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1 Harmonic maps and morphisms

1. Laplace’s equation

∆f ≡
m∑
i=1

∂2f

∂x2
i

= 0 (x1, . . . , xm) ∈ U (1)

for a real- or complex-valued function f on an open subset U of a Euclidean
space Rm and its solutions harmonic functions have fascinated Mathemati-
cians for at least two hundred years. Conformal maps between domains in
the plane preserve Laplace’s equation; this fact has been used extensively
to find and study solutions of Laplace’s equation in two dimensions. It is
very natural to ask what mappings have this property for higher dimensional
Euclidean spaces or for more general spaces. We make this more precise.

Let M and N be open subsets of Euclidean spaces (we shall be more
general later on). A harmonic morphism is a map φ : M → N which pulls
back harmonic functions to harmonic functions, i.e., whenever f : V → R
is a harmonic function on an open subset V of N and φ−1(V ) is non-empty,
then the composite f ◦ φ : φ−1(V )→ R is harmonic.
∗Paper for the ‘Fourth International Workshop on Differential Geometry and its Ap-
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2. In 1848 Jacobi [21] studied the following problem for m = 3:

Let φ : U → C be a smooth map from an open subset of Rm. Under
what conditions on φ is the composition f ◦ φ harmonic for an arbitrary
holomorphic function f : V → C defined on an open subset of C?̇

Since any harmonic function is locally the real part of a holomorphic
function it is clear that φ satisfies Jacobi’s condition if and only if it is a
harmonic morphism. Now, by the chain rule,

∆(f ◦ φ) =
df

dz
∆φ+

d2f

dz2

m∑
i=1

(
∂φ

∂xi

)2

. (2)

Since f can have arbitrary first and second derivatives at any chosen point,
we conclude with Jacobi that a smooth map φ is a harmonic morphism if
and only if

(i) ∆φ = 0 and (ii) (gradφ)2 ≡
m∑
i=1

(
∂φ

∂xi

)2

= 0 . (3)

We call a smooth map satisfying (ii) horizontally (weakly) conformal
or semiconformal. Writing φ = φ1 + iφ2 we see that the horizontal weak
conformality condition says that the gradients of the components of φ are
orthogonal and of the same norm (possibly zero).

3. In probability theory, J.M. Bismut and P. Lévy showed that conformal
mappings preserve Brownian motion up to change of scale, see [22]. In 1969
Bernard, Campbell and Davie extended this to show that the Brownian path
preserving maps from open subsets U of a Euclidean space Rm to another
Euclidean space Rn are precisely the harmonic morphisms [10]. We extend
the definition of horizontal weak conformality to say that a smooth map φ :
U → Rn is horizontally (weakly) conformal if the gradients of its components
are orthogonal and of the same norm, then, again, φ is a harmonic morphism
if and only if it is a horizontally weakly conformal harmonic map. This
characterization is easy to obtain from the chain rule and the fact that,
given any smooth map f0 on a neighbourhood of a point y with ∆f0 = 0 at
y, there is a harmonic function f on a neighbourhood of y with the same
2-jet as f0 at y.

4. In order that the concept of harmonic morphism φ : M → N make
sense, it suffices that M and N be spaces on which we know what a ‘local
harmonic function’ is. In 1957, Brelot defined a harmonic space to be a
locally compact locally connected Hausdorff space on which there is given
a subsheaf of the sheaf of continous functions called the sheaf of harmonic
functions satisfying certain axioms, see [13].
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An example of a Brelot harmonic space is Euclidean space Rm with its
sheaf of harmonic functions. More generally, let (M, g) be a Riemannian
manifold. Then a harmonic function M ⊃ U → R on an open subset of M
is a solution to Laplace’s equation ∆Mf = 0, where, in any local coordinates
(x1, . . . , xm) on M ,

∆Mf =
1√

det(gij)

∂

∂xi

(√
det(gij) gij

∂f

∂xj

)
= gij

(
∂2f

∂xi∂xj
− Γkij

∂f

∂xk

)
;

(4)
here the Γkij denote the Christoffel symbols of (M, g). See [15] for a more
general class of examples of harmonic space.

5. A harmonic map is a smooth map φ : (M, g) → (N,h) between
Riemannian manifolds which extremizes the Dirichlet or energy integral
1
2

∫
D |dφ|

2 over any compact domain D. Equivalently, it is a solution of
the harmonicity equation:

τ(φ) = 0 (5)

where τ(φ) is a vector field along φ (i.e. a smooth section of the pull-back
bundle φ−1TN →M , thus τ(φ)x ∈ Tφ(x)N (x ∈M)) called the tension field
of φ. In local coordinates (xi) on M and (yα) on N , τ(φ) = τ(φ)γ ∂

∂yγ where

τ(φ)γ = gij
(
∂2φγ

∂xi∂xj
− Γkij

∂φγ

∂xk
+ Lγαβ

∂φα

∂xi
∂φβ

∂xj

)
= ∆Mφγ + g(gradφα, gradφβ)Lγαβ ;

here the Lγαβ denote the Christoffel symbols of (N,h). Since the famous
paper of Eells and Sampson [16], harmonic maps between Riemannian man-
ifolds have attracted much attention with over 1000 published papers and
books, and many applications, see [12].

Geometers became interested in harmonic morphisms when Fuglede and
Ishihara extended the characterizaton of harmonic morphisms to Rieman-
nian manifolds as follows. Call a smooth map φ : (M, g) → (N,h) between
Riemannian manifolds horizontally (weakly) conformal or semiconformal if

gij
∂φα

∂xi
∂φβ

∂xj
= λ2(x)hαβ . (6)

for some function λ : M → [0,∞) called the dilation of φ.

Theorem 1.1 [17, 20] A smooth map φ : M → N between Riemannian
manifolds is a harmonic morphism if and only if it is a horizontally weakly
conformal harmonic map.
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The main part of Ishihara’s proof is to show the existence of local harmonic
functions with any given desired 2-jet; a simpler proof of that fact using
the implicit function theorem is given in [1], see also [9]; the theorem then
follows quickly from the chain rule.

Since then, there has been a steadily growing interest in harmonic mor-
phisms, with over 150 papers now published, see [19].

2 The geometry of harmonic maps and morphisms

Throughout this section let M = (Mm, g) and N = (Nn, h) be smooth
Riemannian manifolds of dimensions m and n respectively. In general, the
equations (5,6) for a harmonic morphism form an overdetermined system,
so that we cannot expect general results asserting existence of a harmonic
morphism with given boundary values or in a given homotopy class. Not sur-
prisingly, the situation gets harder as the dimensions of M and N increase;
we thus list results according to these dimensions.

For proofs of, and background to, the main results, see [9]. For compari-
sion with ‘dual’ results for harmonic maps, see [27], and for some interesting
related results, see the articles in [3].

Note that any constant map is a harmonic morphism; on the other hand,
a non-constant harmonic morphism is a submersion except on a nowhere
dense subset of critical points where the differential has rank zero. Thus, if
n > m, there are no non-constant harmonic morphisms.

1. If n = 1, horizontal weak conformality is automatic and so a harmonic
morphism is just a harmonic map. Thus, if N = R, a harmonic morphism
is just a harmonic function.

2. If n = m = 2, the harmonic morphisms are precisely the weakly
conformal mappings; if n = m 6= 2 they are precisely the homothetic maps,
i.e. isometries up to scale.

3. If n = 2, harmonic morphisms have special properties including
conformal invariance: the composition of a harmonic morphism to a 2-
dimensional Riemannian manifold with a conformal or weakly conformal
map to another 2-dimensional Riemannian manifold is a harmonic mor-
phism; this follows from the more general result that the composition of
harmonic morphisms is a harmonic morphism. Conformal invariance means
that the equations for a harmonic morphism to a 2-dimensional Rieman-
nian manifold depend only on the conformal equivalence class of its metric;
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in particular, the concept of harmonic morphism to a Riemann surface is
well-defined.

We give a geometrical characterization of a harmonic morphism to a
surface due to Baird and Eells [5] (noting that it is not necessary to assume
that the map be submersive, see for example [9]). We call a point regular if
it is not a critical point.

Proposition 2.1 A smooth non-constant horizontally weakly conformal map
into a 2-dimensional Riemannian manifold is a harmonic map, and so a
harmonic morphism, if and only if, at every regular point, the fibres are
minimal.

A smooth foliation of a Riemannian manifold is called conformal if it
is locally given by the fibres of horizontally conformal submersions; equiva-
lently, the orthogonal distribution is totally umbilic. The proposition above
tells us that, away from critical points, the fibres of a harmonic morphism
give a conformal foliation by minimal submanifolds of codimension 2; con-
versely, any such foliation arises from harmonic morphisms locally. Note
that such foliations together with their orthogonal distributions are one of
the types of almost product structure in the classification of A.M. Naveira
[23].

4. If n = 2 andm = 3, by the Baird–Eells result the fibres of a submersive
harmonic morphism give a conformal foliation by geodesics. Baird and Wood
[8] showed that this remains true even at critical points.

If M is a space form, there is a mini-twistor theory ; a conformal foliation
by geodesics is given locally by a holomorphic map into the space of geodesics
of M , often called the mini-twistor space of M ; this leads to holomorphic
representations of harmonic morphisms from M to a surface, see [6, 7]. For
example, if M = R3 we have

Theorem 2.2 Let g, h be holomorphic functions on a Riemann surface N2.
Then (i) any smooth local solution φ : U → N2 , z = φ(x1, x2, x3) to the
equation

−2g(z)x1 + (1− g(z)2)x2 + i(1 + g(z)2)x3 = 2h(z) ((x1, x2, x3) ∈ U) (7)

on an open subset U of R3 is a submersive harmonic morphism;
(ii) up to isometries of the domain, any harmonic morphism from an

open subset of R3 to a 2-dimensional Riemannian manifold P 2 is locally
the composition of a smooth solution φ : U → N2 to (7) and a weakly
conformal map from N2 to P 2.
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Thus, locally, there are many harmonic morphisms, however, globally,
there is just one, orthogonal projection z = x2 +ix3, up to post-composition
with (weakly) conformal maps. There are similar results for harmonic mor-
phisms from the 3-sphere and from hyperbolic 3-space.

If M3 is not a space form, then there can be at most two conformal
foliations by geodesics, and so at most two harmonic morphisms to a surface,
up to post-composition with (weakly) conformal maps [8].

5. If n = 2 and m = 4, then, when M is an Einstein manifold we have
relations with Hermitian structures and twistor theory :

Theorem 2.3 Let φ : M → N be a non-constant harmonic morphism from
an orientable Einstein 4-manifold to a Riemann surface. Then φ is holomor-
phic with respect to some (integrable) Hermitian structure J on M . Further,
the fibres of φ are superminimal, i.e. J is parallel along them.

This was proved in [26] for harmonic morphisms which were either sub-
mersive or had isolated critical points which are non-degenerate in a gener-
alized sense; this restriction on the critical points was recently removed by
Ville [25]. A converse for anti-self dual Einstein manifolds was given in [26];
Apostolov and Gauduchon [4] showed that the most general type of Einstein
manifold for which the converse holds is that for which the self-dual part
W+ of the Weyl tensor is degenerate, i.e., has at most 2 distinct eigenvalues.

Now any Hermitian structure is a holomorphic section of the twistor
space of N ; this is a 6-dimensional almost complex manifold which is com-
plex if (and only if) M is anti-self dual [2]. Thus, we can find harmonic
morphisms from anti-self dual Einstein 4-manifolds to surfaces from holo-
morphic data. To look at it another way, to find harmonic morphisms from
Einstein manifolds is equivalent to finding holomorphic families of super-
minimal surfaces; on using well-known formulae for superminimal surfaces
in R4, S4 and CP 2 we obtain formulae for harmonic morphisms from these
spaces to surfaces [26].

6. If n = 2 and m is arbitrary, we have some partial generalizations of
the above twistor theory, especially in the case that M = Rm, see [9].

7. If n > 2, the theory is very different. Harmonic morphisms do not
always have minimal fibres; instead, we have:

Proposition 2.4 A horizontally weakly conformal map is a harmonic mor-
phism if and only if, at every regular point, the dilation λ and the mean
curvature µV of the fibres are related by

(n− 2)H(grad lnλ) + (m− n)µV = 0 .
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Here H denotes orthogonal projection onto the horizontal distribution, the
orthogonal complement of the fibres.

Now, for any horizontally conformal submersion, the dilation and the
mean curvature of the horizontal distribution µH are related by µH =
V(grad lnλ) where V denotes projection onto the vertical distribution, i.e.
the tangent space to the fibres; hence, for a harmonic morphism, the vector
field

W ≡ (n− 2)µH − (m− n)µV (8)

is a gradient, in fact, the gradient of ln(λn−2) .
The converse holds, i.e., a conformal foliation arises from harmonic mor-

phisms locally if and only the vector field W is of gradient type, equivalently,
the 1-form W [ is closed [11], see also [9].

As a special case we have

Proposition 2.5 A Riemannian foliation with 1-dimensional leaves arises
from harmonic morphisms locally if and only if its fibres are locally given by
the integral curves of Killing fields.

As an example, the Killing field

x1
∂

∂x2
− x2

∂

∂x1
+ · · ·+ x2k−1

∂

∂x2k
− x2k

∂

∂x2k−1

on the unit sphere S2k−1 ⊂ R2k is tangent to the fibres of the well-known
Hopf map from S2k−1 to CP k, a harmonic morphism by the Baird–Eells
result.

A local classification of harmonic morphisms from simply-connected space
forms has been given by Bryant [11], with a more geometrical proof by Pan-
tilie [24], see also [9]. From that follows a global result first proved by Dong
[14] (under a submersivity assumption if m = 4):

Theorem 2.6 Up to isometries of the domain and homotheties of the co-
domain, the only harmonic morphisms from an m-dimensional Euclidean
sphere to an (m − 1)-dimensional Riemannian manifold (m ≥ 4) are the
Hopf maps S2k−1 → CP k (k = 3, 4, . . .).

The same result holds for m = 3 if we allow post-composition with
weakly conformal maps rather than homotheties [6].

Finally, note that harmonic morphisms between semi-Riemannian man-
ifolds can be characterized in the same way as for Riemannian manifolds
[18], however, the possibility of degenerate fibres means that they behave
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rather differently, see [18, 9]. Much work remains to be done to classify these
harmonic morphisms as well as ones with fibres of arbitrary dimension in
the Riemannian case. It is also to be expected that harmonic morphisms
will find more applications, perhaps in spectral theory.
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