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Art and Computing - 
A MARRIAGE MADE IN 
MATHEMATICS 	




2



3
 - Alan Turing: “Lecture to the London Mathematical Society 0n 20 February 1947” 
in “Alan Turing - His Work and Impact”, Elsevier, 2013, p.497



4

The Machine and 
its Semantics



1936 - Turing’s  machines 

Hardware trivial 

Computes ‘anything’ 
computable 

All the computing power lies 
in the program ...
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Computation   
DISEMBODIEDA familiar picture:

0 0 1 1 0 0 0 . . .. . .

reading head which is
in internal state q and

obeys Turing program P

tape, infinitely extendable
in each direction



Turing, 1936: Build a UNIVERSAL TURING 
MACHINE, which can simulate ANY other machine
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Universality, and 
Programs as Data

 Can computably code, and so list, the 
Turing programs, giving:



Turing, 1936: Build a UNIVERSAL TURING 
MACHINE, which can simulate ANY other machine
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Universality, and 
Programs as Data

Depends on TYPE 0 description of eth Turing machine 



Unsolvability of the Halting Problem for U:           
No computer can tell us, for each given input x, 
whether U will compute - where, remember - we 
allow an input to include a coded program!
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Opening the door 
to Incomputability

Turing(1936): Take a Universal Turing machine U:

‘Church’s Theorem’:                                                  
No computer can tell us, for each given sentence, 
whether it is logically valid or not.
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Semantics, Data 
and Interactivity



10Higher type data via Emergence
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LEVELS of 
ABSTRACTION

A level of abstraction (LoA) is a finite but 
non-empty set of observables. ...   

The introduction of LoAs is often an 
important step prior to mathematical 
modelling of the phenomenon under 

consideration ... Use of LoAs is effective ... 
where a typed theory would be 

effective ... [but] analysis ...may be 
conducted at different levels of 

epistemological levelism. 
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TYPES & LEVELS of 
ABSTRACTION

By the theory of simple types I mean the doctrine which 
says that the objects of thought ... are divided into types, 
namely: individuals, properties of individuals, relations 

between individuals, properties of such relations, etc. ... , 
and that sentences of the form: " a has the property φ ", " 
b bears the relation R to c ", etc. are meaningless, if a, b, 

c, R, φ are not of types fitting together. Mixed types (such 
as classes containing individuals and classes as elements) 
and therefore also transfinite types (such as the class of all 

classes of finite types) are excluded. That the theory of 
simple types suffices for avoiding also the epistemological 

paradoxes is shown by a closer analysis of these. 
(Kurt Godel: Russell's mathematical logic, 1944)



 Turing, 1939 - Oracle Turing Machines ... 

Provide a model of how we compute using data given 
to us from unknown sources 

A model within                                                      
which Newtonian                                        
computability etc                                                      
comfortably fit ...

13

A familiar picture:

0 0 1 1 0 0 0 . . .. . .

reading head which is
in internal state q and

obeys Turing program P

tape, infinitely extendable
in each direction

Computation Over 
Type 1 Data



A model of computable content of structures, based 
on p.c. functionals over the reals 

1944 - Post defines the degrees of            
unsolvability as a classification of                        
reals in terms of their relative computability  

Giving a landscape with a rich structure
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Phyllis, Emil and Gertrude Post

and Informational 
Infra-Structure
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Higher Type Data 
& Definability



Emergence of 
patterns in Nature  

See http://www.swintons.net/jonathan/turing.htm

1950s - Alan 
Turing proposes 

a simple 
reaction-

diffusion system 
describing 
chemical 

reactions and 
diffusion to 
account for 

morphogenesis 

James D. Murray

From website of the Biological Modeling and Visualization research 
group, Department of Computer Science at the University of Calgary  

Philip Maini

http://www.swintons.net/jonathan/turing.htm
http://www.cpsc.ucalgary.ca/
http://www.ucalgary.ca/
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WHAT IS  interesting 
about ...

... Morphogenesis ?



Intuition: Natural phenomena not only generate     
descriptions, but arise and derive from them . . .  

... so - connecting with a useful abstraction - that of 
mathematical definability - or, more generally,  
invariance (under appropriate automorphisms) ... 

... giving precision to our experience of emergence as       
a computationally non-algorithmic determinant of 
phenomena (possibly also hidden)
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Definability in 
the Real World

Alfred Tarski

Hans Reichenbach 
(1891-1953)



“ Wittgenstein and Turing are often regarded, in a misleading caricature,   as 
philosophical opponents. Wittgenstein is taken to be a humanistic philosopher 
of meaning and ‘forms of life’, hostile to mathematical logic and the very idea 
of a Turing machine; Turing is taken to be a mechanistic or behaviouristic 
theorist of the mind, intent on reducing the concept of meaning to that of 
information. Neither picture is correct ...        Wittgenstein and Turing shared ... 
a particular sort of anti-reductionist attitude toward logical and conceptual 
analysis. On their view, it is the everyday, purposeful uses we humans make of 
language that crucially animate and frame the notions of meaning and 
information. ”

Definability in 
the Real World

Juliet Floyd in “Alan Turing - His Work and Impact”: Turing, Wittgenstein and Types: Philosophical 
Aspects of Turing’s ‘The Reform of Mathematical Notation and Phraseology’ (1944–5), pp.250-253:

“The world is everything that is the case” 
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Higher Type 
Computation & 
Creativity



Alan Turing [1939],  
Systems of logic based on ordinals, Proc.  London Math. Soc. (2) 45, pp.161-228.  

Reprinted in A. M. Turing, Collected Works: Mathematical Logic,  pp.  81-148.      

Mathematical   
reasoning may be regarded ...  

as the exercise of a combination of  
... intuition and ingenuity. ... In pre-Gödel times it was 
thought by some that all the intuitive judgements of 

mathematics could be replaced by a finite number of ... 
rules. The necessity for intuition would then be entirely 
eliminated. In our discussions, however, we have gone 
to the opposite extreme and eliminated not intuition 

but ingenuity, and this  in spite of the  
fact that our aim has been in much  

the same direction.    
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  The world of the left hemisphere, dependent on denotative 
language and abstraction, yields clarity and power to manipulate 
things that are known, fixed, static, isolated, decontextualised, 
explicit, disembodied, general in nature, but ultimately lifeless.  

  The right hemisphere by contrast, yields a world of individual, 
changing, evolving, interconnected, implicit, incarnate, living 
beings within the context of the lived world, but in the nature of 
things never fully graspable, always imperfectly known - and to 
this world it exists in a relationship of care.  

  The knowledge that is mediated by the left hemisphere is 
knowledge within a closed system. It has the advantage of 
perfection, but such perfection is bought ultimately at the price   
of emptiness, of self- reference. It can mediate knowledge only    
in terms of a mechanical rearrangement of other things already 
known. It can never really ‘break out’ to know anything new, 
because its knowledge is of its own representations only.  

  Where the thing itself is present to the right hemisphere,         
it is only ‘re-presented’ by the left hemisphere, now become an 
idea of a thing.  

  Where the right hemisphere is conscious of the Other, 
whatever it may be, the left hemisphere’s consciousness is of itself.



... the evidence is that the primary effect of callosal 
transmission is to produce functional inhibition. 

... it turns out that the evolution both of brain size and of 
hemisphere asymmetry went hand in hand with a 

reduction in interhemispheric connectivity. And, in the 
ultimate case of the modern human brain, its twin 

hemispheres have been characterised as two autonomous 
systems. 

So is there actually some purpose in the division of 
neuronal, and therefore, mental processes?                          

If so, what could that be? 
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... a harmonious 
partnership?

          - from Iain McGilchrist: ”The Master 
and his Emissary - The Divided Brain and 

the Making of the Western World”,  Yale 
University Press, 2009, pp.18-19:



 It is ... clear that very many approaches to 
defining higher type computability are possible, 
but it is not obvious a priori whether some 
approaches are more sensible than others, or 
which approaches lead to equivalent notions of 
computability. In short, it is unclear in advance 
whether at higher types there is really just one 
natural notion of computability (as in ordinary 
recursion theory), or several, or no really 
natural notions at all. 
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Control of Higher 
Type Computation?

          - from John Longley: ”Notions of Computability at Higher Types I”,  in 
‘Logic Colloquium 2000’, Lecture Notes in Logic 19, ASL (2005), pp.32-142



Physical Computation, Turing 
Landscape and Emergence ...

Emergence of semantics hosted                                               
by interactive infrastructure ... 

... as embodied computation of                                          
large-scale neural formations 

Formalised as definability/invariance or higher type 
computation relative to a relativistic computational base 

Iterable using type reduction via sampling, language etc 
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 Antonio Damasio [1999],  
The Feeling Of What Happens, p.170:            

“As the brain forms images of an object - such as a face,                           
a melody, a toothache, the memory of an event - and as                       
the images of the object affect the state of the organism, yet another 
level of brain structure creates a swift nonverbal account of the events 
that are taking place in the varied brain regions activated as a 
consequence of the object-organism interaction. The mapping of the 
object-related consequences occurs in first-order neural maps 
representing the proto-self and object; the account of the causal 
relationship between object and organism can only be captured in 
second-order neural maps.  ... one might say that the swift, second-
order nonverbal account narrates a story: 	

that of the organism caught in the act of representing its own changing state 	

as it goes about representing something else.” 
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 - Alan Turing: “Lecture to the London Mathematical Society 0n 20 February 1947” 
in “Alan Turing - His Work and Impact”, Elsevier, 2013, p.497

To continue my plea for ‘fair play for the 
machines’ when testing their I.Q.               

A human mathematician has always 
undergone an extensive training. This 
training may be regarded as not unlike 

putting instruction tables into a machine. 
One must therefore not expect a machine 
to do a very great deal of building up of 

instruction tables on its own. No man adds 
very much to the body of knowledge, why 

should we expect more of a machine? 
Putting the same point differently, the 

machine must be allowed to have contact 
with human beings in order that it may 

adapt itself to their standards. 



Thank You !	



