

Riemannian, there exists a Riemannian metric h on Nn such that ϕ∗(h) = λ2 g|H.

A simple calculation shows that ϕ satisfies (1.1), so that, by Proposition 1.1,

ϕ : (Mn+1, g)→ (Nn, h) is a harmonic morphism.

Propositions 1.4 and 1.8 give the following two fundamental types of submersive

harmonic morphisms with one-dimensional fibres:

Type (i) : Harmonic morphisms with one-dimensional fibres locally generated

by Killing vector fields.

Type (ii) : Harmonic morphisms with geodesic fibres orthogonal to an umbilical

foliation by hypersurfaces.

Example 1.9. The Hopf fibration S2n+1 → CP n is of type (i) (but not of type

(ii) since its horizontal distribution is not integrable). It is well-known [2] that

the Hopf polynomial ϕ : C2 → R
3, ϕ(z1, z2) = (|z1|2 − |z2|2, 2z1z2) is a harmonic

morphism; it is of type (i).

All the harmonic morphisms of Example 1.5 are of type (ii).

2. Geometrical restrictions

The following theorem is due to R.L. Bryant [12] (see [31], [9] for an alternative

proof).
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Theorem 2.1. For n ≥ 3, let (Mn+1, g) be a Riemannian manifold with constant

sectional curvature and let ϕ : (Mn+1, g) → (Nn, h) be a submersive harmonic

morphism with one-dimensional fibres.

Then ϕ is either of type (i) or of type (ii).

The above fundamental result admits the following extension [31].

Theorem 2.2. For n ≥ 3, let (Mn+1, g) be an Einstein manifold and let ϕ :

(Mn+1, g) → (Nn, h) be a submersive harmonic morphism with one-dimensional

fibres and integrable horizontal distribution.

Then ϕ is either of type (i) or of type (ii).

It seems that the integrability assumption above cannot be removed. We give

the following example.

Example 2.3. For a ∈ R, let ga be the Eguchi-Hanson II metric [17] on R4 \
{0} (= S3 × (0,∞) ) defined by

ga = ρ2 h+ ρ−2(ρ dρ+ aA)2(2.1)

where h is the canonical metric on S3 and A = i∗(−x2 dx1 + x1 dx2 − x4 dx3 +

x3 dx4) with i : S3 → R
4 the canonical inclusion. Then [17] ga is Ricci-flat and

half-conformally flat; note that g0 is (the restriction of) the canonical metric on

R
4.

From Theorem 1.7 it follows that, for each a ∈ R, the radial projection ϕa :

(R4 \ {0}, ga)→ (S3, h) is a harmonic morphism. If a = 0 this is well-known (see

Example 1.5); however, for a 6= 0, ϕa is neither of type (i) nor of type (ii).

Also note that A satisfies the equation dA − 2 ∗ A = 0 where ∗ is the Hodge

star-operator induced on S3 by its canonical metric and orientation.

The above example can be generalised as follows.

Definition 2.4. Let ϕ : (M4, g)→ (N3, h) be a submersive harmonic morphism

between orientable Riemannian manifolds of dimensions four and three, respec-

tively.

Let V ∈ Γ(V) be such that g(V, V ) = λ2 where λ is the dilation of ϕ.

We say that ϕ is a harmonic morphism of type (iii) if the following conditions

hold:

(1) LV (d(λ−2)) = 0;

(2) if A ∈ Γ(T ∗N3) is such that ϕ∗(A) = − d(λ−2)|H then we have

dA+ c ∗ A = 0

where c = V (λ−2) and ∗ is the Hodge star-operator on (N3, h) induced by a

suitably chosen orientation of N3.
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Remark 2.5. 1) If M4 and N3 are not orientable then we can pass to their

orientable Z2-coverings.

2) Note that (1) holds if and only if c = V (λ−2) is constant. Also (1) ensures

that A is well-defined.

3) Let ϕ : (M4, g)→ (N3, h) be a submersive harmonic morphism. On a small

enough open subset we can take ϕ to be the canonical projection M4 = N3×I →
N3 with I ⊆ (0,∞) an open interval; then ϕ is of type (iii) if and only if, up to

homotheties,

g = ρ2 h+ ρ−2(ρ dρ+ A)2(2.2)

where A ∈ Γ(T ∗N3) satisfies

dA+ 2 ∗ A = 0 .(2.3)

Conversely, by Theorem 1.7 with θ = ρ dρ + A, the projection (N3 × I, g) →
(N3, h) where h is an arbitrary Riemannian metric on N3 and g is constructed

as above is a harmonic morphism of type (iii) with dilation λ = ρ−1. (In fact this

is true without demanding that A satisfies (2.3).)

The importance of the harmonic morphisms of type (iii) is given by the follow-

ing result.

Theorem 2.6. Let (M4, g) be an Einstein four-manifold and let ϕ : (M4, g) →
(N3, h) be a submersive harmonic morphism.

Then ϕ is of one of the types (i), (ii) or (iii). Furthermore, if ϕ is of type (iii)

then (M4, g) is Ricci-flat and (N3, h) has constant positive sectional curvature.

Remark 2.7. Note that both Theorem 2.1 and Theorem 2.6 say that, under the

given geometrical conditions, the nonlinear system of partial differential equa-

tions whose solutions are harmonic morphisms with one-dimensional fibres can

be reduced to one of two and three systems of linear partial differential equations,

respectively.

See [37] for other similar results.

In dimension four, an important example of a harmonic morphism is based on

the following construction of S.W. Hawking [23].

Example 2.8. Let U ⊆ R3 be an open ball and let u : U → (0,∞) be a positive

harmonic function. Then there exists A ∈ Γ(T ∗U) such that the monopole equa-

tion dA = − ∗ du is satisfied.

Let gu be the metric on U × R given by

gu = uh+ u−1(dt+ A)2(2.4)
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where h is the metric on U induced by the canonical metric of R3.

Then (U ×R, gu) is Ricci-flat and half-conformally flat [23] and from Theorem

1.7 it follows that the canonical projection (U × R, gu) → (U, h) is a harmonic

morphism (of type (i) ).

Furthermore, this construction can be extended (see [28]) to the case when u

has an isolated singularity at the centre of U . In this case, by assuming that U

is centred at 0 ∈ R3, we have by Bôcher theorem (see [1]) that

u(y) =
1

4

( 1

|y|
+ v(y)

)
,(2.5)

up to some multiplicative constant, where v is a harmonic function on U .

Then, the resulting metric takes the form

gv = (|x|2 ϕ∗(v) + 1) g0 −
ϕ∗(v)(|x|2 ϕ∗(v) + 2)

|x|2 ϕ∗(v) + 1
A2

+
4

|x|2 ϕ∗(v) + 1
Aϕ∗(B) +

4|x|2

|x|2 ϕ∗(v) + 1
ϕ∗(B)2

(2.6)

where ϕ is a suitable restriction of the Hopf polynomial (see Example 1.9), g0 is

induced by the canonical metric on R4, A = −x2 dx1 + x1 dx2 − x4 dx3 + x3 dx4

and B is a one-form on U such that dB = − 1
4
∗ dv.

Using the same notations as in Example 2.8, from Proposition 1.8 it follows

that the Hopf polynomial ϕv : (ϕ−1(U), gv)→ R
3 is a harmonic morphism of type

(i).

The importance of ϕv is given by the following result.

Theorem 2.9. Let ϕ : (M4, g) → (N3, h) be a harmonic morphism between

Einstein manifolds of dimension four and three, respectively. Suppose that ϕ is

not submersive.

Then, in the neighbourhood of a critical point, ϕ = ϕv for some (local) harmonic

function v on N3. Further, (M4, g) is Ricci-flat and half-conformally flat and

(N3, h) is flat.

Remark 2.10. We can actually show that if ϕ : (M4, g) → (N3, h) is a non-

constant harmonic morphism between orientable Einstein manifolds of dimension

four and three, respectively, then (M4, g) is half-conformally flat [34].

We also have the following classification [32]:

Theorem 2.11. Let (M4, g) and (N3, h) be complete simply-connected Einstein

manifolds of dimension four and three, respectively and let ϕ : (M4, g)→ (N3, h)

be a surjective submersive harmonic morphism.
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Then, up to homotheties, ϕ is one of the projections R4 → R
3, H4 → R

3,

H4 → H3 induced by the following canonical warped-product decompositions R4 =

R
1×R3, H4 = R1×rH3, H4 = H1×sH3 where Hk is the k-dimensional hyperbolic

space.

For further results on submersive harmonic morphisms see [31].

3. Topological and further geometrical restrictions

Let ϕ : (Mn+1, g) → (Nn, h) , n ≥ 1 , be a non-constant harmonic morphism

between compact oriented Riemannian manifolds. Then, by a result of P. Baird [3]

the set of critical points of ϕ is empty if dimM ≥ 5 and is discrete if dimM = 4 .

We have the following result [34] which is proved by using a residue theorem

of R. Bott [11].

Theorem 3.1. Let ϕ : (Mn+1, g)→ (Nn, h) (n ≥ 1) be a non-constant harmonic

morphism between compact oriented Riemannian manifolds.

Then all the Pontryagin numbers of Mn+1 are zero. In particular, the signature

of Mn+1 is zero.

Further, if n ≥ 4 then the Euler number of Mn+1 is zero. If n = 3, then the

Euler number of Mn+1 is even and is equal to the number of critical points of ϕ.

See [25] for some related results in a different context.

Corollary 3.2. A K3 surface, CP n (n ≥ 1), Sg×Nn can never be the domain of

a non-constant harmonic morphism with one-dimensional fibres whatever metrics

we put on them. Here Sg is a compact surface of genus g 6= 1 and Nn a compact

manifold of dimension n ≥ 3 with nonzero Euler number.

Remark 3.3. 1) There is a harmonic morphism from S4 endowed with a met-

ric conformal to the canonical one to (S3, can) [5]. This has two critical points,

namely the poles, in accordance with Theorem 3.1.

Note that by Theorem 2.1 there is no non-constant harmonic morphism from

(S4, can) to any three-dimensional Riemannian manifold. In contrast, the Hopf

fibration S2n+1 → CP n are Riemannian submersions with totally-geodesic fibres,

with respect to multiples of their standard metrics, and are thus harmonic mor-

phisms. In fact, from Theorem 2.1 it follows that, up to homotheties, these are

the only non-constant harmonic morphisms from (Sn, can) to a Riemannian man-

ifold of dimension n− 1 [15], [12] (n ≥ 4; for n = 3 see [6]).

2) Other examples of compact manifolds which cannot be the total space of

a non-constant harmonic morphism with one-dimensional fibres can be obtained

by using the product and the connected sum operations.
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By applying Theorem 3.1 we obtain the following [34] (see also [32] for the

cases (iii) and (iv) ).

Theorem 3.4. Let (M4, g) be a compact four-dimensional Riemannian manifold

and let ϕ : (M4, g)→ (N3, h) be a non-constant harmonic morphism.

Suppose that one of the following conditions holds:

(i) (M4, g) is half-conformally flat and its scalar curvature is zero;

(ii) (M4, g) is Einstein and half-conformally flat;

(iii) (M4, g) and (N3, h) are both Einstein;

(iv) (M4, g) is Einstein and ϕ is submersive;

(v) (M4, g) is Einstein and there exists on it a Hermitian structure.

Then, up to homotheties and Riemannian coverings, ϕ is the canonical proje-

tion T 4 → T 3 between flat tori.
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