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1 Preliminaries

1.1 Topology

Definition 1 A topological space is a pair (X,7) where X is a set and
7 ={U, € X : a € A} is a family of subsets of X, called open sets
satisfying the properties

(a) XeT,0eT

(b) For any subset A" C A, U U,eT

acA’

(¢) For any finite subset A’ C A, ﬂ U, eT.

acA’
A set V C X is closed if X\V is open. O

It is customary to denote the topological space by just X, rather than
(X, T), the family 7 being understood.

Example 2 The usual topology on R is defined as follows: a set U C R
is open if for each x € U there exists € > 0 such that (z — e,z +¢) CU.

Definition 3 A map f: X — Y between topological spaces is continuous
if for every open set U C Y, f~1(U) C X is open. O

Definition 4 A sequence y : N — X converges to a limit © € X if for every
open set U containing x there exists m € N such that n > m =z, € U. O



Definition 5 A map f: X — Y is a homeomorphism if it is bijective and
bicontinuous (both f and f~! are continuous). Spaces X and Y are said to
be homeomorphic if there exists a homeomorphism between them. Note
that homeomorphism is an equivalence relation on the class of topological
spaces. O

Definition 6 X is Hausdorff if given any distinct pair x1, zo € X, there
exist open sets Uy, U, such that 1 € Uy, 2o € Uy and Uy N U, = (. O

The Hausdorff property is essential to guarantee that convergent se-
quences in X have a unique limit. Non-Hausdorff spaces are rather bizarre,
and will not be of much interest to us.

Definition 7 Any nonempty subset Y of a topological space X inherits a
natural topology called the relative topology: B

A subset U C Y is defined to be open if there exists an open set U C X such
that UNY =U. O

Definition 8 The cartesian product X xY of two topological spaces inherits
a natural topology called the product topology:

A subset U C X x Y is open if V(z,y) € U there exist open sets U; C X and
U, C Y, containing x and y respectively, such that U; x Uy, C U. O

In practice, most of the spaces we consider will be constructed from R
with its usual topology, in conjunction with definitions 7, 8 and 15 (see
below). It is easy to show that any subset of a Hausdorff space is Hausdorff
(when equipped with the relative topology), as is the product of any pair of
Hausdorff spaces (equipped with the product topology).

Definition 9 X is connected if there does not exist a pair of nonempty
open subsets X; and X5 such that X = X; U X5 (that is, X = X; U X5 and
XiNnXy,=0). O

Definition 10 X is path connected if given any pair xy,x5 € X there
exists a continuous map f : [0,1] — X such that f(0) = z; and f(1) = x
(that is, a continuous path connecting the pair of points). O

Example 11 R is both connected and path connected, as is any interval in
R.

Example 12 The rationals Q C R, given the relative topology, are neither
connected (e.g. Q = [Q N (—o0,v/2)] LU [Q N (v/2,00)]) nor path connected
(intermediate value theorem).



Theorem 13 Fuvery path connected space is connected.

Proof: Assume, to the contrary, that X is path connected, but not con-
nected. Then there exist disjoint nonempty open sets X;, Xy such that
X = XiUX, Let 1 € X; and x5 € X5. Since X is path connected,
there exists continuous f : [0,1] — X such that f(0) = z; and f(1) = .
Hence both f~!'(X;) and f~!(X,) are nonempty subsets of [0,1] and, by
continuity of f, both are open. But

XU (X)) = XU X,) = f71(X) =0,1]

and

SHX) N (X)) = XN Xy) = f7H(0) =0,

so [0, 1] is the disjoint union of nonempty open sets. But [0, 1] is connected,
a contradiction. O

We will see later that, for manifolds, the converse is true. In general
however connectedness does not imply path connectedness.

Counterexample 14 The union {(z,sin(1/z)) : 2 > 0}U{(z,0) : 2 <0} C
R2, equipped with the relative topology, is connected but not path connected.

Definition 15 Given an equivalence relation ~ on a topological space X, the
quotient set X/ ~ inherits a natural topology called the quotient topology:
A subset U C X/ ~ is defined to be open if 771 (U) C X is open in X, where
7m: X — X/ ~ is the projection map m(x) = [z].

Note that 7 is continuous by definition when X/ ~ is equipped with the
quotient topology. O

Exercise 16 Check that definition 15 really does define a topology on X/ ~,
that is, the family of open sets defined above really does satisfy the axioms
of definition 1.



Warning! Quotient spaces can be rather nasty. Unlike the relative and
product topologies, the quotient topology does not necessarily preserve the
Hausdorff property, that is X/ ~ might not be Hausdorff even if X is.

Counterexample 17 Let X = R and ~ be the equivalence relation
x~y < dn € Zsuch that x =2"y.

For any € > 0 and any z # 0, the interval (—¢,€) contains 2"x for some n.
Hence, the only open set in X/ ~ containing [0] = {0} is X/ ~ itself! This
certainly is not Hausdorff.

Definition 18 X is compact if every open cover (family of open sets {U, :
a € A} such that |, ., U, = X) has a finite subcover. O

acA Yo

Definition 19 A distance function on a set X is a mapping d : X x X —
[0,00) which for all z,y, 2z € X satisfies

(a) d(z,y) = d(y,z)
(b) d(z,y) =0 if and only if x =y
(c) d(z,2) < d(z,y)+d(y, 2).

One refers to d(z,y) as the distance between the points x and y. O

Definition 20 A set X equipped with a distance function d inherits a nat-
ural topology called the metric topology:

A subset U is defined to be open if for every x € U there exists » > 0 such
that B,(x) C U, where B,(z) := {y € X : d(z,y) < r} is the open ball of
radius 7.

The resulting toplogical space is called a metric space. O

Example 21 Natural topologies on R" arise by

(a) Considering it to be a cartesian product of n copies of “usual” R,
endowed with the product topology.

(b) Equipping it with the metric topology arising from the distance func-
tion

In fact these two topologies are identical. Note that the usual topology on
R itself is the metric topology with respect to d(z,y) = |z — y].



1.2 Calculus in R”

Throughout this section U, V, W will denote open subsets of R” R" R? re-
spectively. The euclidean norm on R™ will be denoted || - ||, that is for all
r e R,

]l ==

Definition 22 f : U — V is differentiable at a € U if there exists a linear
map df, : R™ — R" such that

1f(a+ h) = f(a) = dfah|ln = o([|l]m).
The map df,, if it exists, is unique and called the differential of f at a. O

Being a linear map R™ — R", df, may be represented by a n x m matrix,
called the Jacobian matrix J, once bases for R™ and R™ are chosen. Let
these bases be {e; :i =1,2,...,m} and {e, : @« = 1,2,...n}. Then, writing
a general point z in U as

r=2'e

(the sum over the repeated index ¢ from 1 to m being understood) and
decomposing f with respect to the basis in V/,

flz) = o', 2%, ... 2™)e,

(the sum over the repeated index « from 1 to n also being understood), one
finds that the ((,7) component of the Jacobian matrix (f = row and j =
column) is

g o

iT g
oxd |,_,

Note that this is the first instance where we have used Einstein’s' summa-
tion convention: when dealing with expressions containing components of
vectors and matrices with respect to given bases, we always assume that a
twice repeated index is summed over. In fact, we will only sum over repeated
indices if one is “upstairs” and one “downstairs,” although the reason for this
subtlety will not be apparent for some time.

The following lemma is very useful in practical calculations.

Lemma 23 f:U — V is differentiable at a € U if and only if every partial
derivative Of* /0" exists and is continuous at a. O

LOr Einstein’s wife’s, according to some revisionist historians of science.



Note that continuity of the partial derivatives is essential to guarantee dif-
ferentiability. Existence is not enough.

Counterexample 24 The function f : R? — R defined by

x, = L, T, 0,0
fz,y) NGERT: (z,y) # (0,0)

f(0,0) = 0

is not differentiable at (0,0). Both partial derivatives (with respect to x and
y) exist at (0,0) however.

Definition 25 f: U — V is k times continuously differentiable (is of class
Ck where k € Z1) if all partial derivatives of f up to and including order k
exist and are continuous. O

Definition 26 f:U — V is smooth (of class C™) if it is C* for all k € Z.
O

Definition 27 f: U — V is a diffeomorphism if f is bijective and both
f and f~! are smooth. O

Of course, not every smooth bijection is a diffeomorphism.

Counterexample 28 f :z — 23 is a smooth bijection from R to itself, but
not a diffeomorphism since f~! is not smooth at 0.

Lemma 29 (Chain Rule) If f: U — V is differentiable at a and g : V —
W is differentiable at f(a) then g o f is differentiable at a, and

d(gO f)a = dgf(a) ° dfa

Theorem 30 (Inverse Function Theorem) If f:U —V (m=n) is Ck
and df, : R™ — R" is injective, then there exist open sets U,V containing a
and f(a) respectively, such that f|g is invertible and f~|¢ is C*.



2 Smooth Manifolds

2.1 Definitions

Idea: if we can break a topological space X into pieces, each homeomorphic
to an open set in R"™, we can use the homeomorphisms to transfer ordinary
calculus onto X. If this is to be well-defined we need “agreement” on over-
lapping pieces, i.e. need the transitions from piece to piece to be smooth.

R'ﬂ

¢ loy

Smooth

Figure 1: Two overlapping coordinate charts on U,V C X

Definition 31 An atlas on a Hausdorff space M consists of
(a) An open covering {U; : i € I} of M
(b) For each i a homeomorphism ¢; : U; — 2;, an open set in R"
(¢) For any i,j € I such that U; N U; # (), the function
¢jo ¢y (UiNU;) — ¢;(UiNT;)
is smooth (ie. C'*). O
Notes

(i) Each pair (U;, ¢;) is called a coordinate chart and defines local coordi-
nates on M, usually denoted x* or 3, etc. where i € Z™.



Figure 2: Local coordinates around p

(i) Functions 7;; = ¢; 0 ¢; ' are called transition functions. One cannot
put direct smoothness requirements on the ¢;, but we can on

Open set Open set
Tii . — . )
/ in R» in R

(iii) From the definition, 7;; is bijective and 7;; = TZ»;I must be smooth.

Hence each 7;; : ¢;(U; NU;) — ¢;(U; NU;) is a diffeomorphism.

(iv) If M is connected, each ¢; must inject into the same Euclidean space
R™ (# a diffeomorphism between open sets U — V where U,V are
open subsets of R™, R™ respectively with n # m). In this case, n is, by
definition, the dimension of the manifold.

Definition 32 Two atlases {(U;,¢;) : ¢ € I} and {(V},¢;) : j € J} on M
are said to be equivalent if their union is also an atlas for M. O

Exercise 33 Check this is really an equivalence relation.

Definition 34 A differentiable structure on M is an equivalence class of
atlases on M. M together with a differentiable structure is called a smooth
manifold. a

Notes

(i) In order to define a smooth manifold, all we need to do is define one
atlas on a Hausdorff space. Given two different atlases on M they may
or may not be equivalent, i.e. may or may not define the same manifold.

(ii) One can make other requirements on the transition functions 7;; =
¢; o ¢;1 rather than smoothness, e.g.



none — then 7;; are C° automatically = “topological manifold”

C* for k < oo = C* manifold

Real analytic = analytic manifold

If n is even, n = 2m then R” = C™ and we can demand that 7;;
are holomorphic = complex manifold.

The first two of these conditions are weaker than smoothness, while the
final two are stronger. By far the most interesting of these variants is
the final one (complex manifolds).

2.2 First Examples

Example 35 Any open subset U of R", with the usual topology, is trivially
a smooth manifold. We can define an atlas consisting of a single chart, namely
(U,1d) (Id is clearly a homeomorphism). Clearly all transition functions are
smooth (there are none!).

This is not the only possible differentiable structure on R", as we shall
see.

Example 36 The sphere S C R"™! (with the relative topology)
St={reR"™ :xi+ai+- 42>, =1}

We can cover this with two charts Uy = 8™\ {(0,0,...,£1)} with homeo-

morphisms
X
L1, Lo, ..., Ty L =——— ¢ R".
¢i( 1,42, s bny n+1) 1:Fxn+1
X

In this case the overlap is Uy NU_ = S™\ {(0,0,...,£1)}.

X
P=0¢4(x1,. .., Tn1) = R
pf? = |x|? _ 1—a2 4 _ 1+ 20
(1 - xn+1)2 (1 - xn+1)2 1— Tni1
pI> -1
= T =
T pP+1
2
=X = L
Ip[*+1



Equatorial
Hyperplane

Ln+1
0,0,...,1)

Figure 3: Projection from the “north pole”

_ 2p  |p|*—1

1

= =

7+ (p) (!p!2+1’ Ipl?+1
—_—— ——

X Tn+1
Now,
- 2p)/(lpP+1) p
T+(p) = (¢-o ¢+1)(p) = 2 =13
m pl° -1 p|
pl*+1
Clearly this is smooth on ¢ (Uy NU_) =R"\ {0}.
Finally,
> p p/|p|*
* “\Ip?/)  Ipl/Ipl*
te. 7'3+ =ld= 7, = 7'__41_ =Ty
so both transition functions are smooth. O

Example 37 Any topological space X homeomorphic to a smooth mani-
fold M (ie. to a space possessing a differentiable structure) can be given the
structure of a smooth manifold by carrying an atlas on M to X using the
homeomorphism. For example, let X be the unit square in R?. Then radial
projection m : X — S! is a homeomorphism (see picture).

St has “stereographic atlas” {UL, ¢4 } so we can define an atlas {(7~1(UL), ¢r0
m)} on the square X.

Ty =¢yomo(p_om) =, 0¢”!

_ ~1 ¢—smooth by Example 36.
u=¢o7ro<¢+ow)1=¢>o¢+1} ¥ AP

10



X = square

Figure 4: Radial projection of a square onto S!

Another example: an infinite cone in R? can be identified homeomorphically
with the plane R? by vertical projection (see picture).

Figure 5: Vertical projection of a cone onto the plane

2.3 Connectedness

Recall that for any topological space X:
X path connected = X connected.

For manifolds, the converse is true too:

11



Theorem 38 FEvery connected manifold M is path connected.

Proof: Define an equivalence relation ~ on M:

there exists a continuous map

f:00,1] = M st. f(0) =2 and f(1) =y

(i.e. x ~ y iff = is path connected to y). M/ ~ is a partition of M. We will
show that each [z] € M/ ~ is open in M.

Let y € [z] and (U, ¢) be a chart containing y. Since ¢(U) is open in R",
there exists € > 0 such that B:(¢(y)) C ¢(U).

T~y

Figure 6: The open neighbourhood of y € [z]

Clearly z ~ y for every z € ¢ (B.(é(y))) = 2 ~ z, since we can connect
y to z by the image under ¢! of a radial arc in ¢(U). Hence [z] contains the
open set z € ¢~ H(B.(é(y))) € M. But such an open set can be contructed
at each y € [z], so [z] is a uniion of open sets, hence itself open. Thus M/ ~
is an open partition of M, which must be trivial (i.e. M/ ~= {M}) since
M is connected. Since [x] = M, we conclude that all points in M are path
connected. O

2.4 Orientation

An orientation of R™ is defined by choosing an ordered basis (e;) = (e1, ..., €n)
for R™. Any other ordered basis, (€;) say, must be related to (e;) by an in-
vertible matrix L:

Ei = eijZ-.
The set of such matrices is
GL(n,R) = {n x nreal-valued matrices with det # 0}
open 2
RTL

12



since we may identify the matrix with the ordered n?-tuple consisting of its
entries, and det : R” — R is continuous. Hence GL(n,R) has a canonical
differentiable structure (use matrix components sz- € R™ as local coordi-
nates). Clearly GL(n,R) is not connected:

GL(n,R) =G, UG_ =det '(0,00) LUdet ~*(—o0,0).

We say that (€;) defines the same orientation as (e;) if det L > 0. Why? Then
L € G4 = L path connected to I, = there exists a continuous deformation
of (€;) into (e;) through bases.

Loosely speaking, a smooth manifold M is orientable if the local orienta-
tions on it defined by the charts can be “stitched together” consistently.

Definition 39 An atlas A = {(U;,¢;) : @ € I} on a manifold M is an
orientation atlas if the Jacobians of all transition functions have positive
determinant. Two orientation atlases A;, A,, are equivalent if A; UA, is an
orientation atlas. An orientation on M is an equivalence class of orientation
atlases. A manifold M is orientable if it (i.e. its differentiable structure)
possesses an orientation atlas.

Note: Even if M is orientable, not very atlas will be an orientation atlas.

Example 40 The manifold S™, as defined in Example 36, is orientable, al-
though the stereographic atlas we defined there is not an orientation atlas :

Tn41

Figure 7: Stereographic projections of a point in S™ from the North and
South poles.

13



Recall the transition function

7ot RUA{0} —R"\ {0}

was p P
p|?
The Jacobian of 7 =7, _ is
ort  ort ort
gfz gfz g?j; Ipl* — 2p7 “2pip2 o =2
J(p): 3—])1 8—1)2 a—p” _ —2p1po |p| —2p5 - —2papn
g o o “opipe 2w - [pP— 22
ap' o opn

Since R™ \ {0} is connected and J must be invertible (because 7,_ is a
diffeomorphism) it suffices to check det J(p) at just one point, e.g. py =
(1,0,...,0)

-1 0 0 O
01 --- 0

det J(po) = L <0
00 --- 1

We can obtain an orientation atlas by composing ¢_, say, with any lin-
ear map L : R" — R" with negative determinant, e.g. L(p1,p2,...,pn) =

(—p1,p2,-.-,pn). Then

~ X
G+ (21, T2, . T, Tpg1) = R (= ¢+(X, ny1))
SN——— - 4n
X
~ (—ZL’l [EQIE3...ZE)
¢—(x17$27”‘7xn7xn+1) - 71_;_1_7:—1_1 . .
X
[Exercise : check this is an orientation atlas.] O

Theorem 41 A connected orientable manifold M has precisely two orienta-
tions.

Proof: Let A = {(U;,¢;) : © € I} be an orientation atlas. Then A" =
{(Ui, Lo ¢;) : i € I} (L as in Example 40 above) is another orientation
atlas on M. Since A U A’ is clearly not an orientation atlas (transition
function (L o ¢;) o ¢; ' has Jacobian L), M has at least two orientations.

14



Let A = {(V;,1;) : 5 € J} be another orientation atlas on M and define
M,,M_C M by

3 charts (U;, ¢;), (V;, ;) containing p
such that det(d[¢; o ¢;'],) >0

3 charts (U;, ¢;), (V;, ;) containing p
such that det(d[¢; o ¥;'],) <0

pe M,
pe M-

Now, My UM_ = M because det[d(¢potp~1),] # 0 for all overlapping charts,
and M, N M_ = () because if det[d(¢; o ¥;"),] > 0 and det[d(¢y 01, ")) <0
then, via the chain rule,

det[d(; o vy '),)

det[d(d; o1 ) o (0t ) o (dr oty ), ]
= det[d(¢i oy ")y 0 d(wy o )y 0 d(gn o),
= det[d(¢; 0 ¢ "),] = D xDxO <O,

which contradicts the assumption that A is an orientation atlas. So M LIM_.
Clearly M, is open in M (by continuity of det), as is M_. But M is con-
nected, so either M_ = () (in which case A ~ A) or M, = () (in which case
A~ A). O

Example 42 (A non-orientable manifold) Let X = R""'{0} and define
an equivalence relation, ~, on X by z ~ 2’ < 3\ € R\{0} such that 2’ = Az.
Then X/ ~ is the space of undirected straight lines through 0 in R*™!. We
call this space, with the quotient topology, RP"™. One can equip RP"™ with
an atlas (hence a differentiable structure) as follows.

Define open sets

Ui ={[z] e RP" : z; # 0} fori=1,2,...,n

You should convince yourself these are open according to definition 15. Define
homeomorphisms ¢; : U; — R" by

xr1 To Ti—1 Tit1 LTn+1
d)i([x]):(——..., Gt ”*)

) )

For example, U; consists of all lines through the origin which do not lie in
the hyperplane z; = 0, and ¢;([z]) can be identified with the intersection
point of line [z] with the plane z; = 1.

FEzercise: check that all the transition functions 7;; are smooth. Show that
RP? is not orientable. (In fact RP™ is orientable if and only if n is odd.)

15



Exercise 43 Let M, N be smooth manifolds. Show that M x N (with the
product topology) inherits a canonical differentiable structure. Show that
this product manifold is orientable if M and N are.

Example 44 It follows immediately that
(a) the n-torus T" = S' x S' x --. x S and

(.

Vv
n times

(b) the cylinder R x S*,

are orientable manifolds.

2.5 Calculus on Smooth Manifolds

Definition 45 A map f : M — N between smooth manifolds is smooth
at a point p € M if there exist charts (U, ¢) and (V,4) containing p and
f(p) respectively, such that f(U) C V and the map

o fog i o(U) — (V)
is smooth at ¢(p) (in the sense of section 1.2). (see Figure 8)

=

6 v

o(U) W(V)

Figure 8: Smooth map

Note: Definition 45 would be useless if it depended on which charts (U, ¢),
(V,4) are chosen. Luckily it doesn’t.

Let ((7, g), (17, J) be alternative charts. Then

bofodt=Woyo(ofop)o(pog )
o /

diffeomorphisms of open sets
in R™, R™ respectively

16



= Jo fo 5_1 is smooth at ¢(p) < 1o f o ¢! is smooth at ¢(p).

Definition 46 f : M — N is smooth (f € C*(M, N) if it is smooth at
every p € M. In particular, one writes C*°(M) for C*°(M,R). A bijection
f: M — N is a diffeomorphism if both f and f~! are smooth.

Diffeomorphism is the natural notion of equivalence in the class of smooth
manifolds, just as homeomorphism is for topological spaces.

Example 47 We may define (infinitely many) inequivalent atlases on R,
hence infinitely many different differentiable structures. However, they are
all diffeomorphic. For example, Rgandara has atlas {(R,Id)}. We could define
Rtue to have atlas {(R, ¢)} where ¢(p) = p®. Rytandara and Reye are not the
same manifold since {(R,1d), (R, ¢)} is not an atlas:

(Ido ¢ () = Id(x%) — 23 is not smooth.
Nevertheless, they are diffeomorphic. Here’s a diffeomorphism:
f Reke = Retandara, [ 10— P’
In local coordinates, this map is
(o fo ™) (a) = (Ido f)(xs) = 1d(x) =z

which is clearly smooth, with smooth inverse. So Rgiangara and Rgye are
different but equivalent smooth manifolds. O

Bizarre Fact 48 Every R" has precisely one differentiable structure up to
diffeomorphism, except R*, which has uncountably infinitely many inequiva-
lent differentiable structures!

17



3 The Tangent Bundle

3.1 Tangent Space T,M

Tangent vectors to a smooth surface X C R™ at p € X are easy to define:
they are the velocity vectors of curves in X passing through p, that is

0

Figure 9: Defining a tangent vector to a smooth surface in R".

This definition relies on the linearity of the ambient space R"™, and does
not generalize directly to abstract smooth manifolds:

c(h) — ¢(0)
h

what does lim mean 7

h—0

Definition 49 A smooth curve through a point p € M is a smooth map
¢: I — M where [ is an open interval in R containing 0 and ¢(0) =p. O

Given any chart (U, ¢) around p,
pocil— o(U)C R
has a well defined derivative (“velocity vector”) at 0: (¢ o ¢)'(0) € R™.

Definition 50 Two curves ¢y, co through p are said to be equivalent, ¢; ~ c¢s,
if there exists a chart (U, ¢) around p such that

(¢0c1)'(0) = (¢0c2)(0) O
Crucial point: it doesn’t matter which chart one chooses to check equiv-
alence. Let (V,4) be another chart around p. Then

(¥oc)(0) =((Yog™)o(doc))(0)
=d(Yo ¢ ")ym o (doe)(0) (Chain rule)

= (P 0c1)'(0) = (o) (0) & (¢oci)(0) = (¢oec)(0)

18



Definition 51 A tangent vector at p is an equivalence class [¢] of curves
through p. The set of all such equivalence classes is called the tangent
space, T,M. Given a tangent vector v any curve in v is called a generating
curve of v. O

To justify the names “vector” and “space” we must equip 7,M with
a canonical linear structure over R, i.e. we will make 7,M a vector space
isomorphic to R™ (m = dim M).

Definition 52 Given a chart (U, ¢) around p, define
VGC(U@) . TpM — Rm, VGC(U@)([C]) = (qb o C)/(O) . O

Vecy,¢) is a bijection: it is injective by definition of ~. It is surjective since,
for any v € R™, let ¢(t) = ¢ (x, + vt) where x, = ¢(p) € R™. Then
Vecw,g) ([c]) = v by definition. Therefore, one can use Vec(yg) to transfer
the linear structure of R™ to T,,M.

ie. ale] + fle) = Vec(_Ul’(z))(@Vec(U@ ([e1]) + BVecw,g)([e2]))

But this only makes sense if it is chart independent. (Note that the identifi-
cation

Vec(u,g)
—veR™

[c]
certainly is not.) It is, by previous work: if v = Vecg)([c]) and v =
Vecw,g)([c]), then

vV = d(w o ¢71)¢>(p) v =Jv
~—— —

isomorphism of R™

(1)

where J is the Jacobian matrix of ¢ o ¢~ at p.
Associated to the chart (U, ¢) around p = ¢~ *(z,,), there is a natural basis
for T;,M called the coordinate basis, namely

0

i
0xp

= Vec(_Ul’d))(ei)

where ey, ..., e, denotes the usual basis for R™. A natural generating curve
for 9/0z"|, is

“1/,1 2 ‘
¢ (T Ty Ty 1)),

Thinking of ¢ as associating local coordinates x!, ..., 2™ to points in U C M,
this is the curve along which all coordinates except x* are held fixed, and z*
increases at “unit speed”. The reason for the notation, which may seem odd
at first, will become clear shortly.
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Example 53 Let M = RP? and p = [1,2,0]. This is in charts (Uy, ¢;) and
(Us, ¢2), with respect to which it has local coordinates y, = ¢1(p) = (2,0) and
zp = ¢a(p) = (3,0) respectively. Let us express the coordinate basis vectors
9/9z1|,,0/02*|, for chart 2 in terms of 9/9y'|,,d/0y?|,, the coordinate basis
vectors for chart 1. As a generating curve for 9/9z'|, we can take

1 1
a(t) = ¢3' (5 +4,0) =[5 +1,1,0]
The image of this under ¢, is

s1(er(t) = dnll5 +1,1,0) = (—.0)

1 Y
1t

whose derivative at ¢t = 0 is

(¢10 Cl)/(o) = (—4, 0)

Hence
9| 49
oz, oy |,
Similarly, 9/0z%|, is generated by
41 1
CQ(t) - ¢2 l(évt) - [57 17t]7

whose image under ¢ is

d1(ca(t)) = (2,2t).

Now
(¢10¢2)'(0) = (0,2)
SO
91 459
072 » oy? »

3.2 Directional Derivatives

Definition 54 Let f € C*°(M) and v € T,M.The directional derivative
of f with respect to v, denoted v[f], is (f o ¢)'(0) € R, where ¢ is any
generating curve for v.
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Figure 10: foc

We should check that v[f] is independent of the choice of generating
curve ¢ € v. So, let ¢ be another generating curve for v, and (U, ¢) be a chart
around p. Then

(foe)(0) = (fop 'ogoe)(0)
= d(fo¢ ym(@0d)(0) ()
= d(fo ¢ )gm(¢oc)(0) = (foc)(0)

since ¢ ~ c.

Proposition 55 The map T,M x C*(M) — R, (v, f) — v[f] is R linear.
That is, for all u,v € T,M, f,g € C*(M) and a,b € R,

(au +b0)[f] = aulf]+ bolf],  ulaf +bg] = au[f] + bulg]

Proof:  Exercise. It follows immediately from formula (&) above, and the
definition of the linear structure on 7,,M. O

Example 56 Let f : RP? — R such that

. 1T
f([71, 29, 23]) = 737% t a2
0 : : :
p = [1,2,0] and v = E (as in example 53). What is v[f]? Pick a
Y1,

representative curve, e.g. ¢;(t) = [1,2+¢,0]. Then

2+1 1

“0rerr v[f] = (foc)'(0) = —~

(foe)(®) .

Let (U, ¢) be a chart around p € M, and denote by x!',... 2™ the cor-
responding local coordinates. Recall that d/cdz’|p is the tangent vector
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generated by the curve ¢;(t) = ¢~ '(z,, 25, ..., 2, +t,...,2"). So, for any
feC>(M),

a d — 7 m a Y m
ox' p[f] = (fOCZ)/(O) = @ (f0¢ 1)(.(5;,1'}27, s ,.Z'p+t, s Ly ) = axif(x1>x27 Y )

t=0 T=xp

where f = fo ¢ !is the function f “expressed in local coordinates”. This
explains why we denote the coordinate basis vectors by 9/0x".

Example 56 revisited Working in the chart (Uy, ¢1), we see that

(z2/21)
(z3/m1)? + (22/21)?

f([z1, 29, 23]) =

that is
1

12y Yy
) = (¥2)? + (y1)?

and p = [1,2,0] has local coordinates y, = (2,0). So

9 s oy
Ay, Oyt (122 + (42— a0

A~ =

in agreement with our previous calculation.

3.3 The differential mapping

Figure 11: Function composition defines a natural map T,M — T, N

Any smooth map f : M — N maps a curve ¢ through p to a curve
f o c through f(p). Let ¢ ~ ¢ Choose charts (U, ¢), (V,v) around p, f(p)

respectively. Then
(¢0¢)'(0) = (¢0c)(0)
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by definition of ~. Hence

(Yo fod)(0) = (Pofodp™ogod)(0)
= d(po fod™)sp(¢0d)(0)
= d(po fod )y (poc)(0)
= (Yo foc)(0), (2)

that is foc ~ foc, the image curves are also equivalent! So composition with
f maps equivalence classes of curves through p € M to equivalence classes of
curves through f(p) € N.

Definition 57 The differential map of f at p is df, : T,M — Ty, N
defined by df, : [c] — [f o c]. O

Another interpretation of the last equality in (2) is

Vecwy) (dfple]) = do foo™)sp) Vecws ([e])
= df, = Vec(v¢ od(to fod ) o Vecw).-

Recall that the linear structures on T,M, Ty, N are defined by transferring
those on R™, R™ using Vec(y,4), Vec(v,y) respectively. Hence df, is linear by
linearity of d(¢) o f o ¢ 1)y : R™ — R™

Proposition 58 (Chain Rule) If f: M — N is smooth atp and g : N —
P is smooth at f(p) then go f is smooth at p and

d(go f)p= dgsp) © dfp-

Proof: Check smoothness of g o f in charts. Then for any [c] € T,M,
d(go flple] = [(gof)oc=][go(foc)
= dgspfod
= dgyp) (dfp[CD : =

So the Chain Rule follows immediately from associativity of function
composition! Note, however, that we needed the “old” chain rule (for maps
between open sets in R¥) to prove that df, is well defined — we haven’t got
something for nothing. In fact, relative to the coordinate bases defined by
(U, 9), (V.4), df, is the usual differential map dfl, where f o foept
and x, = ¢(p). (Often in defining f one actually specifies ) o f o ¢! rather
than f itself.)
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Example 59 Let f: RP? — RP3 such that

f([z1, 22, 73]) =

3,3
[x7, 5, 5, x12273).
Define the charts

U = {[z] € RP?

:x # 0} V ={[z] e RP? : 2, #0}
ol =G el =G

Then the coordinate expression of f in these charts is

fyhy?) =

(Yo fo )y ) = (o 1,y y%])
= (1, (")’ (y ) W) = (W', (%)% v'y?)
Clearly
R 3y')? 0
dfgryn =1 0 3@
y? y'
So the image of 0/0y" |[1,1,9 under dff; 1 o) is, relative to the (V1)) coordinate
basis,
o 3 0 3
df(1 2) |: :| - 0 12 - 0 5
0
2 1 2
that is,
0 0 0 0 0
df[lylvﬂ—l - 3— +2— 3— +2—
Ay [1,1,2] 9z! £([1,1,2)) 9z?

iy 97

[1,1,8,2] 0z [1,1,8,2]

3.4 The Tangent Bundle
At each p € M we have a vector space T,M. The tangent bundle is the
union of all these tangent spaces

T™ = | | T,M

peEM

Note: we usually denote a point v in T'M by an ordered pair (p, v) (where
v € T,M) to emphasize which “fibre” v lies in. "M should not (necessarily)
be thought of as M x R™, however

Define the projection map = : TM — M by
™ (p,v) = p
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Figure 12: The tangent bundle.

Proposition 60 Let M be a smooth manifold of dimension m. Then T M
has a canonical differentiable structure with respect to which it is an ori-
entable smooth manifold of dimension 2m.

Proof: Let A = {(U;,¢;) : i € I} be an atlas on M. Define an “atlas” T'A
on T'M as follows

where TU; = 7=1(U;) and ®; is the bijection
cbz(pa U) = (¢i(p)7veC(Ui,¢i) (U)) € QSZ(UZ) x R™

Clearly T'A is a covering of T'M (open, assuming  is continuous) and ®;(7°U;)
are all open subsets of R?™.

Claim: 4 a natural topology on T'M with respect to which ®; are homeomor-
phisms (has basis ®;'(B), B open in ¢;(U;) x R™: the details are technical).

It remains to check smoothness of transition functions:
Let £ = (p,v) € TU; NTU; and

@,(p,0) = (63(p), Vees o (1) = (z,7) € R*"
Then
(@007 1)(2,0) = ((¢500; ) (), (Vecw, 4,) © Vecy ,1)(0))
= ((?a’ o ¢ )(x), d(%’TO ¢; 1)a(D))

C® wrt. z T C>® wrt. = T smooth
trivially C*° w.r.t. v C>® w.r.t. v

25



Hence T'A is an atlas. To prove the differentiable structure on T'M is canon-
ical, we should really check that A ~ A’ implies TA ~ T A’. Tt does.
Now consider the differential at (x,7) of (®; 0 ®; ")

d(¢j © ¢Z—1>$ 0

d(q)] O q);l)(x,g) = 211d . RQm — RQm
derivative | d(¢; 0 ¢; '),

stuff

So
det[d(®; 0 ;") a ] = [det[d(d;0 ¢ )a]]” > 0

Hence T'A is automatically an orientation atlas (irrespective of whether M
is orientable). O

Definition 61 7'M is trivial if there exists a diffeomorphism f : TM —
M x R™ preserving fibres, i.e. such that f: 7 '(p) — {p} x R™ is a vector
———

TyM
space isomorphism. O

Trivial: Any 1-dimensional manifold, U C R", any compact orientable 3-
dimensional manifold (not obvious!), any Lie Group (more later), n-torus 7.
Non-trivial: S?, any non-orientable M.

3.5 Vector fields

Definition 62 A vector field on M is a smooth map X : M — T M such
that moX = Idy; where 7 : TM — M is the projection map (i.e. X(p) € T,M
for all p € M). The set of all vector fields on M is denoted I'(T'M). O

Example 63 Consider S? with stereographic coordinate p = (p!, p?) as be-
fore.
0 0

Now, X = p28—p1 — plﬁ—p2 is a smooth vector field on S?\ {(0,0,1)}. Can it

be extended to a smooth vector field on all S2?

Recall that the stereographic coordinates projected from the South pole

(0,0,-1), o = (o', 0?) are related to (p!, p*) by o = |;07 and p = ﬁ.
p o
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Figure 13: Stereographic projection from (0,0, 1)

Figure 14: Stereographic projection from (0,0, —1)

Now,
0 w0 oo oo
opt  Optoot  Opt ot Op! Do
_ e =200 0 (=2p'p?) O
lpl* Oo! lp[* O0?

(P*)? = () 0 (=2p'p%) O
Pt 90l |pf 0o?
() —(p")? 0 +(—2p1p2) 9]

lpl* 00! lp[* Oo?
0 %,
_ 212 [ 1\2 o 1.2
= [0 =0 )]55 200755
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Similarly

0 200 0 () =) 9

Ip* lp[* Oo! It 90?
— 20_10_2i 4 [(0_1)2 o (UQ)Z]i
Odo! 0o

o? 0 0
x =7 22 _ (1219 _ 9 1,2 9
= x = T {0 ~ (0Pl - 20
o' 1.2 1\2 a2y O
—W{—Qaaal%—[(a)—(a)]@}
, 0 0

=0 o=
Ool Odo?

So we can extend X smoothly top = (0,0, 1) (o = (0,0)). Namely X(0,0,1) =

0. O

Definition 64 A derivation on C*°(M) is an R-linear map § : C°(M) —
C*° (M) satisfying the Leibniz rule:

VfgeC®M) §[fg]=d[flg+ folg] O

Every vector field X defines a derivation dx, by directional derivatives:
(6x[f1) (p) = X (p)[f] = directional derivative of f w.r.t. X(p)

We will henceforth denote this derivation X[f]. If, in local coordinates,

X(p) :Xi(a:p)% and f = f(z',...,2™) then
p

i 9Of
(XU ) =X (o) 5|
It follows immediately that this map C*(M) — C°°(M) satisfies the Leibniz
rule, by the product rule for partial differentiation.

In fact, the converse is also true: given a derivation 0, there exists a
unique vector field X5 € I'(T'M) such that Xs[f] = o[f] for all f € C>*(M).
(Construct it by considering the images of f(z!,...,2™)=2% i=1,...,m,
under §.) Thought of this way, it makes sense to compose vector fields:

VXY eT(TM) XY :C®M)— C>®(M)

(XY)[f] = X [Y[f]
Note, however, that XY is not a derivation since (XY)[fg] # (XY)[flg +
fF(XY)[g]).
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However, (XY —YX): C®(M) — C>®(M) is a derivation:

(XY -YX)[fg] = X[Y[flg+ fY[gl] - (Y[X[flg+ fX]g])
= (XY)[flg + YI[/1X[gl + X[f]Y]g] + F(XY)]g]
—((YX)[flg + Y[f1X[g] + X[f]Y]g] + f(Y X)[g])
= (XY =YX)[flg+ f(XY =Y X)[g]

In local coordinates: X = Xii., Yy =Y! a,,
or? ozt

Y OXY\ 0

XY -YX=|X—-Y’ - —

( Oz’ O’ ) Oz’

Definition 65 The Lie bracket of X,Y € I'(T'M) is
[X,Y] = XY - VX.
Note: The map [,|: T'(TM) x I'(TM) — T'(TM),
(i) is antisymmetric: [X,Y] = —[Y, X]
(ii) is R-linear: Vo, B € R [aX) + 6X,, Y] = o[ X1, Y] + B[ Xy, Y]
(iii) satisfies the Jacobi identity

[1X,¥],2) + [V, 2, X] + [[Z.X], Y] =0

So I'(T'M) is a Lie algebra with bracket [,]. Clearly, it is infinite dimen-
sional.

Example 66 Let M = S! x R, use local coordinates (6,2) € (0,27) x R.
Then the Lie bracket of

X:%‘}‘%, Y_SIDQ&
: o 0 0 0 0 0
(X, Y] 89+8z’8m982] {ae,smeaz] cos@az

Definition 67 Let X € I'(T'M). The flow of X is the one parameter family
(parametrized by p € M) of smooth curves ¢, : I, — M, where I, is some
open interval containing 0, which satisfy the differential equation

&p(t) = X(cp(t)) (3)

with initial data ¢,(0) = p. O
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Notes:

(i)

(i)

(i)

Given a curve ¢ : I — M, ¢(t) means, for each fixed ¢ € I, the tangent
vector in T4 M generated by the curve a(s) = c¢(t+s) through c(?), i.e.
the vector [a]. This is how we interpret the Lh.s. of equation (3), not
as the derivative of ¢(t) with respect to ¢, which, as it stands, makes
no sense. An alternative interpretation is

) d
C(t) = dcta t

where d/dt|; is the coordinate basis vector on I.

We can express equation (3) locally as a system of m = dim M coupled
(in general, nonlinear) ordinary differential equations, by introducing
a coordinate chart about the point p:

0
oxt’

The right hand side of this system is smooth, hence Lipschitz, so the
usual existence and uniqueness theory for solutions to ODE systems
applies, and we can be sure that each c,(t) exists locally (in time), is
unique, and varies smoothly with p.

= X"(2',...,2™), where X = X"

The maximal interval of existence I, may be finite (the system is non-
linear) and depends on p in general. If X has compact support (that
is, X = 0 outside some compact subset of K C M — this is vacuously
true if M itself is compact) then I, = R for all p € M. The point is
that K can be covered by a finite collection of coordinate charts, so
we may define a global Lipschitz constant for the r.h.s. of (3) by taking
the maximum of the Lipschitz constants on this finite collection, and
hence a global interval I = [—T,T] on which the flow exists for all p.
We may then apply the flow iteratively to obtain a solution for all time
whatever the initial position p.

If X does not have compact support (so, necessarily, M must be non-
compact), it is possible that

ﬂ I, = {0}
peEM
so that there is no time interval on which the flow is well defined for

all p.
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Example 68 On M = R compute the flow of X = z*d/dz. The whole of
R is covered by a single chart. The flow equation is

w(t) = z(t)?,  2(0) =0
L
dt \z(t))
1
I =
x(t) T xg
Zo
= a(t) =
H (t .
ence ¢, =
1—at
(—oco,z71), >0
= [, = (x71 00), x<0

z€R

All point except = 0 (which is a fixed point of the flow) get swept by the
flow to oo in finite time, and that time shrinks to 0 as |z| — oo. 0

Exercise 69 Compute the flows of the vector fields in Example 66, i.e. solve
for curves ¢ : I — M satisfying

(or Y(c(t)), [X,Y](c(t))) with general initial data. O

If the flow of X is globally defined, that is, ¢,(t) exists for all £ € R for all
p € M, then we can use it to define a one parameter family of diffeomorphisms
of X, namely, for each t € R we define

0, : M — M such that 6;:p— cy(t).

The map 6, is smooth by the smooth dependence of solutions of a (smooth)
ODE system on initial data, and has (smooth) inverse 6, ' = §_,. In fact,
01,001, = 04, 14,, 50 {0; : t € R} is asubgroup of the group of diffeomorphisms
of M, homomorphic to the additive reals. For a more detailed treatment, see
Gallot, Hulin and Lafontaine, Riemannian Geometry, pp23-26.
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4 Vector Bundles

4.1 Basic definition

The tangent bundle is an example (in some sense, the most important ex-
ample) of a more general structure called a vector bundle. Loosely speaking,
a vector bundle is a family of vector spaces indexed in a “smooth” way by a
point taking values in a manifold M. The important point is that the family
as a whole is a smooth manifold, which locally looks like U x R*, where U is
an open subset of M.

Definition 70 A real vector bundle of rank k is a triple (7, £, M) where
E and M are manifolds and 7 : E — M is a smooth surjection such that

(a) there exists an open cover {U; : i € I} of M and diffeomorphisms
hi : m Y U;) — U; x RF
such that h;(m7!(x)) = {z} x R¥, and such that
(b) for i,j € I with U; N U; # 0, the diffeomorphisms
hioh; '+ (U;NU;) x R* — (U;NU;) x R*
are of the form
h; o hj_l(x, v) = (z, gij(x)v)
where g¢;; : U; N U; — GL(k,R) is smooth.
Notes:
e We often denote the bundle just by E, rather than the triple (7, E, M).

e The maps h; : 77 1(U;) — U; x R are called local trivializations of
the bundle £.

e For each x € M we refer to E, = 7 !(z) C E as the fibre above z.
Given a point z, we can choose ¢ € I such that x € U;, and then

hi: E, — {z} x R

provides a bijective correspondence between elements of the fibre and
elements of the vector space R*. So we can use h; to equip each E,
with x € U; with the structure of a real vector space of dimension k:
for all §,& € E, and a,b € R, we set

a&y + by = h; M (ahi(&) + bhi(&2)).
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What if we choose a different local trivialization h; : 7=1(U;) — U; x R¥
to define the linear structure on E,? By property (b) of the definition,
we are guaranteed that the laws of vector addition and scalar multipli-
cation will be identical as those defined by h;:

(ahy (&) + (&)
a(hy o bt o hi)(&) + b(hy o hi* o hy)(&)]

al; + 08 = hy
i L
;1[@93'1'(5’5)}%(61) + bgji(x)hi(&2)]

gsi(x) [ahi (&) + bhi(&2)]
- (ahi(&1) 4 bhi(&2))

h
h
h
h
h

So each fibre inherits a canonical linear structure.

Definition 71 A section of a vector bundle (7, E, M) is a smooth map
V : M — E such that m oV = Idy;. The set of sections of E is denoted
I'(E).

Example 72 The tangent bundle TM is a vector bundle of rank m (the
dimension of M). = is the usual projection map. E, = T,M. Local trivi-
alizations are provided by the atlas defined in the proof of Proposition 60.

That is, given a chart (U, ¢) for M we define
h:n Y (U) —UxR™

by
h(ld]) = (z, (¢ 0 ¢)'(0))
for each [¢] € T, M.

Example 73 E = M x R* is a trivial bundle. Our collection of local trivial-
izations is just {(M,Id)}. Sections of F are just smooth mappings M — RF.

One can define nontrivial vector bundles over a manifold M by breaking
it into pieces and specifiying the overlap functions g;; : U; N U; — GL(k,R)
directly. (They can’t be just any old functions: clearly we must have g;; =
gj_il, and they must also satisfy a so-called “co-cycle” condition.) The bundles
of interest to us, however, will be defined globally, by certain constructions
on T'M, so we won’t pursue this line of thought further.
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Definition 731 (7, E, M) is trivial if there exists a diffeomorphism ¢ :
E — M x RF such that, for each x € M, ¢| : E, — {x} x R" is linear.

Remark If F is trivial, there exist k pointwise linearly independent sections
of E, for example

Gi(w) = ¢ (2, )

where ey, ..., e is the standard basis for R¥.
Conversely, if F has k pointwise linearly independent sections &1, ..., &,
we can decompose any v € F as

v =v'(2)&(x), where x = 7(v).

Then
¢:E— M xR v (z,0!(2),. .., vF(2))
is a diffeomeorphism which maps F, isomorphically to {x} x R*. Hence F

is trivial.

Example 732 The normal bundle of S? C R®, NS? is a rank 1 real vector
bundle (a real line bundle) over S?. It has a global nonvanishing section,
¢(z) = z. Hence NS? is a trivial bundle.
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4.2 Linear algebra recap: tensor products

Given any finite dimensional vector space V over R, it has a dual vector
space V*, the space of linear maps V' — R. Linear structure: for all a,b € R
and wy,ws € V¥,

awy + bwy = [u — awy(u) + bwy(u), for all u € V]

V and V* are isomorphic vector spaces. Let e;, ¢ = 1,...,m, be a basis for
V. The corresponding basis for V* is 6%, where

i i 0 17y
Q(ej)::5j2{1 Zii

Then the map u'e; — u'0" defines a (basis dependent) isomorphism V — V*.
The dual space V* also has a dual, V** which is canonically isomorphic
to V: to a vector u we associate the linear map

™Vt =R, U™ (w) = w(u), for allw e V*.

Henceforth u, v** will both be denoted u.

Given two vector spaces V, W, the tensor product of their dual spaces
V* @ W* is the space of bilinear maps V' x W — R with the obvious linear
structure:

awy + bwy = [(v,w) — aw, (v, w) + bws(v,w), forallveV,we W]
Given w € V* and n € W*, we define
wneV W,  (wen)(v,w)=w@)n(w).

If {0, ...,0m}, {&',...,&"} are bases for V*, W* then {0’ ® & 1
i < m,1 < a < n}isa basis for V* @ W*. Hence dim(V* @ W¥)
dim (V') dim(W). Since V,W are canonically isomorphic to V** W** we
may similarly define V ® W as the space of bilinear maps V* x W* — R.
Similarly, given any finite collection of vector spaces Vi, ..., V}, we can define

|IVAN

Vi ® - @V} = {multilinear maps V; X --- x V}, :— R},

It has dimension dim(V;) dim(V5) - - - dim(V}).

Let End(V') denote the space of linear maps (endomorphisms) V' — V.
There is a canonical isomorphism End(V) — V ® V* which associates to a
linear map L : V — V the map

V*xV =R, (w,v) — w(Lv).
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In the reverse direction it associates to v @ w € V ® V* the linear map
Lyge : u— w(u)v.
This allows one to define a useful construction called contraction:

WeVeV - WEndlV) — W
WRVRW = W Lyg, + tr(Lygy)w

Example 74 Given R € V@ V* ® V* ® V* we can define three different
contractions of R. One of them is p € V* ® V* defined by

p(u7 U) = R(017 U, €4, U)

where ¢ is any basis for V and 6’ is its dual basis (and we sum over the
repeated index i, as usual). Note that this is independent of the choice of
basis.

4.3 Tensor bundles

All the previous linear algebra can be applied in the case V = T, M, the
tangent space at x to the manifold M. In particular, the dual space to T, M
is called the cotangent space. For each choice of non-negative integers p, q
we can construct a bundle over M whose fibre at x is the space

TPIM = space of multilinear maps T)M x -+ x TXM <X T, M x --- x T, M.
= LM® - TMRTM@- - @T;M
p Vv

q

This bundle is denoted TP?M and inherits a canonical differentiable structure
from the differentiable structure on M (just copy the construction in Propo-
sition 60). The triple (7, T®® M, M), where 7 is the obvious projection, is a
vector bundle.

Let us examine the case p = 0,¢ = 1 in detail. This bundle is usually
denoted T*M and called the cotangent bundle. Let A be an atlas on M
and (U, ¢) be a chart from A. Denote by 9/9z" be the associated coordinate
basis vector fields. The dual basis, for T M is denoted dz’. By definition

a )
) = O

Let T*U =,y TiM and define @ : T*U — ¢(U) x R™ by

O(z,w) = (P(x),w1,. .., W)

dz'(
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where w; = w,(3%) (i.e. the components of w in the dual basis). One can
check that this defines an atlas T*A on T*M, and that equivalent atlases on
M produce equivalent atlases on T*M. As for T M, we denote by 7w : T*M —
M the projection which assigns to w € T, M its base point z € M. To each
chart (U, ¢) one has a local trivialization h : T*U — U x R™ by

hMz,w) = (z,w,...,wn).

The collection {(T*U, h) : U € A} defines a vector bundle structure on 7*M.
Sections of T*M are called covector fields or one forms.

Exercise 75 Note that given a smooth function f : M — R, there is an
associated one-form df,

df : T,M — R, v — v[f].

Given a chart (U, ¢) denote by x* the (local) function U — R which assigns
to each point p the ith entry of ¢(p). Show that

d(z") = da'

where the one-form on the RHS is the ¢th coordinate cobasis vector. This
explains the notation for the cobasis vectors.

Exercise 76 Let (U, ¢) and (V, 1) be overlapping charts on M and denote
the corresponding local coordinates (', ..., 2™) and (y',...,y™). Show that,
at any point pe U NV,

i ayi
Yy ‘p = ax]’

@7 |,.
#(p)

This also explains the notation for the cobasis vectors.

4.4 Tensor fields

In general, a (p, q) tensor field is a section of 7% M. Tensors of type (p, 0)
are called contravariant. Tensors of type (0, q) are called covariant.

We can shift from a pointwise to a more global perspective by thinking of
D(TM) and I'(T*M) as C*°(M) modules (loosely speaking, “vector spaces”
over the ring C*°(M)). It is clear that given a (1,2) tensor field 7 say, there
is an associated map 7 : I'(T*M) x I'(T'M) x I'(T'M) — C*(M),

(T(w, X, Y))(p) = T(w(p), X(p), Y(p)).
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This map is clearly R multilinear:
T(w,aX; +bX5,Y) =at(w, X1,Y) + b7 (w, Xo,Y) etc

In fact, it is C°°(M) multilinear since, for example, given any f € C*(M),

(F(w, JXY)(p) = 7(w(p), f()X(p), Y (p)) = f(p)T(w(p), X(p), Y (p))
SO T(w, fX,Y) = f1(w, X,Y).
So a (1,2) tensor field uniquely determines a C°°(M) multilinear map

T(T*M) x T(TM) x T(TM) — C*(M).
In fact, the converse holds too, that is, a C°°(M) multilinear map
#: T(T*M) x T(TM) x D(TM) — C*=(M)

uniquely determines a (1,2) tensor field. Let p € M, w € TyM and X,Y €

T,M. Then let & € I(T*M) and X € - I'(T'M) be extensions of w, X, Y,
that is, smooth fields with &(p) = w, X(p) = X, Y(p) = Y. Then define

Tp:T;MXTpMXTpMHRby
Tp(w>X’ Y) = (%(('N‘)a)?>?))(p)

This is independent of the choice of extensions by C°°(M) multilinearity.
To see this, let Xi,...,X;, be a smooth local frame for TM. Then, on a
neighbourhood of p, the extension X can be written

X = fiXi+-oo o fuX

for some fi,..., f,, € C°(M). Any other extension, X say, can likewise be
written

Xi4 -4 fuX
i(p) (since )?(P) =X = )?(p)) Hence
X

(0) = D (G@Ff i,ff))(p):Z(ff@ X;,Y))(p)
= > flp)G@ X, Y)) Zfz (7(@, X:, Y))(p)
= (7@ X,Y))(p).

Similar arguments work for the w, Y entries. So an alternative (and actually
rather useful) characteriztion of a (p, ¢) tensor field is a C*°(M) multilinear
map

with ﬁ(p =

(#(@, X,Y)

~—
~—

F(T*M) X oo X T(T*M) xT'(TM) X -+ X F(TM)/—> C>*(M).

q
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Example 77 The Lie bracket [-, -] : I'(T'M) x I'(T'M) — I'(T'M ) determines
a R multilinear map B : T'(T*M) x I'(TM) x T'(TM) — C*°(M), namely,

B(w, X,Y) =w([X,Y]).

Is B a (1,2) tensor? No! It fails to be C*°(M) linear with respect to its
second and third entries, e.g.

B(w, X, fY) = w([X, [Y]) = w(X[[][Y+[[X,Y]) = X[flw(Y)+/B(w, X, Y).

Exercise 78 Let w € I'(T*M) and consider the R bilinear map p : I'(T'M) x
D(TM) — C*°(M) defined by

p(X,Y) = X[u(Y)] = Y{u(X)] = u([X, Y]).

Show that p is C°°(M) bilinear, and hence is a (0, 2) tensor field.

4.5 Pullback

Recall that to any smooth map f : M — N, there is associated, for each
p € M, a linear map df, : T,M — Ty, N, the differential mapping. We use
this to make the following definition:

Definition 79 For any f : M — N smooth at p € M, define the pullback
[ TN —=1;M such that for all v € T,M,

(frw)(v) == w(df,v). =

ToM TipN

o,

R

We can extend the pullback pointwise so that it maps any w € I'(T*N)
to f*w € I'(T*M) defined such that for all X € I'(T'M),

((f"w)(P)(X(p)) := (w(p))(df,X(p))
Proposition 80 Let f: M — N and g: N — P be smooth. Then

(gof) = froyg

39



Proof: For all w € T\ 7+, P and v € T,M we have

((gof) w)(v) = w(d(gef)p) = wldgppodfpv) = (g"w)(dfpv) = (f*(g"w))(v) O

Example 81 Let f : R? — R? be the map f(a!,22 2%) = (2'2? 2% + 2°)
and w = y'dy? — y*dy' € T'(T*R?). What is f*w? It’s a one-form on R?, so

ffw = adzt + axds? + agda®
where a; = f*w(9/0x") = w(df 8/0z"). So
0

ap = = w(df@/@xl) = CU(IEZ a1 ) = xQ(_y2>‘(xle,zQ+x3) = _'TQ(xZ + x3)
ay (zlz2,22423)
0 0
ay = w(dfd/or?) =w(z' == + = )
8@;1 (zla2 22+73) 3y2 (zl32,22423)
— xl(—yZ))‘(xlxzwerx?,) —+ (yl)’(xle,z2+x3) = —.Tl (.TQ -+ 1’3) -+ .Tll'Z = —.Tll'3
0
a; = =uw(df9/0x%) = (5.2 ) = W)@az a2 an) = 22",
Y (zlx2,22423)
Hence
ffw=—2*(2* + 2%)da' — 2'2*da® + 2'2?d2®.

We can extend the notion of pullback to covariant tensors of any rank
(but not mixed or contravariant tensors) in the obvious way.

Definition 82 Given f : M — N and 7 € I(T®9N) we define f*r €
D(TO9 M) by
f*T(Xl,...,Xq) :T(del,...,deq)

Proposition 80 ((go f)* = f*og*) generalizes immediately to this setting.

40



5 Connexions on vector bundles

5.1 Basic definition

Given a vector bundle £ over M, we must treat fibres £, and E, with z # y
as distinct vector spaces. There is no canonical way to identify elements
in these two spaces. Hence, to say that a section £ of E is “constant” has
no well-defined meaning. We will associate to any given smooth curve ¢
connecting x and y an identification £, = £, but to do so will require us to
equip E with extra structure — a connexion — and the identification will (in
general) depend on the whole curve ¢, not just its endpoints.

Definition 83 A connexion on a vector bundle (7, £, M) is a mapping
V:I'(TM)xT(FE) — T'(F)

which associates to any vector field X and section & another section Vy¢&
such that

(1) Vx,+x,§ = Vx,§+ Vi,

(i) Vx (& + &) = Vx& + Vi

(it)) V f € C°(M), V;x&= fVxE

() ¥ feC®M), Vxfé&=XI[flE+ fVxS.
Notes:

(a) Axioms (i) and (ii) = V& is C*°(M) linear with respect to X. So
(Vx&)(p) depends on X (p), but not on the values of X away from p.

(b) Axioms (ii) and (iv) = Vx¢& is R-linear, but not C*°(M) linear with
respect to . Hence Vx&(p) does not only depend on £(p), but the
values of £ on a neighbourhood of p.

(c) Given the axioms (i)-(iv), we can reconstruct V once we know its action
on any set of m = dim M (pointwise) linearly independent vector fields,
and k = rank(F) linearly independent sections, see below.

We will think of (Vx&)(p) as “the directional derivative of the section &
with respect to X (p).” With this in mind:

Example 84 There is one vector bundle over M which does come ready
equipped with a canonical connexion, namely the trivial bundle £ = M x R.
Sections of E are just elements of C*°(M), and we can define

Vxf=X[fI=df X (1),
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In general, to specify a connexion (locally), we can choose a basis of
sections eq, - - - , e, for F/, and a basis of vector fields Ey,..., FE,, on M, then
specify the mk smooth sections Vg,e, € I'(E). Each of these sections can be
expanded in the basis eq, ..., ey,

b
VE‘iea = Fiaeb

so this amounts to specifying mk? smooth (local) functions I'?, on M. Once
these connexion coefficients are fixed, the connexion itself is uniquely
defined by the axioms it satisfies. That is, given any X € T'(TM) and
£ eT(FE), we expand X = X'E; and £ = £%, so that

Vx€ = Vg (€%0) = X'V, (€%0) = X' {B[€%en + €Tl ey}

In the case where ' = T'M, we only need to choose a basis for TM, for
example the coordinate basis associated with a particular coordinate chart.

Example 85 On M = R? let’s use the obvious basis 9/dz!, 9/0x?, and
define the connexion V on T'M to have connexion coefficients I'}, = !, all
others zero. Then 9

A
Vx ox!
for all X € I'(T'M), while
0 0
i X2 1_'
vX@xQ . ox!

5.2 New connexions from old

Given vector bundles F, F' over M, one defines the tensor product bundle
E ® F to be the bundle whose fibre over z is E, ® F,,. If we have connexions
VE V¥ on E, F respectively, E® F inherits a canonical connexion, defined
by requiring that for all X € I'(T'M), { € I'(F) and v € I'(F),

VI (E@u) = (VRO u+E@ (Vip)  (2).

Similarly, given a bundle F, one defines the dual bundle E* to be the
bundle with fibres E?. Given a connexion V on E, E* inherits a canonical
connexion V*, defined by requiring that for all X € I'(T'M), ¢ € I'(E) and
v eT(EY),

X[ = (Vxv)(§) +v(VxE)  (3).
We can think of this differently. Let £ : E* ® EF — R be the contraction map
k(v ® &) =r(§). Combining (1),(2) and (3) one sees that

Vx (kv @€)) = 6(Vy “rv @),
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That is, the connexion commutes with contraction, by definition.

Once again, we can apply all of these definitions in the case of principal
interest, that is, £ = TM, the tangent bundle of M. Using the above
constructions, once we have specified a connexion on 7'M, it has a unque
extension to every tensor bundle T®9M. We just identify TP M with
®p T M ®,T*M.

Example 86 Given a connexion V on 7'M, what is the associated connexion
VP on E = TO2M? Sections of E are C*(M) bilinear maps I'(T'M) x
L(TM) — C*(M). Given such a section g, say, and any two vector fields
Y, Z, g(Y,Z) is a smooth function on M. Hence

Vx(9(Y, 2)) = X[g(Y, Z)].
But, by definition,
Vx(9(Y,2)) = (Vxg)(Y. Z) + 9(VxY, Z) + g(Y. Vx Z).
Hence
(VX9(Y.2) = X[g(Y. 2)] - g(VxY. Z) — g(Y,VxZ)
for all X,Y,Z € T(TM) and all g € T'(E). This uniquely defines V.

In practice, one usually uses the same symbol V to denote a connexion on

F and the associated connexions it defines on all bundles constructed from
E.

Remark 87 Just as described in section 4.4, we can interpret maps I'(E) —
['(F) as sections of E*® F, provided they are C*°(M) linear. For example, let
V be a connexion on E. Then, for a fized ¢ € I'(E) the map I'(TM) — I'(E)
given by

X — VX§
is C°°(M) linear. Hence, we can think of this map as a section of T*M ® E.
This section is usually denoted V&.

Another way to build new bundles, and connexions, from old ones is by
pullback.

Definition 88 Let ¢ : M — N be a smooth map and E be a vector bundle
over N. Then ¢~'FE is the vector bundle over M whose fibre at x € M is the
vector space Fy(,). The bundle ¢~ 'F is called the pullback of E to M.

Example 89 Let ¢ : I — M be a smooth curve. Then ¢ 'TM is a rank
m vector bundle over the interval I. A section of ¢ !T'M is often called a
vector field along the curve c.
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In fact we can transfer any connexion on E to ¢~ 'E, as follows:

Definition 90 Let ¢ : M — N be a smooth map, E be a vector bundle over
N and V be a connexion on E. Then the pullback connexion V¢ is the
connexion on ¢~ 'F satisfying the property

V(£ 0 ¢) = (Vagx€) 0 ¢.

Exercise 91 Show that V¢ exists and is unique. [Hint: any section of ¢ ' F
can be written locally uniquely as a superposition of sections of the form e, o0,
where eq,...,¢e, are a local frame for E. The above definition determines
what V? does to such sections, and the axioms of a connexion determine
everything else.]

We will use V¢ in the case of a smooth curve c: I — M to define parallel
transport.

5.3 Parallel transport

Definition 92 Let (m, E, M) be a vector bundle and V be a connexion on
M. Let ¢: I — M be a curve in M. A section £ € I'(¢"'F) is parallel if
vft/dtf =0.

Locally, we can define ¢ : I — M by giving its local coordinate expression
c(t),i=1,...,m, and define V by its connexion coefficients I'%, with respect
to some choice of frame ey, ..., e for E and with respect to the obvious local
frame for TM (the coordinate basis 9/dx", i = 1,...,m). Then a section of
¢ 'Eis amap I — E of the form

§(t) = £ (H)ea(c(t)).
Hence, the condition that £ is parallel be can be written
Gae (€ (Beale(t)) = EM(1)ealc(t) + £ (6) Viyar(eale(?)
= &'(Dealc(t)) + () (Vacrasar(ea)) (c(t))
E(t)ealc(t)) +EM () )(Va/axzea)(C(t))
= " (t)ealc(t)) + € (1) (DT, (c(t) en(c(t))
= [€t) + Tl (e et >] b(e(t)) = 0.

Since ep(c(t)) are linearly independent, we see that £ is (locally) parallel if
and only if its coefficients £%(t), a = 1,...,k, satisfy the coupled linear
system of ODEs

() + Tt (c(t)é (t)E°(t) =0,  b=1,...,k.

44

+
+



Note that the coefficients in this system are all smooth by assumption. Hence,
by standard ODE theory, given any ¢, € I and § € Ey,), there exists a
unique parallel section & of ¢™'E with £(ty) = &. The parallel section ¢ is
called the parallel transport of &, along c¢. Furthermore, the map which
takes & € Ey,) to its parallel transport { € I'(¢™'E) is linear (by linearity
of the above ODE system).

Hence, associated to any curve ¢ : [0,1] — M connection points x = ¢(0)
and y = ¢(1) we have a linear map 7'r. : E, — E, defined by

Tre() = &(1)
where £(t) is the parallel transport of £ € E, along c.

Exercise 93 Given curve ¢ : [0,1] — M, let ¢(t) = ¢(1 — t) be the reverse
curve. Show that if ¢ is a parallel section of ¢™'E then £(t) = £(1 —t) is a
parallel section of ¢ '!E. Deduce that Tr; o Tr, = IdEc(o) and Tr.oTr; =
Idg,,,. It follows that T'r. is an invertible linear map (with inverse T'rz).

Remark 94 We can extend the definition of parallel transport to the case
of piecewise smooth curves in the obvious way.

Remark 95 Parallel transport is independent of the parametrization of the
curve c¢. That is, let ¢: I — M be a curve and 7 : J — [ be an increasing
smooth function from interval J to interval I. Then¢: J — M, ¢ =cor,
is a reparametrization of ¢ (geometrically, they have the same image in M
and are traversed in the same direction). Given any section £ of ¢! E, then
¢ =&oris asection of c'E = 77!(¢"'E), and

S/dtg = (VEh-d/dtf) or =1 g/dtf) oT.
Now 7/(t) > 0, so £ is parallel if and only if ¢ is parallel.

It’s important to realize that parallel transport depends on both the con-
nexion V and the choice of path ¢: I — M between x and y.

Example 96 Let’s take M = R?, £ = TM, and V to be the connexion

defined in Example 85, that is T'h, = 2!, all other coefficients zero. Let

z = (0,0) and y = (1,0). An obvious path from z to y is ¢(¢) = (¢,0). Given
a general tangent vector & = ad/dx' + bd/0x* € E,, its parallel transport
along c is

0

() = €5 +€40)

0

da?
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where the coefficients & (t), & () solve the initial value problem

)+ Th(c)d g (t),  €4(0) =a,&(0) =b.

In this case ¢!(t) = 1, ¢*(t) = 0 and almost all the I'}; = 0, so the system
reduces to _ '
=0, &=

Hence £'(t) = a, &(t) = b, and, with respect to the obvious bases for E,,
E,, Tr. = I, the identity matrix.

Alternatively, we could take ¢(t) = (t,sinnt) as the curve from z to y.
Then the system for £1(t), £2(t) is

€1+t7rcos7rt§2 =
& = 0.

The solution with initial data £*(0) = a,£*(0) = b is

gt = a—btsinwt—i—%(l—coswt)
&) = b

Hence, with respect to the obvious bases, Tr: : E, — E, is represented by

the matrix
1 2
Tr: = [ 01 ] .

Clearly Tr; # Tr..

5.4 Holonomy

Let V be a connexion on a vector bundle £ over M. Let ¢ : [0,1] — M
be a closed curve based at z € M, meaning that ¢(0) = ¢(1) = z. Then
Tr. : £, — FE,, is an invertible linear map from FE, to itself, that is, an
automorphism of the fibre E,. Consider the subset

H, ={Tr. : ca closed path based at z} C Aut(FE,).

Given two closed paths based at x, ¢, ¢y, say, we can construct the path
obtained by concatenating them, ¢, - ¢; say:

ca-c o [0,1] — M, ca-ct) = { c1(2) 2
2

(2t — 1)
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This is also a closed path based at x, and
Treyey =Tre, 0Ty,

Hence H, is closed under composition. As remarked in the previous section,
given any path c, its reverse path &(t) = ¢(1 —t) has Tr, = Tr;'. If cis a
closed path based at z, so is ¢. Hence every element of H, has an inverse
in H,. It follows that H, is a group, called the based holonomy group of
the connexion V.

Example 97 Let’s compute the holonomy group H o) for the connexion V
on E = TR? defined in Example 85, with '}, = x!, all other coefficients 0.

Let c(t) = (c'(t), A(t)), ¢(0) = ¢(1) = (0,0). We calculate T'r.. by solving
the parallel transport equation for a section V' € ¢ 'TR? with general initial
data V(0) = ad/dx' + b0 /0x*:

= Vg dev?
-

|
o o

Clearly V?(t) = b for all ¢, whence
Vi = —bt()éE(t)

= Vi) = a+b/lcl(t)c'2(t)dt

b 1
= a+ 5/ (M (t)é(t) — A(t)e (t))dt
0
= a+ b x [signed area enclosed by curve c|.

To see the last equality, just think of the integral as a line integral and invoke
Stokes’s theorem. (N.B. this is a nice property of this example, studied using
this coordinate system! In general, we don’t yet have enough structure on M
to make sense of the idea of “area enclosed by ¢.”) In any case, by a suitable
choice of closed path, we can make this integral any real number we want,

call it o, say. Then
1 «
Tr. = [ 01 ] ,

and the based holonomy group of this connexion is
1 « ~
H(070):{|:0 1 :| QGR}:(R,+)
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Is there a relationship between holonomy groups based at different points
x, y say? On a connected manifold, yes, in fact, they’re isomorphic. Recall
that a connected manifold is path connected (Theorem 38), so there exists
a path v, say, from x to y. But then, given any closed path ¢ based at y,
the concatenation 7 - ¢+~ (where 4 denoted the reverse of ) is a closed path

based at x, and
Tr5.cy = (T?‘V)*1 oTr.oTr,.

Hence H, and H, are isomorphic, and the right conjugation map above gives
an isomorphism H, — H,. Note that this isomorphism depends on the choice
of path ~y. There is no canonical isomorphism between H, and H, in general.

Remark 98 If M is connected, it is customary to consider each H, as a
representation of an abstract group called the holonomy group of (E, V).
For example, one would say that (TR? V) defined as in Example 85 has
holonomy group (R, +).

5.5 Curvature

Locally, information about the holonomy of (E,V) can be encoded in a
“tensor” field.

Definition 99 Let (w, E, M) be a vector bundle and V be a connexion on
E. The curvature of V is the map

R:T(TM)xT'(TM) xT'(E) — I'(E)
defined by
R(X,Y,§) = Vx(Vy¢) — Vy(Vx§) — Vixyi.
A connexion is flat if R = 0.
Notes:
o WARNING: sometimes this is defined to be minus the above.

e It’s customary to write the image of (X,Y, &) under R as R(X,Y)¢
rather than R(X,Y,¢). We will use this convention henceforth. This
is natural since & — R(X,Y,¢) is a second order linear differential
operator acting on .

Lemma 100 R is a section of T*M ® T*M ® End(E).

48



Proof: We need to show that (X,Y,¢) — R(X,Y)¢{ is a C°(M) multilinear
map. First note that this map is manifestly R multilinear (by the definition
of a connexion). Second, note that R(X,Y){ = —R(Y, X)&. So it suffices to
demonstrate that, for all f € C*°(M),

(a) R(fX,Y)E = fR(X,Y)¢

(Exercise for reader.)
(b) R(X,Y)(f€) = FR(X,Y)¢
Now, recalling that, by Definition 83, Vx(f§) = X[f|¢ + fVx&, we see that
RX,Y)(f§) = Vx(Y[fIE+ fVyE) = Vv (X[fIE+ [VxE) — (X, YI(N)E+ [V ixyé)
= (X[Y[fIE +Y[fIVxE + X[fIVyE+ fVxVyE)
Lf [

—(Y[X[flIE + X[fIVyE+Y[fIVxE+ VY V)
(

—([X,Y](N)E+ fVixvg)
= fR(X,Y)S

as required. O

If we choose a coordinate chart around a point z, and a local frame of
sections ey, ..., e, for E, we can think of R as m? linear maps E, — I,
one for each pair 9/0z", /0x7, represented by matrices (R;;). with matrix
elements (R;;); where

o 0 )
R(@, @)eb) = (Rij);-

Exercise 101 Let I}, be the connexion coefficients of V. Show that
Hence show that the curvature operator of the connexion on TR? defined in

Example 85 is
.01

(Note that on a two-dimensional manifold (Ry;) = —(Ri2). and (Ry). =
(Ra2). = 0, so this completely determines the curvature).

This allows us to give a geometric interpretation to R. In local coordi-
nates, consider a closed loop ¢ which is a square of side length ¢ in the ¢ — 27
plane. Construct the parallel transport of any vector £, = {{e, about this
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Figure 15: Parallel transport around a coordinate plaquette.

square: solve the parallel transport equation by Taylor expansion in €. We
then obtain the following

06" = &§ — & = *(Ryy)j&o + o(€?)
So, expressed in the basis ey, ..., ek, the holonomy of V around c is
TTC = ]Ik + SQ(Rij): + 0(62).

That is, we can think of curvature as infinitesimal holonomy. It follows that
if a connexion has trivial holonomy (that is T'r. = Id for all closed loops c),
then it is flat (R =0).

WARNING: R = 0 # trivial holonomy.

Counterexample 102 Let F be a vector bundle over M = S'. Since M is
one-dimensional, any connexion on F is trivially flat. But there is no reason
why the holonomy of V around a noncontractible loop in S! should be trivial.

5.6 Geodesics

In this section, we specialize to the case where I/ = T'M. In this case it’s
common to refer to a connexion V on E as a connexion on M (rather than
on TM).

Definition 103 Given a connexion V on M, a geodesic c: I — M is a
curve whose tangent vector field is parallel, i.e. V¢ / x¢=0.
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Notes:

(a) In local coordinates the geodesic equation V / #¢ = 0 becomes
&4+ TF(c(t)éé = 0. (4)

This is a set of coupled, 2"¢ order, nonlinear ODEs for m real-valued
functions (c!(t),...,c™(t)).

(b) The initial value problem requires initial data c¢(0) € M, ¢(0) € Too)M
(274 order). Since all coefficients in system (4) are smooth, we are
guaranteed uniqueness and local existence of a solution to any initial
value problem, but not global existence (nonlinear), i.e. a geodesic may
become singular in finite time.

(¢) The definition of geodesic means the curve ¢ is “as straight as possi-
ble.” In R", with the usual V (I'*;; = 0 in Cartesian coordinates), the
geodesics are straight lines traversed at constant speed — geodesics are
analogues in (M, V) of straight lines in Euclidean space.

(d) The condition of being a geodesic is not invariant under time reparametriza-
tion. Let ¢: I — M be a geodesic and 7 : J — [ be a smooth increasing
function, so that ¢ = co7:J — M is a reparametrization of c¢. Then
Vfl/dtc' =0, but

/

Gac(t) = V(T (t)e(r(t)))
T ()e(r(t) + 7' () Vi a((Co)(t))
= 7'(t)e(r(t) + (t)((vdrd/dtc) oT)(t)
= 7'(t)e(r(t)) #0

unless ¢(t) = 0 (that is, the geodesic is constant) or 7 is linear. So the
definition of geodesics concerns the parametrization of the curve ¢, not
just its image set.

Example 104 Solve the general geodesic problem for (R?, V) as in Example

85 with ¢(0) = (zo, o), ¢(0) = (u,v) say, c(t) = (z(t), y(t)).
Geodesic equations:

i+ayt = 0 (5)
j = 0 (6)

(6) = y() =y(0)=v = y(t)= o+vt
i = x(t) cos vt + Bsin vt

c
4
8
+
Cto
|
e}
4

z
=2(0)=Bv = B=Y, v#0
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So e(t) (xo cos vt + W, sinvt, yo + vt), v #0
oc(t) =

5.7 Torsion

In the final section of this chapter on connexions, we again restrict attention
to connexions on T'M.

Definition 105 The torsion of a connexion V on M is the map

T :T(TM) x T(TM) — T(TM)

defined by

T(X,Y)=VxY — VyX — [X,Y].
V is symmetric or torsion free if 7' = 0. O
Exercise 106 Show that 7' is a (1,2)-tensor field and that T(X,Y) =
~T(Y, X). 0

Example 107 V from Example 85 is torsion free. This is clear from the
fact that

o 0

0

k k
;=T ji)@~ U
Torsion controls the failure of the parallelogram law. In R™ with its usual
connexion, we can construct a parallelogram as follows

(i) Choose a pair of vectors V, W at the same point z, then transport them
along the geodesic (straight line) with initial data (¢(0),¢(0)) = (xg, V)
for time € > 0. Denote the endpoint of this geodesic by z;, and the
transported vectors Vi, Wi.

(ii) Now transport Vi, W; along the geodesic with initial data (¢(0), ¢(0)) =
(1, W7) for time €, to reach x5, where their transports are denoted
‘/27 WQ'

(iii) Now transport Vs, W5 along the geodesic with initial data (¢(0), ¢(0)) =
(9, —Va) for time €, to reach x3, where their transports are denoted
‘/;37 W3'

(iv) Travel along the geodesic with initial data (c¢(0), ¢(0)) = (x5, —W3) for
time €, to reach x4, the final point.
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The point is that in standard R™ the union of all these geodesics is a closed
parallelogram, that is, 4 = . In a general manifold with connexion (M, V)
we can construct the same sequence of geodesics, but now we find that the
geodesic “parallelogram” no longer (necessarily) closes, i.e. zg # x4 in gen-
eral. By solving the geodesic and parallel transport equations by Taylor
expansion (for small edge duration €), one can show that

zy(e) = af — 2T (wo) v/ w" + o(?)
— closed to first order in €

— not closed to 2" order
— non-closure controlled (up to o(¢?)) by torsion.

A , v \ M
W W *%
Xo Voo X 1L \/1 XO v < W

Figure 16: Geodesic parallelograms are closed in standard R™, but not on a
general manifold M with connexion.

WARNING: Exact closure of geodesic parallelograms =T = 0, but 7' = 0
# exact closure of geodesic parallelograms (only up to o(?)).

Counterexample 108 The standard connexion on 52 (to be defined shortly)
is torsion free, but geodesic parallelograms on S? are certainly not closed.
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6 Riemannian metrics

6.1 Definitions

Definition 109 A Riemannian metric on a manifold is a (0,2) tensor
field g : T(TM) x T'(TM) — C*°(M) which is

(a) symmetric: g(X,Y) =g(Y,X) for all X|Y € I'(T M),
(b) positive definite: g(X,X) >0 VX, g(X,X)=0& X =0
A Riemannian manifold is a pair (M, g). O

For each p € M, g equips T,,M with an inner product g, : T,M x T,M — R,
often denoted ( , ),:

(u,v)p = gp(u,v)
In particular, we can define the length of v € T,M to be

||U|| - gp(U,U),
and the angle between u,v € T,M to be 6 where

9p(u,v)
[[ul[flv]l

cosf =

Given a local coordinate system on M it is conventional to define the metric
coefficients
o 0 , '
95 =9(5=55),  l<isml<j<m
so that
g = gijdxz (24 dx’.

Note that the metric coefficients form a positive definite, symmetric matrix.

Example 110 (a) The Euclidean metric on R™ is

m
g:dei®dxi:dx1®dx1+~-~+dxm®dxm
i—1
i 0
87,

g(u de ® da’ (uj aag 3xk) Zuj kst 5Zk = Zu

(b) The hyperbolic plane (H?, g): H*> = {(x,y) € R* : y > 0}
dr ® dz + dy ® dy

then

and v =

in Cartesian coordinates. So if u = u aﬂ

54



Recall (Problem Set 2, question 2) that a manifold M which is a subset
of another manifold N is a submanifold if the inclusion map ¢ : M — N is
an embedding (an immersion which is a homeomorphism onto its image).
Every submanifold of a Riemannian manifold inherits a natural Riemannian
metric:

Definition 111 Let (NN, h) be a Riemannian manifold and M be a subman-
ifold of N. Then the induced metric on M is g = +*h, where ¢ : M — N is
the inclusion map. More explicitly, let w,v € T,M. Let ¢, cy be representa-
tive curves for v and v. Then ¢, ¢y are also curves in N, and their classes
[c1], [c2] € T,N are independent of the curves ¢; € u, ¢y € v chosen. Hence,
we may canonically identify u, v with vectors in T, N. Then g(u,v) = h(u,v).

Example 112 The usual metric g on S?, is just the induced metric from
the inclusion ¢ : S? — R? where R? is given the Euclidean metric. Exercise:
Show that in terms of stereographic coordinates (p', p?) this is
_ Aldp' @ dp' + dp? ®@ dp?]
L+ (p')* + (p*)?)?

and that in polar coordinates,

¢ (0, @) = (sin B cos , sin f sin ¢, cos ) € S?,

this becomes
g=df ®df + sin®Hdp @ de.

Definition 113 (Musical isomorphisms) Given a Riemannian metric g,
there is a canonical isomorphism b : T,M — T M at each p € M, namely

v — bu, v(u) = gp(v,u) VueT,M
The inverse isomorphism TM — T, M is denoted by f.

Example 114 On (H? g) let X = 2?2 — a% e I'(T'M). What is bX7?

bX = a(z,y)dx + b(z,y)dy

0 0 ,0 0 0 z?
where a(z,y) = bX(%)—g(X,a—x)—<a: %—a—y,a—x>_?

) o 0 8 1
b — X () =g(22 S - 2 D)= =
(#:9) ’ (03/) g (x or 0Oy’ 8@/) y?

22dzr — dy

ie. bX "
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6.2 Metric connexions

Definition 115 Let (M, g) be a Riemannian manifold and V be a connexion
on TM. Then V is metric compatible (or, is a metric connexion) if

Vg =0.

The above condition means that Vxg = 0 for all z € ['(T'M ), where V is
the induced connexion on T*M @ T*M . Recall that this connexion is defined
by

(Vxg)(Y, Z2) = X[g(Y, 2)] — g(VxY, Z) — g(Y,Vx Z)

for all vector fields X, Y, Z. So V is metric compatible if (and only if)
X[g(Y. 2) = g(VxY,2) + g(Y,VxZ)  forall X,Y,Z € I(TM) (&).
Parallel transport using a metric connexion preserves inner products:

Proposition 116 Let ¢ : I — M be a smooth curve, and u,v be parallel
sections of c YT M. Then g(u(t),v(t)) is constant.

Proof: Consider g oc € I'(c™'T®?M). By the definition of pullback con-
nexion, and metric compatibility of V, Vg, s(goc) = 0. But for any sections

w € L(c ' TODM), u,v € T(c'TM),

C d C C
(vd/dtw)(u’ v) = EW(% v) — W(Vd/dt% v) —w(u, vd/dtv)'

Applying this in the case where w = g and u and v are both parallel sections,
one sees that

0= g(u(t) o(t)) ~ 9(0.0(1)) ~ 9(u(1),0)

whence the result immediately follows. a

Corollary 117 Given curve ¢ : [0,1] — M the parallel transport map T'r. :
TooyM — T yM for a metric connexion is an isometry (with respect to the
inner products geo), ge(1))-

Corollary 118 The based holonomy group H, for a metric connexion on
TM is a subgroup of Orth(T, M, g,) = O(m). (Here Orth denotes the group
of isometries of an inner product space.)

In fact, on an orientable Riemannian manifold, we can say more:
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Proposition 119 Let (M, g) be an orientable Riemannian manifold, V be a
metric connexion on T'M and x € M. Then the based holonomy group H, is
a subgroup of Orth, (T, M, g,) = SO(m), the group of orientation preserving
isometries of (T, M, g.).

Proof: ~ Let ¢ : [0,1] — M be a closed path based at z. That Tr. is
an isometry follows from Corollary 118. It remains to show that T'r. is
orientation preserving. Let A be an orientation atlas on M. Since c is
compact, it is covered by a finite collection of charts from this atlas. Hence,
there exists a dissection

O=to<ti < ---<t,=1

of [0,1] so that ¢y = c¢|p,_, ] lies in U; for each @ = 1,...,n. Denote by
T'r;(t) the matrix representing parallel transport along cg) from c¢(t;—1) to
¢(t) with respect to the coordinate basis vectors for chart (U;, ¢;). Note that
Tri(ti—1) = L, and Tr;(t) is a smooth curve in GL(m,R), so det Tr;(t) > 0
for all t € [t;_1,t;]. In particular, T; = T'r;(¢;) has positive determinant.

Now solve the parallel transport equation around ¢ by solving it piecewise
on each segment c(;). Since we must change basis from chart (U;, ¢;) to
(U1, ¢i+1) at each transition point, one finds that

Tre=d(¢ro ¢, )T, - d(¢s 0 ¢3")Tod(¢ 0 $7 )T

Since A is an orientation atlas det d(gbing)j_l) > 0 for all 7, 5. Hence det T'r. >
0. 0

Example 120 Consider M = R? with the connexion defined in Example
85. We found (see Example 97) that H ) = (R, +) which is not isomorphic
to any subroup of SO(2). Hence, we conclude that V is not compatible with
any Riemannian metric on M.

One of the miraculous facts that makes Riemannian geometry so natural

and rich is that, given a choice of metric, there is a unique “best” connexion
on T'M.

Theorem 121 (The Fundamental Theorem of Riemannian Geometry)
On any Riemannian manifold (M, g) there ezists a unique metric compatible,
torsion free connexion, V (usually called the Levi-Civita connexion).

Proof: (a) Assume that such a V exists. Then VX,Y, Z

T(X,Y)=VyY —VyX — [X,Y] =0
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and

X[g(Y;2)] + Y[g(Z,X)] — Z[g(X,Y)]

+9(Vy X, Z) — g(VzX,Y) —g(VzY, X)

= g(vXY+ VYX> Z) +g(vXZ - VZXa Y)
+9(VyZ —VzY, X)

= 9(2VXY - [Xa Y]’Z) —|—g([X, Z]>Y) —i—g([Y, Z]>X)

= 29(VxY,Z) = X[g(Y,2)]+Y][g(Z,X)] - Z[g(X,Y)]
—|—g([X,Y],Z)—g([KZ],X)—i—g([Z,X],Y) (7)

Now, (7) holds for all Z, and hence uniquely defines a covector field b(V xY).
But b is an isomorphism, so (7) uniquely defines VxY. So if V exists, it is
unique.
(b) Now, given any X,Y € I'(T'M), let VxY be the vector field defined by
(7). We must verify that the map given by (X,Y) — VxY satisfies the
axioms of definition 83, and that VxY — Vy X — [X, Y] = 0. We leave this
as an exercise for the reader.

(I

One may use the formula (7) to compute connexion coefficients Fkij rel-
ative to a particular coordinate basis {-2; :i =1,2,...,m}.

oxt
0 0 0
Choose X = EIeE Y = 9k Z = Dk’ then

20(Vam o) = o |2 (o)) + 5 (3 3|
ozt Oxd " Ok oxt Oxd’ Oxk OxI Oxk’ Ozt
0
_axk{ (&rl 01’9)

+
dgji 39k Jgi
= 2T = J ]
i Jik ( ox? ) Oz

1
2

gk (893k+39ki agij)

= Fmij =

oxt oxI oxk (8)

where g% are the components of the inverse metric (i.e. the components of

the inverse of the matrix whose components are g;;). The coefficients I zk are
called the Christoffel symbols.
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Note that (7) is more useful than (8) since one can use it to compute
VxY relative to a non-coordinate basis for I'(T'M). For example, let E;, i =

1,...,m be a basis of local orthonormal vector fields, i.e.
0 i#]

Then Vg, E; = I'*,,E}, where

I =9(VeE;, E) = % {9, Ej], Bx) — 9([E;, Ex], Ei) + 9([Ex, Eil, Ej)}

This shows that V is uniquely determined by the Lie bracket structure of
any local orthonormal frame.

6.3 Geodesics in Riemannian Manifolds

A geodesic in (M, g) is simply a geodesic with respect to the Levi-Civita
connexion, as in definition 103, i.e. a curve « : I — M such that

V:iy/dt;y =0

Note that since V is metric compatible we have

d, . d . . . .
TP = 22909, 9) = 29(4, V) = 0

So in a Riemannian manifold (M, g) geodesics are traversed at constant speed
(N.B. this statement is meaningless for (M, V) in general).

A fundamental property of Riemannian manifolds is that we can give a
variational formulation of the geodesic problem.

Definition 122 The length, L[] of a smooth curve 7 : [a,b] — (M, g) is

Ll = / VIR O, A @)dt = / ()t .

Exercise 123 Show that L[y| is invariant under reparametrization of the
curve . That is, let 7 : [¢,d] — [a,b] be a smooth increasing function and
¥ =~or7. Then L[y] = L[y].

Remark 124 Any regular curve v : I — M (i.e. smooth curve with §(t) # 0
for all ¢ € I) can be reparametrized so that [|[7(¢)|| = 1 for all t € I. We just
fix ty € I and choose 7 : J — I to be the inverse of the mapping

t
0 [ litlas
to
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The reparametrized curve is said to be arclength parametrized or a unit
speed curve. Every smooth curve has a piecewise smooth unit speed
reparametrization.

Definition 125 Let « : [a,b] — M be a smooth curve. A variation of ~
is a smooth map F : (—&,e) x [a,b] — M such that F(0,t) = ~(t) for all
t € [a,b]. The curve t — F\(s,t) will often be denoted 75 (so, in particular,
Yo = ). We say the variation has fixed endpoints if F(s,a) = v(a) and
F(s,0) =~(b) for all s € (—¢,¢).

Definition 126 A smooth curve v : [a,b] — M is a critical point of the
length functional L if, given any variation F' of «v with fixed endpoints,

d
—L s :Oa
o MSZO

where 7, is the curve t — F(s,t), as above.

We will prove that the critical points of L are, when parametrized to have
constant speed, precisely the geodesics in M with respect to the Levi-Civita
connexion. First, we need a technical lemma.

Lemma 127 Let v : [a,b] — M be a curve in M and F' be a variation of 7.
Define X,Y € T(F-'TM) by

0 0
%, X(S,t)—dF—

ot
Let V be a torsion free connexion on T'M. Then

Y (s,t) =dF

Vs X = VijaY = 0.

Note: We can think of X (s, ), for fixed s, as the velocity vector of the curve
7s(t). Similarly, we can think of Y(s,t) for fixed ¢ as the velocity vector of
the curve s — F\(s,t). Hence, Y(0,-) € T'(y"'TM) is the vector field along
~v generated by the variation F. In particular, if the variation has fixed
endpoints, so F(s,a) and F(s,b) are constant, then Y (s,a) = Y (s,b) = 0.

Proof of Lemma 127: Choose a local coordinate system for M in a neigh-
bourhood of a particular point F(s,t) € M. Then F has local coordi-
nate expression (F'(s,t),...,F™(s,t)) for some smooth real valued func-
tions F'(s,t). Further, Y(s,t) = Y(s,t)E;, X(s,t) = X'(s,t)0/E; where
E; = 0/0x" and

OF" ;. OF"

Y 0s’ ot

60



Figure 17: The vector field Y generated by a variation (s,t) +— 74(t) of a
curve

Now
F F i X’ i F
ViojosX = Vo X'E;) = 55 it X'V, Ei
PFi , O2F o
= —FE+X'V JF; = ——F,+X'Y'Vg E,.

Dsdp T Varojos i = 5 gp b By

Similarly ‘
F OF" iy

Va/aty — %EZ + Y X VE]EJZ

Hence

VioosX = VooV = X'Y(Vg,E; — Vg, Ej) = X'Y[E;, E] = 0.

O

Theorem 128 Let (M, g) be a Riemannian manifold. A curve 7 : [a,b] —
M, parametrized to have constant speed, is a critical point of length if and
only if it is a geodesic (with respect to the Levi-Civita connexion,).

Proof: Let F be any variation of v with fixed endpoints and the curves 7,
—& < s < ¢ and the sections X,Y € [(F~'TM) be defined as above. Let

X(s,t) = X(s,t)/]| X (s,t)]|, which is well defined for |s| sufficiently small,
since || X (0,t)|| = u # 0 constant and [a, b] is compact. Then

Ll = / V(X (s, 0), X(s,0)dt.

Let V be the Levi-Civita connexion. Then, since V is metric compatible,

b b X S,t 7VF SX S,t
%L[%] :/a %\/Q(X(Sat)>X(8,t))dt _ /a 9(\/‘;()()(8 ta/a (s,1))
b

1), X(s,1))

_ / 9(X (5.6), VE . X (s,6))dt.

a
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But V is torsion free, so, by Lemma 127,

d b
S0 = [ (60,95 (s )

b o . A
- /{ag(X(s,t),Y(S,t))—Q(Vg/atX(S’t)>Y(8’t))}dt

A

b
= [9(X(s,1),Y (s, t)]i=) — / 9(Vh X (5,1),Y (s,1))dt.

The variation has fixed endpoints, so Y (s,a) = Y (s, b) = 0, and the boundary
term above vanishes. Recalling that X(s,t) = 45(t), and that ||¥(¢)] = u,
constant, one sees that

d

I _
< o [ oVt v 0.0

s=0

Clearly, if v is a geodesic w.r.t. V then the right hand side vanishes for all
variations and we conclude that v is a critical point of L. Conversely, if 7 is
a critical point of L, then the integral above must vanish for all variations,
and hence, for all sections Y (0,-) € T'(y"'TM). But g is nondegenerate so,
by the Fundamental Lemma of the Calculus of Variations, V) Y =0 for all
t € [a,b]. Hence, v is a geodesic. O

So if a length minimizing curve between points x,y € M exists then it
must be, up to reparametrization, a geodesic. We should note, however, that

(a) There may be no length minimizing curve between z,y, even if M is
connected. For example, consider the punctured plane M = C\{0}
with the Euclidean metric and x = 1, y = —1. Then there are curves
between x and y of any length greater than 2, but there is no curve of
length 2, so no length minimizing curve exists.

(b) In general a geodesic v : [a,b] — M is length extremizing but not
necessarily length minimizing. For example, let M = S' = {z € C :
|z| = 1} with the obvious metric. Then v : [0,37/2] — M, y(t) = €" is
a geodesic connecting x = 1 and y = —i, but it has length 37 /2, and
is certainly not the shortest curve connecting these two points.

It turns out that if M is compact and connected then there exists a length
minimizing geodesic between any pair of points in M, though this is very far
from easy to prove. Another interesting result along these lines, which we
shall state but not prove, concerns periodic geodesics:
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Definition 129 A geodesic v : R — M is periodic if there exists 7' > 0
such that y(t +T') = (t) for all t € R. Alternatively, it is a closed geodesic
v :[0,T] — M with 4(0) = A(T).

Theorem 130 Let (M,g) be a compact Riemannian manifold. Then ev-
ery free homotopy class of closed curves in M contains a length-minimizing
periodic geodesic.

Clearly compactness is crucial for this result. For example, let M be the
punctured plane C\{0} with the Euclidean metric. Then every nontrivial
free homotopy class of loops contains curves of arbitrarily small length

v : 10,27 — M, v(t) = ee”,

so no nontrivial class has a length minimizing representative.

6.4 Curvature and topology

Recall that for a general vector bundle £ with connexion V, the curvature
R is a section of T M ® EndE which determines the holonomy of the
connexion around infinitesimally small closed loops. Since a Riemannian
manifold has a canonical connexion on its tangent bundle (the Levi-Civita
connexion), one can talk of the curvature of a Riemannian manifold. This
turns out to have very direct geometric significance. In particular, there is
a large body of work establishing links between the topology of a manifold
and the curvature properties of any metric it can support. The aim of this
section is to state and prove a representative example of such results.

Definition 131 The scalar curvature of a Riemannian manifold (M, g) is
the real-valued function S': M — R defined by

m

S(p) =Y _ g(Ei, R(E;, E;)E;)
ij=1
where E, ..., E,, is an orthonormal basis for 7,M, and R is the curvature

tensor of the Levi-Civita connexion on 7M.

Fact: Let (M, g) be a two-dimensional submanifold of Euclidean R?, with g
the induced metric. Then S coincides with the classical Gauss curvature of
M. So a sphere has S > 0, a saddle has S < 0 and a cylinder has S = 0.

Definition 132 Let P be a (two dimensional) plane in 7,M and X,Y be
an orthonormal basis for P. The sectional curvature of the plane P is

o(P)=g(X,R(X,Y)Y).
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Figure 18: The scalar curvature of surfaces embedded in R?

Exercise 133 Show that o(P) is independent of the orthonormal basis cho-
sen to span P.

The proof uses the first two identities asserted in the following proposi-
tion, whose proof we also leave as an exercise for the reader:

Proposition 134 Let R be the curvature of the Levi-Civita connexion on
(M, g). Then, for all vector fields X,Y, Z,

(a) R(X,Y)Z+R(Y,X)Z =0
(b) R(X,Y)Z +R(Y,Z)X + R(Z,X)Y =0
(c) g(X,R(Y,X)X)=0.

[In fact (a) is true for any connexion, (b) is true for any torsion free con-
nexion and (c) is true for any metric connexion./

Fact: Consider the (locally defined) two-dimensional submanifold of (M, g)
formed by taking the union of all geodesics through p € M with initial
velocities in P. This is called the geodesic spray of the plane P. If we give
it the induced metric from g, its scalar curvature at p is precisely o(P).

We are now ready to state our representative “topology constrains curva-
ture” result (recall that a space M is simply connected if every closed loop
in M is contractible).

Theorem 135 (Synge) Any compact, orientable, even-dimensional mani-
fold with strictly positive sectional curvature is simply connected.

Remark: All the hypotheses are necessary:
(a) If we drop “orientable” then RP? = S?/Z, with the projected metric

(from the usual metric on S?) is a counterexample.
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(b) If we drop “even-dimensional” then RP? = S3/Z, with the projected
metric is a counterexample.

(c) If we weaken “strictly positive” to “non-negative” sectional curvature
then T? = S x 8! with the obvious product metric is a counterexample.

The proof of Synge’s Theorem has several ingredients. The simplest of
these is a linear algebra lemma, whose proof we leave as an exercise.

Lemma 136 Let A € SO(2k + 1). Then there exists v € R*¥L such that
v#0 and Av = v.

The most subtle ingredient is the second variation formula for the length
functional evaluated on a periodic geodesic.

Proposition 137 Let v : [0,T] — M be a unit speed periodic geodesic and
(s,t) — F(s,t) = ~vs(t) be a smooth variation of ~ through periodic curves
(so s : [0,T) — M is periodic for each s € (—¢,¢)). Let Y(s,t) = dF & €
L(F~'TM) and

the component of Y (0,t) orthogonal to the curve . Then

d2
=L,
7o [s]

T ~ o~ ~
= [ {Iv3u¥ 1 = ot R TIT)
s=0

Proof:  As before, let X(s,t) = dFZ = 4,(t) and X = X/||X||. Then,
arguing as in the proof of Theorem 128 we have, by Lemma 127

Tg(X, V5., Y
S = [ ISy
ds 0 1X]
d? T F F F oF
50 @L[%] = . m (g(vﬁ/ﬁsXv va/aty) +9(X, Va/asva/aty))
1
—WQ(X, Vs X)9(X, Vg/aty)} dt

T
T e g g, 0 0
= [ IV I+ o VT + R DY)

1

F 2
—WQ(X> Va/aty) } dt
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where R is the curvature of V¥ and we have used Lemma 127 again. Now

t=T

T T
/09(X>Vg/ath/asY)dt = [Q(X(Sat%Vg/atY(&t)] —/0 g(vg/atXan/asY)dt

t=0
T A~

= —/ 9V X,V 5,Y )dt
0

since X (s,t) and Y(s,t) are periodic in ¢ for all ¢ (F' is a variation through
periodic curves). This integral vanishes at s = 0 since X (0,¢) = 4(t) and ~
is a geodesic (so V;’/dﬁ = 0). Furthermore,

0 0 0 0
P )Y = F— dF—)Y = R(Y. X)Y.
Hence,
ﬁL _ [ v Y12 L RY,NY) —g(3, V), Y)? b d
T Ll = IVaaY I+ 90, RY, VYY) = g(3, V0, Y )" p di.
S s=0 0

Now, since 7 is a geodesic,

~ d . . . .
VaaY = ViaY = 2900 Y07 = 9(1,Y) Vo7

= V;’/dty - g(% VZ/th);Y

YIP = VY IP =93, VY )

50 V3 d/dt d/dt

d/dt

where we have used the fact that ||§|| = 1. Finally, by Proposition 134,

(%, ROY + f4,39)(Y + f4))  where f(t) = g(3(1), Y (0,1))

97 R(Y,7)Y) = g Yt [ 2
903 ROV, A)Y) 4+ (3 RV, 9)5)  identity (a)
= g0y, R Y,"y)NY) identity (c

)
= —g(%, R(,Y)Y) identity (a)

which completes the proof. O

Remark: ¢(%, R(3,Y)Y) = |[Y|20(P) where P is the plane spanned by
4(t), Y (t). So the above proposition gives a link between the curvature in a
neighbourhood of a periodic geodesic and the stability of that geodesic. That
is, if the manifold is positively curved, one expects there to exist deformations
of the geodesic which shrink its length to second order.

We are now ready to prove Theorem 135:
Proof of Synge’s Theorem: Assume (M, g) is even dimensional, ori-

entable, with strictly positive sectional curvature, but not simply connected.
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Then, in any nontrivial free homotopy class of loops there exists a length min-
imizing periodic geodesic v : [0,7] — M (Theorem 130) which, without loss
of generality, we can assume is unit speed. Consider T'r,, the parallel trans-
port map around . Since 7 is a geodesic, % is parallel so Tr.,%(0) = §(0).
But T'r., is an isometry, so maps the hyperplane orthogonal to 4(0), E say, to
itself. Choose an orthonormal basis e1, . . ., e, for T,y M such that e; = §(0),
SO €,..., ¢y, span . With respect to this basis, T'r, is block diagonal with
1 in the top 1 x 1 block. By Proposition 119, T'r,, is in SO(m), so the bottom
(m—1) x (m—1) block lies in SO(m—1). Hence, by Lemma 136, there exists
v € E, v # 0 such that Tr,v = v (since m is even). Consider the section of
v~ YT M defined by parallel transport of v, call it Y (¢). By construction, YV
is a periodic section and VY = 0. Let F': (s,1) — 7,(t) be any variation
of v through periodic curves with dF % s=0 = Y (such a variation certainly
exists: we can take F'(s,t) to be the point a(s) on the geodesic with initial
data a(0) = y(t), &(0) = Y (t), for example). Then, by Theorem 128,

d
ol =0
P [s]

s=0

and by Proposition 137,

d2

_L o
7o [Vs]

B :/0 {110]* = 9(3. R(3,Y)Y)} <0

since the sectional curvature of M is strictly positive. Hence L[y;] < L[] for

all s > 0 sufficiently small. But ~, is clearly homotopic to 7, a contradiction.
(I
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Problem Set 1

1

Let M be a complex manifold of real dimension 2. (Recall that “com-
plex” means it has an atlas whose transition functions are holomor-
phic.) Show that M is orientable.

Write down holomorphic atlases on

(a) S? (hint: stereographic projection)
(b) R x S' (hint: you can cover this with a single chart, if you're
clever)

(c) CP™ (hint: copy Example 42).

So all these are naturally complex manifolds. Does the atlas of part 2a
generalize to S?™ for m > 17

Let M, N be complex manifolds.

(a) What does it mean to say that a map f : M — N is holomorphic?

(b) Use your answers to parts 2a and 2c to show that S? and CP!
are biholomorphic, that is, there is a bijection f : S? — CP! such
that f and f~! are holomorphic.

Let M be a complex manifold of real dimension 2. Such manifolds are
often called Riemann surfaces. Given a pair of tangent vectors X,Y €
T,M, we can define the (cosine of the) angle § between them as follows.
Pick a complex chart (U, ¢) around p, and let x,y : (—¢,e) — M be
generating curves for X, Y respectively. Then ¢ ox, ¢ oy are curves in
C. Let u=(¢poxz)'(0) € Cand v = (¢oy)(0) € C and define

Re(uv)
Jullo]

cosf =

so that 6 is the angle between the complex numbers v and v. Show
that cos 6 is canonical, that is, independent of the choice of the complex
chart about p. So Riemann surfaces possess a canonical conformal
structure, that is, the notion of angle is well defined without equipping
them with any extra structure.

Let p = (0,1,0) € S2 and X = (2,0, 1) € T, 52

(a) Write down a generating curve for X.
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(b) Express X relative to the coordinate bases for stereographic coor-
dinates and spherical polar coordinates.

6 The purpose of this question is to show that the requirement that M
be Hausdorff in the definition of a smooth manifold is not redundant,
that is, it does not follow from the properties of an atlas. Let X =
{(z,y) € R?* : |y| = 1}, a disjoint union of two parallel straight lines,
with the subspace topology. Define an equivalence relation on X as
follows:

(z,y) ~ (2,y) iff (x,y) = (2/,y') or (z,y) = (2/,—y) and x # 0.

Let M = X/ ~, with the quotient topology. (You can think of M
as being the real line but with two distinct numbers “zero”.) Show
that M is not Hausdorff. Show that the sets Uy = M\{[(0,—1)]} and
U_ = M\{[(0,1)]} are open amd cover M. Show that the maps

¢+ : U — R ¢+ ([(z,1)]) =
¢-:U-—-R ¢ ([(z,-1)]) ==

are homeomorphisms. Show that ¢, o ¢~ : R\{0} — R\{0} and
¢_opi : R\{0} — R\{0} are smooth. Hence {(U,, ¢ ), (U_,$_)} has
all the properties of an atlas on M, despite M being non-Hausdorff.

8

69



Problem Set 2

1 A smooth map f : M — N is an immersion if df, : T, M — Ty N
is injective everywhere, and a submersion if df, : T,M — TN is
surjective everywhere. An immersion is an embedding if it is a homeo-
morphism onto its image. Determine whether the following maps are
immersions, submersions or neither. Determine whether the immer-
sions (if any) are embeddings.

(a) f:5% =R, f(x1,72,23) = z3.

(b) f:R — R? f(z)= (x/coshx,z*/ coshz).

(c) f:RP? - RP3 f([x1, 29, x3]) = [T1, T2, T3, 71 + To + T3].
(d)

(e)

(f)

det : GL(2,R) — R.
m:TM— M
X : M — TM where X is any smooth vector field.

e
f

2 Let M, N be manifolds and M be a subset of N. Then M is a subman-
ifold of N if 1 : M — N is an embedding, where ¢ denotes the inclusion
map.

(a) Show that S? is a submanifold of R?.

(b) Show that the unit square X, equipped with the differentiable
structure defined in Example 37 is not a submanifold of R2.

3 Let ¢ : M — N be a diffeomorphism and X be a vector field on M.
The push forward of X by ¢ is the vector field ¢, X on N defined by

(0. X)(p) = ddg-1) X (97 (D))

(a) This definition doesn’t make sense if ¢ is not a diffeomorphism.
Why not?

(b) Denote the derivation associated with a vector field X by dx.
Show that, for all f € C*(N),

So.x(f)=0x(fog)oop™.

(Hint: note that for all g € C*°(M), (0x(g))(p) = dg,X (p). Apply
this to 0x(f 0 ¢).)
(c¢) Deduce that [f. X, f.Y] = f.[X, Y] for all vector fields X,Y on M.
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4 Let ¢ : R? — R? such that ¢(z,y) = (zcosa + ysina, —rsina +
y cos ), where « is a constant. Compute ¢*a% and ¢*a%'

5 Let M be a complex manifold, p € M, and (U, ¢) be a complex chart

around p with local coordinates (2!, ..., z™) € C™. Define a linear map
Jp  T,M — T, M by

Proxt Oyt Pyt oxt

where z' = 2 + iy*. Note that J, o J, = —Id.

(a)

(b)

This map is called the almost complex structure of M. Show that
it is well-defined, that is, independent of the choice of complex
coordinate chart.

Let N be a second complex manifold, with almost complex struc-
ture J', and f : M — N be a holomorphic map. Show that
df o J = J odf.

Using the embedding ¢ : S? — R3, we can identify elements of
T,5% with vectors in R* orthogonal to p. We can then define a
map

jp :T,M — T,M, jp Vi —pxV (vector product).

Show that jp coincides with the almost complex structure on S?
(as defined by stereographic projection from (0,0, 1)).
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Problem Set 3

1 Let E be a vector bundle over M and V, V' be two connexions on E.
Show that V — V' is a section of T*M ® End(FE). That is, show that
the map

N(TM) xTD(E) = T(E),  (X,§) = Vx§— Vi
is C*°(M) bilinear.

2 Let M = {(z%,2%) € R* : 2* > 0}, the upper half plane, and V be
the connexion on T'M whose connexion coefficients with respect to the
coordinate basis 9/9z', 9/0x* are

1 .
Ily =Ty =T%=— =-I7, I, =0 otherwise.
x
(a) Solve the parallel transport equation for V along the curve ¢ :
0,1] — M, c(t) = (at,b), with general initial data, and hence

construct the linear map T'r. : Tigp M — Tiqp) M.

(b) Solve the parallel transport equation for V along the curve c :
0,1) = M, ¢(t) = (a,b+ vt), with general initial data, and hence
construct the linear map T'r. : Tiq M — T(qp10) M.

(c¢) Deduce the holonomy of V about a square with vertices at (0, 1),
(a,1), (a,14a), (0, 14+a) traversed once anticlockwise. Hence show
that the based holonomy group H ) has a subgroup isomorphic
to SO(2) (alternatively, the circle group R/Z).

3 Let M, V be as in question 2.

(a) Solve the geodesic equation for V with initial data ¢(0) = (0, 1),

¢(0) = 9/0a2.
(b) Solve the geodesic equation for V with initial data ¢(0) = (0, 1),
¢(0) = 9/ox.

4 Let M = S* and F be the trivial line bundle £ = M xR. Then sections
of E can be interpreted as smooth functions S' — R. Consider the
following map

V:F(TM)XF(E)HF(E), (X,§)|—>X[§]+Q(X)§
where « is one-form on S'.

(a) Verify that V is a connexion on E.
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(b) Compute the holonomy of V around S! traversed once anticlock-
wise.

Note that V is trivially flat but generically (i.e. for almost all choices
of «) has nontrivial holonomy group.
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Problem Set 4

1 Let (M,g) be a Riemannian manifold and V be a connexion on T'M.
Show that for all vector fields X,Y, Z,
(a) R(X,Y)Z+ R(Y,X)Z =0.
(b) R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y = 0if V is torsion free.
(¢) g(X,R(X,Y)X) =0 if V is metric compatible.

Hence show that the sectional curvature of a plane P C T),M
o(P) = g(X, R(X,Y)Y),

where R is the curvature of the Levi-Civita connexion, is independent
of the orthonormal basis X, Y chosen for P.

2 Given a curve v : [a,b] — M, define its energy to be

Bl =5 [ 9t 30)de.

Show that v is a critical point of E' (with respect to all smooth varia-
tions with fixed endpoints) if and only if it is a geodesic.

3 Let M =R xS, acylinder, and f : R — (0, 00) be a smooth function.
Then the map ¢ : M — R3, ¢(x,0) = (z, f(x) cosb, f(x)sinh), where
0 is a periodic coordinate on S', embeds M as a surface of revolution
in R3. Let g be the metric induced on M by this embedding.

(a) Show that
g= 1+ f(x)?)dzx @ dx + f(z)*d0 @ db.

(b) Compute the scalar curvature of (M, g).

(c) Show that all the meridians (curves with 6 constant) are geodesics
(when appropriately parametrized).

(d) Which, if any, of the parallels (curves with x constant) are geodesics?

(e) Find a function f such that the corresponding surface of revolution
is geodesically complete (that is, for all initial data, the geodesic
equation has a global solution for all time) but has no periodic
geodesics.
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[Hint: use the fact that geodesics are critical points of E to give a
“Lagrangian mechanical” formulation of the geodesic problem.]

Let A € SO(2k + 1), meaning ATA =T and det A = 1. Show that
there exists v € R?**! such that v # 0 and Av = v. [Hint: think about
the spectrum of A.|

Let (M, g) be a two-dimensional Riemannian manifold and v : [0,7] —
M be a periodic geodesic.

(a) Show that if M is orientable Tr, = Id.
(b) Show that if v is contractible T'r, = Id.

1)



