
October 10, 2006 9:10 WSPC/IJGMMP-J043 00160

International Journal of Geometric Methods in Modern Physics
Vol. 3, Nos. 5 & 6 (2006) 933–956
c© World Scientific Publishing Company

INFINITESIMAL DEFORMATIONS OF HARMONIC
MAPS AND MORPHISMS

JOHN C. WOOD

Department of Pure Mathematics, University of Leeds
Leeds LS2 9JT, UK
j.c.wood@leeds.ac.uk

Received 9 December 2005
Revised 20 December 2005

We survey results on infinitesimal deformations (“Jacobi fields”) of harmonic maps,
concentrating on (i) when they are integrable, i.e., arise from genuine deformations, and
what this tells us, (ii) their relation with harmonic morphisms — maps which preserve
Laplace’s equation.
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1. Introduction

Harmonic maps are mappings between Riemannian manifolds which extremize
a natural energy functional. They have been studied for many years in differen-
tial geometry, and in particle physics as nonlinear sigma models. We shall report
on recent progress in understanding their infinitesimal deformations, the so-called
Jacobi fields. It is important to know whether the Jacobi fields along harmonic maps
between given Riemannian manifolds are integrable, i.e., arise from genuine varia-
tions through harmonic maps. If they are, and the manifolds are real analytic, the
space of harmonic maps between them is a smooth (in fact, real-analytic) manifold
with tangent spaces given by the Jacobi fields; we also gain some information on
the structure of the singular set of weakly harmonic maps. We shall outline what
is known about integrability.

Harmonic morphisms are less well known — these are mappings between Rie-
mannian manifolds which preserve Laplace’s equation. They can be characterized
as harmonic maps which enjoy an extra property called horizontal (weak) confor-
mality or semiconformality. We shall give a brief introduction to the theory, and
consider what is known about their infinitesimal deformations.

This paper is dedicated to Dmitri Alekseevsky on the occasion of his 65th birth-
day. I hope that it reminds him of happy times at “Yorkshire Differential Geometry
Days” which took place four times a year at the Universities of Hull, Leeds and
York, with the support of the London Mathematical Society.
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2. Harmonic Maps and Their Infinitesimal Deformations

2.1. Harmonic maps and the first variation

Throughout this paper, M = (M, g) and N = (N, h) will denote (smooth)
Riemannian manifolds without boundary of arbitrary (finite) dimensions m and
n, respectively. We define harmonic maps as the solution to a variational problem
as follows.

Let ϕ : (M, g) → (N, h) be a smooth map. For simplicity, we shall assume that
M is compact. The energy or Dirichlet integral of ϕ is defined by

E(ϕ) =
1
2

∫
M

|dϕ|2 ωg, (1)

where ωg is the volume measure on M defined by the metric g, and |dϕ| is the
Hilbert–Schmidt norm of dϕ given at each point x ∈ M by

|dϕx|2 =
m∑

i=1

h(dϕx(ei), dϕx(ei)), (2)

where {ei} is an orthonormal basis for TxM . In local coordinates (x1, . . . , xm) on
M , (u1, . . . , un) on N ,

|dϕ|2 = gijhαβ ϕα
i ϕβ

j and ωg = |g| dx1· · · dxm ; (3)

here ϕα
i denotes the partial derivative ∂ϕα/∂xi = ∂uα/∂xi, (gij) denotes the metric

tensor on M with determinant |g| and inverse (gij), and (hαβ) denotes the metric
tensor on N . (We use the Einstein summation convention where summation over
repeated subscript–superscript pairs is understood.)

By a smooth (one-parameter) variation Φ = {ϕt} of ϕ we mean a smooth map
Φ : M × (−ε, ε) → N , Φ(x, t) = ϕt(x), where ε > 0 and ϕ0 = ϕ. A smooth map
ϕ : (M, g) → (N, h) is called harmonic if it is an extremal of the energy integral, i.e.,
for all smooth one-parameter variations {ϕt} of ϕ, the first variation d

dtE(ϕt)
∣∣
t=0

is zero. We compute [20, 23, 62, 68]:

d
dt

E(ϕt)
∣∣∣
t=0

= −
∫

M

〈τ(ϕ), v〉ωg . (4)

Here v denotes the variation vector field of {ϕt} defined by v = ∂ϕt/∂t|t=0 , and
τ(ϕ) is called the tension field of ϕ. These are both vector fields along ϕ, i.e.,
sections of the pull-back bundle ϕ−1TN → M ; thus, for each x ∈ M , v(x) and
τ(ϕ)(x) lie in Tϕ(x)N . Further, 〈·, ·〉 denotes the inner product on ϕ−1TN induced
from the metric on N ; thus

〈
τ(ϕ), v

〉
x

= h
(
τ(ϕ)(x), v(x)

)
(x ∈ M); later on we

shall use 〈·, ·〉 to denote the inner product on any bundle constructed from TM and
ϕ−1TN which is induced from the metrics on M and N . Finally, the tension field
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τ(ϕ) is defined by

τ(ϕ) = Trace∇Wdϕ =
m∑

i=1

∇Wdϕ(ei, ei) =
m∑

i=1

{∇ϕ
ei
(dϕ(ei)) − dϕ(∇M

ei
ei)} .

Here ∇M denotes the Levi-Civita connection on TM , ∇ϕ the pull-back of the Levi-
Civita connection ∇N on N to the bundle ϕ−1TN , and ∇W the tensor product
connection on the bundle W = T ∗M ⊗ϕ−1TN induced from these connections. In
local coordinates,

τ(ϕ)γ = gij

(
∂2ϕγ

∂xi∂xj
− Γk

ij

∂ϕγ

∂xk
+ Lγ

αβ

∂ϕα

∂xi

∂ϕβ

∂xj

)

= −∆Mϕγ + g(gradϕα, gradϕβ)Lγ
αβ .

Here Γk
ij and Lγ

αβ denote the Christoffel symbols on (M, g) and (N, h), respectively,
and ∆M denotes the Laplace–Beltrami operator on functions f : M → R given by

∆Mf = −Trace∇Wdf = −
m∑

i=1

{ei(ei(f)) − (∇M
ei

ei)f} , (5)

or, in local coordinates,

∆Mf = − 1√|g|
∂

∂xi

(√
|g| gij ∂f

∂xj

)
= −gij

(
∂2f

∂xi∂xj
− Γk

ij

∂f

∂xk

)
. (6)

(The sign convention for this and other Laplacians is that of Eells and Lemaire [20].)
Note that τ(ϕ) can be interpreted as the negative of the gradient at ϕ of the energy
functional E on a suitable space of mappings, i.e., it points in the direction in which
E decreases most rapidly [19, Sec. 3.5]. In local coordinates, the harmonic equation
τ(ϕ) = 0 is a semilinear elliptic system of partial differential equations. There are
general existence theorems for harmonic maps with small range, or into manifolds
of non-positive curvature, but not for maps into more general manifolds, see [19,21].

2.2. Examples of harmonic maps

We list some well-known examples of harmonic maps to which we shall refer in our
discussion of Jacobi fields. See [20, 23, 62, 68] and [3, Chap. 3] for these and many
more examples.

1. Constant maps ϕ : (M, g) → (N, h) and identity maps Id : (M, g) → (M, g)
are clearly always harmonic.

2. Isometries are harmonic maps. Further, composing a harmonic map with an
isometry on its domain or codomain preserves harmonicity.

3. Harmonic maps between Euclidean spaces. A smooth map ϕ : A → R
n from an

open subset A of Rm is harmonic if and only if ∆ϕ = 0; here ∆ is the usual (vector-
valued) Laplacian on Rm, thus ϕ is harmonic if and only if

∑m
i=1 ∂2ϕα/∂xi

2 = 0
for all α ∈ {1, . . . , n}, at all points (x1, . . . , xm) ∈ A.
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4. Harmonic maps to a Euclidean space. A smooth map ϕ : (M, g) → Rn is
harmonic if and only if each of its components is a harmonic function on (M, g),
i.e., ∆Mϕα = 0 (α = 1, . . . , n).

Note that, in the last two examples, the harmonic equation is linear. However,
when the domain is not flat, this is no longer the case as shown by our next few
examples.

5. Geodesics. For a smooth map (curve) ϕ : A → N from an open subset A of
R or of the circle S1, the tension field is just the acceleration vector of the curve;
hence ϕ is harmonic if and only if it defines a geodesic parametrized linearly (i.e.,
parametrized by a constant multiple of arc length).

6. Holomorphic maps. Holomorphic maps ϕ : (M, g, JM ) → (N, h, JN ) between
Kähler manifolds are harmonic [23]. Indeed, when M is compact, the energy integral
decomposes into

E(ϕ) = E′(ϕ) + E′′(ϕ), (7)

where

E′(ϕ) =
∫

M

|∂ϕ|2 ωg and E′′(ϕ) =
∫

M

|∂ϕ|2 ωg . (8)

Here ∂ϕ (resp. ∂ϕ) denotes the (1, 0) (resp. (0, 1)) part of dϕ; this vanishes pre-
cisely when ϕ is antiholomorphic (resp. holomorphic). Now, from the fact that the
fundamental (Kähler) 2-forms ΩM and ΩN on M and N are closed, the difference

E′(ϕ) − E′′(ϕ) =
∫

M

〈ΩM , ϕ∗ΩN 〉ωg (9)

is a homotopy invariant [40], i.e., is unchanged when ϕ is deformed. It follows that
a holomorphic or antiholomorphic map gives an absolute minimum of the energy
within its homotopy class, and so is certainly harmonic. (In this argument, it suf-
fices to have M cosymplectic (semi-Kähler) and N almost Kähler.) An alternative
argument writing the tension field in a “complex” way, shows, more generally, that
if M is again cosymplectic, but not necessarily compact, and N is (1, 2)-symplectic
(quasi-Kähler), any holomorphic map is harmonic, though not necessarily of mini-
mum energy; see [3, 49] for further discussion.

7. Minimal branched immersions. Recall that a smooth map ϕ : (M, g) → (N, h)
is called weakly conformal if its differential preserves angles at regular points —
points where the differential is non-zero. Points where the differential is zero are
called branch points. For a weakly conformal map from a surface (M2, g) (i.e.,
Riemannian manifold of dimension 2), the tension field is a multiple of its mean
curvature vector, so that a weakly conformal map ϕ : (M2, g) → (N, h) is harmonic
if and only if its image is minimal at regular points; such maps are called minimal
branched immersions. Gulliver et al. [31] show that, in suitable coordinates, the
branch points have the form z �→ (

zk + O(zk+1), O(zk+1)
)

for some k ∈ {2, 3, . . .}.
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Note also that the energy of a weakly conformal map from a compact surface
is equal to its area, where the area of a smooth map ϕ : (M2, g) → (N, h) from a
compact surface is defined by

A(ϕ) =
∫

M

|dϕ(e1) ∧ dϕ(e2)|ωg ({e1, e2} orthonormal frame). (10)

Every harmonic map from the 2-sphere S2 is weakly conformal (see, for example,
[66; 3, Sec. 3.5]), so that a smooth map S2 → N is harmonic if and only if it is a
minimal branched immersion.

Harmonic maps from S2 to CPn are particularly easy to describe: they are
all either (i) ±-holomorphic (i.e., holomorphic or antiholomorphic), or (ii) obtained
from a holomorphic map by up to n−1 applications of a certain ∂′-Gauss transform,
see [10, 24]. Considering RPn as a totally geodesic submanifold of CPn, Calabi’s
case [11,12] of harmonic maps from S2 to RPn (or, equivalently, to Sn) appears as
a special case. These harmonic maps can be interpreted as the projections of suit-
able holomorphic maps into twistor spaces over the codomain, and this twistorial
construction has been generalized to give harmonic maps into (inner) symmetric
spaces, see, for example, [8, 9, 14, 21]. In turn, twistorial constructions are special
cases of integrable systems constructions where harmonic maps appear as projec-
tions of suitable holomorphic maps into loop spaces, see, for example, [7,17,27,30].

8. Weakly conformal maps between surfaces are harmonic; this is a special case
of both of the last two examples, since such a map is trivially a minimal branched
immersion, and a map between oriented surfaces is weakly conformal if and only if it
is holomorphic or antiholomorphic (with respect to the canonical Kähler structures
JM and JN on the surfaces given by rotation by +π/2 on each tangent space).

In particular, the harmonic maps from the 2-sphere to an oriented surface N

are precisely the ±-holomorphic maps ; it follows that N = S2.
9. Harmonic maps to manifolds of non-positive curvature. Let (M, g) be com-

pact, and let (N, h) be complete, with all sectional curvatures non-positive — we
write this as Riem(N) ≤ 0.

(i) Concerning existence of harmonic maps, Eells and Sampson [23] showed that,
if (N, h) is compact or satisfies a suitable growth condition, any continuous map
ϕ0 can be deformed to a harmonic map, thus every homotopy class of mappings
contains a harmonic map — this map is, in fact, of absolute minimum energy within
its homotopy class. The method is to deform the map in the direction of its negative
gradient; since that is given by the tension field, this amounts to solving the heat
equation for harmonic maps : ∂ϕt/∂t = τ(ϕt) (t ∈ [0,∞)). Estimates which follow
from the non-positive curvature show that, as t → ∞, ϕt converges to a map which
is necessarily harmonic.

(ii) Concerning uniqueness, Hartman [33] shows that any two homotopic har-
monic maps are smoothly homotopic through harmonic maps. Further, given a har-
monic map ϕ : (M, g) → (N, h), if Riem(N) < 0 (i.e., the Riemannian sectional
curvatures are strictly negative) at some point of ϕ(M), there is no other harmonic
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map homotopic to ϕ, unless max rankdϕ ≤ 1. If this holds, then [50] either (a) ϕ

is constant, in which case the homotopic harmonic maps are precisely the constant
maps, or (b) ϕ has image a closed geodesic, in which case the homotopic harmonic
maps are precisely those obtained by postcomposing the map with a rotation of the
closed geodesic. (We do not need N complete for this last result.)

10. Harmonic morphisms are harmonic maps, see Sec. 3.

2.3. Second variation of a harmonic map

Let ϕ : (M, g) → (N, h) be a harmonic map; again, for simplicity, assume that M is
compact. Let {ϕt,s} be a smooth two-parameter variation of ϕ, i.e., a smooth map

M × (−ε, ε) × (−ε, ε) → N, (x, t, s) �→ ϕt,s(x) (11)

with ε > 0 and ϕ0,0 = ϕ. Write v =
∂ϕt,s

∂t

∣∣∣
(0,0)

and w =
∂ϕt,s

∂s

∣∣∣
(0,0)

so that

v, w ∈ Γ(ϕ−1TN), i.e., v and w are vector fields along ϕ. Then the number

Hϕ(v, w) =
∂2E

∂t∂s
(ϕt,s)

∣∣∣
(0,0)

(12)

depends only on v and w, and defines a symmetric bilinear function on Γ(ϕ−1TN)
called the Hessian of ϕ. Then [3, 20, 22, 42, 55, 62, 68]

Hϕ(v, w) =
∫

M

〈Jϕ(v), w〉ωg , (13)

where

Jϕ(v) = ∆ϕv − Ricϕ(v) . (14)

Here, ∆ϕ denotes the Laplacian on sections of ϕ−1TN given by

∆ϕv = −Trace(∇W ◦∇ϕ)v = −
m∑

i=1

{∇ϕ
ei
∇ϕ

ei
v−∇ϕ

∇M
ei

ei
v} (v ∈ Γ(ϕ−1TN)), (15)

where {ei} is a (local) orthonormal frame (on M) — the sign convention for this
and for the curvature tensor are as in [20] — and Ricϕ is the Ricci operator on
ϕ−1TN given in terms of the Riemann curvature tensor RN of (N, h) by

Ricϕ(v) = TraceRN(dϕ, v)dϕ =
m∑

i=1

RN(dϕ(ei), v) dϕ(ei) (v ∈ Γ(ϕ−1TN)). (16)

Then Jϕ : Γ(ϕ−1TN) → Γ(ϕ−1TN) is a linear elliptic self-adjoint operator called
the Jacobi (differential) operator. The equation

Jϕ(v) = 0 (17)

is called the Jacobi (differential) equation and its solutions, i.e., vector fields v

along ϕ which are in kerJϕ , are called Jacobi fields along ϕ, or [47] infinitesimal
harmonic deformations (of ϕ); for Jacobi fields along the identity map, see Sec. 2.5.



October 10, 2006 9:10 WSPC/IJGMMP-J043 00160

Infinitesimal Deformations of Harmonic Maps and Morphisms 939

The notion of Jacobi field makes sense whether M is compact or not; however, when
M is compact, by the general theory of elliptic operators (see [42]), the space kerJϕ

of Jacobi fields is finite dimensional, its dimension is called the nullity of ϕ.
More generally, we say that v ∈ Γ(ϕ−1TN) is an eigenvector of Jϕ with eigen-

value λ ∈ R if Jϕv = λv. Then, again with M compact, the eigenvalues are discrete,
bounded below and form a sequence λ1 < λ2 < · · · with λk → ∞ as k → ∞, and
the corresponding eigenspaces are finite dimensional. In particular, the direct sum
of the eigenspaces corresponding to the negative eigenvalues is finite dimensional;
this direct sum is the largest subspace on which the Hessian is negative definite. Its
dimension is called the index of ϕ. If ϕ has zero index, equivalently, Hϕ(v, v) ≥ 0
for all v ∈ Γ(ϕ−1TN), it is called (weakly) stable.

Proposition 1. Let ϕ : (M, g) → (N, h) be harmonic and let v be a vector field
along ϕ. Let Φ = {ϕt} be a one-parameter variation of ϕ with ∂ϕt/∂t|t=0 = v .
Then (with respect to any local frame on N (a))

Jϕ(v) = − ∂

∂t
τ(ϕt)

∣∣∣
t=0

; (18)

equivalently, we have a Taylor series

τ(ϕt) = 0 − Jϕ(v) t + o(t) . (19)

In particular, v is a Jacobi field along ϕ if and only if the tension field of ϕt is
zero to first order in the sense that

∂

∂t
τ(ϕt)

∣∣∣
t=0

= 0 , equivalently, τ(ϕt) = o(t) . (20)

Equation (18) follows by direct calculation of the right-hand side, or, when M

is compact, from formula (13), see, for example, [37, Proposition 1.1].
Thus, if we deform a harmonic map in the direction of a Jacobi field, it stays

harmonic to first order in the sense of Eq. (20).
Equation (19) says that, up to a sign convention, the Jacobi operator Jϕ is the

linearization (at ϕ) of the tension field operator τ .

Corollary 2. If ϕt is a one-parameter family of harmonic maps with ϕ0 = ϕ,

then v = ∂ϕt/∂t|t=0 is a Jacobi field along ϕ.

Thus a “genuine” deformation of a harmonic map through harmonic maps pro-
duces a Jacobi field; in Sec. 2.6 we discuss when the converse is true.

aThis means that the components of each side with respect to a local frame on N satisfy Jϕ(v)α =
−(∂/∂t)τ(ϕt)α|t=0 ; (19) has a similar interpretation. Alternatively ∂/∂t in (18) can be replaced
by the covariant derivative ∇Φ

∂/∂t
in the pull-back bundle Φ−1TN . The resulting equations are

all equivalent since τ(ϕ) = 0.
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2.4. Some examples of Jacobi fields

We now describe the Jacobi fields along various classes of harmonic maps ϕ :
(M, g) → (N, h).

1. When ϕ : (M, g) → (N, h) is a constant map, a vector field v along it is just
a mapping from M to the vector space TqN where ϕ(M) = {q}. Hence v is Jacobi
if and only if it is harmonic: ∆Mv = 0. It follows from the maximum principle for
the Laplacian that any Jacobi field along a constant map from a compact manifold
is constant.

2. Killing fields. Recall that a vector field U on a Riemannian manifold (M, g)
is called a Killing field or an infinitesimal isometry if the Lie derivative LUg = 0.
Equivalently, U is Killing if and only if the tensor

(X, Y ) �→ 〈∇M
X U , Y 〉 (X, Y ∈ TxM, x ∈ M) (21)

is antisymmetric.
Now, given a smooth map ϕ : (M, g) → (N, h), any vector field U (resp. V ) on

its domain M (resp. codomain N) defines a vector field v along ϕ by the formula
v = dϕ(U) (resp. v = V ◦ ϕ). Then, if ϕ is harmonic and U or V is a Killing
field, v is a Jacobi field along ϕ. Indeed, integrating U or V gives a one-parameter
family of isometries, and composing an isometry on the domain or codomain with
ϕ preserves its harmonicity.

3. Parallel vector fields. A vector field U on (M, g) is called parallel if ∇MU =
0. Clearly, parallel vector fields are Killing, and so give Jacobi fields along any
harmonic map as in the last paragraph.

4. Maps to a Euclidean space. A vector field v = (v1, . . . , vn) along a harmonic
map ϕ : (M, g) → Rn is Jacobi if and only if each component is harmonic, i.e.,
∆Mvα = 0 (α = 1, . . . , n).

5. Geodesics. For a vector field v along a geodesic ϕ : A → N , the Jacobi
equation (17) reads

(∇ϕ
U )2v + RN(U, v)U = 0 , (22)

where U is the unit tangent vector field to γ. Thus the concept of Jacobi field along
a harmonic map includes the usual notion of Jacobi field along a geodesic, as in,
for example, [4, Sec. 1J].

6. When ϕ is the identity map Id : (M, g) → (M, g), then ϕ−1TN = TM , the
Ricci operator (16) is just the Ricci operator RicM of (M, g), and the Laplacian ∆ϕ

is the rough Laplacian ∆TM on vector fields on (M, g) given by

∆TMv = −Trace(∇W ◦ ∇M )v = −
m∑

i=1

{∇M
ei
∇M

ei
v −∇M

∇M
ei

ei
v} , (23)

where now W = T ∗M ⊗TM . The Hodge Laplacian ∆H (acting on vector fields via
the musical isomorphism TN ∼= T ∗N) is related to the rough Laplacian ∆TM by
the formula (see, for example, [70]):

∆Hv = ∆TMv + RicM (v) (v ∈ Γ(TM)) . (24)
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Hence the Jacobi operator can be written in terms of the Hodge Laplacian as

JId = ∆H − 2 RicM . (25)

This formula was used by Yano and Nagano [70] who studied Jacobi fields along
the identity map under the name geodesic vector fields. Jacobi fields along the iden-
tity map have also been studied by Dodson et al. [15], under the name 1-harmonic-
Killing fields, and by Stepanov and Shandra [56], under the name infinitesimal
harmonic transformations.b When M is a complex manifold, see [16, 56].

7. When (M, g) is Einstein with RicM = c Id (c constant), formula (25) reads

JId = ∆H − 2c Id . (26)

From this we see that eigenvectors of the Hodge Laplacian ∆H with eigenvalue
2c give Jacobi fields along the identity map of (M, g), so that, the nullity of the
identity map is equal to the multiplicity of 2c as an eigenvalue of ∆H ; similarly, the
index of the identity map is the number of eigenvalues of ∆H (counted according to
multiplicity) which are less than 2c. Using a Hodge decomposition these eigenvectors
can be related to eigenvectors of the Laplacian ∆M on functions, and it follows
[54, 55] that the the nullity of the identity map is equal to the multiplicity of 2c

as an eigenvalue of ∆M plus the dimension of the space of Killing fields ; similarly,
the index of the identity map is the number of eigenvalues of the Laplacian ∆M

(counted according to multiplicity) which are less than 2c.
8. Jacobi fields on spheres. The m-sphere Sm is an Einstein manifold with c =

m− 1. The group of isometries of Sm is, of course, the orthogonal group O(m + 1),
so that the space i of Killing fields has dimension m(m+1)/2. The spectrum (set of
eigenvalues of ∆M ) is {λk = k(k+m−1) : k = 0, 1, 2, . . .}, so that the only non-zero
eigenvalue ≤ 2c is λ1 = m. The corresponding eigenfunctions are restrictions to Sm

of linear functions on R
m+1, so that the multiplicity of λ1 is m + 1. Hence by the

last paragraph [55],

index(IdSm) =

{
m + 1, if m ≥ 3,

0, if m = 1, 2,
(27)

nullity(IdSm) =
{

dim i = m(m + 1)/2, if m �= 2,

dim i + (m + 1) = 6, if m = 2.
(28)

See also Example 10 in Sec. 2.5.
9. Holomorphic vector fields. Let ϕ : (M, g) → (N, h) be a holomorphic map

between Kähler manifolds. By Sec. 2.2 item 6, this is harmonic. Call a vector field
v along ϕ holomorphic if ∇ϕ

0,1v
′ = 0. Here v′ denotes the (1, 0)-part of v and

∇ϕ
0,1v

′ denotes the restriction of Z �→ ∇ϕ
Zv′ to T 0,1M . Then a holomorphic vector

field v along ϕ is a Jacobi field. Indeed, v is holomorphic if and only if any one-
parameter variation {ϕt} with variation vector field v is holomorphic to first order,

bThere is an error in [56, Definition 2.1]; “harmonic” should say “1-harmonic” as in [15, Sec. 3],
see Sec. 2.7.
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see [67, Lemma 4.1]; it follows that {ϕt} is harmonic to first order, so that by
Lemma 1, v is Jacobi.

10. Conformal vector fields. Recall that a vector field v on a Riemannian man-
ifold (M, g) is called conformal if Lvg = λ g for some function λ : M → (0,∞); it
follows that λ = (2/m) div v where div v is the divergence of v defined by

div v =
m∑

i=1

〈∇eiv, ei〉 for any orthonormal frame {ei}. (29)

On a surface, conformal vector fields are locally holomorphic vector fields. Hence,
by the last item, conformal vector fields on a surface (M, g) give Jacobi fields along
the identity map. More generally, a conformal vector field along any conformal
diffeomorphism of (M, g) is a Jacobi field [54]. See [67] for a discussion of confor-
mal vector fields along weakly conformal maps from surfaces to higher-dimensional
manifolds.

In contrast, conformal vector fields v on a compact Riemannian manifold of
dimension ≥ 3 which are not Killing fields give HId(v, v) < 0, see Theorem 9.

11. Harmonic variations. Let ϕ : (M, g) → (N, h) be a harmonic map. A vector
field v along ϕ is said to be a harmonic variation if ϕt = exp(tv) is harmonic
for all t ∈ R. Note that this 1-parameter family has ϕ0 = ϕ and variation vector
field ∂ϕt/∂t|t=0 = v. Hence, by Corollary 2, a harmonic variation is a special sort
of Jacobi field. Tóth has studied harmonic variations and, in particular [58], gives
conditions under which all harmonic variations of ϕ arise from infinitesimal (resp.
local) isometries, in which case ϕ is called infinitesimally (resp. locally) rigid.

2.5. Some general results on Jacobi fields

Let ϕ : (M, g) → (N, h) be a harmonic map and v a vector field along it. When
M is compact, many results can be obtained by integral formulas often obtained
by integration by parts. For example, we can write the Hessian (12), (13) (with
w = v) as

Hϕ(v, v) =
∫

M

{|∇ϕv|2 − 〈Ricϕ(v), v〉}ωg . (30)

For a quadratic form Q such as Ricϕ or RicN , write Q ≤ 0 (resp. Q < 0) to mean
that Q is negative semi-definite (resp. negative definite). Noting that Riem(N) ≤
0 ⇒ Ricϕ ≤ 0 (but Riem(N) < 0 �⇒ Ricϕ < 0), we have the following consequences
of (30) (see Sec. 2.2 item 9 for the statements on ϕ in (iv)).

Proposition 3. Let ϕ : (M, g) → (N, h) be a harmonic map with M compact.

(i) Suppose that the Ricci tensor of ϕ−1TN satisfies Ricϕ ≤ 0. Then any Jacobi
field along ϕ is parallel along ϕ, i.e., ∇ϕv = 0.

(ii) Suppose that Riem(N) ≤ 0. Then any Jacobi field v along ϕ is parallel along ϕ.
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(iii) Suppose that the Ricci tensor of ϕ−1TN satisfies Ricϕ < 0. Then any Jacobi
field along ϕ vanishes.

(iv) Suppose that Riem(N) < 0 and ϕ has max rankdϕ ≤ 1. Then either (a) ϕ is
constant, in which case the Jacobi fields are constant, or (b) the image of ϕ

is a closed geodesic, in which case the space of Jacobi fields is spanned by the
unit tangent vector field to the geodesic.

When ϕ is the identity map, since any parallel vector field is Killing and any
Killing field is Jacobi, we have [70]

Corollary 4. Let (M, g) be a compact Riemannian manifold with RicM ≤ 0. Then

(i) a vector field along the identity map is Jacobi if and only if it is parallel,
equivalently, if and only if it is Killing;

(ii) if, further, RicM < 0 at some point, any Jacobi field along the identity map
is zero.

As a simple example, the space of Jacobi fields along the identity map on an
m-torus T m is precisely the space of parallel vector fields. Thus the nullity of that
identity map is m.

Now let ϕ : (M, g) → (N, h) be a holomorphic map between Kähler manifolds.
Then, by Sec. 2.2 item 6, ϕ is harmonic. From [37], we have

Hϕ(v, v) =
∫

M

|∇ϕ
0,1v

′|2ωg =
∫

M

m∑
i=1

|∇ϕ
Zi

v′|2ωg , (31)

where {Zi} is any orthornormal basis for T 0,1M . From Eq. (31) we deduce the
following converse to item 9 of Sec. 2.4.

Proposition 5. Let ϕ : (M, g) → (N, h) be a holomorphic map between compact
Kähler manifolds. Then any Jacobi field along ϕ is holomorphic.

Corollary 6. Any Jacobi field along a weakly conformal map between compact
surfaces is conformal.

For an alternative proof of Proposition 5, see [67, Proposition 4.2].
We next mention an interpretation by Ferreira [26] of Jacobi fields as har-

monic maps.

Theorem 7. Let ϕ : (M, g) → (N, h) be a smooth mapping between Riemannian
manifolds, and let v be a smooth vector field along it, interpreted as a smooth map-
ping v : (M, g) → (TN, hc). Then v is a harmonic map if and only if ϕ is harmonic
and v is a Jacobi field along it.

Here hc denotes the complete lift metric associated to h (see [26]).
When ϕ : (M, g) → (M, g) is the identity map, any vector field v can be

interpreted as a section v : (M, g) → (TM, gc) of the tangent bundle and we
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deduce [15, 48] that v is a Jacobi field if and only if it is a harmonic section (for
information on harmonic sections, see, for example, Wood [65]).

When (M, g) is compact, we have the following integral formula [69, p. 57] for
a vector field v on M :∫

M

〈JIdv, v〉ωg =
∫

M

{
1
2
|Lvg|2 − (div v)2

}
ωg. (32)

From this we deduce the following result of Yano (see [54,69]) — the “only if” part
is clear from Sec. 2.4, item 3 and the definition of divergence.

Proposition 8. A vector field v on a compact Riemannian manifold is Killing if
and only if it is a divergence-free Jacobi field.

If now v is a conformal vector field, Eq. (32) reads∫
M

〈JIdv, v〉ωg =
2 − m

m

∫
M

(div v)2ωg. (33)

This is negative if m ≥ 3 and div v �= 0. Now the space of Killing fields i is a
subspace of the space c of conformal vector fields; further a conformal vector field
is Killing if and only if it has zero divergence. We deduce [55, Proposition 2.6]

Theorem 9. The index of the identity map of a compact manifold of dimension
at least 3 satisfies

index(IdM ) ≥ dim(c/i). (34)

Example 10. For the m-sphere Sm (m ≥ 3), the space of conformal vector fields
orthogonal to i (in an L2 sense) is spanned by the gradients of the coordinate
functions, so that c/i has dimension m + 1. Comparing with Eq. (27), we see that
we have equality in (34) for the sphere, that is, the conformal vector fields account
for all the negative variations.

For a further interpretation of Jacobi fields along the identity, recall that a (0, 2)-
tensor on a Riemannian manifold (M, g) is called harmonic [29] if it has vanishing
divergence.

Theorem 11 [56]. A vector field v on (M, g) is a Jacobi field along the identity
if and only if Lvg −(div v)g is a harmonic tensor.

For various bounds on the index and nullity of a harmonic maps, see [59,61,62],
and Secs. 2.7 and 2.8. For more results on Jacobi fields and related types of vector
fields, see [15, 16, 47, 56, 70]; for composition properties, see Sec. 3.3 and [6].

2.6. Integrability of Jacobi fields

Definition 12. A Jacobi field v along a harmonic map ϕ : (M, g) → (N, h) is said
to be integrable if there is a one-parameter family {ϕt} of harmonic maps from
(M, g) to (N, h) with ϕ0 = ϕ and ∂ϕt/∂t|t=0 = v.
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Thus a Jacobi field is called integrable if it arises from a genuine deformation
through harmonic maps.

Question. For what harmonic maps ϕ : (M, g) → (N, h) are all Jacobi fields
along ϕ integrable? Note that Smith [55] calls such harmonic maps generate.

This is important for several reasons. First,

Proposition 13 [1]. Let ϕ : (M, g) → (N, h) be a harmonic map between real-
analytic compact Riemannian manifolds. Then all Jacobi fields along ϕ are inte-
grable if and only if the space of harmonic maps C2,α-close to ϕ is a smooth manifold
with tangent space given by the space kerJϕ of Jacobi fields along ϕ.

Second, let ϕ : (M, g) → (N, h) be an energy-minimizing (weakly) harmonic
map between real-analytic Riemannian manifolds. Then (a) when all the Jacobi
fields along harmonic maps from S2 to N are integrable, Simon [52, 53] obtains
information on its singular set ; (b) when all the Jacobi fields along harmonic maps
from Sm−1 to N are integrable (where m = dimM), Adams and Simon [1] and
Gulliver and White [32] give information on the rate of blowing up near the singular
set, see [37] for some more details.

Given that the Jacobi operator is the linearization of the tension field opera-
tor (up to sign), it might be expected that, at least when (M, g) and (N, h) are
real analytic and, in the neighborhood of a particular harmonic map ϕ, the space
Harm(M, N) of harmonic maps from M to N is a finite-dimensional real-analytic
manifold, then its tangent space at ϕ would be given by the Jacobi fields along ϕ.
However, this is not always the case as shown by part (iii) of the next example (due
to Algrem and others).

Example 14 [Integrable and non-integrable Jacobi fields]. Let M = S1 and
let N be the surface in R3 obtained by revolving a curve y = f(x) around the
x-axis, thus N = {(x, y, z) ∈ R3 : y2 + z2 = f(x)2}. Give N the (submanifold)
metric induced from R3.

(i) If f(x) = 1, we obtain a flat cylinder. Define ϕ : S1 → N by

ϕ(eit) = (0, cos t, sin t) (t ∈ R) ; (35)

then ϕ defines a closed geodesic and so a harmonic map. It is easy to see that
the space kerJϕ of Jacobi fields is spanned by the unit tangent and unit normal
vector fields along ϕ, and so is two-dimensional. Any Jacobi field v is integrable:
just deform ϕ by rotating it and translating in the normal direction by amounts
determined by the tangential and normal parts of v; we see that the component of
Harm(M, N) which contains ϕ is the two-dimensional manifold S1×S1; its tangent
space at ϕ is the space of Jacobi fields kerJϕ .

(ii) If f(x) = 1 + sin2x, then the formula (35) again gives a closed geodesic ϕ;
the space of Jacobi fields kerJϕ is one-dimensional with basis given by the unit
tangent vector field. Any Jacobi field v is integrable: simply deform ϕ by rotating it
by an amount determined by v. Since there are no other closed geodesics close to ϕ,
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the component of the space of harmonic maps containing ϕ is the one-dimensional
manifold S1; its tangent space at ϕ is kerJϕ .

(iii) If f(x) = 1 + sin4x, then the formula (35) still gives a closed geodesic ϕ;
but now the Ricci operator Ricϕ in (14) is zero; hence the space of Jacobi fields
kerJϕ is two-dimensional with basis given by the unit tangent and unit normal
vector fields. Any multiple of the unit tangent vector field is integrable as before,
but other Jacobi fields are not integrable as there are no other closed geodesics
close to ϕ. The component of Harm(M, N) containing ϕ is thus a one-dimensional
manifold with tangent space at ϕ strictly smaller than the two-dimensional space
of Jacobi fields kerJϕ .

In all three cases, f has been chosen to be periodic so that the surfaces can be
closed up to give compact surfaces diffeomorphic to the torus, without changing
the above analysis.

Note that, by general results of Leung [39] (see also [37, Sec. 7]), Jacobi fields are
always integrable locally; the non-integrability in (iii) above is because no geodesic
close to ϕ “closes up” to give a closed geodesic.

2.7. Cases where all Jacobi fields are integrable

We list some cases where all Jacobi fields are integrable.
1. Constant mappings. When M is compact and ϕ is a constant map, then, from

the first item of Sec. 2.4, any Jacobi field v is constant. It is integrable since we can
find a one-parameter family of constant mappings with variation vector field v.

2. Maps into flat spaces. When (N, h) = R
n with its standard metric, any Jacobi

field v along a harmonic map ϕ is integrable; indeed, setting ϕt = ϕ + tv (t ∈ R)
provides a 1-parameter family of harmonic maps with variation vector field v.

More generally, if (N, h) is a complete flat manifold, setting ϕt = exp(tv) pro-
vides such a family (cf. Sec. 2.4, item 11).

3. Closed geodesics 1 [71, Theorem 2]. When M = S1 and N is a globally
symmetric space, any Jacobi field is integrable. This is proved by showing explicitly
that all the Jacobi fields are restrictions of Killing fields.

4. Closed geodesics 2 [4, Sec. 2B] When M = S1 and N is a manifold all of
whose geodesics are closed and of the same length, any Jacobi field is integrable.
This is proved by noting that local integrability gives geodesic segments on N ; when
prolonged these must close up.

5. Negative curvature. When M and N are compact, (N, h) has negative sectional
curvatures, and ϕ : (M, g) → (N, h) is a harmonic map with max rankdϕ ≤ 1,
then the Jacobi fields are described by Proposition 3 part (iv); we see from that
description that they are all integrable.

6. Locally symmetric space [57]. When M and N are compact and (N, h) is a
locally symmetric space with non-positive sectional curvatures, then, by Proposition
3(ii), all Jacobi fields along a harmonic map ϕ : (M, g) → (N, h) must be parallel.
Further, the exponential map restricted to the Jacobi fields along ϕ gives charts for
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the space of harmonic maps near ϕ showing explicitly that it is a smooth manifold
with tangent space given by the space of Jacobi fields.

7. Maps between 2-spheres [32]. When M = N = S2 = CP 1, by item 8 of
Sec. 2.2, every harmonic map ϕ is holomorphic or antiholomorphic. Without loss of
generality, assume that it is holomorphic; then, on identifying S2 with the extended
complex plane C∪{∞}, holomorphic maps are precisely those maps given by ratio-
nal functions of the complex variable z ∈ C ∪ {∞}. By Proposition 5, every Jacobi
field v along a holomorphic map is holomorphic and so is also given by a rational
function of z. We can then explicitly find a 1-parameter variation of ϕ through
rational functions with variation vector field v.

8. Holomorphic diffeomorphisms. When ϕ : M → N is a holomorphic diffeomor-
phism between compact Kähler manifolds, any Jacobi field along it is integrable.
Indeed, by Proposition 5, it is holomorphic along ϕ; since ϕ is a holomorphic dif-
feomorphism, this means it defines a holomorphic vector field on N . Integrating
this gives a family of holomorphic diffeomorphisms; these are harmonic maps by
Sec. 2.2, item 6.

In particular [54, Theorem 5.4.4] when M and N are compact surfaces and
ϕ : M → N a conformal diffeomorphism, then, any Jacobi field v along it is
integrable. Indeed, by Corollary 6, v is conformal. Then integrating it gives a family
of conformal diffeomorphisms; these are harmonic by Sec. 2.2, item 8. Alternatively,
by passing to double covers if necessary, we can assume that M and N are oriented
and that ϕ is orientation preserving; it is then a holomorphic diffeomorphism so
that we can apply the argument of the last paragraph.

9. Two-spheres in CP 2 [37]. When M = S2 and N = CP 2, as in item 7 of
Sec. 2.2, each harmonic map ϕ is ±-holomorphic, or is obtained from a (full) holo-
morphic map f : S2 → CP 2 by taking the (∂′)-Gauss transform. This is an algebraic
procedure on the space of holomorphic maps which is not always continuous in the
presence of branch points of f . Given a Jacobi field v along ϕ, we use the differential
of the inverse Gauss transform to give a holomorphic vector field along f away from
the branch points, then the low dimensions allow us to show that it (i) extends over
the branch points, and (ii) can be integrated to give a family of holomorphic maps
on which the Gauss transform is smooth; applying that transform gives a family of
harmonic maps with variation vector field v.

As a consequence, each component of Harm(S2, CP 2) is a smooth mani-
fold with tangent space given by the Jacobi fields. In fact, the components
Harmd,E(S2, CP 2) of Harm(S2, CP 2) are indexed by two integers: the degree d

and the normalized energy E (so that the energy of ϕ = area of ϕ = 4πE for any
ϕ ∈ Harmd,E(S2, CP 2)). The (real) dimension of Harmd,E(S2, CP 2) is 6E + 4 if
E = |d| (in which case it consists of holomorphic or antiholomorphic maps), and
2E + 8 otherwise, see also [36].

10. Immersed two-spheres in S4. Verdier [64] showed that the component of the
space of full harmonic maps from S2 to S4 of energy 4πd is a complex algebraic
variety of pure (complex) dimension 2d + 4; results of Montiel and Urbano (see
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Sec. 2.9) show that the space of Jacobi fields along an immersive full harmonic
map S2 → S4 of area 4πd has this same dimension. We deduce that all Jacobi
fields along an immersive full harmonic map from S2 to S4 are integrable. See item
3 of the next section for the case of arbitrary harmonic maps from S2 to S4.

11. Harmonic-Killing fields. Recall that Dodson et al. [15] call a Jacobi field
v along the identity a 1-harmonic-Killing field. They call v harmonic-Killing if
it integrates to give a local 1-parameter group of harmonic diffeomorphisms. In
particular, a harmonic-Killing field is integrable. However, the converse is false, for
example, the vector field v on R

2 defined by

v(x, y) = (ex sin y, 0) ((x, y) ∈ R
2)

is clearly Jacobi and integrable, as in item 4 of Sec. 2.4, but is not harmonic-Killing;
see [15, Example 4.1; 54, Example 5.2.7] for a similar example. In particular, not
all 1-harmonic-Killing vector fields are harmonic-Killing.c

Any Killing field is harmonic-Killing, so that by Corollary 4, all Jacobi fields
along the identity map of a compact Riemannian manifold (M, g) with RicM ≤ 0
are harmonic-Killing.

Any holomorphic vector field is harmonic-Killing, as it integrates to a local
1-parameter family of holomorphic diffeomorphisms.

As in item 7, any conformal vector field on a surface is harmonic-Killing.
12. Harmonic variations are integrable — this is immediate from their definition.

2.8. Cases where not all Jacobi fields are integrable

In constrast to the last section, we list some cases where not all Jacobi fields are
integrable.

1. Surfaces of revolution (Algrem and others). When M = S1 and N is a surface
of revolution with R = 0 along a geodesic of revolution and R < 0 elsewhere, the
unit normal field is a non-integrable Jacobi field; see Example 14.

Note that if (M, g) and (N, h) are real-analytic Riemannian manifolds, and
(N, h) has non-positive sectional curvatures, Schoen and Yau [51] show that any
component of the space of harmonic maps is parametrized by a compact manifold
N0. Precisely, for any harmonic map ϕ : (M, g) → (N, h) there is a map Φ :
M × N0 → N such that, writing ϕt(x) = Φ(x, t),

(i) the component of Harm(M, N) containing ϕ is {ϕt : t ∈ N0} ,
(ii) for any p ∈ M , the map Φ|{p}×N0 is an isometric immersion onto a totally

geodesic submanifold.

By Proposition 3, all Jacobi fields along ϕ are parallel. Despite this, the example
of Algrem et al. shows that there may be non-integrable Jacobi fields along ϕ.

cThis is the problem with [56, Definition 2.1] alluded to in the footnote to item 6 of Sec. 2.4.
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2. Clifford Tori [46]. Let M = S1 ×S1 and N = S3. Mukai considers the family
of harmonic maps ϕs : (M, g) → (N, h) (0 ≤ s ≤ π/4) given by

ϕs(eit1 , eit2) = (eit1 cos s, eit2 sin s) (t1, t2 ∈ R) .

For s �= 0, the image of ϕs is a “Clifford torus” of constant mean curvature (minimal
if s = π/4); for s = 0, it is a great circle. By explicit calculations, she shows:

(i) For s �= 0 or π/6, all Jacobi fields along ϕs are integrable and so Harm(T 2, S3)
is a smooth manifold near ϕs.

(ii) For s = 0, there are non-integrable Jacobi fields, and Harm(T 2, S3) is not a
smooth manifold near ϕs.

(iii) For s = π/6, there are non-integrable Jacobi fields along ϕs, however,
Harm(T 2, S3) is a smooth manifold near ϕs.

3. Two-spheres in Sn [38]. Let M = S2 and N = Sn (n ≥ 4). There are one-
parameter families {ϕt} of harmonic maps from S2 to N which are full for t �= 0 but
“collapse” to a non-full harmonic map ϕ0 when t = 0, and there are non-integrable
Jacobi fields along such maps ϕ0.

Note that any harmonic map from S2 to Sn has image in a totally geodesic
S2k for some k; also the components of the space of full harmonic maps from S2

to S2k are indexed by the normalized energy d. Fernández [25] has shown that
the component of full harmonic maps from S2 to S2k of normalized energy d is a
complex algebraic variety of pure (complex) dimension 2d+k2; this was a conjecture
of Bolton and Woodward [5].

2.9. Jacobi fields for the area functional

As in item 4 of Sec. 2.2, any harmonic map ϕ : S2 → N is weakly conformal,
and hence is precisely the same as a minimal branched immersion of S2 in N . The
question of integrability of Jacobi fields can therefore be asked in the setting of
the second variation of the area A as defined by (10), rather than of the energy
E. It has been shown by Ejiri and Micallef (private communication) that for any
harmonic map ϕ : S2 → N , the map v �→ the normal component of v is a surjective
linear map from the space of E-Jacobi fields (i.e., Jacobi fields for the energy) to
the space of A-Jacobi fields, with kernel the tangential conformal fields. The result
in item 8 of Sec. 2.7 translates immediately to show that each A-Jacobi field along
a minimal branched immersion ϕ : S2 → CP 2 is integrable.

Further, in the case of immersions, the space of tangential conformal fields is
six-dimensional, so that item 8 of Sec. 2.7 implies that the A-nullity of ϕ (i.e.,
the dimension of the space of A-Jacobi fields) for a non-±-holomorphic harmonic
immersion of S2 in CP 2 with energy 4πE is 2E +2. This was proved in the frame-
work of minimal surfaces by Montiel and Urbano [45, Corollary 8], using a different
method that does not seem to extend easily to branched immersions. In fact, Montiel
and Urbano provide formulas and estimates for the nullity and index of the area
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functional of “superminimal” surfaces in self-dual Einstein 4-manifolds N4. For the
case of full minimal immersions of S2 in S4 of area 4πd (these are automatically
superminimal), the A-nullity is 4d + 2, so that the space of Jacobi fields for the
energy has real dimension 4d + 8. As remarked in item 10 of Sec. 2.7, this shows
that all such Jacobi fields are integrable.

3. Harmonic Morphisms

3.1. Horizontally weakly conformal maps

We now consider harmonic morphisms and Jacobi fields along them. Harmonic
morphisms form a special class of harmonic maps; to describe that class, we need
the following notion which is dual to that of weak conformality.

Definition 15. A smooth map ϕ : (M, g) → (N, h) is called horizontally (weakly)
conformal (or semiconformal) if, for each p ∈ M , either

(i) dϕp = 0, in which case we call p a critical point, or,
(ii) dϕp maps the horizontal space Hp = {ker(dϕp)}⊥ conformally onto Tϕ(p)N ,

i.e., dϕp is surjective and there exists a number λ(p) > 0 such that

h(dϕp(X), dϕp(Y )) = λ(p)2 g(X, Y ) (X, Y ∈ Hp) ,

in which case we call p a regular point.

Set λ = 0 at critical points; then λ : M → [0,∞) is a continuous function called
the dilation of ϕ ; note that λ2 is smooth since it equals |dϕ|2/n.

The term “weakly” is often missed out, especially if ϕ has no critical points,
equivalently, is a submersion.

At regular points, a horizontally weakly conformal map preserves angles between
horizontal vectors. There are many equivalent ways to write the definition, see [3,
Lemma 2.4.4].

3.2. Definition and characterization of harmonic morphisms

A harmonic morphism is a map which preserves Laplace’s equation, more precisely:

Definition 16. A continuous map ϕ : (M, g) → (N, h) is called a harmonic mor-
phism if, for every harmonic function f : B → R defined on an open subset B of N

with ϕ−1(B) non-empty, the composition f ◦ ϕ is harmonic on ϕ−1(B).

It follows that ϕ is smooth (and real analytic if (M, g) and (N, h) are real ana-
lytic) since harmonic functions have that property, see, for example, [3, Proposition
4.3.1].

We remark that the notion of harmonic morphism can be defined in the general
setting of Brelot harmonic spaces [13]: these are topological spaces where the notion
of “harmonic function” is defined axiomatically; they include Riemannian polyhedra
[18], metric graphs [63] and Weyl spaces [41].
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Fuglede [28] and Ishihara [34] independently gave the following characterization.

Theorem 17. A smooth map ϕ : (M, g) → (N, h) between Riemannian manifolds
is a harmonic morphism if and only if it is both harmonic and horizontally weakly
conformal.

This is proved by calculating the tension field of the composition of ϕ with a
harmonic function f : N ⊇ B → R, and showing that there is a harmonic function
with any prescribed (traceless) 2-jet, see [3] for details.

We give some examples, see [3, Chapter 4] for details.
1. Constant and identity maps are clearly harmonic morphisms.
2. Harmonic morphisms between surfaces. Since a mapping between surfaces

is horizontally weakly conformal if and only if it is weakly conformal, it follows
from Theorem 17 that the harmonic morphisms between surfaces are precisely the
weakly conformal maps. This provides a converse to the classical observation that
conformal mappings in the plane preserve Laplace’s equation. Hence a smooth map
between oriented surfaces is a harmonic morphism if and only if it is holomorphic
or antiholomorphic.

3. Holomorphic maps to a surface from a Kähler (or cosymplectic) manifold
are harmonic morphisms. Indeed, they are harmonic by item 6 of Sec. 2.2, and
horizontally weakly conformal by the Cauchy–Riemann equations.

4. Compositions. The composition of two harmonic morphisms is a harmonic
morphism. The composition of a harmonic morphism ϕ : (M, g) → (N, h) and
a harmonic map ψ : (N, h) → (P, k) to another Riemannian manifold is a har-
monic map.

To find more examples of harmonic morphisms, we note the following funda-
mental equation of Baird and Eells for the tension field of a horizontally weakly
conformal map [2].

Proposition 18. Let ϕ : Mm → Nn be horizontally weakly conformal with dilation
λ. Then, at a regular point,

τ(ϕ) = dϕ(−(n − 2)grad lnλ − (m − n)µV) , (36)

where µV denotes the mean curvature of the fibers. Thus ϕ is harmonic, and so a
harmonic morphism, if and ony if, at regular points,

(n − 2)H(grad lnλ) + (m − n)µV = 0 .

Here H(grad lnλ) denotes the orthogonal projection of the gradient of the func-
tion lnλ onto the horizontal distribution H.

5. Maps to a surface. It follows from Proposition 18 that a horizontally weakly
conformal map is a harmonic morphism if and only if its fibers are minimal at
regular points. Holomorphic maps from a Kähler (or cosymplectic) manifold to a
surface are of this type.
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6. Riemannian submersions. A Riemannian submersion is a horizontally con-
formal map with dilation 1. It follows from Proposition 18 that a Riemannian
submersion is a harmonic morphism if and only if its fibers are minimal. Exam-
ples include (i) natural projections of Riemannian products π : F × N → N ; these
have totally geodesic fibers and integrable horizontal distribution — conversely,
any Riemannian submersion with totally geodesic fibers and integrable horizon-
tal distribution is locally the projection of a Riemannian product; (ii) Hopf maps
S2k−1 → Sk for k = 1, 2, 4, 8; these have horizontal distributions which are nowhere
integrable.

7. Horizontally homothetic maps. A horizontally weakly conformal map with
the gradient of its dilation vertical is called a horizontally homothetic map. By
Proposition 18, such a map is a harmonic morphism if and only if its fibers are
minimal at regular points; in fact, a horizontally homethetic harmonic morphism
can have no critical points, see [3, Sec. 4.5]. Radial projection R

m \ {0} → Sm−1

given by x �→ x/|x| is a horizontally homothetic harmonic morphism for any m ∈
{1, 2, . . .}.

3.3. Harmonic morphisms and the Jacobi equation

Harmonic morphisms preserve the Jacobi equation along harmonic maps in the
following sense; this can be regarded as an infinitesimal version of item 4 of the last
section.

Theorem 19 [44]. Let ϕ : (M, g) → (N, h) be a harmonic morphism between Rie-
mannian manifolds, ψ : (N, h) → (P, k) a harmonic map to another Riemannian
manifold, and v a vector field along ψ. Then the Jacobi operator for the vector field
v ◦ ϕ along the harmonic map ψ ◦ ϕ is given by

Jψ◦ϕ(v ◦ ϕ) = λ2Jψ(v) ◦ ϕ ,

where λ is the dilation of ϕ.
In particular, if v is a Jacobi field along ψ, then v ◦ ϕ is a Jacobi field along

ψ ◦ ϕ.

Corollary 20 [44]. For a non-constant harmonic morphism ϕ : (M, g) → (N, h)
between compact Riemannian manifolds, we have,

index(ϕ) ≥ index(IdN ) ,

nullity(ϕ) ≥ nullity(IdN ) .

If the identity map of N is stable and ϕ is the natural projection of a Riemannian
product F × N → N , or, more generally, a Riemannian submersion with totally
geodesic fibers and integrable horizontal distribution, then from [44] these inequal-
ities are equalities; thus index(ϕ) = 0 and nullity(ϕ) = nullity(IdN ). This is not
true without the integrability of the horizontal distribution, for example, the index
and nullity of the Hopf map S3 → S2 are 4 and 8, respectively [60], while the index
and nullity of the identity map of S2 are 0 and 6, respectively, as in (27) and (28).
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See [44] for an application of Theorem 19 to rigidity of harmonic morphisms, in
the sense of item 11 of Sec. 2.4.

We finish with an example of Smith [55].

Example 21. Let N be a compact Riemannian manifold with index (IdN ) > 0 and
let F be a compact Riemannian manifold of dimension at least 1. Let π : F×N → N

be the natural projection from the Riemannian product; note that this is a harmonic
morphism. Consider vector fields along π of the form

v(x, y) = f(x)V (y) ((x, y) ∈ F × N) ,

where V is a vector field on N and f a function on F . Then we easily calculate

Jπ(v)(x, y) = f(x)JId(V )(y) + ∆Ff(x) V (y) .

Hence, if f is an eigenvector of (the Laplacian on) F with non-zero eigenvalue
λ (necessarily positive) and V is an eigenvector of the Jacobi operator JId with
eigenvalue µ, then v is an eigenvector of Jπ with eigenvalue λ + µ. Choose V with
µ < 0. Multiplying the metric of F by a constant multiplies each eigenvalue λ by
that constant, so that we can arrange that λ+µ be negative or zero. Smith deduces
that the index of π can be made arbitrarily large; the nullity can simultaneously
be made arbitrary large, provided the multiplicities m(λk) of the spectrum on F

satisfy limk→∞ m(λk) = ∞.

Example 22 [55]. Set N = Sn (n ≥ 3) and F = Sp (p ≥ 2). Take V to be
a conformal vector field on Sn; then it is an eigenvector of JId with a negative
eigenvalue µ. Take f to be a harmonic homogeneous polynomial on Sp; this is
an eigenfunction of ∆F with positive eigenvalue. Since the condition above on the
spectrum is satisfied, by suitably scaling the metric on F , we can give π as large
an index, and simultaneously, as large a nullity, as we please.

Smith comments that this simple map π is thus “completely pathological from
the standpoint of Morse theory.”

For more results on the second variation of harmonic morphisms, see [43; 3,
Sec. 4.8]. For some more results on pulling back of infinitesimal variations, see [47].

A Riemannian foliation with minimal fibers is called a harmonic foliation; its
local projections are harmonic maps, in fact, harmonic morphisms by item 5 of
Sec. 3.2. We then have a notion of transversal Jacobi field. For results on such
fields, see, for example, [35].

There are many open questions on Jacobi fields along harmonic morphisms, for
example, (i) when does a Jacobi field along a harmonic morphism ϕ preserve hori-
zontal conformality, and thus the harmonic morphism property, to first order? (ii)
If a Jacobi field v has this property and is integrable, when is it integrable through
harmonic morphisms, i.e, when is there a 1-parameter variation of ϕ through har-
monic morphisms with variation vector field v? As a first example, by item 6 of
Sec. 2.7 and item 2 of Sec. 3.2, any Jacobi field along a harmonic morphism from
S2 to S2 is integrable through harmonic morphisms.
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[14] Ĭ. Davidov and A. G. Sergeev, Twistor spaces and harmonic maps (Russian), Uspekhi
Mat. Nauk 48(3) (1993) (291), 3–96; English translation in Russian Math. Surveys
48(3) (1993) 1–91.
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