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Basic Definitions

A hyperimaginary is the equivalence class of a tuple modulo a
0-type-definable equivalence relation.

The definable closure dcl(h) of a hyperimaginary h is the class of
all hyperimaginaries fixed under Aut(C/h).

The bounded closure bdd(h) of a hyperimaginary h is the class of
all hyperimaginaries with bounded orbit under Aut(C/h).

A hyperimaginary h is bounded if h ∈ bdd(∅); it is finitary if
h ∈ dcl(a) for some finite tuple a.

Fact (Lascar-Pillay, 2001)

Every bounded hyperimaginary is interdefinable with a sequence of
finitary (bounded) hyperimaginaries.



Two tuples a, b have the same strong type over a set A, written
a ≡s

A b, if for every A-definable finite equivalence relation a and b
lie in the same class. Equivalently, iff a ≡acleq(A) b.
The relation ≡s

A is type-definable over A (for a fixed length of
sequences).

Two tuples a, b have the same Lascar strong type over a set A,
written a ≡Ls

A b, if a and b lie in the same class in the least
A-invariant bounded equivalence relation. Equivalently, iff a and b
have the same orbit under Autf(C/A).

From now on we assume that ≡Ls
A is type-definable over A for all

A, i.e., our theory is G -compact. Equivalently,

a ≡Ls
A b ⇔ a ≡bdd(A) b.

In particular, simple theories are G -compact.



Remark
The following are equivalent for any set A:

1. For all sequences a, b: a ≡Ls
A b ⇔ a ≡s

A b.

2. Aut(C/bdd(A)) = Aut(C/acleq(A)).

3. bdd(A) = dcl(acleq(A)).



Elimination of hyperimaginaries

A hyperimaginary is eliminable if it is interdefinable with a
sequence of imaginaries. A theory eliminates (finitary/bounded)
hyperimaginaries if all (finitary/bounded) hyperimaginaries are
eliminable.

1. (Pillay-Poizat, 1987) Stable theories eliminate
hyperimaginaries.

2. (Kim, 1998) Small theories eliminate finitary hyperimaginaries.

3. (Buechler, 1999/Shami, 2000) Low simple theories eliminate
bounded hyperimaginaries.

4. (Buechler-Pillay-Wagner, 2000) Supersimple theories eliminate
hyperimaginaries.

5. (Kim-Pillay, 2001) If a simple theory has Stable Forking and
for all sequences a, b and for every set A a ≡Ls

A b ⇔ a ≡s
A b,

then T has elimination of hyperimaginaries.



A hyperimaginary is weakly eliminable if it is interbounded with a
sequence of imaginaries. A theory weakly eliminates
hyperimaginaries if all hyperimaginaries are weakly eliminable.

For a simple theory T :

1. (Adler’s Thesis, 2005) T has weak elimination of
hyperimaginaries iff |̂ f has weak canonical bases.

2. (Kim-Pillay, 2001) If T has Stable Forking, then T has weak
elimination of hyperimaginaries.

3. (Adler’s Thesis, 2005) If T weakly eliminates
hyperimaginaries, then forking=thorn-forking (in T eq).



WEH+‘LS=S’ ⇔ EH

Fact (Lascar-Pillay, 2001)

Let a be an imaginary tuple and let h be a hyperimaginary. If
h ∈ dcl(a) and a ∈ bdd(h), then h is eliminable.

Remark
Assume for all tuples a, b and for any set A: a ≡Ls

A b ⇔ a ≡s
A b. If

a hyperimaginary h is interbounded with an imaginary tuple a, that
is, bdd(h) = bdd(a), then h is eliminable.

Proof.
By assumption, bdd(h) = bdd(a) = dcl(acleq(a)). Let ā be an
enumeration of acleq(a); so, h ∈ dcl(ā) and ā ∈ bdd(h). Then we
apply Fact above to eliminate h.



EFH ⇒ ‘LS=S’

Fact (Casanovas)

T eliminates bounded hyperimaginaries iff for all tuples a, b:
a ≡Ls b ⇔ a ≡s b.

Proof.
⇒) It is easy to see that bdd(∅) = dcl(acleq(∅)).
⇐) Let h ∈ bdd(∅) and let ā be an enumeration of acleq(∅). Since
bdd(h) = bdd(ā) we can apply last Remark to eliminate h.



Lemma
Elimination of finitary hyperimaginaries implies that for all
sequences a, b and for any set A: a ≡Ls

A b ⇔ a ≡s
A b.

Proof.
By type-definability of ≡Ls

A : a ≡Ls
A b iff a ≡Ls

A0
b for every finite

A0 ⊆ A. Same for ≡s
A. Assume A is finite and observe that T (A)

eliminates finitary hyperimaginaries. By Lascar-Pillay Theorem,
T (A) eliminates bounded hyperimaginaries. That is, for all
sequences a, b: a ≡Ls b ⇔ a ≡s b in T (A). Hence, the result.



A hyperimaginary h is quasi-finitary if h ∈ bdd(a) for some finite
tuple a.

Proposition

A theory eliminates finitary hyperimaginaries iff eliminates
quasi-finitary hyperimaginaries.



Main Result

Theorem
Let T be a simple CM-trivial theory. If T eliminates finitary
hyperimaginaries, then T eliminates hyperimaginaries.

Definition
A simple theory is CM-trivial if for every a ∈ Ceq, A ⊆ B ⊆ Ceq: if
bdd(aA) ∩ bdd(B) = bdd(A), then Cb(a/A) ⊆ bdd(Cb(a/B)).



Sketch of the Proof

Fact
A simple theory eliminates hyperimaginaries iff it eliminates the
canonical bases of the form Cb(a/B) for finite real tuples a.

It is enough to show that each canonical base Cb(a/B) with a
finite is weakly eliminable. We see:

bdd(Cb(a/B)) = bdd(
⋃
b∈X

Cb(a/b)),

where X is the set of all quasi-finitary hyperimaginaries
b ∈ bdd(B) with Cb(a/b) ∈ bdd(Cb(a/B)).

⊇ inclusion is obvious.



⊆ inclusion

We should see that: for every finite tuple b ∈ B there is some
b′ ∈ X such that b ∈ bdd(b′). Given a finite tuple b ∈ B, let b′ be
a hyperimaginary such that bdd(b′) = bdd(ab) ∩ bdd(B). b′ is
quasi-finitary; so it is eliminable.
Also, bdd(ab′) ∩ bdd(B) = bdd(b′); so,
Cb(a/b′) ⊆ bdd(Cb(a/B)) by CM-triviality. That is, b′ ∈ X .
Using this one can check

a |̂⋃
b∈X Cb(a/b)

B.

Hence we get the left-right inclusion.



Concluding Remarks

Corollary

Every small simple CM-trivial theory eliminates hyperimaginaries.


