
7. More about di�erentiation

7.1. More notation

Given a function y = f(x), its derivative is also a function of x; we sometimes need to
evaluate it at a particular value, say x = a.
When using the notation f ′(x) for the derivative, the value at x = a is denoted by f ′(a).

When using the notation
dy

dx
(or dy/dx) for the derivative, the value at x = a is denoted

by
dy

dx

∣∣∣∣
x=a

(or dy/dx|x=a). The vertical line is read as `evaluated at'.

Example 7.1. What is the derivative of the function f(x) = (x2 + 1)−2 at x = 1 ?
It is f ′(1). Now f ′(x) = 2x× (−2)(x2 + 1)−3, so f ′(1) = −4× 2−3 = −1/2.

Example 7.2. What is the gradient of the curve y = x2 at the point with x = 10 ?
It is dy/dx|x=10 = 2x|x=10 = 20.

The second derivative of a function of x is obtained by di�erentiating the function with
respect to x twice. Higher derivatives are obtained by further di�erentiation with respect
to x.
If y = f(x), the �rst, second, third derivatives, are denoted by
dy/dx, d2y/dx2, d3y/dx3, d4y/dx4. . . , or by y′, y′′, y′′′, y(4), alternatively by
f ′(x), f ′′(x), f ′′′(x), f (4)(x), . . . , or by
d

dx
(f(x)),

d2

dx2
(f(x)),

d3

dx3
(f(x)),

d4

dx4
(f(x)), . . .

Example 7.3. If y = x3 + x−2 then
dy/dx = 3x2 − 2x−3, d2y/dx2 = 6x + 6x−4, d3y/dx3 = 6− 24x−5, d4y/dx4 = 120x−6, . . .

Example 7.4. If y = sin x, then
y′ = cos x, y′′ = − sin x, y′′′ = − cos x, y(4) = sin x, y(5) = cos x, . . .

Example 7.5. If p is the position of an object, and t is time, then
dp/dt is the rate of change of position, i.e. the velocity.
d2p/dt2 is the rate of change of velocity, so the acceleration.
d3p/dt3 is the rate of change of acceleration.

7.2. Stationary points

The stationary points of the curve y = f(x) are the points where dy/dx = 0.
There are three types of stationary points:
(a) local maximum;
(b) local minimum;
(c) (�at) point of in�ection.

Example 7.6. Find the maximum value taken by the function f(x) = x3/(x4 + 1).
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One method to determine the type of a stationary point x = a is to compute d2y/dx2|x=a.

d2y

dx2

∣∣∣∣
x=a

=


< 0 local maximum

> 0 local minimum

= 0 can't tell � need to investigate further

7.3. Tangents and normals

Let (x1, y1) be a point on a curve.
The tangent to the curve at (x1, y1) is the line through (x1, y1) with gradient m =
dy/dx|x=x1 .
The normal to the curve at (x1, y1) is the line through (x1, y1) which is perpendicular to
the tangent, so has gradient −1/m where m = dy/dx|x=x1 .

Example 7.7. Find the equation of the tangent at (2,
√

5) to the curve y =
√

1 + x2.
Note that the point is on the curve since x = 2, y =

√
5 satis�es the equation of the curve.

We have
dy

dx
= 2x

1

2
(1 + x2)−1/2 =

x√
x2 + 1

.

The gradient of the curve at (2,
√

5) is m = dy/dx|x=2 = 2/
√

5.
The line has equation y −

√
5 = (2/

√
5)(x − 2), so y = (2/

√
5)x +

√
5 − 4/

√
5, so y =

(2/
√

5)x + 1/
√

5.

Example 7.8. Find the equation of the normal at (3, 9) for the curve y = x2.
We have dy/dx = 2x. Therefore dy/dx|x=3 = 6.
Therefore the normal at (3, 9) has gradient −1/6.
Therefore it has equation y − 9 = (−1/6)(x− 3), so y = (−1/6)x + 17/2.

7.4. Di�erentiation of inverse functions

By restricting its domain of de�nition suitably, a function f(x) can be made to have an
inverse function f−1(x). This is what we did for the inverse trigonometric functions.
The gradient of the curve y = f−1(x) is given by the formula

dy

dx
= 1

/dx

dy

Inverse Trigonometric functions:

d

dx
(sin−1 x) =

1√
1− x2

d

dx
(cos−1 x) = − 1√

1− x2
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d

dx
(tan−1 x) =

1

x2 + 1
Justi�cation. Let y = sin−1 x. By de�nition of the inverse sine, this means that y is the
unique angle in the range −π/2 ≤ y ≤ π/2 with sin y = x.
Di�erentiating x = sin y we get dx/dy = cos y.
Therefore dy/dx = 1/ cos y.
We need to express it as a function of x. We have sin2 y + cos2 y = 1.

Therefore cos y = ±
√

1− sin2 y = ±
√

1− x2.
In the range −π/2 ≤ y ≤ π/2, cos y is positive or zero so the correct choice of square root

is the positive one: cos y =
√

1− sin2 y =
√

1− x2.
Therefore dy/dx = 1/

√
1− x2.

For cos−1 x, the argument is similar. Try it. Why do you get a minus sign?

For tan−1 x:
Let y = tan−1 x.
Then x = tan y.
Therefore dx/dy = sec2 y.
Now tan2 y + 1 = sec2 y.
Therefore dx/dy = tan2 y + 1 = x2 + 1.
Therefore dy/dx = 1/(dx/dy) = 1/(x2 + 1).

7.5. Di�erentiation of implicitly de�ned functions

We say that y is given (or `de�ned') implicitly as a function of x if there is a relationship
of the form

(1) h(x, y) = 0 .

It may be di�cult or impossible to solve this equation to �nd y explicitly in terms of x.
However, we can interpret (1) as the Cartesian equation of a curve.
The gradient of this curve is given dy/dx. But how do we �nd this?

Method of computing dy/dx.
(a) Di�erentiate the equation h(x, y) = 0 with respect to x, to obtain an expression in-
volving x, y and dy/dx.
(b) Make dy/dx the subject of this equation.

Example 7.9. Suppose that y is given implicitly as a function of x by the equation

(2) x2 + y3 = 3xy .

Find a formula for dy/dx, and �nd the equation of the tangent to the curve given by Eqn.
(2) at the point (2, 2).

Solution. Di�erentiate the equation with respect to x:

2x + 3y2 dy

dx
= 3y + 3x

dy

dx
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Make dy/dx the subject:

(3y2 − 3x)
dy

dx
= 3y − 2x

Therefore,
dy

dx
=

3y − 2x

3y2 − 3x
.

Now the point (2, 2) is on the curve because 22 + 23 = 12 = 3× 2× 2.
At this point we have dy/dx = (3× 2− 2× 2)/(3× 22 − 3× 2) = 1/3.
The equation of the tangent to the curve at (2, 2) is y−2 = (1/3)(x−2), so y = (1/3)x+4/3.

7.6. Di�erentiation of functions given parametrically

Recall that a curve can also be given by parametric equations: x = f(t), y = g(t).
To �nd the gradient of this curve we need to compute dy/dx.
Method. Find dx/dt and dy/dt separately.
Do not attempt to eliminate the parameter.
Now use the formula

dy

dx
=

dy/dt

dx/dt
.

Example 7.10. A point on the rim of a rolling wheel moves in a cycloid, which is given
by the parametric equations

x = t− sin t, y = 1− cos t

where t denotes time. Find a formula for dy/dx, and �nd the value of dy/dx when t = π/2.

Solution. We have dx/dt = 1− cos t, dy/dt = sin t, so that

dy

dx
=

sin t

1− cos t
.

When t = π/2 the point is at (π/2− 1, 1), and dy/dx = 1.

Example 7.11. Find the normal to the ellipse

x = 2 cos θ, y = sin θ

at the point with θ = π/4.

7.7. Formation of simple di�erential equations

An (ordinary) di�erential equation (`ODE') is an equation linking a quantity with its
derivatives. Examples are

dy

dx
= 2x + 5y

dy

dx
+ xy2 = 0
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d2y

dx2
+ 2

dy

dx
+ y = x3

Many natural phenomena are controlled by di�erential equations.
The simplest are �rst order ODEs; these are of the form

dy/dx = h(x, y)

for some function h(x, y).
To solve a di�erential equation means to �nd a function, or all functions which satisfy this
equation.

Example 7.12. Consider the di�erential equation

dy/dx = −xy2.

Show that, for any constant c, the expression y = 2/(x2 + c) is a solution.

The general solution is the general function which satis�es the equation. This means
that any arbitrary constants remain unspeci�ed. Later we will be able to show that
y = 2/(x2 + c) is the general solution.
A particular solution is one of these solutions, i.e. one where the values of any constants
have been speci�ed. For example, y = 2/(x2 + 2). This is the only solution which has
y = 1 when x = 0.

Example 7.13. Suppose a hot object is placed in a refrigerator kept at a constant tem-
perature of 4◦ Centigrade.
Newton's law of cooling states that the rate of loss of temperature of the object is propor-
tional to the di�erence between its temperature at that of its environment.
If the temperature of the object is T ◦ and t is the time elapsed in seconds, then the rate
of increase of temperature is dT/dt, so that the rate of decrease of temperature is −dT/dt.
The law says that this is proportional to T − 4.
Therefore −dT/dt is proportional to T − 4. That is to say,

−dT/dt = a(T − 4)

for some constant a. The constant a should be positive, since the temperature is decreasing.
Suppose a = 1. Then the di�erential equation is

dT/dt = −(T − 4) .

This has many solutions, according to the initial temperature of the object. (In fact, the
general solution is T = 4 + ce−t.)

Example 7.14. An incurable non-lethal disease is spreading in a population.
Let 0 ≤ P ≤ 1 be the proportion of people infected.
Suppose the rate of increase of P is proportional to the product of P and the proportion
of people not yet infected.
Then dP/dt is proportional to P (1− P ). Therefore

dP/dt = aP (1− P )
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for some positive a.
There are di�erent solutions depending on the initial value of P .
Now suppose that the disease is particularly infectious during the summer. If time is
measured in years, then we might model this by saying that the rate of increase of P is
proportional to the product of P (1− P ) and the function sin2 πt.
Therefore

dP/dt = aP (1− P ) sin2 πt

for some positive a.

7.8. Worked examples

Example 7.15. Calculate the derivative of y = cos−1(sin x +
√

x).

Example 7.16. (i) Find the stationary points of the polynomial function f(x) = x4 −
4x2 − 5, and the value of f(x) at the stationary points.
(ii) Sketch the graph of f(x). [Hint: you may use that f(x) tends to +∞ as x tends to +∞
or −∞.] (iii) Identify which of the stationary points are maxima and which are minima.
(iv) Determine the number of real roots of f(x). (v) Find the minimum value taken by
f(x).

Example 7.17. Find an expression for dy/dx for the implicitly de�ned function

y2 + (x2 + 1)y = x3 − x ,

and hence �nd the gradient of the curve with this equation at the point (2,1).

Example 7.18. Sketch the curve with parametric equations

x = t + 1/t, y = t− 1/t.

Find a formula for dy/dx in terms of t.

Example 7.19. A bath contains V litres of water. Water pours into the bath at a constant
rate, but the plug leaks, and water escapes at a rate proportional to the volume of water
in the bath. Write down a di�erential equation which governs V , stating whether any
constants which occur are positive or negative.
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