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Abstract

The descendant set desc(α) of a vertex α in a digraph D is the set of vertices which can be
reached by a directed path from α. A subdigraph of D is finitely generated if it is the union of
finitely many descendant sets and D is descendant-homogeneous if it is vertex transitive and any
isomorphism between finitely generated subdigraphs extends to an automorphism. We consider
connected descendant-homogeneous digraphs with finite out-valency, specially those which are
also highly arc-transitive. We show that these digraphs must be imprimitive. In particular, we
study those which can be mapped homomorphically onto Z and show that their descendant sets
have only one end.

There are examples of descendant-homogeneous digraphs whose descendant sets are rooted
trees. We show that these are highly arc-transitive and do not admit a homomorphism onto Z.
The first example [5] known to the authors of a descendant-homogeneous digraph (which led
us to formulate the definition) is of this type. We construct infinitely many other descendant-
homogeneous digraphs, and also uncountably many digraphs whose descendant sets are rooted
trees but which are descendant-homogeneous only in a weaker sense, and give a number of other
examples.

1 Introduction

In [5], David Evans constructs an infinite highly arc-transitive digraph D such that the descendant set
of any vertex is a rooted q-valent directed tree, thereby answering one of the questions in [4], namely
that D has universal ‘reachability relation’ in the sense of that paper, but there is no homomorphism
from it onto Z. We observed that Evans shows his digraph has an additional property, analogous to
homogeneity, which we call ‘descendant-homogeneity’, and it is our purpose in this paper to isolate
this notion, study consequences of the definition, and give further examples.

The descendant set of a vertex α in a digraph is the set of all vertices which can be reached from
it by a directed path (of length ≥ 0). The general structure that descendant sets can have in infinite
primitive highly arc-transitive digraphs was considered in [1]. In Evans’ example, the descendant
sets are all rooted trees of fixed out-valency, but more complicated structure for descendant sets in
highly arc-transitive digraphs is possible, as explained in [1], and some constructions are given in [2].
We say that a descendant-closed subset of a digraph is finitely generated if it is the union of finitely
many descendant sets, and the definition of D ‘descendant-homogeneous’ is then that it is vertex
transitive, and any isomorphism between finitely generated descendant-closed subsets of D (which
from now on we refer to as a a finite partial automorphism) extends to an automorphism. This seems
the natural analogue of ‘homogeneity’ in this context. We also consider a weaker notion, and say
that D is weakly descendant-homogeneous if it is vertex transitive, and for any two finite subsets X
and Y and isomorphism f from the descendant set generated by X to the descendant set generated
by Y , there is an automorphism of D agreeing with f on X. (Thus descendant-homogeneity says
that the automorphism can be taken to extend f on the whole of the descendant set generated by
X; therefore descendant-homogeneity implies weak descendant-homogeneity, and the reason that
the latter is easier to arrange is that it only requires countably ‘tasks’ to be performed during a
construction.)

1This work was supported by EPSRC grant EP/D04829/1. Mathematics Subject Classification: 05C20, 05C38
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The original example of a descendant-homogeneous digraph also enjoyed a number of other
properties, which are connectedness, high arc-transitivity, and the facts that the descendant sets are
all rooted trees of equal finite valency, that the ‘reachability relation’ as defined in [4] is universal,
and that there is no homomorphism onto Z. We seek to study the notion without necessarily making
all these assumptions, giving further examples and restrictions.

A natural initial question is whether Evans’ digraph is the unique (up to isomorphism) connected
descendant-homogeneous digraph which has a q-valent tree as its descendant set. In this connection
we develop an analogue of the classical Fräıssé theory to throw light on this question (where Fräıssé’s
‘age’ of a structure is replaced by the family of finitely generated digraphs embeddable as descendant-
closed subsets of the given digraph). We give a negative answer, and in fact in Section 4 are
able to construct infinitely many pairwise non-isomorphic descendant-homogeneous digraphs whose
descendant sets are trees of any given finite valency greater than 1. These are obtained by omitting
4-crowns (in the sense of [3]) and more general bipartite digraphs. By weakening the definition of
descendant-homogeneity to weak descendant-homogeneity, we show that we can actually construct
uncountably many pairwise non-isomorphic such digraphs whose descendant sets are trees. Note
that high arc-transitivity in these digraphs follows from weak descendant-homogeneity and the fact
that the descendant sets are rooted regular trees, since we may include the vertices of any finite
s-arc in any generating set.

In Section 2 we give the basic definitions and some background on the reachability relation and
property Z, and recall material from [1] on descendant sets in infinite highly arc-transitive digraphs
with finite out-valency which are vertex-primitive.

In Section 3 we collect together those parts of the general theory that we have been able to
develop, beginning by remarking that any infinite descendant-homogeneous digraph in which the
descendant sets are rooted trees of finite valency does not have property Z, has universal reachability
relation, and is imprimitive. Then we present a version of Fräıssé’s Theorem which applies in this
context. The remainder of this section is devoted to descendant-homogeneous digraphs which can
be mapped homomorphically onto Z, and we show that their descendant sets have only one end.
We also make further observations about these descendant-homogeneous digraphs in the highly
arc-transitive case.

Section 4 contains a range of examples to illustrate the different possibilities described earlier
in the paper. By modifying the method from [5] we construct an infinite family of descendant-
homogeneous digraphs with descendant sets rooted q-valent trees omitting a 4-crown and generaliza-
tions of this. We also show how to construct a family of 2ℵ0 weakly descendant-homogeneous digraphs
with descendant sets a rooted tree. Then we give further examples of descendant-homogeneous di-
graphs, in particular describing a new family of highly arc-transitive digraphs whose descendant sets
need not be trees.

In section 5 we give some examples of descendant-homogeneous digraphs having directed cycles,
based on locally finite distance transitive digraphs given in [8].

2 Preliminaries

A digraph (or directed graph) D consists of a set V D of vertices, and a set ED ⊆ V D × V D of
ordered pairs of vertices, the (directed) edges. Our digraphs will have no loops and no multiple
edges. The out-valency (in-valency) of a vertex α is the size of the set {u ∈ V D | (α, u) ∈ ED}
({u ∈ V D | (u, α) ∈ ED} respectively). If the automorphism group Aut(D) of D is transitive on
V D, all vertices have the same in-valency, and they all have the same out-valency. A digraph is
locally finite if all in- and out-valencies are finite. An s-arc for s ≥ 0 in D is a sequence u0u1 . . . us

of s + 1 vertices such that (ui, ui+1) ∈ ED and ui−1 6= ui+1 for i ∈ {0, . . . , s − 1}. We say that D
is s-arc transitive if Aut(D) is transitive on the set of s-arcs, and it is highly arc-transitive if it is
s-arc-transitive for all s ≥ 0.
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2.1 Property Z and the reachability relation

Let Z be the digraph with vertex set the set Z of integers and edge set {(i, i+1) | i ∈ Z}. A digraph
is said to have property Z if there is a digraph homomorphism ϕ : D → Z from D onto Z . This
is equivalent to saying that there are no unbalanced cycles in D, where by an unbalanced cycle we
mean a cycle with a unequal number of forward and backward edges.

An alternating walk in a digraph D is a sequence (x0, x1, . . . , xn) of vertices of D such that
either (x2i−1, x2i) and (x2i+1, x2i) are edges for all i, or (x2i, x2i−1) and (x2i, x2i+1) are edges for all
i. If e and e′ are edges in D and there is an alternating walk (x0, x1, . . . , xn) such that (x0, x1) is
e and either (xn−1, xn) or (xn, xn−1) is e′, then e′ is said to be reachable from e by an alternating
walk. This is denoted by eAe′. Clearly A is an equivalence relation on ED. The equivalence class
containing e will be written as A(e). If D is 1-arc transitive, the digraphs 〈A(e)〉, e ∈ V D, induced
on A(e), are all isomorphic to a fixed digraph, which is denoted by ∆(D). The following result is
given in [4].

Proposition 2.1 Let D be a connected 1-arc transitive digraph. Then ∆(D) is 1-arc transitive and
connected. Further, either

(a) A is the universal relation on ED and ∆(D) = D, or
(b) ∆(D) is bipartite.

In the proof it is shown that it suffices that A(e) contains a 2-arc for A to be universal, otherwise
∆(D) is bipartite. It is also shown under the same hypotheses that if the reachability relation A is
universal then D does not have property Z.

2.2 Descendants in infinite, connected highly arc-transitive digraphs

Throughout the remainder of this section D will be an infinite, connected, highly arc-transitive
digraph with finite out-valency m > 1. It is easy to see that a highly arc-transitive digraph either
is a directed cycle or contains no directed cycle, and the former holds if and only if it is finite. We
therefore focus on the latter case. We recall results from [1] about descendant sets in D.

Let u ∈ V D. The descendant set of u is defined by

desc(u) := {v ∈ V D | for some s ≥ 0 there is an s-arc from u to v}.

We view each descendant set as an induced subdigraph of D. Fix α ∈ V D, and let Γ := desc(α).
Since Aut D is transitive on V D, desc(u) ∼= Γ for all u ∈ V D, and we speak of Γ as the descendant
set of D. The digraph Γ has many tree-like properties. For example, it is rooted with root α in
the sense that within Γ the vertex α has in-valency 0 and every vertex can be reached by a directed
path from α. It is quite easy to see that it is layered, meaning that if Γs(α) denotes denotes the set
of points at distance s from α, that is, joined to α by an s-arc, then Γs(α) ∩ Γt(α) = ∅ when s 6= t,
as is proved in [4] (Proposition 3.10).

For i ≥ 1 let

Ei : = {(a, b) ∈ EΓ | a ∈ Γi−1(α)},
Ωi : = {γ | γ is an i-arc with initial vertex α}.

Also let G := AutD, the automorphism group of D, and let Gα be the stabilizer of α in G.
Clearly Gα ≤ AutΓ. Since G is transitive on i-arcs for every i ≥ 0, Gα is transitive on Ωi for every
i.

It follows that

Theorem 2.2 The digraph Γ has the following properties:

P1: for all u ∈ V Γ, desc(u) is isomorphic to Γ,

P2: for all i ≥ 0, Aut Γ is transitive on Ωi(α).

It follows immediately from condition P2 that for every i ≥ 0, Aut Γ is transitive on Γi(α) and
on Ei.
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2.2.1 Notation

For u ∈ V D and s ≥ 0 we let

descs(u) := {v ∈ V D | there is an s-arc from u to v}. (1)

Thus desc(u) =
⋃

s≥0 descs(u). For X, Y ⊆ V D and i ≥ 0 we let

desci(X) :=
⋃

x∈X

desci(x) and desci(X, Y ) := desci(X) ∩ desci(Y ). (2)

Similarly we let desc(X) :=
⋃

x∈X desc(x) and desc(X, Y ) := desc(X) ∩ desc(Y ).
When working with Γ, and supposing that u ∈ Γ and X, Y ⊆ Γ we write Γi(u), Γi(X) and

Γi(X, Y ) for desci(u), desci(X) and desci(X, Y ), respectively.
There is also the dual notion of ascendant set asc(α) of a vertex, which is the subdigraph on the

set of vertices v in D for which there is an s-arc from v to α, for some s ≥ 0. The sets asci(u),
asci(X), asci(X, Y ), asc(X) and asc(X, Y ) are defined similarly.

For k ≥ 0 and u ∈ V D the ball of radius k centred on u is given by

Bk(u) :=
⋃

0≤i≤k

desci(u). (3)

For the s-arc γ = u0u1 . . . us we define ι(γ) := u0 and τ(γ) := us, the initial and terminal vertices
of γ respectively. In particular, when s = 1 these yield the initial and terminal vertices of an edge.

2.2.2 The in-valency sequence

Let i ≥ 1. The in-valency of a vertex y in Γi(α) is the number of edges (x, y) with x ∈ Γi−1(α).
Since AutΓ is transitive on Γi(α), the in-valency within Γ of any two vertices in Γi(α) is the same.
We denote this in-valency by ri. For u ∈ V Γ, we let ri(u) be the in-valency of the members of
desci(u) within desc(u), that is, for b ∈ Γi(u), ri(u) is the number of edges (a, b) with a ∈ Γi−1(u).
In particular, if u ∈ Γ1(α), Γi−1(u) ⊆ Γi(α) and therefore ri(u) ≤ ri+1. Now, by condition P1
above, ri(u) = ri and therefore ri ≤ ri+1. It follows that

R : 1 = r1 ≤ r2 ≤ · · · ≤ rn ≤ · · · (4)

is an infinite increasing sequence of natural numbers.
The following is proved in [1]:

Lemma 2.3 For all i, ri ≤ m.

Proof. For u ∈ Γ1(α) and i ≥ 0, Γi(u) ⊆ Γi+1(α), so
∣∣Γi(u)

∣∣ ≤ ∣∣Γi+1(α)
∣∣. By condition P1,∣∣Γi(u)

∣∣ =
∣∣Γi(α)

∣∣ and therefore
∣∣Γi(α)

∣∣ ≤ ∣∣Γi+1(α)
∣∣. Now, by counting edges from Γi(α) to Γi+1(α),

we have |Ei+1| = ri+1 ×
∣∣Γi+1(α)

∣∣, and also |Ei+1| =
∣∣Γi(α)

∣∣×m. So

ri+1 =

∣∣Γi(α)
∣∣

|Γi+1(α)|
×m, (5)

and it follows that ri+1 ≤ m since
∣∣Γi(α)

∣∣ ≤ ∣∣Γi+1(α)
∣∣.

This shows that (4) is an infinite increasing sequence of natural numbers less than or equal to
m. Hence there is a least N such that rj = rN for all j ≥ N . We shall say that R is the in-valency
sequence of the digraph Γ, and rN is the ultimate in-valency of Γ.

In addition, the proof of Lemma 2.3 shows that
∣∣Γi(α)

∣∣ ≤ ∣∣Γi+1(α)
∣∣ , for all i, so the sizes of the

layers Γi(α) of the digraph Γ are increasing as i increases.
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2.2.3 Primitive digraphs

A digraph is said to be primitive if its automorphism group acts primitively on its vertex set. We
now assume further that the digraph D has this property. Fix n ≥ 0 and define a binary relation on
V D by u ∼n v if descn(u) = descn(v). This is an AutD-invariant equivalence relation on V D. Since
D is primitive it must be either trivial or the universal relation. It cannot be universal, however, for
that would imply that D contains a directed cycle (see [1]). It follows that Γ has a further property:

P3: For n ∈ N and u, v ∈ V Γ, Γn(u) = Γn(v) ⇒ u = v.

For this case, the statement of Lemma 2.3 would be that ri < m and
∣∣Γi−1(α)

∣∣ <
∣∣Γi(α)

∣∣. Indeed,
if ri = m for some i, by (5) we would have

∣∣Γi−1(α)
∣∣ =

∣∣Γi(α)
∣∣, and this implies Γi(u) = Γi+1(α),

for any u ∈ Γ1(α). Therefore Γi(u) = Γi(v), for all u, v ∈ Γ1(α), which contradicts property P3. So
the in-valency sequence (4) is an infinite increasing sequence strictly smaller than m, and the size
of the layers of the digraph Γ is strictly increasing as i increases.

Recall that a graph is said to have more than one end if there is a finite set of vertices whose
removal produces a graph with more than one infinite component. And a graph is said to have
infinitely many ends if for every N there is a finite set of edges such that the removal of these edges
produces a graph with at least N infinite components.

It is shown in [1] that a digraph Γ with properties P1, P2 and P3 and out-valency m has infinitely
many ends. This follows from a stronger result from [1] concerning the structure of digraphs with
these three properties. It is shown there is K such that for n ≥ K, the subdigraph of Γ induced
on the subset desc(Γn(α)) is the disjoint union of finitely many copies of an infinite digraph T ∗,
where there is a homomorphism ϕ from T ∗ onto a directed s-valent rooted tree T , for some s > 1,
with desc(ϕ−1(t)) isomorphic to desc(ϕ−1(t′)), for all t, t′ in V T . This shows that Γ is ‘tree-like’.
In Section 3 we use this result to show that an infinite, connected, descendant-homogeneous, and
highly arc-transitive digraph with finite out-valency, must be imprimitive.

3 Descendant-homogeneous digraphs with no directed cycles

Let D be the class of all infinite, connected digraphs with finite out-valency which are descendant-
homogeneous, and in the first part of this section, we prove some preliminary results on digraphs in
D which do not contain a finite directed cycle, in particular, those whose descendant sets are rooted
trees.

¿From the remarks at the beginning of Section 2.2 we know that no highly arc-transitive member
of D contains a finite directed cycle. In Sections 3.1 and 3.3 we consider such digraphs, in Theorem
3.3 showing that they are imprimitive, and in the remarks at the beginning of Section 3.3 giving
more information on the structure of those which have property Z.

Note that in any digraph D which does not embed a finite directed cycle, the relation ≤ defined
by: b ≤ a :⇔ b ∈ desc(a) is a partial order on V D.

3.1 Preliminary results

Lemma 3.1 Let D be any weakly descendant-homogeneous digraph, and suppose that for any a ∈
V D, there are vertices x, y ∈ desc(a) such that desc(x) ∩ desc(y) = ∅. Then D is connected and
does not have property Z.

Proof. We begin with connectedness. Suppose for a contradiction that D is not connected, and
let a and b lie in distinct connected components. Then desc(a) ∩ desc(b) = ∅. By the hypothesis of
the lemma, there are descendants x and y of a such that desc(x)∩desc(y) = ∅. By weak descendant-
homogeneity of D there is an automorphism of D taking x to a and y to b, and the image of a is
then greater than both a and b, contrary to their lying in different components.
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To show that D does not have property Z, it suffices to show that D embeds an unbalanced
cycle (that is, a cycle with an unequal number of forward and backward edges). Let a ∈ V D and
let x, y ∈ desc(a) with desc(x) ∩ desc(y) = ∅. Let x ∈ descm(a) and y ∈ descn(a), where m,n ≥ 1.

By vertex transitivity, for all u ∈ V D, the subdigraph desc(u) is isomorphic to some fixed digraph
Γ. Let z ∈ desc1(y). The subdigraphs induced on desc(x) ∪ desc(y) and on desc(x) ∪ desc(z) are
thus both isomorphic to the union of two disjoint copies of Γ, so by weak descendant-homogeneity
there is an automorphism g of D which fixes x and takes y to z. Then the cycle from a to x to ag

to z to a has m + n forward edges (from a to x and from ag to z) and m + n + 1 backward edges
(from x to ag and from z to a), so is unbalanced. Therefore D does not have property Z .

In [5] Evans constructs a descendant-homogeneous digraph whose descendant set is a rooted q-
valent tree. We shall generalize his construction in section 4, giving infinitely many non-isomorphic
descendant-homogeneous digraphs with descendant sets q-valent rooted trees, and 2ℵ0 non-isomorphic
weakly descendant-homogeneous such digraphs. Here we show that a digraph of either of these kinds
must be highly arc-transitive and imprimitive.

Lemma 3.2 Let D be an infinite weakly descendant-homogeneous digraph whose descendant set is
isomorphic to an infinite rooted tree Tq of out-valency q > 1 (possibly q = ℵ0). Then D has the
following properties:
(i) it is highly arc-transitive,
(ii) it does not have property Z,
(iii) it has universal reachability relation,
(iv) it is imprimitive.

Proof. For (i) let γ, γ′ be two s-arcs with initial vertices a, a′ respectively. Since desc(a) and
desc(a′) are isomorphic to Tq, there is an isomorphism f : desc(a) → desc(a′) such that f(γ) = γ′.
By weak descendant-homogeneity, and taking the vertices of γ and γ′ as the (finite) generating sets,
there is an automorphism of D agreeing with f on γ, and it follows that D is highly arc-transitive.

(ii) follows from the previous lemma.
For (iii) let x ∈ V D and let a, b ∈ desc1(x). Now let b′ ∈ desc1(b). The digraphs induced on

desc(a)∪desc(b) and on desc(a)∪desc(b′) are each a disjoint union of two copies of Tq and therefore
isomorphic. So by weak descendant-homogeneity there is an automorphism g of D which fixes a
and takes b to b′. Since b′ ∈ desc2(x), xg 6= x. It follows that the edge f = (x, b) is reachable from
e = (b, b′) by the alternating walk (b, b′, xg, a, x, b), and therefore f ∈ A(e). Hence A(e) contains the
2-arc (x, b, b′). This shows that 〈A(e)〉 is not bipartite, so the reachability relation A is universal.

Finally we show that D is imprimitive. Let n ≥ 0 and consider the equivalence relation ∼n

defined in Section 2.2.3. This relation cannot be universal since that would imply that D contains
a directed cycle. We now show that for n ≥ 2, ∼n is non-trivial. Let α ∈ D. Since desc(α) is
a rooted q-valent tree, the descendant set of descn(α) is the disjoint union of at least 4 copies of
Tq, so by weak descendant-homogeneity every permutation σ of a finite subset of the set descn(α)
extends to an automorphism of D. Let x, y, z be distinct elements of descn(α) such that x and y
have a common predecessor in desc(α) but x and z do not have such a predecessor. Let σ be the
permutation of descn(α) which fixes descn(α)\{y, z} pointwise and interchanges y and z, and let g
be an automorphism of D extending σ. Since x and y have a common predecessor in D, it follows
that x and yg = z have a common predecessor, u say, in D. Note that u /∈ desc(α), so αg 6= α. Now,
as g leaves the set descn(α) invariant, we have descn(α) = descn(αg) and therefore ∼n is non-trivial.

In particular, it follows that an infinite directed regular tree with out-valency greater than 1 is
not (even weakly) descendant-homogeneous since its descendant sets are rooted trees but it does
have property Z.

We may deduce imprimitivity of weakly descendant-homogeneous digraphs whose descendant
sets are not necessarily rooted trees by assuming slightly different hypotheses.

Theorem 3.3 Any highly arc-transitive, weakly descendant-homogeneous digraph D with finite out-
valency is imprimitive.
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Proof. If D is not connected, then it is immediate that it is imprimitive, so we now assume that
it is connected, and suppose for a contradiction that it is primitive. Then by [1] (Section 3), there
is K := K(Γ) ∈ N such that for n ≥ K, the subdigraph of Γ on desc(Γn(α)) is the disjoint union of
finitely many copies of an infinite digraph T ∗ (or T (∆)), where there is a homomorphism ϕ from T ∗

onto a directed s-valent rooted tree T (with root a), for some s > 1, with desc(ϕ−1(t)) isomorphic
to desc(ϕ−1(t′)), for all t, t′ in V T .

Let n ≥ K and let T ∗
1 , . . . , T ∗

l be the distinct copies of T ∗ in desc(Γn(α)). For i ∈ {1, . . . , l}, let
ϕi be a homomorphism from T ∗

i onto T . Let k ≥ 2 and let {t1, . . . , tsk} be the set T k(a) of vertices
at distance k from the root a of T . So the layer Γn+k(α) is the disjoint union

U :=
l⋃

i=1

 sk⋃
j=1

ϕ−1
i (tj)

 .

Now let x, y, z ∈ V T be such that x and y have a common predecessor in T but z does not have a
common predecessor with x (and hence not with y either). So ϕ−1

1 (x) and ϕ−1
1 (y) have a common

predecessor in T ∗
1 but ϕ−1

1 (z) does not have a common predecessor with ϕ−1
1 (x) (and hence not with

ϕ−1
1 (y) either). Let S = ϕ−1

1 (y) ∪ ϕ−1
1 (z). Now the subdigraph ∆ of Γ on the subset desc(U) is the

union of finitely many disjoint copies of T ∗, so there is an automorphism θ of ∆ which fixes desc(U\S)
pointwise and interchanges desc(ϕ−1

1 (y)) and desc(ϕ−1
1 (z)). By weak descendant-homogeneity, there

is an automorphism Θ of D agreeing with θ on Γn+k(α). Now ϕ−1
1 (x) and ϕ−1

1 (z) have a common
predecessor ϕ−1

1 (u) say, (which is the image of a common predecessor, ϕ−1
1 (v) say, of ϕ−1

1 (x) and
ϕ−1

1 (y) in T ∗
1 ). But ϕ−1

1 (u) is not contained in Γ since ϕ−1
1 (x) and ϕ−1

1 (z) do not have a common
predecessor within Γ. So αΘ 6= α. Because Θ leaves the set Γn+k(α) invariant, it follows that
Γn+k(α) = Γn+k(αΘ) and therefore ∼n is non-trivial. Hence D is imprimitive.

3.2 An analogue of Fräıssé’s Theorem

As we shall see in section 4, Evans’ digraph is not the unique countable connected descendant-
homogeneous digraph having descendant sets q-valent rooted trees. We are able however to obtain
an analogue of Fräıssé’s Theorem, giving uniqueness under suitable hypotheses and given the ‘age’.
For homogeneous structures A in the usual sense, the ‘age’ is the family of finitely generated sub-
structures embeddable in A. Here we adapt this by taking the age of a digraph to be the family of
digraphs D1 = desc(X1) for X1 finite which are isomorphic to the descendant set desc(X) in D for
some (finite) X ⊆ D. At present we just formulate the result for the case where descendant sets are
rooted trees, though it probably applies more generally. We refer the reader to [9] for an account
of the classical Fräıssé theory. This involves for instance the key notions of the ‘joint embedding
property’ and the ‘amalgamation property’ (if A, B1, and B2 lie in the class, and embeddings f1 and
f2 of A into each of B1 and B2 are given, then there are a structure C in the class and embeddings
g1 and g2 of B1 and B2 respectively into C which ‘make the diagram commute’). There is an extra
property needed. We say that a class C of digraphs is closed under finite intersections if whenever
desc(X ∪ Y ) ∈ C where X and Y are finite, then also desc(X) ∩ desc(Y ) ∈ C.

Theorem 3.4 For any countable descendant-homogeneous digraph D in which descendant sets are
all rooted trees of finite valency greater than 1, age(D) is a family of finitely generated digraphs which
is closed under isomorphism, finitely generated substructures, and finite intersections, has only count-
ably many structures up to isomorphism, and has the joint embedding and amalgamation properties.
Conversely, for any family C of finitely generated digraphs with descendant sets all q-valent trees (for
fixed q with 1 < q < ∞) fulfilling the listed properties, there is a countable descendant-homogeneous
digraph whose age is equal to C. Furthermore, any two countable descendant-homogeneous digraphs
having the same age are isomorphic.

Proof. Most of the properties are clear for any age (the proof of the amalgamation property
for instance just being the same as in the usual Fräıssé Theorem). We check the ‘extra’ property,
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that age(D) is closed under finite intersections. Let X and Y be finite subsets of D, and let
Z be the set of maximal elements of desc(X) ∩ desc(Y ) under the natural partial order. Clearly
desc(X)∩desc(Y ) = desc(Z), so we just have to show that Z is finite. Suppose not for a contradiction.
Since X is finite, there is x ∈ X such that T ∩ Z is infinite where T = desc(x). As q is finite, the
elements of T ∩Z lie in infinitely many levels of T , so T ∩Z has uncountably many distinct images
under automorphisms of T . By descendant-homogeneity, each of these automorphisms extends
to an automorphism of D. Since Y is finite, and D is countable, Y has only countably many
images, so there are automorphisms ϕ1 and ϕ2 of D which fix x and such that Y ϕ1 = Y ϕ2, but
(T ∩ Z)ϕ1 6= (T ∩ Z)ϕ2. Clearly T ∩ desc(Y ) = T ∩ desc(Z) and Tϕ1 = T = Tϕ2. Therefore
(T ∩ desc(Z))ϕ1 = (T ∩ desc(Y ))ϕ1 = Tϕ1 ∩ desc(Y ϕ1) = Tϕ2 ∩ desc(Y ϕ2) = (T ∩ desc(Y ))ϕ2 =
(T ∩ desc(Z))ϕ2 from which it follows that (T ∩ Z)ϕ1 = (T ∩ Z)ϕ2, giving a contradiction.

For existence we follow the proof of Fräıssé’s Theorem, but as modified in [5], since we have to
extend 2ℵ0 partial maps, but have only countably many steps in which to achieve this. We form
D as the union of an increasing chain D0 ⊆ D1 ⊆ D2 ⊆ . . . of members of C, and we ensure that
at each stage, one of countably many ‘tasks’ is performed. One kind of task is to embed each
member of C in some Dn, and this can be easily arranged, since there are only countably many up to
isomorphism, and C is assumed to have the joint embedding property. In the other kind of ‘task’, we
ensure that the ‘embedding extension property’ over finite independent subsets holds. This means
that if X ∪ desc(x) ∈ C and there are finitely many maximal elements of X ∩ desc(x) (which will
necessarily be ‘independent’, meaning that any two such have pairwise disjoint descendant sets) then
any embedding f of X into D extends to an embedding of X∪desc(x) into D. There are clearly also
only countably many ‘tasks’ of this kind. Given f : X → Dn and x as stated, then we may ensure
that this instance of the embedding extension property holds by defining Dn+1 to be the digraph
obtained from Dn by amalgamating it with desc(x) where elements of (X ∩ desc(x))f are identified
with the corresponding elements of desc(x) by f−1 (with no other identifications) and f is extended
to X ∪ desc(x) by the identity on desc(x)−X.

The fact that D is a countable digraph whose age is equal to C is immediate. The main point
is to verify descendant-homogeneity. Let p0 be a finite partial automorphism of D. We extend
p0 successively to finite partial automorphisms p0 ⊆ p1 ⊆ p2 ⊆ . . . so that the nth point of D in
some fixed enumeration lies in dom pn+1 ∩ range pn+1. It suffices to show that any finite partial
automorphism p can be extended to q to include a given x in its domain. Assume that x 6∈ dom p.
Then dom p is finitely generated, so dom p∩desc(x) is too (since C is closed under finite intersections).
Thus p is an embedding of dom p into D, so by the embedding extension property, p can be extended
to an embedding q of dom p ∪ desc(x) into D as required.

Now let us prove uniqueness. Suppose that D1 and D2 have the same age, and construct an
isomorphism from D1 to D2 by back-and-forth. Since the ages are equal, and since by definition,
any descendant-homogeneous graph is vertex transitive, there is some q such that all descendant
sets in both D1 and D2 are q-valent rooted trees.

To begin, pick any elements x0 ∈ D1 and y0 ∈ D2, and let f0 be an isomorphism from desc(x0)
to desc(y0) (which exists since both are q-valent rooted trees).

Otherwise it suffices to do the ‘forth’ step (the ‘back’ step is just the same). So suppose that
we have found fn which is an isomorphism from a finitely generated subdigraph of D1 into D2, and
suppose that x ∈ D1 has to be included in dom fn+1. If x ∈ dom(fn) then we let fn+1 = fn. If not,
consider dom(fn)∪ desc(x). This lies in age(D1) so as age(D1) = age(D2), there is an isomorphism
g from dom(fn) ∪ desc(x) to some X ∈ age(D2). Then f−1

n g is a partial automorphism of D2

with domain equal to range(fn), so by descendant-homogeneity there is an automorphism h of D2

extending it. Now let fn+1 = gh−1, which has domain equal to dom(fn) ∪ desc(x). If y ∈ dom(fn)
then yfn+1 = ygh−1 = yfnf−1

n gh−1 = yfn, so fn+1 is the desired extension of fn.

3.3 Highly arc-transitive digraphs in D which have property Z

We know from Theorem 3.3 that any highly arc-transitive member of D is imprimitive. In particular,
we consider here those which in addition have property Z. By Lemma 3.2, one cannot expect to
have a rooted tree as the descendant sets in these digraphs. Indeed we show that their descendant
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sets Γ have only one end, so are far from being trees, and it follows that here too the relation ∼n is
non-trivial for some n. Moreover we show there is a digraph homomorphism from D onto a infinite
directed tree T of out-valency 1, where T has in-valency 1 if and only if D is the descendant set of
a line L of D.

Unless otherwise stated, throughout this section D will be a highly arc-transitive digraph in D
with property Z. In this case, we know that the descendant set Γ is a rooted and layered digraph,
where the sizes of the layers are finite since D has finite out-valency.

3.3.1 Some results on descendant sets

Recall that no highly transitive member of D has any finite directed cycle. By Lemma 3.1, the
descendant set Γ := desc(a) of a vertex a in any such D has the following property:

(∗) for every x, y ∈ Γ,desc(x) ∩ desc(y) 6= ∅.

Using this fact we can prove that

Lemma 3.5 If D is a highly arc-transitive digraph in D with property Z, then the descendant set
Γ of D has only one end.

Proof. Suppose that Γ has more than one end. In this case there is a finite set F of vertices
of Γ such that the digraph Γ\F obtained from Γ by removing the set F has more than one infinite
component. Let a be the root of Γ and recall that Bn(a) is the subdigraph of Γ on

⋃
0≤i≤n Γi(a)

(and this is finite since Γ has finite out-valency). Since F is finite, there is n ≥ 1 such that F is a
subset of Bn(a). So Γ\Bn(a) has more than one infinite component.

Now let C be an infinite component of Γ\Bn(a) and let x ∈ C. We show that the descendant
set desc(x) of x is entirely contained in C. Since x ∈ Γi(a), for some i > n, desc(x) is contained in
the descendant set of the layer Γi(a) and therefore does not intersect Bn(a). Also desc(x) does not
intersect any component C ′ 6= C, otherwise we would have a path in Γ\Bn(a) from a vertex in C
to a vertex in C ′. Hence desc(x) is contained in C. Since Γ\Bn(a) contains at least two distinct
components, C and C ′ say, we can find vertices x ∈ C and x′ ∈ C ′ such that desc(x)∩desc(x′) = ∅.
This contradicts property (∗). Thus Γ has only one end.

Given that the highly arc-transitive D ∈ D satisfies the assumptions in Section 2.2, we know
that the sizes of the layers Γi(a) of its descendant set Γ increase as i increases. Now, the previous
result suggests that the layers of Γ cannot grow too much. Indeed, we now show that they are of
bounded size. We refer to Section 2.2 for the notation used in the proof of the next result.

Lemma 3.6 Let a ∈ V D and let Γ := desc(a). Then there is M such that
∣∣Γi(a)

∣∣ ≤ M for all i.
In particular, for i ≥ 0 and u, v ∈ Γi+1(a), we have Γl(u) = Γl(v) for all l ≥ N − 1, where N is as
defined in section 2.2.2.

Proof. We restrict our attention to the subdigraph Γ of D. Recall that ri denotes the in-valency
of the vertices in the layer Γi(a), and that for u ∈ V Γ, ri(u) is the in-valency of Γi(u) within desc(u).
Now N is the least number such that rj = rN for all j ≥ N . Let u be any vertex in Γ1(a). Our first
step is to show that ΓN (a) = ΓN−1(u). Note that, ΓN−1(u) ⊆ ΓN (a), so it suffices to show that
there are no vertices in ΓN (a)\ΓN−1(u). trau

︸︷︷︸
ΓN (a)\ΓN−1(u)
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By vertex-transitivity, ri(u) = ri, for i ≥ 1. Since ri = rN for all i ≥ N , it follows that
ri(u) = ri+1 for all i ≥ N . Now, as for all i Γi(u) is a subset of the layer Γi+1(a), the fact that
the in-valency ri(u) within desc(u) of Γi(u) equals ri+1 means that if (x, y) is an edge in Γ with
y ∈ Γi(u) then x must be a vertex in Γi−1(u). In other words, there are no edges in Γ with
initial vertex in Γi(a)\Γi−1(u) and terminal vertex in Γi(u). Since this holds for all i ≥ N , it
follows that the descendant sets of the set ΓN (a)\ΓN−1(u) and of ΓN−1(u) do not intersect. So, if
ΓN (a)\ΓN−1(u) is non-empty, we can find vertices x ∈ ΓN (a)\ΓN−1(u) and y ∈ ΓN−1(u) such that
desc(x) ∩ desc(y) 6= ∅. But this contradicts property (∗). Hence ΓN (a)\ΓN−1(u) is empty and it
follows that ΓN (a) = ΓN−1(u).

By counting edges from Γi−1(a) to Γi(a), we obtain∣∣Γi−1(a)
∣∣×m =

∣∣Γi(a)
∣∣× ri, (6)

for all i ≥ 1, since Γi−1(a) has out-valency m. By the result in the previous paragraph, for any u
in Γ1(a), ΓN−1(u) = ΓN (a). Now, by vertex-transitivity, the sets ΓN−1(u) and ΓN−1(a) have the
same size, so it follows that the layers ΓN (a) and ΓN−1(a) have same size. By (6) with i = N , we
conclude that rN = m, and this implies that rj = m for all j ≥ N , since rj = rN for all j ≥ 1.
Therefore, from (6), we get that

∣∣Γi(a)
∣∣ =

∣∣Γi−1(a)
∣∣ for all i ≥ N − 1. Hence

∣∣Γi(a)
∣∣ = M for all

i ≥ N−1, where M :=
∣∣ΓN−1(a)

∣∣. This shows that M is an upper bound for the increasing sequence{∣∣Γi(a)
∣∣ | i ≥ 1

}
.

Now let i ≥ 0 and let u ∈ Γi(a). Also, let l ≥ N − 1. By transitivity,
∣∣Γl(u)

∣∣ =
∣∣Γl(a)

∣∣, and by
the result above,

∣∣Γl(a)
∣∣ =

∣∣Γl+i(a)
∣∣. So

∣∣Γl(u)
∣∣ =

∣∣Γl+i(a)
∣∣. Since Γl(u) ⊆ Γl+i(a), it follows that

Γl(u) = Γl+i(a). As this holds for any u in Γi(a), we obtain Γl(u) = Γl(v) for all u, v ∈ Γi(a).

For the rest of this section we shall let n := N − 1.

Throughout we let ϕ : D → Z be a digraph epimorphism, and let Vk := ϕ−1(k) be the levels of
D. For k ∈ Z, let Ek be the set of edges from Vk−1 to Vk.

Above we considered the descendant set of a vertex in D, and now we shall consider the de-
scendant set of an infinite line in D. By an infinite line L in D we mean an infinite sequence
. . . v−1, v0, v1, . . . of vertices of D such that (vi, vi+1) is an edge in D . In this case, the descendant
set desc(L) of L is the digraph on the union

⋃
i∈Z desc(vi) of the descendant sets of the vertices of

L.
Since D is highly arc-transitive and has property Z, D contains at least one infinite line L =

. . . v−1, v0, v1, . . . say. Without loss of generality, for k ∈ Z we let vk ∈ Vk. We write ϕ′ for the
restriction of ϕ to desc(L), and let V ′

k := ϕ′−1(k) (= desc(L) ∩ Vk). Clearly descn(vk−n) ⊆ Vk. The
next result shows that V ′

k actually equals descn(vk−n).

Lemma 3.7 Suppose there is an infinite directed line L = . . . v−1, v0, v1, . . . such that V D =
desc(L). Then for k ∈ Z, Vk = descn(vk−n), where vk ∈ Vk. In particular, it follows that D is
locally finite.

Proof. By transitivity, all fibres Vk have same cardinality and, also, |descn(vi)| = |descn(vj)|
for all i and j, so it suffices to show that the result holds for k = n.

We aim to show that Vn = descn(v0). Since v0 ∈ V0, the set descn(v0) is contained in Vn, so
we need only show that the set Vn\ descn(v0) is empty. Suppose not and let w ∈ Vn \ descn(v0).
Since V D = desc(L), every finite subset of Vn is contained in the descendant set of some vertex vj

of L, with j ≤ n. So there is i > 0 such that descn(v0) ∪ {w} is contained in desc(v−i) and, in fact,
descn(v0) ∪ {w} is contained in descn+i(v−i).
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Now, by the previous lemma, we know that both descn(v0) and descn+i(v−i) have M elements, so
it follows that |descn(v0)| =

∣∣descn+i(v−i)
∣∣. Therefore descn(v0) = descn+i(v−i), since descn(v0) ⊆

descn+i(v−i). But w is also a vertex in descn+i(v−i), so this implies that w ∈ descn(v0), which is a
contradiction. Hence Vn = descn(v0).

In particular, this shows that the fibres Vk are finite. It follows that D has finite in-valency and
therefore is locally finite.

For an infinite line L in a digraph D, let SL := desc(L). The previous lemma, together with
Lemma 3.6, shows that L determines a ‘stripe’ SL which has finite ‘width’ M (the size of the layer
descn(vi)) and is therefore locally finite. So SL is a locally finite digraph with exactly two ends
(corresponding to the half lines . . . v−2, v−1, v0 and v0, v1, v2 . . .).

3.3.2 An equivalence relation on V D

Next we show that there is a homomorphism from D onto an infinite regular tree T of out-valency
1, and consider the consequences of this fact when T has in-valency 1 or in-valency greater than 1.

Define a relation ∼ on V D by letting u ∼ v if: (1) u and v lie in the same layer Vk; and (2)
u and v belong to the same component of the digraph D\Ek+1 obtained from D by removing the
edges Ek+1. Then ∼ is an equivalence relation on V D which is preserved by the action of Aut(D).

For u ∈ V D we let u be its ∼-class. Now let T be the quotient graph D/ ∼. That is, T is the
digraph with vertex set the set of ∼-classes, and (u,v) an edge in T if there are vertices u ∈ u and
v ∈ v in D with (u, v) ∈ D. The homomorphism f from D onto T is then the quotient map. The
next result shows that T is a tree.

Lemma 3.8 The digraph T has out-valency 1.

Proof. Suppose that T has out-valency greater than 1. Let u1,u2 and v be distinct vertices in
T such that (v,u1) and (v,u2) are edges in T . So there are vertices x, x′ ∈ v and vertices y1 ∈ u1

and y2 ∈ u2 such that (x, y1) and (x′, y2) are edges of D. Suppose y1, y2 ∈ Vk. Since x, x′ are in the
same ∼-class, there is a path in D\Ek from x to x′, and therefore there is a path from x to x′ in
D\Ek+1. It then follows that there is a path from y1 to y2 in D\Ek+1. This is a contradiction since
u1 and u2 are distinct ∼-classes.

Let L = . . . v−1, v0, v1, . . . be an infinite line of D with vk ∈ Vk for k ∈ Z. So descn(vk−n) is
contained in Vk. Now let x ∈ descn(vk−n). Then there is a path in D\Ek+1 from x to vk since they
both lie in descn(vk−n). Therefore x ∼ vk and it follows that descn(vk−n) is contained in the class
vk. We have therefore shown that
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Lemma 3.9 The stripe SL is embedded in the subdigraph of D induced on
⋃

kvk.

Now, by Lemma 3.7, for vertices x, y ∈ descn(vk−n), we have descn(x) = descn(y). We now show
that, in fact, this equality holds for any pair of vertices in the class vk.

Lemma 3.10 For u, v ∈ V D with u ∼ v, descn(u) = descn(v).

Proof. Without loss of generality, we may assume that u, v ∈ V0. Let γ = u0, u1, . . . , us−1, us

be a path in D\E1 from u to v, with u0 = u and us = v. Then for each i < s, either ui < ui+1 or
ui+1 < ui and they are on consecutive levels. Suppose for instance that ui < ui+1 and ui, ui+1 are
on levels k, k + 1 where k ≥ 0. Then descn+k(ui) ⊆ descn+k+1(ui+1). By Lemma 3.6, these two sets
have the same size M , and hence they are equal. Now let ui lie on level k(i) (≥ 0). In this notation,
what we have just shown says that descn+k(i)(ui) = descn+k(i+1)(ui+1) (whichever way round they
are). It follows by induction that descn(u0) = descn+k(0)(u0) = descn+k(i)(ui) for all i, and hence
that descn(u0) = descn+k(s)(us) = descn(us), so that descn(u) = descn(v) as required.

For u ∈ V D we define a bipartite digraph ∆(u) as follows: ∆(u) is a digraph with vertex set
u∪descn(u), and edges going from u to descn(u), where for a ∈ u and b ∈ descn(u), (a, b) is an edge
of ∆(u) if and only if b ∈ desc(a). Lemma 3.10 therefore shows that ∆(u) is a complete bipartite
digraph. This is illustrated below. In particular, if n = 1, ∆(u) is a subdigraph of D.

�� �descn(u) rrr . . .

�� �u r r . . . r
?
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Let L = . . . v−1, v0, v1, . . . be a line in D. By Lemma 3.9, the stripe SL is embedded in the
subdigraph L of D induced on

⋃
k∈Z vk (since descn(vk−n) is contained in vk). We now use the

result in the previous lemma to show that

Proposition 3.11 If SL is a proper subdigraph of L then T has in-valency greater than 1.

Proof. Suppose T has in-valency 1. Since SL is a proper subdigraph of L, there is k ∈ Z such
that descn(vk−n) is a proper subset of vk. Without loss of generality, take k = n and let x be a
vertex in vn\descn(v0). By vertex-transitivity, there is a vertex y ∈ V0 such that x ∈ descn(y) (since
this holds for any vertex w ∈ descn(v0)). Now, as T has in-valency 1, we have V0 = v0, so y ∈ v0. It
follows by Lemma 3.10 that descn(y) = descn(v0), and therefore x ∈ descn(v0). But this contradicts
our choice of x. Hence T has in-valency greater than 1.

It is clear that if D = SL then T has in-valency 1, so it follows from the previous proposition
that

Corollary 3.12 The digraph D equals the descendant set desc(L) if and only if T has in-valency 1.

In Proposition 3.11 we showed that whenever SL is a proper subdigraph of L, then the tree T
has in-valency greater then 1. A natural question is whether the converse holds. We state this as a
conjecture.

Conjecture 3.13 If T has in-valency greater than 1, then the stripe SL is a proper subdigraph of
L.

In particular we show that this holds when n = 1.
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Proposition 3.14 Let L = . . . v−1, v0, v1 . . . be a line in D and suppose that SL = L, where L is
the subdigraph of D induced on

⋃
k∈Zvk. If n = 1, then T has in-valency 1.

Proof. Let k ∈ Z. Since SL = L, by Lemma 3.7, desc1(vk) = vk+1. Also, by the remark
after Lemma 3.10, the subdigraph of D on vk ∪ desc1(vk) is a complete bipartite digraph. So the
subdigraph of D on vk ∪ vk+1 is a complete bipartite digraph. Since this holds for any k ∈ Z, we
have the following property:

(∗∗) for finite subsets A,B of vertices of vi with |A| = |B| ,
the subdigraphs on desc(A) and desc(B) are isomorphic.

Suppose that T has in-valency greater than 1. In this case there is u 6= vk in T such that
(u,vk+1) is an arc in T . By transitivity, the subdigraph of D on u ∪ vk+1 is a complete bipartite
digraph, and therefore the digraph on (u∪ vk)∪ vk+1 is also complete bipartite. It follows that the
set u ∪ vk also has property (**). In particular, let A = {x, y} and B = {x, y′}, with x, y ∈ vk and
y′ ∈ u. By descendant-homogeneity, there is an automorphism g of D fixing x and taking y to y′.
Now let w ∈ vk−1. Since x, y ∈ desc1(w), it follows that x, yg ∈ desc1(wg). This implies that x and
y′ are in the same connected component in D\Ek. But this contradicts the assumption that u 6= vk.
Hence T has in-valency 1.

In Section 4.3 we describe examples of descendant-homogeneous, highly arc-transitive digraphs
which have property Z. In Examples 1 and 2 in that section, the subdigraph induced on the
union u ∪ v of two ∼-classes, where (u,v) is an edge in the quotient digraph D/ ∼, is a complete
bipartite digraph, whereas in Example 3, this subdigraph is isomorphic to the complete bipartite
digraph Kℵ0,2, together with infinitely many (independent) vertices from v \ desc1(u). It would be
interesting to classify the bipartite digraphs which can arise as the subdigraph on u ∪ v, where
(u,v) is an edge in an infinite, connected, descendant-homogeneous, highly arc-transitive digraph
having property Z.

4 Examples

We begin by showing how to construct infinitely many non-isomorphic digraphs in D by modifying
the methods used in [5] and [6]. We use the results of Section 3.2.

Throughout we let T be the (descending) q-valent tree for some fixed q with 2 ≤ q < ∞.

4.1 A descendant-homogeneous graph which is 4-crown free

In this section we construct a countably infinite, descendant-homogeneous, 4-crown free digraph
D whose descendant sets are isomorphic to T . We say that a digraph is 4-crown free if it does
not embed a 4-crown, where a 4-crown is the digraph with vertex set {a, b, c, d} and edge set
{(a, c), (a, d), (b, c), (b, d)}, written also a, b > c, d (where we use the corresponding partial order).

The construction is similar to that in [5]. Our class of digraphs is a subclass of Evans’ class, the
digraphs A in our class satisfy all the conditions (C1, C2 and C3) in Evans’ class, which guarantee
that it has only countably many members up to isomorphism, plus an extra condition, C4. As we
shall see below, the addition of this condition will imply that we must allow identification of vertices
when defining our notion of amalgamation, in contrast to analogous constructions given in [3].

Recall that for a digraph A and vertices x, y ∈ A, we denote by desc(x, y) the intersection of
desc(x) and desc(y).

Definition 4.1 Let C be the class of digraphs A satisfying the following conditions:
C1: for all a ∈ A, desc(a) is isomorphic to T,

C2: A is finitely generated,
C3: for a, b ∈ A the intersection desc(a, b) is finitely generated,
C4: A is 4-crown free.
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Let A be a digraph in C. A subset X of V A is independent if the intersection desc(x, x′) is empty
for all distinct x, x′ ∈ X. So for any two independent subsets X and Y of A of the same size n,
there is an isomorphism from desc(X) to desc(Y ) since desc(X) and desc(Y ) are both the disjoint
union of n copies of T .

The following lemma shows that 4-crowns may be created if we assume C is a disjoint amal-
gamation class (that is, a class where we do not allow identification of vertices when solving an
amalgamation problem).

Lemma 4.2 Let A,B ∈ C, and let X = {xi : i < n} and Y = {yi : i < n} be independent subsets
of A and B respectively of equal size. Let f : desc(X) → desc(Y ) be an isomorphism with xi 7→ yi.
Then the disjoint union C of A and B with desc(X) and desc(Y ) identified by f contains a 4-crown
if and only if there are i, j < n, a ∈ A and b ∈ B with {xi, xj} ⊆ desc1(a) and {yi, yj} ⊆ desc1(b).

Proof. Suppose a 4-crown a, b > c, d embeds into C, and assume that a ∈ A. Since A is 4-crown
free and downwards closed, c, d ∈ A and b ∈ B \ A. Applying the same argument to B, a ∈ A \ B
and c, d ∈ A ∩ B. Since a ∈ A\B, c and d are maximal elements of A ∩ B = desc(X) (= desc(Y )).
So c, d ∈ X and therefore there are i, j < n such that c = xi(= yi) and d = xj (= yj).

It is easy to see that the converse holds.

Theorem 4.3 There is a countably infinite digraph D which is 4-crown free and descendant-homogen-
eous.

Proof. We appeal to Theorem 3.4. The main point therefore is to verify the amalgamation
property for C.

Let A,B ∈ C, and X = {x1, . . . , xn} and Y = {y1, . . . , yn} be independent subsets of A and B
respectively, and let f : desc(X) → desc(Y ) be an isomorphism with f(xi) = yi for i ∈ {1, . . . , n}.
We show by induction on n that there are C ∈ C and embeddings g1 and g2 : A → C, g2 : B → C
such that g1f1 = g2f2 where f1 : desc(X) → A is inclusion and f2 : desc(X) → B equals f . The
idea is to identify desc(X) and desc(Y ) in the amalgamated structure by the map f , but we may
also need to identify some other elements of A and B in order to avoid realizing any 4-crowns.

Let

PXY = {(i, j) | (∃vij ∈ A\X)(∃wij ∈ B\Y )desc1(vij) ⊇ {xi, xj}, desc1(wij) ⊇ {yi, yj}}.

If PXY = ∅ then by Lemma 4.2 there is no need to make further identifications when amalgamating,
and we may just let C be the disjoint union of A and B with desc(X) and desc(Y ) identified by f .
Thus, more formally, g1 is inclusion, and g2 is inclusion on B \ desc(Y ) and f−1 on desc(Y ).

Now suppose that PXY 6= ∅, and let X ′ be obtained from X by replacing each {xi, xj} for
(i, j) ∈ PXY by its common predecessor vij , and let Y ′ be obtained from Y by replacing {yi, yj} by
wij . Since all descendant sets are trees and PXY 6= ∅, |X ′| < |X| and |X ′| = |Y ′|. Let f ′ be the
extension of f to desc(X ′) given by f ′(vij) = wij (for (i, j) ∈ PXY ). Then f ′ is an isomorphism
from desc(X ′) to desc(Y ′) so by induction hypothesis there are C ∈ C and embeddings g1 : A → C,
g2 : B → C such that g1f

′
1 = g2f

′
2 where f ′1 : desc(X ′) → A is inclusion and f ′2 : desc(X ′) → B

equals f ′. Restricting to desc(X) gives us g1f1 = g2f2 as required.

4.1.1 Countably many descendant-homogeneous digraphs

We can use the method above to construct countably many descendant-homogeneous digraphs as
follows.

Let n ≥ 2, and let ∆n be a complete bipartite digraph with parts X and Y of sizes n and 2
respectively, with arcs going from X to Y . Let Cn be the class of digraphs A satisfying conditions
C1, C2, C3 and the following condition:

C4n : A is ∆n-free
Condition C4n says that any pair {x, y} of vertices in A has at most n−1 common predecessors.

Note that C2 = C. Using an argument similar to the one above for C, we can show that the class Cn

is an amalgamation class. Given independent sets X = {x, y} and X ′ = {x′, y′} and an isomorphism
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f : desc(X) → desc(X ′) with f(x) = x′ and f(y) = y′, the idea in this case is to identify vertices wl

and w′
l for l ≤ r, whenever w1, . . . , wr, w

′
1, . . . , w

′
s are a set of distinct vertices with r ≤ s ≤ n − 1

such that desc1(wi) = {x, y} for all i ≤ r and desc1(wj) = {x, y} for all j ≤ s.
The limit D(n) is then a countable descendant-homogeneous ∆n-free digraph. Moreover, D(n)

embeds into D(n + 1) for all n ≥ 2, but D(n) 6∼= D(n + 1) since ∆n embeds in D(n + 1) but not in
D(n).

4.2 Uncountably many weakly descendant-homogeneous digraphs

If we relax descendant-homogeneity to weak descendant-homogeneity, then we can use the method
of [5] to construct 2ℵ0 non-isomorphic examples. We begin by violating closure under finite unions
at the first step in 2ℵ0 ‘essentially different’ ways, and thereafter follow [5]. Once more, let T be a
q-valent rooted tree where 1 < q < ∞.

Theorem 4.4 For any finitely generated digraph A all of whose descendant sets are isomorphic to
T , there is a countable weakly descendant-homogeneous digraph D embedding A.

Proof. We follow the construction as in the proof of Theorem 3.4, forming D as the union of
an increasing chain A = D0 ⊆ D1 ⊆ D2 ⊆ . . . of finitely generated digraphs with descendant sets
isomorphic to T . Since we are not aiming for a particular value of age(D), we only need carry
out ‘tasks’ of the second kind, which for weak descendant-homogeneity amounts to ensuring that
for any isomorphism f from desc(X) to desc(Y ) for finite X, Y ⊆ D, there is an automorphism
agreeing with f on X. (Note that this property is sufficient to guarantee vertex transitivity and
high arc-transitivity since X is not required to be independent, so we do not need to arrange these
separately.) Now there are only countably many values of f restricted to finite X, so only countably
many tasks to perform, though each map must keep on being extended, not just to the next Dn,
but infinitely many times, to ensure that the extension and its inverse are defined on the whole of
D. The best way to do this is to choose for each value of f restricted to finite X, one value of f
which will serve, and keep on extending this.

In view of these remarks, it therefore suffices to show how to extend a single isomorphism f
from some desc(X) to desc(Y ) in Dn to a similar isomorphism g of some desc(X ′) to desc(Y ′) in
Dn+1 such that Dn ⊆ dom g ∩ range g. It suffices to deal with the domain as we can use a similar
argument for the range (by repeating the process with g−1). To do this, let Dn+1 be formed from
Dn by amalgamating two copies of Dn, with desc(X) and desc(Y ) identified by f , and the desired
extension g takes the first copy of Dn to the second.

We now use the method above to construct uncountably many pairwise non-isomorphic weakly
descendant-homogeneous digraphs. The crucial step is the choice of the digraph A that we start
with. Let ∅ be the root of T and label the vertices of T by finite strings on {0, 1, . . . , q − 1} in the
natural way. We let X be the infinite antichain {1, 01, 001, . . . , 00 . . . 01, . . .} consisting of vertices
labelled by any finite string of zeros followed by a single 1.

Theorem 4.5 There are 2ℵ0 pairwise non-isomorphic weakly descendant-homogeneous digraphs
whose descendant sets are all q-valent rooted trees (for some fixed q with 1 < q < ∞) and hav-
ing vertices a, b such that desc(a) ∩ desc (b) is generated by an infinite antichain.

Proof. Let T1 and T2 be copies of the q-valent tree with roots α and β, and let {a0, a1, . . .}
and {b0, b1, . . .} be copies of the infinite antichain X above in T1 and T2 respectively. For any
infinite subsets I = {i0, i1, . . .} and J = {j0, j1, . . .} of {0, 1, 2, . . .}, amalgamate T1 and T2 over⋃

k≥0desc(aik
) and

⋃
k≥0desc(bik

) identifying desc(aik
) and desc(bjk

) for k ≥ 0. Let AI,J be the
resulting 2-generated digraph. Clearly AI,J is finitely generated with all descendant sets isomorphic
to T . Now use the method in the proof of the previous theorem with A := AI,J to construct a
countably infinite, weakly descendant-homogeneous digraph DI,J .

We remark that this construction works by amalgamating infinite antichains just once, and there-
after only amalgamating finite antichains as in [5], which guarantees weak descendant-homogeneity.
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We say that a digraph of this kind exhibits a pair (I, J) of subsets of N if there are incomparable a
and b such that desc(a) ∩ desc(b) is the union

⋃
n∈N desc(tn) of infinitely many disjoint copies of T

where I and J are the sets of levels of tn in desc(a) and desc(b) respectively. Now as any DI,J can
only exhibit countably many pairs (I, J) since it only has countably many 2-element subsets, but
there are 2ℵ0 pairs which can be exhibited in some DI,J , it follows that up to isomorphism there are
2ℵ0 structures of the form DI,J .

4.3 Examples of digraphs with property Z

In the remainder of this section we describe three examples of infinite, descendant-homogeneous,
highly arc-transitive digraphs with finite out-valency, and which have property Z. As stated, these
examples are also connected. We remark that unlike the examples in section 4.1, where by Lemma
3.1 we automatically have connectedness, in this case, there are disconnected examples. Namely in
each case we can just take an arbitrary (finite or countable) union of disjoint copies of the original
digraph, and this will still be descendant-homogeneous. The key difference with the examples in
section 4.1, and the reason that we retain descendant-homogeneity is that now any two points in the
same connected component have intersecting descendant sets. From now on therefore we restrict to
the connected case.

For the digraphs D now considered, and any finitely generated subdigraph A of D, there is a
finite set S ⊆ V D of minimal size such that V A = desc(S), namely the set S = SA of ≤-maximal
elements (and this is clearly an antichain). Note that any isomorphism between finitely generated
subdigraphs A and B clearly takes SA to SB .

4.3.1 Example 1, based on a tree

Let T be an infinite directed regular tree with out-valency 1. We show that T is descendant-
homogeneous. For this, we shall show that any isomorphism f between finitely generated subdigraphs
A and B of T extends to an automorphism. This also suffices to imply vertex transitivity since all
descendant sets are isomorphic (to a single directed path). For any point of T \A there is a unique
directed path of least length to a member of A (provided A is non-empty). Hence T \A may be written
as the disjoint union of asc(a′) as a′ ranges over asc1(a)\A for a ∈ A, and there is a similar expression
for T \B. Furthermore, all these ascendant sets are isomorphic, and as f is an isomorphism, for each
a ∈ A, |asc1(a)∩A| = |asc1(af )∩B| is finite, from which |asc1(a)\A| = |asc1(af )\B| follows (which
may be finite or infinite). For each a we choose a bijection θ from asc1(a) \ A to asc1(af ) \ B and
for each a ∈ A and a′ ∈ asc1(a) \ A we choose an isomorphism from asc(a′) to asc((a′)θ). Patching
all these isomorphisms together provides the desired extension of f to an automorphism of T .

4.3.2 Example 2, based on a stripe

Example 4.9 of [8] gives a family of highly arc-transitive digraphs with 2 ends having property Z.
We now show that these digraphs are descendant-homogeneous.

If D is a digraph with property Z, let ϕ be a homomorphism from D onto Z, and let Vi = ϕ−1(i).
The digraphs Dr in [8] can be described as digraphs with property Z for which the subdigraph
induced on Vi ∪ Vi+1 is a complete bipartite digraph Kr,r, where r ≥ 2 is finite. Below we illustrate
D with r = 2.
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Then D := Dr has no directed cycles, so is partially ordered by ≤. Any antichain under this
partial order is contained in some Vi, and so has cardinality at most r. So for a finitely generated
subgraph A of D, the set SA of maximal elements generating A is contained in some Vi. Now,
since the subdigraphs induced on Vi−1 ∪ Vi and Vi ∪ Vi+1 are isomorphic to Kr,r for all i, any
permutation σ ∈ Sym(r) extends to some g := g(σ) in the automorphism group G of D which fixes
D\Vi pointwise. The fact that any isomorphism between finitely generated subdigraphs of D extends
to an automorphism then follows by considering translations (that is, automorphisms taking Vi to
some Vj), together with automorphisms g(σ) as above. In particular, it follows that D is highly
arc-transitive.

4.3.3 Example 3, a combination of Examples 1 and 2

Finally, we describe an example of a descendant-homogeneous digraph D for which there is a homo-
morphism onto an infinite regular tree with out-valency 1 and in-valency greater than 1. Moreover,
D is highly arc-transitive and the descendant set of a vertex in D is isomorphic to that in digraph
D2 of the previous example.

The construction Start with an infinite directed regular tree T of out-valency 1 and in-valency
ℵ0. Let D have vertex set V T ×N. In other words, V D is obtained from the vertex set V T of T by
replacing each vertex t of T by a copy {t}×N of N. Now for each t in V T , let the 2-element subsets
of N be in 1–1 correspondence with the set asc1

T (t) of in-neighbours of t in T . We define adjacency
in D by letting (ti, c) →D (t, a), (t, b) whenever ti →T t and ti corresponds to the pair {a, b}.
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There is clearly a natural homomorphism from D onto T given by: (t, c) 7−→ t, for all c ∈ N.
Note also, that for t ∈ V T , the set {t} × N is a ∼1-class (where ∼1 is the equivalence relation
defined in section 2.2.3) since all vertices in {t} ×N have the same out-neighbours, namely the pair
{(t′, a), (t′, b)}, where t →T t′ and {a, b} is the (unique) pair of vertices from N corresponding to
t. So the quotient digraph D/ ∼ is isomorphic to T and we shall not distinguish between a vertex
t:= {t} × N in D/ ∼ and the vertex t ∈ T .

Note that by the construction of D we have the following property:

(∗) for any a, b ∈ V D with a →T b, there is a (unique) 2-subset
{b1, b2} of b such that u →D b1, b2 for all u ∈ a.

In particular, for x ∈ V D, desci(x) has size 2 for all i ≥ 1 and the digraph induced on desci(x) ∪
desci+1(x) is complete bipartite. So desc(x) is isomorphic to the descendant set in the digraph D2

described in Example 2.
For t ∈ V T , let Dt be the subdigraph of D on asc({t}×N). In other words, Dt is the subdigraph

on all vertices w in D for which there is a directed path in D from w to some vertex in {t} × N.
Note that for t ∈ T and t1, t2 distinct vertices in asc1

T (t), Dt1 and Dt2 are disjoint.

Theorem 4.6 The digraph D is descendant-homogeneous.
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Proof. We follow the similar proof for T . Since by the above remarks, all descendant sets
are isomorphic, it suffices to show that any finite partial isomorphism f : A → B extends to an
automorphism f ′.

Now A is finitely generated, and each descendant set has all maximal antichains of size ≤ 2,
hence for each a ∈ A, (a)∼ \ A is infinite, and similarly, so is (af )∼ \ B. Let fa be a bijection
from (a)∼ \ A to (af )∼ \ B, and for a′ ∈ (a)∼ \ A let (a′)f ′ = (a′)fa . If a′′ ∈ desc1(a′) for such
an a′, then a′′ ∈ desc1(a), so a′′ ∈ dom f . Hence (a′′)f ∈ desc1(af ), and as (a′)f ′ ∼ af , also
(a′′)f ∈ desc1((a′)f ′) so f ′ preserves the ‘new’ edges. Let A∗ =

⋃
{(a)∼ : a ∈ A}. Note that A∗ is

still descendant closed (though no longer finitely generated).
For any x ∈ D \ A∗, there is a minimal length directed path from x to a member of A∗, and if

y is the last member of this path not in A∗, then by construction, for some distinct a1, a2 ∈ A∗,
desc1(y) = {a1, a2} and y ∈ desc(x). Since y 6∈ A∗, and A∗ is a union of ∼-classes, (y)∼ ∩ A∗ = ∅.
By construction, it is immediate that the digraphs Dt are all isomorphic, and as asc((y)∼) =
asc(a1)∩asc(a2) we deduce that asc(a1)∩asc(a2) and asc(af ′

1 )∩asc(af ′

2 ) are isomorphic. For each pair
which arises in this way (meaning that a1 ∼ a2, a1 6= a2, a1, a2 ∈ A∗ but asc(a1)∩asc(a2)∩A∗ = ∅)
choose an isomorphism from asc(a1) ∩ asc(a2) to asc(af ′

1 ) ∩ asc(af ′

2 ). The above discussion shows
that D \ A∗ is the disjoint union of the sets of this form, and similarly D \ (A∗)f ′ is the disjoint
union of the sets of the form asc(af ′

1 ) ∩ asc(af ′

2 ), so we obtain a suitable f ′ on the whole of D by
patching all the individual isomorphisms.

Note that in the construction of D we could have considered a 1–1 correspondence between the k-
element subsets of N and the set asc1

T (t) of in-neighbours of t in T , for any integer k ≥ 1. Then define
in D by: if ti →T t and ti corresponds to the k-element subset {a1, . . . , ak} then (ti, c) →D (t, al) for
all l ∈ {1, . . . , k} and for all c ∈ N. So for each k ≥ 1 we obtain a descendant-homogeneous digraph
D(k) which is highly arc-transitive. In particular, D(1) ∼= T .

Moreover, we can similarly construct examples D which are locally finite as follows. Let k ≤ n
be positive integers. Start with an infinite directed regular tree T of out-valency 1 and in-valency(

n
k

)
. Let D have vertex set V T × {0, 1, . . . , n − 1}. Now for each t in V T , let the k-element

subsets of {0, 1, . . . , n− 1} be in 1–1 correspondence with the set asc1
T (t) of in-neighbours of t in T ,

and let (ti, c) →D (t, al) for all l ∈ {0, 1, . . . , k − 1} and for all c ∈ N if t′ →T t and t′ corresponds
to the k-element subset {a0, a1, . . . , ak−1}.

5 Further examples: digraphs with directed cycles

In [8] the authors describe a family of locally-finite digraphs T (r) which embed a directed cycle of
length 3. For r ∈ N, let T (r) denote the digraph which is obtained by taking the Cayley graph
corresponding to the group presentation

〈
a1, . . . , ar | a3

i = 1 for i = 1, . . . , r
〉
. We illustrate part of

T (r) below with r = 3.
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It is easy to verify that these digraphs are vertex- and arc-transitive. However, for r ≥ 2, T (r) is
not 2-arc transitive since there is no automorphism taking a 2-arc (x0, x1, x2) with x2, x0 an edge,
to a 2-arc (y0, y1, y2) with y2, y0 a non-edge.

A digraph is said to be strongly connected if for any x, y ∈ V D, there is an s-arc starting at
x and ending at y, for some s ≥ 0. We note that T (r) is strongly connected. This follows from
the fact that the underlying graph of T (r) is connected, and each oriented copy −→K3 in T (r) of the
complete graph K3 on 3 points, is strongly connected (so that if the path from x to y has any edge
in the ‘wrong’ direction, we choose the other path round K3). It follows from this that a subset of
incomparable elements in T (r) has size at most 1, and therefore T (r) is descendant-homogeneous
(since it is vertex-transitive).

More generally, any strongly connected digraph which is vertex-transitive, is descendant-homogeneous.
For if A is a finitely generated digraph of D, then A = desc(a) for some a ∈ V D (this is in fact
the whole digraph D since D is strongly connected), so descendant-homogeneity then follows from
vertex-transitivity. This gives the following.

Lemma 5.1 A strongly connected, vertex-transitive digraph is descendant-homogeneous.

We now aim to describe further examples of descendant-homogeneous digraphs which are strongly
connected. Our examples are a generalization of the examples from [8] described above. Throughout
we use Kn to denote the complete graph on n vertices.

Given m,n ∈ (N\{0}) ∪ {ℵ0} we shall construct a descendant-homogeneous digraph Tm(−→Kn)
which embeds a directed cycle of length n. Similarly to the digraphs T (r), the digraphs Tm(−→Kn) are
strongly connected and their underlying graph is isomorphic to some infinite locally-finite distance
transitive graph. The infinite locally-finite distance transitive graphs were classified by Macpherson
in [10], and can be visualized as a union of copies of the complete graph Kn where the copies are
glued together in a tree-like way, as we shall recall below. The first step of the construction of
Tm(−→Kn) is to define an orientation of Kn to obtain a strongly connected digraph −→Kn. We then show
how we use −→Kn to obtain Tm(−→Kn).

5.1 The locally finite distance transitive digraphs

Given m,n ∈ (N\{0}) ∪ {ℵ0}, with m ≥ 2, we construct a graph Tm(Kn). First consider the
semiregular tree Tm,n, where all vertices in one bipartite block have valency m and all those in the
other have valency n. Now define Tm(Kn) to be the graph with vertex set the bipartite block of
Tm,n consisting of vertices with valency m, with two vertices adjancent in Tm(Kn) if their distance
in the tree Tm,n is 2. All infinite locally-finite distance transitive digraphs are of this form with m,n
finite (see [10]). Each vertex in Tm(Kn) belongs to exactly m copies of the complete graph Kn in
Tm(Kn), and any two copies of Kn intersect in exactly one vertex.

5.2 The digraphs
−→
Kn

Our aim here is to define an orientation of the edges of Kn for n ≥ 3 to obtain a strongly connected
digraph −→Kn. Note that if we also require that −→Kn is vertex-transitive, then all vertices must have
same out-valency d, and it follows that nd = 1

2n(n−1). This equality has a solution if and only if n is
odd. As we shall see in the next step, although in the even case one cannot obtain a vertex-transitive
digraph −→Kn, it is still possible to find an orientation of Kn such that −→Kn is strongly connected and
with the corresponding digraph Tm(−→Kn) vertex-transitive. The definition is as follows.

Let −→Kn be the digraph with vertex set {0, 1, . . . , n−1} and edges (i, j) where i < j and j− i ≤ n
2

or j < i and i− j > n
2 .

Note that the second part of the definition can be rephrased as saying that j < i and n+j−i < n
2 ,

so that the value of j − i modulo n is required to be less than n
2 . Thus if n is odd, we never have

j − i = n
2 in the definition, and so the mapping taking i to i + 1 modulo n is an automorphism

of −→Kn, which is therefore vertex transitive. For n even, we follow the same method, except for
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points which are n
2 apart, where the choice of direction is essentially arbitrary. In both cases −→Kn

is strongly connected in view of the presence of the edges (0, 1), (1, 2), . . . , (n− 2, n− 1), (n− 1, 0).
This is illustrated for n = 4 in the diagram.

r
6
r r-

r?��
�

�
�

�
��

@
@

@
@

@
@I

For n odd, all vertices in −→Kn have in-valency and out-valency equal to (n− 1)/2, but for n even,
the vertices 0, . . . , n/2−1, which we call type 1 vertices have out-valency n/2 and in-valency n/2−1,
and the vertices n/2, . . . , n− 1 (type 2 vertices) have out-valency n/2− 1 and in-valency n/2. The
construction which follows is a little easier in the odd case since then −→Kn is already vertex transitive,
but a slightly more complicated method works in the even case too.

5.3 The strongly connected digraphs Tm(
−→
Kn)

Let m,n ∈ (N\{0}) ∪ {ℵ0}, with m ≥ 2 and n ≥ 3. We consider separately the cases when n is odd
and even.

For n odd, the digraph Tm(−→Kn) is obtained from the locally finite graph Tm(Kn) by replacing
each copy of Kn by the corresponding digraph −→Kn defined above. Since both Tm(Kn) and −→Kn are
vertex-transitive, it follows that Tm(−→Kn) is vertex-transitive. Moreover, since a vertex x in Tm(Kn)
belongs to m copies of Kn, with any two copies of Kn intersecting in exactly one vertex, and the
out-valency (in-valency respectively) of −→Kn is equal to (n − 1)/2, it follows that the out-valency
(in-valency respectively) of Tm(−→Kn) equals m× (n− 1)/2.

Now let n be even, and let n1, n2 ≥ 1 be integers with n1 +n2 = m. Let x be a vertex in Tm(Kn),
which by construction lies in exactly m copies of Kn. We replace each of these m copies of Kn by
the corresponding digraph −→Kn in such a way that in Tm(−→Kn) the vertex x is a vertex of type 1 with
respect to n1 of the copies of −→Kn, and x is a vertex of type 2 with respect to the other n2 copies of−→
Kn. It then follows from the construction that Tm(−→Kn) is vertex-transitive with out-valency and
in-valency equal to m× n/2− 1. We illustrate part of T2(

−→
K4) below.
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The digraphs Tm(−→Kn) are strongly connected since Tm(Kn) is connected and each −→Kn is strongly

20



connected. It then follows from Lemma 5.1 that Tm(−→Kn) is descendant-homogeneous. Hence we
have a constructed a family of descendant-homogeneous digraphs which embed finite directed cycles.

6 Final remarks

We conclude with two remarks. First, the families of descendant-homogeneous digraphs and of highly
arc-transitive digraphs do not lie naturally in each other. The examples in the previous section are
descendant-homogeneous but not highly arc-transitive, while an infinite, directed, regular tree T
of out-valency greater than 1 is highly arc-transitive but not descendant-homogeneous since its
descendant set is a rooted tree and T has property Z (see Section 3).

We can weaken our notion of descendant-homogeneity as follows. We work with digraphs D
for which the relation ≤ defined by: a ≤ b if a ∈ desc(b) is a partial order on V D, and we say
that a finitely generated subset A is n-generated if its set SA of maximal elements has cardinality
n. A digraph D is then said to be descendant n-homogeneous if any isomorphism between k-
generated subdigraphs extends to an automorphism, for all k ≤ n. For an example of a digraph
which is descendant 1-homogeneous but not descendant 2-homogeneous we may consider the digraph
constructed in [6] in which the descendant sets are binary trees (we do not know whether this
argument applies more generally). For let T be a binary tree with root α and let x, y be the vertices
in the first level desc1(α) of T , and let z be a vertex in the second level desc2(α) which does not lie
in the descendant set of x. If D was descendant 2-homogeneous, there should be a automorphism
g of D fixing x and taking y to z (and hence desc(y) to desc(z)) since the descendant sets of {x, y}
and {x, z} are the disjoint unions of two copies of T and hence isomorphic. Then αg 6= α and
desc(αg)\desc(α) is finite (and indeed just the vertex αg). But this contradicts condition C2 on the
amalgamation class C (of finitely generated digraphs) used to construct D. A natural question is
whether for some n > 1 there are digraphs which are descendant n-homogeneous but not descendant
(n + 1)-homogeneous.
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