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Abstract

I shall introduce and compare the three notions homogeneous, ultrahomogeneous, and descendant-
homogeneous. Corresponding to the first of these, I give some classical results of Keisler, Morley,
and others, on the number of homogeneous models of a complete theory in various cardinal-
ities. In the uncountable case, the GCH is usually assumed. I shall give several examples,
some of which are due to Kudaibergenov, who answered a number of questions raised by Keisler
and Morley in their 1967 paper. As a contrast, I then briefly describe ultrahomogeneity and
recall Fräıssé’s theorem about this situation. In the last lecture I shall introduce a related
notion, called descendant-homogeneity, which applies to directed graphs, present an analogue
of Fräıssé’s theorem in this context, and give some examples and theorems (joint work with
Daniela Amato and David Evans).

The main definitions are as follows:
A structure A of infinite cardinality κ is homogeneous if for any two sequences (aβ : β < α)

and (bβ : β < α) in A (the domain of A) and c ∈ A, such that α < κ, there is d ∈ A such that if
(A, (aβ)β<α) ≡ (A, (bβ)β<α), then (A, (aβ)β<α, c) ≡ (A, (bβ)β<α, d). (Note that there is a problem
in the case of singular cardinality, so we generally restrict attention to regular κ; Keisler and Morley
give a different definition in the singular case which makes some of the results go through, but which
is less natural. I remark that in some cases it it easy to see that homogeneous structures exist in
singular cardinalities in the original sense, for instance for the theory Th(A, {ci}i∈ω)) given in the
list on the next page, but in most cases this is not at all clear; for instance an example of Jónsson is
given on page 213 of [3] showing that there is no saturated linear order in cardinality ℵω. Presumably
the same idea can be adapted to show that there is not even any homogeneous such model in this
cardinality (assuming GCH), but the details are a little involved.)

A structure A (usually countable) is ultrahomogeneous if the same condition holds, but this time
only assuming that the map from aβ to bβ induces an isomorphism from the substructure generated
by {aβ : β < α} to that generated by {bβ : β < α}.

Note that the first two definitions are given in the form of extending maps ‘one point at a time’.
This suggests that they give rise to alternative characterizations using back-and-forth. For countable
structures these just say that A is homogeneous if for any two finite n-tuples a and b having the
same complete type, there is an automorphism of A taking a to b, and for ultrahomogeneous it is
the same except with ‘complete type’ replaced by ‘quantifier-free type’.

Lemma 1: Any countable structure has a countable homogeneous elementary extension.

Lemma 2: Suppose A is homogeneous, |B| ≤ |A|, and S(B) ⊆ S(A). Then for every ordinal α
such that |α| ≤ |B| in B, and sequence (bβ)β<α in B there is a sequence (aβ)β<α in A such that
(A, (aβ)β<α) ≡ (B, (bβ)β<α). Hence B can be elementarily embedded in A. If in addition, B is
homogeneous and |B| = |A| and S(B) = S(A), then A ∼= B.

Lemma 3: If A is homogeneous, and X ⊆ S(A) is countable, then there is a countable homogeneous
B ≺ A containing X.

We write hT (κ) for the number of homogeneous models of T of cardinality κ.
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Lemma 4: For any complete theory T and infinite κ, hT (κ) ≤ 22ℵ0
, 2κ.

Theorem 1: If T is a complete theory and hT (ℵ0) ≤ ℵ0, then for all κ ≥ ℵ0, hT (κ) ≤ hT (ℵ0).

Lemma 5 (GCH): If A is homogeneous and ℵ1 ≤ κ ≤ |A|, then there is a homogeneous B ≺ A of
cardinality κ such that S(A) = S(B).

Theorem 2 (GCH): If ℵ1 ≤ κ1 ≤ κ2, then hT (κ1) ≥ hT (κ2).

Corollary (GCH): For any complete theory T , hT is non-decreasing, with the only possible exception
being if hT (ℵ0) = ℵ1, hT (ℵ1) = ℵ2.

(Lemma 1 is due to Vaught; all the others so far are due to Keisler and Morley.)

In the following table I give a list of complete theories T illustrating various possibilities for the
behaviour of the function hT , assuming the GCH.

hT (ℵ0) hT (ℵ1) hT (ℵ2) . . .
Th(N, <) 3 1 1 . . .
Th(Z, <) 2 1 1 . . .
Th(Q, <) 1 1 1 . . .
Th(A,Z, <) A \ Z infinite 2 2 2 . . .
TEn = Th(Qn−2, {ci}i∈ω, {di}i∈ω), n ≥ 3 n n n . . .
Th(2<ω, <) 3 2 1 . . .
T (m) = Th(2≤ω,≤, A, {Ri}i<m, {cj}j∈ω, F ) 5 +m 2 2 . . .
Th(A, {ci}i∈ω) ci distinct constants ℵ0 1 1 . . .
Th(A, {Ri}i∈ω) Ri independent unary relations ℵ1 ℵ2 ℵ2 . . .
T0 ℵ0 3 3 . . .
T1 ℵ1 4 4 . . .
T2 ℵ1 ℵ1 4 . . .
T3(n) 3n 1 1 . . .
T4 ℵ1 ℵ0 . . .
T5(n) 2n 1 1 . . .
T6 ℵ1 1 1 . . .
T7(n) ℵ1 n . . .

TEn is due to Ehrenfeucht; Qn−2 is the ‘(n − 2)-coloured version of the rationals’, that is, Q
together with n − 2 pairwise disjoint subsets, each dense in Q, having union Q, and ci, di are
constants satisfying c0 < c1 < c2 < . . . < d2 < d1 < d0. The theories T (m) and T0 - T7(n) are due
to Kudaibergenov, and the others are due to Keisler and Morley. I have deliberately left two entries
under the hT (ℵ2) column blank, as the values are not asserted in Kudaibergenov’s paper, though
presumably they are ℵ0 and n respectively. (The values are given by a rather complicated recursion,
so it would require some checking.)

I give a few more details of Kudaibergenov’s models. T (m) = Th(2≤ω,≤, A, {Ri}i<m, {cj}j∈ω, F ).
Here we can think of 2≤ω under the partial ordering ≤ as a tree of height ω + 1, and A picks out
the top level 2ω. The Ri are unary predicates on A with union A, which are pairwise disjoint and
‘dense’, meaning that every member of 2<ω has an extension in each Ri. The sequence of constants
cj picks out a maximal chain of 2<ω, and F is a quaternary relation such that for each x, y ∈ A,
fxy = {(z, t) : F (x, y, z, t)} is an isomorphism from the elements of 2<ω below x to those below y.

All the other models are clever variations on the same theme.
T0 = Th(2≤ω,≤, A, {Ri}i∈ω, {cj}j∈ω, F ), where the Ri are pairwise disjoint unary predicates on

A with union A, such that all points satisfying Ri are above ci and the points satisfying Rj for
j ≤ i are dense above ci, fxy fixes all points of 2<ω below both x and y, and fyufxy = fxu for any
x, y, u ∈ A,

T1 = Th(2≤ω,≤, A, {P0, P1}, {cij}i,j∈ω, F, {Hi}i∈ω), where A is the disjoint union of the sets
defined by the unary predicates P0 and P1, each of which is dense over 2<ω, the cij all lie in 2<ω and
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form countably many branches of 2<ω, (cij represents a sequence of length i+j, c00 < c10 < c20 < . . .
is one of these branches, and the others ‘grow off’ this one, and are ci0 < ci1 < ci2 < . . .), and the
Hi are binary relations on A which describe bijections between certain subsets of A,

T2 = Th(2≤ω,≤, A, {cij}i,j∈ω, F, {Hi}i∈ω),
T3(1) = Th(2≤ω,≤, A, {P0, P1}),
T3(n) is the ‘disjoint union’ of n copies of T3(1),
T4 is the ‘disjoint union’ of ℵ0 copies of T3(1),
T5(1) is obtained from a nonstandard model of T3(1), and T5(n) is the disjoint union of n copies

of T5(1).
T6 is built from two copies of T3(1) and an equivalence relation, and T7(n) is the disjoint union

of T6 and TEn.

Now I move on to briefly consider ultrahomogeneous structures, mainly so I can give a modifica-
tion applicable to study of certain digraphs. The principal theorem is due to Fräıssé, and it reduces
the study of ultrahomogeneous structures to that of amalgamation classes. For any structure A, its
age is the class of structures isomorphic to a finitely generated substructure of A. A class C of struc-
tures has the joint embedding property JEP if for any A,B ∈ C, there are C ∈ C and embeddings of A
and B into C. It has the amalgamation property if for any A, B1, B2 in C and embeddings f1, f2 of
A into B1 and B2 respectively, there are C ∈ C, and embeddings g1, g2 of B1, B2 respectively into C
such that ‘the diagram commutes’, meaning that g1f1 = g2f2. A family of structures which is closed
under isomorphisms and substructures, has only countably many members up to isomorphism, and
has the joint embedding and amalgamation properties is called an amalgamation class.

Theorem 3: (Fräıssé): (i) Let L be a countable first order language, and C a class of finitely
generated L-structures. Then there is a countable structure A with age equal to C if and only if
C is closed under isomorphisms and finitely generated substructures, it has only countably many
structures up to isomorphism, and it has the joint embedding property.

(ii) Under the same hypotheses, there is a countable ultrahomogeneous structure A with age
equal to C if and only if C in addition has the amalgamation property. Furthermore, this structure
is then unique up to isomorphism.

See [5] for a reference on Fräıssé’s Theorem. The ultrahomogeneous structure which is asserted
to exist in the second part of the theorem is called the Fräıssé generic structure corresponding to C,
or its Fräıssé limit.

To give the easiest example, the age of any infinite linear order is equal to the family of all finite
linear orders. Only one of these however is ultrahomogeneous, namely the rationals under the usual
ordering.

I now give an analogue of Fräıssé’s Theorem for descendant-homogeneity. In a digraph, a de-
scendant set desc(x) is the set of all vertices which can be reached from a given vertex by a path
starting at x. A subset is finitely generated if it is a finite union of descendant sets. A digraph is
then descendant-homogeneous if its automorphism group acts (singly) transitively on its vertex set,
and any isomorphism between finitely generated subdigraphs extends to an automorphism. We say
that a class C of digraphs is closed under finite intersections if whenever desc(X ∪ Y ) ∈ C where X
and Y are finite, then also desc(X) ∩ desc(Y ) ∈ C.

Theorem 4: For any countable descendant-homogeneous digraph D in which descendant sets are
all rooted trees of finite valency greater than 1, age(D) is a family of descendant digraphs of finite
sets which is closed under isomorphism, finitely generated substructures, and finite intersections,
has only countably many structures up to isomorphism, and has the joint embedding and amal-
gamation properties. Conversely, for any family C of finitely generated digraphs with descendant
sets all q-valent trees (for fixed q with 1 < q < ∞) fulfilling the listed properties, there is a count-
able descendant-homogeneous digraph whose age is equal to C. Furthermore, any two countable
descendant-homogeneous digraphs having the same age are isomorphic.

Let T = Tq be a q-valent rooted (downwards growing) tree, and let C be the family of all finitely
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generated digraphs D with descendant sets all isomorphic to T and such that for any vertices a, b
of D, desc(a)∩ desc(b) is finitely generated. Then C is closed under isomorphism, finitely generated
substructures and finite intersections. These conditions guarantee that C has only countably many
members up to isomorphism. For n ≥ 1, we let τn be the element of C generated by X = {x1, . . . , xn},
such that desc1(xi) = desc1(xj) for all i 6= j. So

∣∣desc1(X)
∣∣ = q. In particular, τ1 = T . For n ≥ 2

we let
Cn = {A ∈ C | A omits τn}.

It is clear that Cn ⊆ Cn+1 and Cn ⊆ C for all n. In [2] we show that Cn is an amalgamation class,
and note that identification of vertices must be allowed when verifying the amalgamation property
for Cn.

The first part of the final result follows from Theorem 4.
Theorem 5 [1, 2]: For n ≥ 2, there is a countably infinite descendant-homogeneous digraph Dn

which is τn-free and whose descendant sets are isomorphic to Tq. There is also a countably infinite
descendant-homogeneous digraph D∞ whose descendant sets are isomorphic to Tq which embeds all
members of C. Furthermore, any countable descendant-homogeneous digraph whose descendant sets
are isomorphic to Tq is isomorphic to Dn for some n ∈ {2, 3, 4, . . . ,∞}.
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