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Prof. John McCarthy

Non-commutative Function Theory and Functional Calculus

Abstract: Given a holomorphic function defined a priori on a domain in Cd, it is natural to evaluate
it on commuting d-tuples of matrices, or operators. If the matrices do not commute, what then? Non-
commutative polynomials can obviously be evaluated on matrices. Non-commutative function theory is
the study of holomorphic functions in non-commuting variables, which one can think of as bearing an
analogous relationship to non-commuting polynomials as regular holomorphic functions have to regular
polynomials.
This is not just generalization for the sake of generalization; we will discuss motivations such as the study
of positivity of matrix valued functions, and a way to define a functional calculus for non-commuting
elements of a Banach algebra. Sample result, which will be explained:
Consider the matrix equation

X3 + 2X2Y 3 + 3Y 2X2Y + 4XY + 5Y + 6 = 0.

For almost every matrix X , the only matrices Y that satisfy the equation commute with X .

Prof. Anton Baranov

Spectral Theory of Rank One Perturbations
of Compact Selfadjoint Operators

Abstract: We study the spectral properties of rank one perturbations of compact selfadjoint operators.
Namely, we address the following questions for the operators in this class:

• Completeness of eigenvectors (root vectors);
• Relations between completeness of the operator and of its adjoint;
• The spectral synthesis problem (the property that any invariant subspace is generated by the root

vectors it contains);
• Disappearance of the point spectrum (compact selfadjoint operators which have a Volterra rank

one perturbation).
The goal of these lectures is to show how rich and complicated the structure of such perturbations can
be as soon as we leave some well-studied special classes (dissipative operators, weak perturbations in the
sense of Matsaev).
Our main tool is a functional model for rank one perturbations of selfadjoint operators. This model
translates the problem to the setting of star-invariant subspaces of the Hardy space or, in the case of per-
turbations of compact operators, to de Branges spaces of entire functions. The functional model translates
the above problems into the problems about geometry of systems of reproducing kernels in the corre-
sponding spaces of analytic functions. This enables us to construct a number of striking examples (e.g., of
rank one perturbations of compact selfadjoint operators for which the spectral synthesis fails up to finite-
or even infinite-dimensional defect). Also, we completely describe the operators which have a rank one
perturbation which is a Volterra operator.
The talk is based on a joint work with Dmitry Yakubovich (Universidad Autonoma de Madrid).


