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Prof. Gunther Cornelissen

Some Operator Algebra Theory and Questions Inspired by Number Theory

Abstract: Assuming almost no background in the field, I will start with an impressionistic overview of
some basic questions in algebraic number theory that have occupied researchers since the 19th century.
These concern the relation between splitting of polynomials modulo primes and the isomorphism type
of fields. I will briefly touch upon the analogy between this theory and the problem of isospectrality in
Riemannian geometry and graph theory. I will then formulate some answers, including some new ones that
were found in joint work with de Smit, Marcolli, Li and Smit in terms of certain dynamical systems. The
remainder of the lectures presents analogies and conjectures inspired by this work, but that belong entirely
to the theory of operator algebras. The conjectures are about one-parameter groups of automorphisms of
C*-algebra dynamical systems and non-involutive subalgebras.

Prof. Salma Kuhlmann

From Hilbert’s 17th Problem to
Infinite Dimensional Moment Problems

Abstract:

1. REAL ALGEBRA AND REAL ALGEBRAIC GEOMETRY

The birth of real algebra goes back to D. Hilbert’s famous 17th problem (1900), which asked whether
a real (i.e., with real coefficients) polynomial p(x1, · · · , xn) which takes only non-negative real values
as a function on Rn is a finite sum of squares of real rational functions q(x1, · · · , xn)/r(x1, · · · , xn).
A complete positive answer was provided by E. Artin, and E. Artin and O. Schreier (1927) who, to this
end, developed the algebraic theory of real closed fields. (An ordered field R is real closed if R[

√
−1]

is its algebraic closure). The logician A. Tarski provided (1951) the model-theoretic counterpart to the
algebraic theory developed by Artin–Schreier. Tarski’s seminal elimination of quantifiers for real closed
fields is at the core of real algebra. It implies Tarski’s transfer principle: every ordered field (R,+, ·, <)
which satisfies the intermediate value property for polynomials in R[x] is a real closed field and thus
elementarily equivalent to (R,+, ·, 0, 1, <), i.e. the validity of a first order statement about the ordered
field of the reals transfers to (R,+, ·, <). (Roughly, a first order formula in this language is built up from
finitely many variables, finite conjunctions or disjunctions, negations, universal or existential quantifiers
applied to variables only, constant symbols 0 and 1, and any of the symbols =,+, ·, <). The geometric
interpretation of quantifier elimination implies the celebrated (1954) Tarski–Seidenberg result that the
projection of a semi-algebraic set is again semi-algebraic, a result at the core of real algebraic geometry.
(A semi-algebraic subset of Rn is a setK consisting of all n-tuples that satisfy a finite boolean combination
of polynomial equalities and inequalities).

2. POSITIVE POLYNOMIALS AND MOMENT PROBLEMS

Special families of non-negative polynomials that are not sums of squares of polynomials have been stud-
ied by Motzkin, Choi, Lam, Reznick and others in the 1970s and 1980s. One is particularly interested
in the situation when the representation of non-negative polynomials by sums of squares is denominator
free. Many results pertain to a relative situation, where one considers polynomials non-negative on a basic



closed semi-algebraic set K and sums of squares weighted with inequalities defining K. For many of the
stronger results, K has to be compact. The Archimedean Positivstellensätze from the 1990s by Putinar
and Jacobi–Prestel have long become fundamental and indispensable tools in theory and applications. By
the classical Riesz–Haviland theorem (1930s), the problem of characterizing positive polynomials on a
given closed subset K of Rn is the dual facet to the problem of characterizing moment sequences of a
Borel measure supported on K. The recent years’ progress in the algebraic understanding of sums of
squares representations has advanced the understanding of moment problems considerably. An algebraic
approach was taken by Ghasemi–Kuhlmann–Marshall (2013–2016) who study the moment problem for
τ -continuous functionals, τ being a locally convex (lc) topology on a not necessarily finitely generated
real topological algebra. This in turn led to the study of infinite dimensional moment problems.
We mention in closing that the representation of positive polynomials by sums of squares recently found
spectacular unexpected applications both to optimization and control, see [2].
To provide a context, I will first briefly discuss and explain the concepts introduced Section 1. In these
talks, I will focus mainly on the material of Section 2. In the first hour I will treat the finite dimen-
sional moment problem, i.e., the problem of representing a linear functional on the polynomial algebra
R[x1, · · · , xn] as integration with respect to a Borel measure supported on K ⊂ Rn. I will highlight the
Riesz–Haviland theorem and the Archimedean Positivstellensatz. In the second hour, I will consider the
moment problem for lc topological real algebras (i.e., the topology is given by a directed family of semi-
norms). I will highlight on the one hand the moment problem for continuous linear functionals, and on
the other hand, infinite dimensional moment problems on real algebras of polynomials in infinitely many
variables. The presentation will be based on [1] and [3].
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