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Challenge

Flood-risk prediction: based on a coarsed-grained rainfall
distribution, taken uniform on large areas (e.g. 5× 5 km),

I underestimate the risk of extreme flooding,
I particularly problematic for summer floods,
I similar issue with coarse-graining in time.

Example: 2014 Canvey Island floods
06/01/2018, 15:40Canvey Island - Google Maps
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Challenge

Figure 1: Hyrad radar hourly accumulation precipitation data over Canvey Island July 20th 2014 (Source:
Environment Agency, 2014).

1.1 Spatially varying rainfall patterns
To investigate the effects of spatio-temporal rainfall distributions, we will consider a hierarchy of test cases to
simulate rainfall, in one dynamic setting, including:

(1) spatially uniform rainfall as a reference case mimicing what is often done in the current flood forecasting
practice;

(2) spatially varying rainfall (e.g. as for Canvey Island [3]); and,

(3) both temporally and spatially varying rainfall (e.g. as for the Medway [15]).

1.2 Probabilistic forecasting of flood events
Probabilistic forecasting is commonplace for flood prediction [7, 8, 10]. In this setting it is traditionally done
with ensemble-based methods. Ensemble-based methods of probabilistic flood forecasting can incorporate
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Radar:
I high-intensity features

of scales . 500 m,
I time scales of a few

hours.

Flood results
I from extreme in

spatial-temporal rainfall
distribution,

I not from extreme in total
rainfall over catchment.
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Challenge

Challenge: propose an improvement on standard practice
based on catchement-integrated rainfall statistics to
account for spatio-temporal variability of rainfall.

Constraint: limited computational/human resources available.

Standard practice: drive hydrological model by average rainfall
for storm events.

average
rainfall ri

hydrology
model

water level
impact
model

damage

Probability of average rainfall 7→ probability of damage.
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Proposal
In principle: start with distribution of rainfall fields ri(x, t) to
deduce a distribution of damage (e.g., through Monte Carlo).

Prohibitively expensive:
I need to sample from random fields ri(x, t),
I high cost of hydrological model,
I extreme events in an infinite-dimensional space.

Proposal: replace the costly hydrological + impact models by a
data-driven model.

rainfall
field

ri(x, t)

data-
driven
model

damage

Simplest model: regression.
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Model: Wetropolis

Proof of concept: using mathematical model of Wetropolis,

I one-dimensional,
friction-dominated
shallow-water model of
river flow,
u(x, t) ∝ h(x, t)2/3 ,

I input of rainwater at two
locations, x1 and x2,

I a city at x ∈ C = [x−c , x+c ]
that is flooded when
h(x ∈ C) > hc.

Figure 2: Schematic of the Wetropolis flood demonstrator in one dimension (top) and a photograph (bottom).
Flow goes from left to right, with an outflow boundary at the right end of the catchment. The x–coordinate is
given as a line above the schematic on which the rainfall point sources are located at the coordinates x1 and x2
and the city indicated in red by the zone within the interval x 2 [x�c ,x+

c ].

It is a hyperbolic equation with upwind information speed since ∂AF∂A > 0 or (1/wr)∂hr F∂hr > 0 with flux
F(hr,Cm,∂xb,wr)/wr = wrhrR(hr)

2/3p�∂xb/Cm with hydraulic radius R(hr) = wet area
wetted perimeter = wrhr

2hr+wr
. Hence,

only an upstream boundary condition is required, expressed in terms of an influx

Q0(t) = A(0, t)u(0, t) = F (hr(0, t),Cm,∂xb|x=0,wr) (4b)

as well as an initial condition
hr0(x) = hr(x,0) (4c)

A better approximation is to balance the free surface gradient g∂x(h+b) with the friction term, which yields an
advection-diffusion equation (cf. [2]1).

The numerical discretization of (4) consists of a straighforward first-order finite-volume Godunov discreti-
sation with upwind numerical flux (cf. [16])
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in which we have partitioned the line into k = 1, . . . ,Nk elements of finite volumes with (varying) time interval
Dtn = tn+1 � tn between time levels tn and tn+1 for n = 0,1, . . . and approximation Dkhn

k ⇡ R xk+1/2
xk�1/2 hr(x, tn)dx

with the kth–cell width Dxk = xk+1/2 � xk�1/2 based on cell edges xk+1/2 and xk�1/2. The modified “Kronecker
delta” symbol is defined as follows: dk,x1 = 1 when x1 lies in cell k and zero otherwise. At the initial time n = 0,
we take Dkh0

k ⇡
R xk+1/2

xk�1/2 hr(x,0)dx.
The random rainfall distributions are based on Richardson’s approach [18]. In the first apporach we assume

the distributions to be independent at the two locations. Per location, the distribution consists of a two-state
1An asymptotic justification thereof was given by Gavin Esler at the second General Assembley of the Maths Foresees’ network in

Edinburgh, September 2016.
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ht +
(
αh5/3

)
x
= Q1(t)δ(x− x1) + Q2(t)δ(x− x2) .
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Rainfall and damage models

Rainfall model: Q1(t) and Q2(t),
I independent two-state (dry day/wet day) Markov chains,

with exponential rain distribution (Richardson 1981),
I correlated Markov chains at the two sites,
I glimclim (Chandler et al, 2002+).

Damage function:
I proportional to the volume of water above hc,

D =

∫ T

0

∫ x+c

x−c
max (h(x, t)− hc, 0) u(x, t)dx dt.
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Data-driven model
I Linear regression:

D̃ =

∫ T

−∞

∫ ∞

0
f (x, t)r(x, t)dx dt

=

∫ T

−∞
[f1(t)Q1(t) + f2(t)Q1(t)] dt.

I Determine fi(t) by least-square fitting of training data:

inf
fi

∑

storms j

(
[Dj − D̃j[fi]

)2
.

I Our implementation: fi(t) piecewise constant, centred
around T − τ :

fi(t) =
∑

k

fik χ(x ∈ [tk, tk+1]).
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Results

3 Results
In this section we will optimise f around a training set of flood events (continuous simulation of Wetropolis).
This will then allow us to test the effectiveness of the method at constructing ‘best guess’ forecasts of the
damage of future flood events based on a testing set of rainfall storms. The effectiveness of the optimisation
will be based on the improvement it offers over using an uniform f over both rainfall locations and temporally
constant throughout each flood.

Both spatially correlated and uncorrelated scenarios of training and testing rainfall and flood data will be
used to confirm if the first two test cases highlighted in subsection 1.1 (uniform and spatially correlated) hold.
As the rainfall data will be simulated continuously over time, the third case (spatio-temporal rainfall) is also
tested. The correlated rainfall data will be produced by using an R package, RGLIMCLIM, with two rainfall
sites [6].

The training sets of flood events are simulated over 5000 “Wetropolis” days, and the test set of flood events
are simulated over 500 “Wetropolis” days.

3.1 Spatially uncorrelated rainfall patterns
In the uncorrelated rainfall case, the fitted function f appears from Figure 3 to predict the damage from a
particular storm event much more accurately than using an uniform f , especially in smaller flood events. In the
rare, major flood events, the damage isn’t predicted as well but predictions are still more accurate than in the
uniform case.

Figure 3: Predicted values of I( f ) with uniform f (left panel) and optimised f (right panel) against the damage
metric, D, for the testing set of flood events with spatially uncorrelated rainfall patterns.

3.2 Spatially correlated rainfall patterns
The test function f becomes more important in the spatially correlated rainfall case, and it has to be able to
capture the spatial dependence of the two rainfall locations to be able to accurately predict the damage of the
test flood events. One can see from Figure 4 that using the proposed method, fitting f around the training data,
does lead to being able to predict the damage of flood events better than that of using an uniform f . Whilst there
is little change of the predictive accuracy in smaller flood events, the root-mean-square-error (RMSE) from that
of a perfect prediction is significantly improved in the case of using the optimised f because of the larger flood
events. Two main outliers effect the predictions when using an uniform f ; these are much more constrained
when using the optimised f .

8

Uncorrelated Qi: I = D̃.

Figure 4: Same as in Figure 3, but for the testing set of flood events with spatially correlated rainfall patterns.

4 Conclusion and discussion
In this report, we have proposed a method of capturing spatio-temporal patterns in rainfall for a given catchment
and using this in forecasting flood events based on these storms. This “optimisation” over the spatio-temporally
varying space is done before simulation of a black-box flood forecasting model and so is much more efficient
than traditional Monte Carlo sampling strategies. The method has been shown to work on a simple proof of
concept using an idealised two-rainfall-site model, Wetropolis, by leading to increased accuracy of predictions
to flood events in cases where rainfall is both spatially correlated and uncorrelated.

We have left out the uncertainty quantification aspect of the least squares minimization problem used in this
report for simplicity. This uncertainty quantification, by means of confidence interval around the least squares
minimization, for example, could be utilised in this method to capture probability bands on our forecast. This
still only requires very few runs of our black-box flood model; once again showing the method is more efficient
than traditional Monte Carlo sampling ideas.

Our approach in principle allows to a priori gauge the damage caused, here in city, given a certain spa-
tio=temporal rainfall metric, using either observed or predicted rainfall r(x, t).

Future extensons of this research and further recommendations are as follows:

• In reality rain can fall over a large area, so the spatial variability in the minimiser f (x, t) and the rainfall
r(x, t) has much more spatial variability. This can be tested in the actual Wetropolis model in which rain
falls (uniformly) on the moor but is delayed by the groundwater dynamics, including previous hydrolog-
ical history.

• The correlation between the damage and impact metric includes the delay between rainfall and the reulting
river level dynamics. Here it is modelled as a set delay d tr but this needs to be explored further.

• Our approach should be compared and explored for different rainfall scenerios and rainfall generators,
including a comparisoon between the uncorrelated and correlated rainfall generators based on Richardson
[18] and the [6] used in this study
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Correlated Qi: I = D̃.
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Conclusions

I proposal for a data-driven approach
I bypass the hydrological model,
I enable Monte Carlo simulations exploring the range of

r(x, t).
I implementation of linear regression in Wetropolis,

I good prediction of damage directly from rainfall data,
I some improvement when accounting (crudely) for

temporal structure of rainfall,
I improvement likely to be much larger when flood results

from combination of rainfall at distinct sites.
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Future work

I pursue the Wetropolis tests
I use regression on new storms,
I demonstrate worth of the approach for Monte Carlo

estimates of flood damages

I implementation in an operational hydrological model,
I replace linear regression by modern machine learning

(e.g., neural net).


	Challenge
	Proposal
	Model
	Conclusions

